      Modelling and Optimisation Issues for Multidimensional Databases

                                                                           Panos Vassiliadis  Spiros Skiadopoulos

                                                                                                          National Technical University of Athens

                                                                                       Department of Electrical and Computer Engineering

Computer Science Division

                                                                                                Knowledge and Database Systems Laboratory

                                                                                                                     Zografou 15773, Athens, Greece

Tel: +301-772-1402

Fax: +301-772-1442

                                                                                                                  {pvassil,spiros}@dbnet.ece.ntua.gr

               Abstract

                On-Line Analytical Processing (OLAP) is a trend in database technology based on the multidimensional

                view of data. Although multidimensional data cubes form the basic logical data model for OLAP

                applications, there seems to be no agreement on a common model for cubes. In this paper we propose, a

                logical  model for cubes based on the key observation that a cube is not a self-existing entity, but rather a

                view over an underlying data set. The model is powerful enough to capture all the commonly encountered

                OLAP operations such as selection , roll-up  and drill -down , through a sound and complete algebra. We

                accompany our model with results on processing cube operations and provide syntactic characterisations

                for the problem of cube usability (i.e., the problem of using the tuples of a cube to compute another cube).

                As part of the solution to this problem, we have developed algorithms to check whether (a) the marginal

                conditions of two cubes are appropriate for a rewriting, in the presence of aggregation hierarchies and (b)

                an implication exists between two selection conditions that involve functionally dependent attributes

                (levels of aggregation in our context). For the latter, we have extended the well -known set of axioms for

                conjunctive query containment [ Ullm89] with axioms describing the role of the functional dependencies.

                Finally, we present a rewriting algorithm for the cube usability problem.

1.  Introduction

On-Line Analytical Processing (OLAP) is a trend in database technology based on the multidimensional view

of data. Although multidimensional data cubes form the basic logical data model for OLAP applications, up to

now, no common agreement has been obtained on the elements of a cube model. Several industrial standards

already exist [ OLAP97, TPC98, Meta97, MS98], yet, apart for the last one, none of them seems to propose a

well-founded model for OLAP databases. In academia, several proposals on the modelling of cubes also exist

[ AGS95, LW96, GL97, BPT97, CT97, Lehn98, Vass98]. Despite all these efforts, we feel that several key

characteristics of a cube model have not been stressed, neither by the academia nor the industry (see [ VaSe99 ]

for a complete discussion). To this end, we present a logical  model for cubes. This model extends the proposal

of [ Vass98] in a more formal and systematic way. It deals with all the commonly encountered entities of a

multidimensional model (dimension hierarchies, data cubes and cube operations) without being restricted from
their physical implementation (e.g., ROLAP or MOLAP architectures). One of our key observations is that a

cube is not a self-existing entity, but rather a view  (materialised or not) over an underlying data set . This

property allows us to develop complex operations, not dealt by other models so far (e.g., the drill -down

operation and the change of aggregation function).

            To our knowledge, existing OLAP tools behave in an ^extensional~ fashion. Cubes are treated simply as

sets of tuples, ignoring the fact that they are produced as queries over an underlying detailed data set (e.g., the

fact table of a data warehouse). Our framework, instead, suggests a different strategy: we keep the ^history~

of performed selections and thus, we are able to compute a new cube taking into account its ^intentional~

description. Therefore, we can define more complex operations (such as drill-down) and sequences of

operations, which are not covered by other models. Our model is accompanied by an algebra powerful enough

to capture the usual OLAP operations such as (a) selection  over a cube, (b) roll -up , which means aggregation

over a cube to coarser granularities of information and (c) drill -down , which involves de -agg regation of a

specific cube and presentation of more detailed information.

            The contribution of this paper lies not only in terms of expressiveness, but also we present results on

optimisation issues for multidimensional databases. We investigate the cube usability problem , a variant of

the relational view usability problem, for multidimensional cubes. We accompany our framework with

optimisation techniques for the cube usability problem that enable the exploitation of existing cubes in order to

compute new cubes. To handle the cube usability problem, we extend well-known techniques already found in

the relational context on the containment of selection conditions [ Ullm89]. We have observed that although

quite a lot of work has been performed in the field of query containment and view usability in the context of

relational databases [ DJLS96, GHQ95, NSS98, CKPS95], there exist no results to exploit the information

about dimension hierarchies in the context of multidimensional databases. We present results on two major

topics. First, we tackle the problem of containment of two selections, taking into account their marginal

conditions in the presence of dimension hierarchies. Secondly, we come up with a set of axioms to characterise

containment for expressions involving functionally dependent attributes. Although several results already exist

to characterise query containment between expressions involving one domain [ Ullm89], to our knowledge, no

results exist for expressions involving different functionally dependent levels.

