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The Quaternion (H) Quaternionic Matrices (H™*)
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Convolution Theorem 1in
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Circulant matrix (Complex) Fourier Matrix Kernel Eigenvalues

How does this
transfer to H, if at
all?

We show how the relation between Convolution and the Fourier transform
generalizes to the quaternionic domain, vis-a-vis their respective matrix forms and eigenstructure.

Quaternionic eigenstructure: The whole is more than the sum of its parts

7(A) € C oo(A) € H o (A) € H
B ] | | B | | B r7- In the real and complex domains, spectrum o (-) is a subset of C;

) w A In H, we have two distinct spectra oy(-) and o, (-), corresponding to forms Az = Ax and Az = x\ respectively;
-===E E E & No known well-posed connection exists that relates the two spectra, and in general they can both be infinite sets;
_E..N = _EEHNX; With our results we shed light on this complex landscape!
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Key Results

Proposition 3.5 (Circulant & Fourier Matrices). For any C € C e MN*MN Proposition 3.7 (Eigenstructure of sums, products and inverse of

NxN o o i HENE EEENEE | circulant matrices).
H that is circulant, and any pure unit p € H, =====..= .=. )
Let L, K € HY XY circulant matrices, then the following propositions
_ _ : o ()M ENEEEEE BY = ’ /
(1) Any column k =0,1,..., N —1 of the inverse QF'T m%mx Qn EEE EENE EEE hold. (Analogous results hold for L, K doubly-block circulant).
1s an etgenvector of C'. Column k corresponds to the k' compo- FHETEEENE Em

nent of the vector of left eigenvalues \* = NNy - XK T € HY. B .=======.. (a) The sums L + K and products LK, KL are also circulant. Any

Vector A" is equal to the right QFT F%. of the kernel of C. .-==.=. ==== scalar product pL or Lp where p € H also results to a circulant matriz.

_ EE B H EEE : : : th
(2) Any column k =0,1,...,N — 1 of the inverse QFT matriz Q" HEE HY NENEN (b) Given some pure U_njt axis 1LLM6 E‘H; let w be. the i*" column of t.he
is an eigenvector of CH. Column k corresponds to the k" compo- ’ , imverse QFT matriz Q N~ , and A, k; are left eigenvalues of L, K with
nent of the vector of left eigenvalues k" = [K" K" - -- ﬁ;&]T c HY ko eHMY QFTFL, respect to the shared eigenvector w. Then, w s an eigenvector of. . .

The conjugate of the vector k* is equal to the left QFT Fi_ of .... —
the kernel of C. ..- —
L

where transforms denoted with an asterisk (*) refer to using a unitar ' IQFTFg ' ' . . -1
coefficient instead of 1/- /- ) 5 Y i iwi. Lp with left eigenvalue equal to XJ**  p .

i. L+ K with left eigenvalue equal to N\ + K.

i. pL with left eigenvalue equal to pAL.
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N—1 N—1 iv. LK with left eigenvalue equal to X’ plr ] kEif K # 0 and equal
Fplul=) e ™ fln], Fg [u]=) | fln]em#2mN . 0 0 if k' = 0.
n=0 n=0 v. Provided L™ exists, Nf'w(M) ™1 is an eigenvector of L™t with left

eigenvalue equal to (\F)~1.

Proof of concept: Lipschitz constant bounding Perspectives
= = £(ke) Required time (in ms) | oS “Quaternionized” models that include convolution
LA rrerrry P e I = EEI Conformer, Fast Fourier Convolution, ...
ke ¥eoc) |HENEEEEEE 5 . ours 4] 16 | 80 210 | 708 | 1,795 ( ’ ’ )
e BT Naln LSRN, (e | 8 | 1B | L | BB | % " iy - -
H H O ; ; ’ " Quaternion convolution can be used as an oper-
H B DEE L ¢ . . ours 5120 [ 113 280 | 1,119 | 2,590 . . :
m i | EEEEEEEEE ( EEEEEE Clipping & Reconsbruction | oce |18 | 191 | 1,860 | 0,000 % | = ator in richer observation models (cf. p(g|f) o
QFT FL., EEEEENT"EE — EEEEEE B Hfll2
EEEEEEEEE 2 EEEEEE e exp{—5llg — Hf||*})
EESEEESSS SN EE == »
EEEEEEEEE] EEEEEE N Enables bounding the Z Enables lightweight versions of models where
IQFT Fy! S | e £ : 00(;'5:2)”; i”‘g(“t’z’?QN),') Lipschitz constant determination is important
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