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• Metaheuristics canbe effective solvers
under proper parameterization.
• We propose GPALS, a general on-

line parameter adaptation method
for metaheurtistics.
• GPALS is based on approximate gra-

dient search and line search in pa-
rameter domain.
• The method is demonstrated on Dif-

ferential Evolution algorithm for two
test suites.
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a b s t r a c t

Metaheuristics have been established as effective solvers for challenging optimization problems. How-
ever, their performance is highly dependent on their parameter settings. For this reason, various pa-
rameter tuning techniques have been developed, spanning two major categories: online and offline
techniques. Online techniques are based on performance data of the algorithmduring its run,while offline
techniques are based on preprocessing or historical performance data of the algorithm. Alternatively
to these techniques, we propose a general online parameter adaptation method based on estimations
of the algorithm’s performance and gradient search in the parameter domain. The proposed method
is demonstrated on Differential Evolution, a state-of-the-art metaheuristic for continuous optimization.
Our experimental validation includes problems of low and high dimension as well as comparisons with
distinguished adaptive algorithms. The obtained results suggest that the proposed approach is beneficial,
relieving the user from the burden of proper parameterization.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The increasing complexity of real-world problems has cre-
ated ongoing demand for efficient optimization algorithms. Meta-
heuristics are placed among the most popular approaches for
solving challenging optimization problems in diverse scientific
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fields [1]. Despite the lack of guaranteed solution optimality, meta-
heuristics can provide satisfactory near-optimal solutions in rea-
sonable time. However, their performance is heavily dependent on
their proper parameterization,which is far frombeing an easy task.

There are twomajor categories of parameter setting techniques
that dominate the relevant literature [2–4]:

(a) Offline parameter tuning prior to the application of the algo-
rithm.

(b) Onlineparameter adaptation (control) during the algorithm’s
run.
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Table 1
Statistical comparisons between the three GPALS-DE parameterizations and the
base algorithms for the high-dimensional test suite. The symbols ‘‘+ ’’, ‘‘−’’, and
‘‘=’’, denote wins, losses, and ties of GPALS-DE against the competitor algorithms.
Dim. Algorithm GPALS-DE0.5 GPALS-DE0.2 GPALS-DE0.8

+ − = + − = + − =

50 DEbin 15 3 1 14 3 2 13 3 3
DEexp 10 5 4 11 6 2 4 8 7
CHC 19 0 0 19 0 0 19 0 0
GCMAES 16 3 0 16 3 0 16 3 0

100 DEbin 17 1 1 17 1 1 17 1 1
DEexp 13 4 2 12 4 3 10 6 3
CHC 19 0 0 19 0 0 19 0 0
GCMAES 16 3 0 16 3 0 16 3 0

200 DEbin 17 1 1 17 1 1 17 1 1
DEexp 13 4 2 14 4 1 13 6 0
CHC 19 0 0 19 0 0 19 0 0
GCMAES 16 3 0 17 2 0 16 3 0

500 DEbin 19 0 0 19 0 0 19 0 0
DEexp 13 5 1 11 4 4 13 6 0
CHC 19 0 0 19 0 0 19 0 0
GCMAES n/a n/a n/a n/a n/a n/a n/a n/a n/a

Table 2
Number ofwins, losses, and ties of the GPALS-DE0.5 algorithm against GaDE, SHADE,
and L-SHADE for the high-dimensional test problems.

Dimension

50 100 200 500

GPALS-DE0.5 vs. + − = + − = + − = + − =

GaDE 7 3 9 8 3 8 8 4 7 7 4 8
SHADE60 7 1 11 13 1 5 15 1 3 17 1 1
SHADE100 5 3 11 13 1 5 13 1 5 16 1 2
mSHADE60 6 2 11 6 1 12 8 1 10 16 1 2
mSHADE100 13 1 5 13 1 5 14 1 4 14 1 4
L-SHADE 9 2 8 13 2 4 14 2 3 n/a n/a n/a
mL-SHADE 18 1 0 18 0 1 19 0 0 n/a n/a n/a

