
Formulae for a Neural Network
with 2-hidden layers

Abstract

Neural Networks (NNs) are useful for function approximation based on
a given set of relevant data. Shallow and deep NNs are being used exten-
sively. We carry through the algebra for a NN with two hidden layers.

Let x ∈ RD, be the vector of input variables, i.e. x = {xi|i = 1, 2, · · · , D}.
Let the nodes be represented by Cartesian pairs: (L,K), where L = 1, 2 speci-
fies the level of the hidden layer and K = 1, 2, · · · , the related neuron. Namely,
(L,K) corresponds to the Kth node residing on the Lth hidden layer. The NN
we consider here has a single output N(x, a, w, c, v, b). For the output node, the
identity activation is assumed.

The Network

N(x, θ) =

M2∑
j=1

ajO2j (1a)

O2j = f(A2j), with A2j =

M1∑
k=1

wjkO1k + cj, ∀j = 1, · · · ,M2 (1b)

O1k = f(A1k), with A1k =
D∑
l=1

vklxl + bk, ∀k = 1, · · · ,M1 (1c)

OLK denotes the output of neuron (L,K).
vkl, bk denote here the weights and biases entering the first hidden layer, while
wjk, cj the weights and biases entering the second hidden layer.
f(.) stands for the node activation, and θ stands collectively for a, w, c, v and b.
The first hidden layer is assumed to contain M1 neurons. Correspondingly, the
second layer is assumed to contain M2 neurons.
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The Network’s Gradient: ∇θN(x, θ)

The gradient of the NN wrt its weights and biases

∂N(x, θ)

∂aj
= f(A2j), ∀j = 1, · · · ,M2 (2a)

∂N(x, θ)

∂wjk

= ajf
′(A2j)f(A1k), ∀j = 1, · · · ,M2, ∀k = 1, · · · ,M1 (2b)

∂N(x, θ)

∂cj
= ajf

′(A2j) ∀j = 1, · · · ,M2 (2c)

∂N(x, θ)

∂vkl
= f ′(A1k)xl

M2∑
j=1

ajf
′(A2j)wjk ∀k = 1, · · · ,M1, ∀l = 1, · · · , D (2d)

∂N(x, θ)

∂bk
= f ′(A1k)

M2∑
j=1

ajf
′(A2j)wjk ∀k = 1, · · · ,M1 (2e)

The Network’s Gradient: ∇xN(x, θ)

The gradient of the NN wrt its input x

∀ l = 1, · · · , D:

∂N(x, θ)

∂xl

=

M2∑
j=1

aj
∂O2j

∂xl

(3a)

∂O2j

∂xl

= f ′(A2j)
∂A2j

∂xl

, with ∂A2j

∂xl

=

M1∑
k=1

wjk
∂O1k

∂xl

, ∀j = 1, · · · ,M2 (3b)

∂O1k

∂xl

= f ′(A1k)
∂A1k

∂xl

, with ∂A1k

∂xl

= vkl, ∀k = 1, · · · ,M1 (3c)

yielding: ∂N(x, θ)

∂xl

=

M2∑
j=1

ajf
′(A2j)

M1∑
k=1

wjkf
′(A1k)vkl (3d)
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The Network’s Hessian: ∇2
xN(x, θ)

The Hessian of the NN wrt its input x

∂2N(x, θ)

∂xi∂xl

=

M2∑
j=1

M1∑
k=1

ajwjkvkl

f ′(A2j)f
′′(A1k)vki + f ′′(A2j)f

′(A1k)

M1∑
m=1

wjmf
′(A1m)vmi

 (4)

Mixed derivatives: ∇2
xθN(x, θ)

Derivatives wrt x and wrt θ

We use the Kronecker symbol δli = 1,if l = i and zero otherwise.

