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Unlocking the Matrix Form of the Quaternion 
Fourier Transform and Quaternion Convolution: 

Properties, connections, and application to 
Lipschitz constant bounding



Quaternions..

    

...are a representational unit that is used extensively in fields that include:



Quaternions..

•      Graphics (e.g. Gaussian Splatting - Kerbl et al., “3D 
Gaussian Splatting for Real-Time Radiance Field 
Rendering”, ACM SIGGRAPH 2023)

...are a representational unit that is used extensively in fields that include:



Quaternions..

•      Graphics (e.g. Gaussian Splatting - Kerbl et al., “3D 
Gaussian Splatting for Real-Time Radiance Field 
Rendering”, ACM SIGGRAPH 2023)

•      3D Rotation estimation & Robotics (e.g. Liu et al., 
“Delving into Discrete Normalizing Flows on SO3 
Manifold for Probabilistic Rotation Modeling”, IEEE/CVF 
CVPR 2023)

...are a representational unit that is used extensively in fields that include:



Quaternions..

•      Graphics (e.g. Gaussian Splatting - Kerbl et al., “3D 
Gaussian Splatting for Real-Time Radiance Field 
Rendering”, ACM SIGGRAPH 2023)

•      3D Rotation estimation & Robotics (e.g. Liu et al., 
“Delving into Discrete Normalizing Flows on SO3 
Manifold for Probabilistic Rotation Modeling”, IEEE/CVF 
CVPR 2023)

•      Hypercomplex or SO3-equivariant Neural Networks 
(e.g.  “Fast Quaternion Product Units for Learning 
Disentangled Representations in SO(3), IEEE TPAMI 
2023)

...are a representational unit that is used extensively in fields that include:



Quaternions: elements



Quaternions: elements



Motivation and scope of current work 
[Sfikas & Retsinas, TMLR 2025]



Motivation and scope of current work 
[Sfikas & Retsinas, TMLR 2025]



Motivation and scope of current work 
[Sfikas & Retsinas, TMLR 2025]



Motivation and scope of current work 
[Sfikas & Retsinas, TMLR 2025]



Motivation and scope of current work 
[Sfikas & Retsinas, TMLR 2025]

• Research Question: How does the well-known relation between Fourier and 
Convolution, and corresponding matrix forms, generalize to H ?



Motivation and scope of current work 
[Sfikas & Retsinas, TMLR 2025]

• Research Question: How does the well-known relation between Fourier and 
Convolution, and corresponding matrix forms, generalize to H ?

We provide a matrix framework that allows us to:
      



Motivation and scope of current work 
[Sfikas & Retsinas, TMLR 2025]

• Research Question: How does the well-known relation between Fourier and 
Convolution, and corresponding matrix forms, generalize to H ?

We provide a matrix framework that allows us to:
      Simplify quaternionic operations into standard linear algebra.
      



Motivation and scope of current work 
[Sfikas & Retsinas, TMLR 2025]

• Research Question: How does the well-known relation between Fourier and 
Convolution, and corresponding matrix forms, generalize to H ?

We provide a matrix framework that allows us to:
      Simplify quaternionic operations into standard linear algebra.
      Connect quaternion convolution and Fourier matrix forms
     



Motivation and scope of current work 
[Sfikas & Retsinas, TMLR 2025]

• Research Question: How does the well-known relation between Fourier and 
Convolution, and corresponding matrix forms, generalize to H ?

We provide a matrix framework that allows us to:
      Simplify quaternionic operations into standard linear algebra.
      Connect quaternion convolution and Fourier matrix forms
      Show how properties of the eigenstructure of convolution and Fourier matrices generalize into the 
significantly more complex structure of quaternion matrices.
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Our «protagonists»

Quaternion Circulant matrix Quaternion Fourier matrix
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Proof of concept application
Fast computation of singular values, Lipschitz constant bounding

With our results, runs on 
O(N2logN)

(vs previous best time of 
O(N6) !!)



Thank you for your attention!

Questions ?

Come chat with us by our poster! 
-- Poster Session 1 (Wednesday, 11.30 - 12.30, id#3)

codepaper