Offline parameter tuning is based on existing performance data
of the algorithm from previous applications on similar problems.
If such data is unavailable, it is collected through a preprocess-
ing phase based on preliminary experimentation with different
parameter settings on the problem at hand. The best-performing
parameter values are then adopted in the algorithm. Typically,
this approach requires significant computational effort. Our ex-
perience with numerous metaheuristics suggests that this effort
can be comparable to the effort needed for solving the problem
itself. Different parameter tuning approaches are based on statis-
tical methodologies. Typical examples are the Design of Experi-
ments [5], F-Race [6], Sequential Model-Based Optimization [7],
and ParamILS [8]. Such approaches can offer promising results at
the cost of additional implementation and experimentation effort.
Nevertheless, their outcome is often reusable in a wide range of
similar problems.

In contrast to the offline tuning approaches, onlinemethods aim
at dynamically adapting the parameters of the algorithm, based on
feedback during its run [2,8]. The popularity of such methods can
be attributed to the lack of preliminary experimentation and the
limited user intervention. On the other hand, onlinemethods often
exhibit two major weaknesses:

1. Overspecialization: they are usually based on ad hoc pro-
cedures especially developed for a specific algorithm (or
problem type).

2. New parameters: the number of new parameters introduced
by the tuning method may significantly expand the param-
eter domain.

The overspecialization issue renders the outcome of online meth-
ods hardly reusable even in different runs of the algorithm on a

Table 3
Statistical comparisons between the GPALS-DE0.5 algorithms with different popu-
lation size and the base algorithms for the high-dimensional test suite.
Dim. Algorithm GPALS-DE40

0.5 GPALS-DE60
0.5 GPALS-DE80

0.5

+ − = + − = + − =

50 DEbin 14 4 1 15 3 1 11 5 3
DEexp 11 5 3 10 5 4 3 15 1
CHC 19 0 0 19 0 0 19 0 0
GCMAES 16 3 0 16 3 0 16 3 0

100 DEbin 17 1 1 17 1 1 16 1 1
DEexp 13 5 1 13 4 2 6 8 5
CHC 19 0 0 19 0 0 19 0 0
GCMAES 16 3 0 16 3 0 16 3 0

200 DEbin 17 1 1 17 1 1 17 1 1
DEexp 12 4 3 13 4 2 6 9 4
CHC 19 0 0 19 0 0 19 0 0
GCMAES 16 3 0 16 3 0 16 3 0

500 DEbin 19 0 0 19 0 0 19 0 0
DEexp 11 4 4 13 5 1 11 6 2
CHC 19 0 0 19 0 0 19 0 0
GCMAES n/a n/a n/a n/a n/a n/a n/a n/a n/a

Table 4
Number ofwins, losses, and ties ofGPALS-DE against SHADE for different population
sizes in the high-dimensional test problems.

Dimension

50 100 200 500

GPALS-DE40
0.5 vs. + − = + − = + − = + − =

SHADE40 13 2 4 16 1 2 18 1 0 18 1 0
mSHADE40 3 8 8 5 5 9 13 5 1 18 1 0

GPALS-DE80
0.5 vs. + − = + − = + − = + − =

SHADE80 5 13 1 12 6 1 13 5 1 18 1 0
mSHADE80 15 3 1 14 4 1 14 4 1 18 1 0

Table 5
Statistical comparisons of running times between the serial version of GPALS-DE0.5
and SHADE for the high-dimensional test problems.
Dim. GPALS-DE vs. + − =

50 SHADE 16 2 1
100 SHADE 17 0 2
200 SHADE 19 0 0
500 SHADE 18 1 0

Table 6
Statistical comparisons between GPALS-DE, SHADE, and L-SHADE on the CEC 2013
test suite.