∂2N(x, θ)

∂xi∂aj
= f ′(A2j)

M1∑
k=1

wjkf
′(A1k)vki, ∀j = 1, · · · ,M2 (5a)

∂2N(x, θ)

∂xi∂wjk

= aj

f ′′(A2j)f(A1k)

M1∑
m=1

wjmf
′(A1m)vmi + f ′(A2j)f

′(A1k)vki

 (5b)

∂2N(x, θ)

∂xi∂cj
= ajf

′′(A2j)

M1∑
k=1

wjkf
′(A1k)vki (5c)

∂2N(x, θ)

∂xi∂vkl
=

(
f ′′(A1k)vkixl + f ′(A1k)δli

) M2∑
j=1

ajwjkf
′(A2j)

+ f ′(A1k)xl

M2∑
j=1

ajwjkf
′′(A2j)

M1∑
m=1

wjmf
′(A1m)vmi

(5d)

∂2N(x, θ)

∂xi∂bk
= f ′′(A1k)vki

M2∑
j=1

ajwjkf
′(A2j)

+ f ′(A1k)

M1∑
m=1

ajwjmf
′′(A2j)

M1∑
m=1

wjmvmif
′(A1m)

(5e)
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Mixed third order derivatives ∇θ∇2
x

Second order derivatives wrt x and first order wrt θ

In order to simplify the expressions we will use the following shorthands:

Bji ≡
M1∑
m=1

wjmvmif
′(A1m), Cjil ≡

∂Bji

∂xl

=

M1∑
m=1

wjmvmivmlf
′′(A1m)

∂3N(x, θ)

∂xi∂xl∂aj
= f ′′(A2j)BjiBjl + f ′(A2j)Cjil (6a)

∂3N(x, θ)

∂xi∂xl∂wjk

= aj
[
f ′′′(A2j)f(A1k)BjiBjl + f ′′(A2j)f

′(A1k)Bji(vki + vkl)

+ f ′′(A2j)f(A1k)Cjil + f ′(A2j)f
′′(A1k)vkivkl

] (6b)

∂3N(x, θ)

∂xi∂xl∂cj
= aj

[
f ′′′(A2j)BjiBjl + f ′′(A2j)Cjil

]
(6c)

∂3N(x, θ)

∂xi∂xl∂vkn
=
[
f ′′′(A1k)vklvkixn + f ′′(A1k) (vkiδnl + vklδni)

] M2∑
j=1

ajwjkf
′(A2j)

+
[
f ′′(A1k)vkixn + f ′(A1k)δni

] M2∑
j=1

ajwjkf
′′(A2j)Bjl

+
[
f ′′(A1k)vklxn + f ′(A1k)δnl

] M2∑
j=1

ajwjkf
′′(A2j)Bji

+f ′(A1k)xn

M2∑
j=1

ajwjk

[
f ′′′(A2j)BjlBji + f ′′(A2j)Cjil

]
(6d)

∂3N(x, θ)

∂xi∂xl∂bk
= f ′′′(A1k)vklvki

M2∑
j=1

ajwjkf
′(A2j)

+ f ′′(A1k)

M2∑
j=1

ajwjkf
′′(A2j)(vkiBjl + vklBji)

+ f ′(A1k)

M2∑
j=1

ajwjk

[
f ′′′(A2j)BjlBji + f ′′(A2j)Cjil

]
(6e)
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Relating (a,w, c, v, b) to θ

We would like to use, for implementation reasons mostly, a single index param-
eter, actually θm, to represent all the weights. Hence, a correspondence of the
used notation (aj, wjk, cj, vkl, bk) to θm is necessary.

aj = θj j = 1, · · · ,M2 (7a)
wjk = θM2+M1(j−1)+k j = 1, · · · ,M2, k = 1, · · · ,M1 (7b)
cj = θM2+M1M2+j j = 1, · · · ,M2 (7c)
vkl = θ2M2+M1M2+D(k−1)+l k = 1, · · · ,M1 l = 1, · · · , D (7d)
bk = θ2M2+M1M2+M1D+k k = 1, · · · ,M1 (7e)

Note that the total number of parameters (weights) equals to:

NT = M1(1 +D +M2) + 2M2
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