            This paper is organised as follows. In Section 2 we present the logical cube model. Section 3 presents

optimisation issues. Finally, in Section 4 we discuss our results and present future work. All the proofs are

found in the Appendix.

2.  Cubes for Multidimensional Databases

In this section we present the basic entities and operations of our model. Entities involve dimensions, data sets

and cubes. Operations involve selections and change in the granularity of data. This model extents previous

proposals of [ Vass98, CT97, Lehn98].

            One of the main characteristics of OLAP applications is the multidimensional view of data  in the

perception of the user, which considers that information is stored in a multi-dimensional array , called Cube  or

HyperCube . Thus, a Cube  is a group of data cells. Each cell is uniquely defined by the corresponding values

of the dimensions of the cube (i.e., its coordinates). The contents of the cell are named measures  and represent

the measured values of the real world. Measures are functionally dependent, in the relational sense, on the

dimensions of the cube.

            A dimension  is defined in [ OLAP97] as ^a structural attribute of a cube that is a list of members, all of

which are of a similar type in the user’s perception of the data~. Informally, a dimension models all the

possible ways in which the user can group the detailed information stored in the multidimensional database

with respect to a specific context. Each dimension has an associated hierarchy of levels  of aggregated data

i.e. , it can be viewed from different levels of detail. Formally, a dimension
D

 is a lattice
( L , � )

:

L =(L

                 1

                   ,�, L

                                    n

                                       ,ALL)

                                                           . We require that the upper bound of the lattice is always the level
ALL

, so that we can

group all the values of the dimension into the single value ’
all

’. The lower bound of the lattice is called the

detailed level  of the dimension. For instance, let us consider the dimension
Date

 of Figure 2.5 . Levels of

dimension
                                 Date

                                                  are
                                                               Day

                                                                            ,
                                                                                Week

                                                                                                ,
                                                                                                    Month

,
Year

 and
ALL

.
Day

 is the most detailed level. Level
ALL

 is the most

coarse level for all the dimensions. Aggregating to the level ALL  of a dimension ignores the respective

dimension in the grouping (i.e., practically groups the data with respect to all the other dimensions of the cube,

except for this particular one).

            The relationship between the values of the dimension levels is achieved through the use of the set of
anc

L
2

L
1

functions. A function
                                                                    anc

                                                                                L
                                                                                  2

                                                                                L
                                                                                  1

                                                                                     assigns a value of the domain of
L

2

 to a value of the domain of
L

1

. For instance

anc

             Year

             Month

                         (Feb-97)=1997

                                                                               .

            The major multi-dimensional operations are selection  and navigation . Selection is used whereby a

criterion is evaluated against the data or levels of a dimension in order to restrict the set of retrieved data.

Navigation is a term used to describe the processes employed by users to explore a cube interactively by

changing the granularity of the multi-dimensionally viewed data [ OLAP97]. Possible navigation operations,

which can be applied to a cube, are: (a) Roll-up  which corresponds to the aggregation of data from a lower to

a higher level of granularity within a dimension´s hierarchy, (b) Drill-Down  which is the inverse of roll-up and

allows the de-aggregation of information moving from higher to lower levels of granularity and (c) Slice  which

corresponds to the grouping of data with respect to a subset of the dimensions of a cube. For instance, let us

consider the dimension
                                                                       Date

                                                                                       ; aggregating from
Month

 to
Year

 is a roll-up operation and de-aggregating from

Month

                      to
                               Day

                                            is a drill-down operation. In our model, the slice operation is modelled as a roll-up to level
ALL

.

            In our model, we denote sets of tuples under a specific schema by the term data set . Moreover, we assume

the existence of a detailed data set , i.e. , a data set that is defined at the finest levels of granularity for all its

dimensions. This detailed data set is the central source of data, which will populate any cubes produced during

an OLAP session (e.g., a fact table in a data warehouse).

            One of our key observations is that a cube  is not a self-existing entity (as commonly encountered in the

literature), but rather a view over an underlying detailed data set. As usual, a view (and thus a cube) can be

either materialised or not. Therefore, a cube can be seen either as a data set or simply a query. In our model,

we retain this dual nature formally; a cube is not only a set of tuples, but also has a definition. This definition

is a query that reduces the computation of the cube to a set of operations over the initial materialised detailed

data set.