Dimension

30 50

+ − = + − =

mGPALS-DE vs SHADE 3 21 4 3 19 6
GPALS-DE vs mSHADE 8 9 11 12 9 7
mGPALS-DE vs L-SHADE 1 23 4 1 22 5
GPALS-DE vs mL-SHADE 5 12 11 5 18 5

specific problem. Moreover, increasing significantly the number
of parameters by introducing new ones may increase the sensi-
tivity of the algorithm and, concurrently, impose the necessity for
tuning the tuning procedure itself. These weaknesses have offered
motivation for the development of new online methods in the
past decade. Brief presentation of algorithms equippedwith online
parameter tuning procedures is postponed until Section 2.2.

Recently, a grid-based parameter adaptation method was pro-
posed and validated on two population-based algorithms, namely
Differential Evolution and Particle Swarm Optimization [9,10]. The
motivation for its development stemmed from the aforementioned
weaknesses of the online parameter tuning methods. Thus, the
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Table 7
Statistical comparisons betweenGPALS-DE andother adaptiveDE-based algorithms
on the CEC 2013 test suite.

Dimension

30 50

GPALS-DE vs. + − = + − =

DEcfbLS 10 12 6 11 11 6
jande 12 7 9 14 12 2
DE_APC 12 7 9 11 10 7
PVADE 14 8 6 18 4 6

Table 8
Statistical comparisons of the serial execution times between GPALS-DE and the
SHADE algorithm for the CEC 2013 test suite.
Dim. GPALS-DE vs. + − =

30 SHADE 20 7 1
50 SHADE 20 7 1

Fig. 1. Graphical illustration of the GPALS method.

Fig. 2. Sample trajectories of the DE scalar parameters for two test functions.

main goal was the development of a general online parameter
tuner with least possible number of new parameters. That method
(denoted as DEGPA) performs online search in a discretized param-
eter domain (grid). The search is based on short-run estimations
of the algorithm’s performance for neighboring parameter values,
starting from an arbitrary setting. The selected parameter values
are then used for some iterations before another tuning cycle takes
place. Thus, the parameters are periodically adapted during the run

Fig. 3. Number of test problems where GPALS-DE0.5 achieved equal or better
average error than the competitor algorithms.

Fig. 4. Wins, losses, and ties of GPALS-DE0.5 against the DEGPA approach.

according to the recorded performance of the algorithm. The grid-
based parameter adaptation method achieved promising results
in tuning mutation operators and scalar parameters of the tested
evolutionary algorithms on high-dimensional test problems [9–
12].

The present work introduces a new general online parameter
tuningmethod that refines and improves the grid-based approach.
Its core mechanism lies in the replacement of the grid search with
an approximate gradient search with line search in the parameter
domain. This approach offers two significant advantages against
the grid. First, the tuner is allowed to perform informative large
steps in the parameter domain based on the line search procedure.
Second, the scalar parameters are not confined in a discretized
subset of their domain, but they can assume continuous values.
Moreover, this approach has inherent parallelization properties,
taking full advantage of modern computer systems. For consis-
tency reasons, the proposed method is demonstrated on Differ-
ential Evolution [13] on two established test suites that consist of
low-dimensional and high-dimensional test problems.

The rest of the paper is organized as follows: Section 2 offers
the necessary background information. The proposed approach is
analyzed in Section 3. In Section 4, the experimental results are
reported and discussed. The paper concludes in Section 5.

2. Background information

For completeness reasons, the following paragraphs are de-
voted to brief presentation of the employed Differential Evolu-
tion algorithm and related parameter adaptation methods. Hence-
forth, we consider the general form of the n-dimensional bound-
constrained continuous optimization problem

min
x∈X⊂Rn

f (x), (1)
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Fig. 5. Serial running time for the proposed GPALS-DE0.5 approach and the SHADE algorithm in the high-dimensional test suite for dimension (a) 50, (b) 100, (c) 200, and
(d) 500.

Fig. 6. Serial execution time for the proposed GPALS approach and the baseline SHADE algorithm in the CEC 13 test suite, for dimension (a) 30, and (b) 50.

where the search space X is defined as a hypercube,

X = [l1, u1]× · · · × [ln, un] ,

with li and ui denoting the lower bound and the upper bound of the
ith direction component, respectively. We also consider the sets of
indices

D ≜ {1, 2, . . . , n}, I ≜ {1, 2, . . . ,N}, (2)

where D refers to direction components and I refers to population
members, respectively. The objective function value of a vector
xi ∈ X , i ∈ I , is simply denoted as

fi = f (xi) .

Finally, the function rand( ) denotes a pseudo-random number
generator that produces uniformly distributed real numbers in the
range [0, 1].

2.1. Differential evolution

Differential Evolution (DE) [14] is a popular metaheuristic for
solving numerical optimization problems. It is a stochastic
population-based optimization algorithm with flexible operators
but sensitive dynamics with respect to its control parameters [15].
Nevertheless, its adaptability, simplicity, and efficiency has placed
it among the most popular metaheuristics, counting a significant
number of relevant works [16].
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Table 9
Average errors and standard deviations of the three GPALS-DE parameterizations and the base algorithms for dimension n = 50.
Problem GPALS-DE0.5 GPALS-DE0.2 GPALS-DE0.8 DEbin DEexp CHC GCMAES

Mean StD Mean StD Mean StD Mean StD Mean StD Mean StD Mean StD

f1 6.59e−14 2.13e−14 1.34e−13 3.23e−14 6.59e−14 2.13e−14 3.00e−17 7.69e−18 2.78e−17 6.29e−33 2.90e+02 5.69e+02 2.78e−17 6.29e−33
f2 2.35e+00 2.49e+00 6.79e+00 2.78e+00 3.44e+00 2.55e+00 3.87e+01 8.90e+00 3.31e−01 5.90e−02 7.72e+01 1.23e+01 7.69e−11 4.83e−11
f3 4.54e+01 1.18e+01 1.80e+01 2.49e+01 4.34e+01 1.89e+01 6.99e+01 3.58e+01 3.10e+01 8.65e+00 5.64e+07 1.42e+08 6.38e−01 1.49e+00
f4 9.78e−14 3.08e−14 2.39e−01 5.94e−01 1.98e−13 3.07e−13 3.21e+01 1.38e+01 4.79e−02 2.01e−01 1.12e+02 2.74e+01 3.72e+02 8.68e+01
f5 2.96e−14 5.68e−15 5.12e−14 2.59e−14 2.96e−14 5.68e−15 9.86e−04 2.76e−03 0.00e+00 0.00e+00 9.02e−01 1.82e+00 2.16e−01 5.64e−01
f6 1.32e−13 4.70e−14 4.38e−09 2.19e−08 7.37e−13 1.76e−12 7.16e−14 1.86e−14 1.39e−13 9.43e−15 3.23e+00 2.44e+00 1.90e+01 1.02e+00
f7 0.00e+00 0.00e+00 2.06e−15 9.49e−15 6.29e−14 2.76e−13 2.22e−15 1.17e−15 8.88e−17 1.96e−16 1.23e−09 1.45e−09 2.10e+01 1.38e+01
f8 3.06e+02 6.25e+02 4.79e+02 4.43e+02 7.78e+01 1.10e+02 9.02e+10 0.00e+00 9.02e+10 0.00e+00 9.02e+10 9.02e+06 9.03e+10 9.39e+07
f9 1.94e−07 6.58e−07 9.12e−07 2.48e−06 5.83e−06 9.41e−06 2.85e+02 5.30e+00 2.73e+02 7.40e−01 3.11e+02 4.98e+00 3.16e+02 7.03e+00
f10 1.01e−31 4.73e−31 2.01e−30 1.01e−29 9.83e−27 3.82e−26 1.53e+00 1.29e+00 6.50e−29 3.60e−29 7.72e+00 2.93e+00 9.25e+00 2.82e+00
f11 1.10e−06 5.01e−06 7.38e−07 1.74e−06 1.51e−05 2.78e−05 9.65e−01 2.02e+00 6.26e−05 1.30e−05 1.01e−02 1.26e−02 1.95e+02 3.65e+01
f12 8.23e−10 3.95e−09 1.30e−10 4.05e−10 2.27e−07 9.21e−07 5.82e+00 1.03e+01 5.26e−13 1.64e−13 8.23e+01 1.53e+02 1.14e+02 1.01e+01
f13 3.32e+01 1.65e+01 4.46e+00 1.39e+01 4.04e+01 2.03e+01 5.97e+01 2.22e+01 2.48e+01 1.31e+00 1.43e+07 3.29e+07 1.16e+02 1.43e+01
f14 7.19e−09 2.01e−08 1.76e−01 3.74e−01 2.32e−05 1.08e−04 3.35e+01 1.86e+01 3.55e−08 2.26e−08 6.76e+01 1.30e+01 2.71e+02 7.30e+01
f15 1.17e−28 5.75e−28 6.37e−15 2.55e−14 7.47e−14 2.95e−13 2.29e−01 6.07e−01 1.99e−24 3.22e−24 3.07e+00 5.32e+00 3.94e+01 1.25e+02
f16 1.80e−10 6.47e−10 1.54e−08 4.67e−08 4.12e−06 1.71e−05 5.64e+00 8.47e+00 1.56e−09 2.81e−10 5.60e+01 5.16e+01 2.23e+02 1.50e+01
f17 1.83e+00 4.64e+00 9.21e+00 1.33e+01 8.36e+00 4.81e+00 1.51e+01 1.43e+01 8.52e−01 4.92e−01 7.61e+06 2.44e+07 3.47e+02 2.18e+01
f18 9.71e−08 1.97e−07 1.20e−01 3.30e−01 1.15e−03 2.81e−03 5.73e+00 5.26e+00 1.28e−04 4.63e−05 6.76e+01 3.46e+01 3.59e+02 8.45e+01
f19 1.07e−29 3.64e−29 1.38e−26 6.87e−26 5.09e−18 1.51e−17 1.23e+00 9.26e−01 2.00e−24 1.50e−24 1.95e+02 5.01e+02 1.71e+03 5.84e+03