            Formally, a cube
                                                                      c

                                                                           over the schema
[L
1

,�, L
n

,M
1

,�,M
m

]

, is an expression of the form:
c=( DS

0
, � ,

[L
        1

           ,�, L
                            n

                              ,M
                                       1

                                         ,�,M
                                                          m

                                                             ],[ agg
                                                                                      1

                                                                                        (M

                                                                                                 0

                                                                                                 1

                                                                                                   ),�, agg
m

(M

0

m

)])

, where
DS

0  is a detailed data set over the schema
S=[L

0

1

,�, L

                 0

                 n

                   ,M

                            0

                            1

                              ,�,M

                                               0

                                               k

                                                 ]

                                                     ,
                                                           m

                                                               £
                                                                   k

                                                                       ,
                                                                             �

                                                                                  is a detailed selection condition,
M

0

1

,�,
M

0

m

 are detailed measures,
M
1

,�,
M
m

 are

aggregated measures,
                                                                   L

                                                                       0

                                                                       i

                                                                           and
                                                                                         L
                                                                                             i

                                                                                                 are levels such that
L

0

i

� L

i

,
1

£
i

£
n

 and
agg
i

,
1

£
i

£
m

 are aggregated functions

from the set
                                      { sum,min,max,count}

                                                                                                                     .

            Intuitively, to compute a cube, first we apply the selection condition to the detailed data set. Then, we

replace the values of the levels for the tuples of the result, with their respective ancestor values at the levels of

the schema of the cube and group them into a single value for each measure, through the application of the

appropriate aggregate function. Note that a detailed data set can be trivially expressed as a cube, having a

true

                  selection condition and an arbitrary aggregate function. For instance, the cube of the detailed data set

DS

        0  of Figure 2.1 is expressed as:
c

0
=( DS

0
,true,[ day,day,item,salesman,city,

sales],sum(sales))

                                                                           .

            This approach introduces a powerful expression mechanism, able to directly capture operations like drill-

down and change of aggregate function and thus, aimed towards the modelling of sequences of operations, as

normally encountered in OLAP systems. To our knowledge, no other model can capture these operations

directly. The reduction of a cube´s definition to a normalised form seems to be the only alternative that directly

achieves this kind of functionality.

Formally, the model consists of the following elements:

-  Each dimension
                                                                D

                                                                     is a lattice
                                                                                                        ( L , � )

 such that:
L =(L

1

,�, L
n

,ALL)

 is a finite subset of levels  and
�

 is a

             partial order defined among the levels of
L

, such that
L
1

� L
i

� ALL

 for every
1

£
i

£
n

.

-  A family of functions
                                                                               anc

                                                                                            L
                                                                                              2

                                                                                            L
                                                                                              1

                                                                                                 satisfying the following conditions (extending [ CT97]):

          1.  For each pair of levels
                                                                                             L
                                                                                                 1

                                                                                                     and
                                                                                                                   L
                                                                                                                       2

 such that
L
1

� L

2

 the function
anc

L
2

L
1

 maps each element of
dom (L
1

)

 to

                      an element of
                                                                 dom(L
                                                                                     2

                                                                                        )

                                                                                            .

          2.  Given levels
                                                               L
                                                                    1

                                                                      ,
                                                                           L
                                                                               2

                                                                                   and
                                                                                                   L
                                                                                                       3

                                                                                                           such that
L
1

� L

2

� L

3

, the function
anc

L
3

L
1

 equals to the composition
anc

L
2

L
1

                      °

                         anc

                                      L
                                        3

                                      L
                                        2

                                          .

          3.  For each pair of levels
                                                                                                            L
                                                                                                                 1

                                                                                                                    and
L
2

 such that
L
1

� L

2

 the function
anc

L
2

L
1

 is monotone, i.e.,

                      "
                            x ,y

                                        Î
                                              dom(L
                                                                  1

                                                                     ), L
                                                                                  1

                                                                                    � L

                                                                                             2

                                                                                                :

                                                                                                      x<y

                                                                                                                   Þ
anc

L
2

L
1

(x)

£
anc

L
2

L
1

(y)

.

          4.  For each pair of levels
                                                                                               L
                                                                                                   1

                                                                                                       and
                                                                                                                      L
2

 the
anc

L
2

L
1

 function determines a set of finite equivalence classes
X
i

                      such that: "
                                                           x ,y

                                                                        Î
                                                                             dom(L
                                                                                                  1

                                                                                                    ), L
                                                                                                                 1

                                                                                                                    � L

2

:

anc

L
2

L
1

(x)

=
anc

L
2

L
1

(y)

Þ
x,y

 belongs to the same X

i

.

          5.  The relationship
                                                                            desc

                                                                                             L
                                                                                               2

                                                                                             L
                                                                                               1

                                                                                                  is the inverse of the
anc

L
2

L
1

 function -i.e.,
desc

L
2

L
1

(l)= {x

Î
dom (L): anc

L
2

L
1

                      (x)=l}

                                               .

-  Each data set
                                                             DS

                                                                       over a schema
S=[L
1

,�, L
n

,M
1

,�,M
m

]

 is a finite set of tuples over
S

 such that

             [L
                     1

                        ,�, L
                                        n

                                           ]

                                                comprise a primary key (in the usual sense).

-  Each selection condition
                                                                                            �

                                                                                                 is a formula in disjunctive normal form. An atom  of a selection condition is

             true

                             ,
                                  false

                                                       or an expression of the form
x

�
y

, where
�

 is an operator from the set ( > , < , = , ³ , £ , ¹ )

             and each of
                                                  x

                                                       and
                                                                     y

                                                                          can be one of the following: (a) a level
L

, (b) a value
l

, (c) an expression of the form

             anc

                         L
                            2

                         L
                            1

                             (L
                                      1

                                        )

                                             where
                                                                   L
                                                                       1

                                                                          � L

                                                                                   2

                                                                                       and (d) an expression of the form
anc

L
2

L
1

(l)

 where
L
1

� L

2

 and
l

Î
dom (L
1

)

. The

             detailed equivalent of
                                                                                 �

                                                                                      , denoted by
�

0 , is a selection condition obtained through the following procedure:

             for each occurrence of a level name
L

 in
�

, we substitute it with the equivalent expression
anc

L

L 0

(L

0
)

,

             where
                                 L

                                     0  is the detailed level of the dimension to which
L

 belongs.

-  Each cube
                                                    c  over the schema [L

1

,�,L
n

,M
1

,�,M
m

]

, is an expression of the form:
c=( DS

0
, � ,

             [L
                     1

                        ,�, L
                                        n

                                           ,M
                                                   1

                                                      ,�,M
                                                                      m

                                                                         ],[ agg
                                                                                                  1

                                                                                                     (M

                                                                                                             0

                                                                                                             1

                                                                                                                ),�, agg
m

(M

0

m

)])

, where
DS

0  is a detailed data set over the schema

             S=[L

                             0

                             1

                                ,�, L

                                                0

                                                n

                                                   ,M

                                                           0

                                                           1

                                                              ,�,M

                                                                              0

                                                                              k

                                                                                 ]

                                                                                     ,
                                                                                         m

                                                                                             £
                                                                                                 k

                                                                                                     ,
                                                                                                         �

                                                                                                              is a detailed selection condition,
M

0

1

,� ,
M

0

m

 are detailed measures,
M
1

,�,
M
m

             are aggregated measures,
                                                                                            L

                                                                                                0

                                                                                                i

                                                                                                    and
                                                                                                                   L
                                                                                                                       i

 are levels such that
L

0

i

� L

i

,
1

£
i

£
n

 and
agg
i

,
1

£
i

£
m

 are aggregated

             functions from the set
                                                                                  { sum,min,max,count}

. The expression characterising a cube has the following

             formal semantics:

                                          c={x

                                                           Î
                                                                Tup(L
                                                                                     1

                                                                                       ,�, L
                                                                                                        n

                                                                                                           ,M
                                                                                                                   1

                                                                                                                      ,�,M
m

)|

$
y

Î
� ( DS

0
),x[ L
i

]= anc

L
i

L 0
i

(y[L

0

i

]), 1

£
i

£
n,

                                     x[ M
                                                  j

                                                    ]= agg
                                                                         j

                                                                            ({q|

                                                                                            $
                                                                                                z

                                                                                                    Î
                                                                                                           � ( DS

0
),x[ L
i

]= anc

L
i

L 0
i

(z[L

0

i

]),1

£
i

£
n,q=z[M

0

j

]}),1

£
j

£
m}

.

-  The Cube Algebra  (CA) is composed of three operations (consider a cube
c
a
=( DS

0
, �
a
,[L
a

1

,�, L
a

n

,M
a

1

             ,�,M

                             a

                             m

                                ],[ agg

                                                         a

                                                         1

                                                           (M

                                                                    0

                                                                    1

                                                                      ),�, agg

                                                                                                   a

                                                                                                   m

                                                                                                      (M

                                                                                                              0

                                                                                                              m

                                                                                                                )]

 over which the operations are performed):

             1.

                         Navigate : Let
                                                                      S=[L
                                                                                       1

                                                                                          ,�, L
                                                                                                          n

                                                                                                             ,M
                                                                                                                     1

                                                                                                                        ,�,M
m

]

 be a schema and
agg
1

,�, agg

m

 be aggregate functions. If
L
a

i

                         and
                                       L
                                            i

                                               belong to the same dimension
D
i

 and
agg
i

Î
{ sum,min,max,count}

 then, navigation is

                         defined as follows:

                                                          nav( c a ,S,agg

                                                                                                                    1

                                                                                                                      ,�, agg
m

)=( DS

0
, �
a
,S,[ agg
1

(M

0

1

),�, agg
m

(M

0

m

)])

.

             2.  Selection : Let
                                                                     �

                                                                          be a selection condition applicable to
c
a . Then, we define the selection  operation as:

                                                         