Table 10
Average errors and standard deviations of the three GPALS-DE parameterizations and the base algorithms for dimension n = 100.
Problem GPALS-DE0.5 GPALS-DE0.2 GPALS-DE0.8 DEbin DEexp CHC GCMAES

Mean StD Mean StD Mean StD Mean StD Mean StD Mean StD Mean StD

f1 1.55e−13 3.86e−14 2.96e−13 6.14e−14 1.21e−13 2.99e−14 1.12e−16 4.28e−17 7.77e−17 1.13e−17 4.67e+02 7.02e+02 5.55e−17 1.26e−32
f2 1.32e+01 7.03e+00 1.95e+01 3.63e+00 1.84e+01 8.97e+00 7.74e+01 7.77e+00 4.60e+00 4.24e−01 9.96e+01 1.16e+01 2.61e−03 1.30e−02
f3 1.06e+02 2.51e+01 3.24e+01 3.93e+01 9.18e+01 1.91e+01 4.43e+02 3.63e+02 8.01e+01 1.03e+01 1.52e+08 2.69e+08 1.23e+01 1.80e+01
f4 2.46e−13 5.37e−14 2.53e−01 6.61e−01 3.16e−13 1.20e−13 1.01e+02 2.25e+01 9.53e−03 4.76e−02 2.92e+02 5.16e+01 8.38e+02 1.39e+02
f5 8.30e−14 2.71e−14 1.48e−13 4.42e−14 6.25e−14 2.17e−14 2.93e−02 5.32e−02 2.55e−17 5.19e−18 5.95e+00 1.29e+01 2.68e+00 1.05e+01
f6 2.39e−13 8.99e−14 1.10e−10 5.43e−10 5.07e−13 1.11e−12 1.55e+00 3.88e−01 3.10e−13 1.62e−14 4.79e+00 1.87e+00 1.86e+01 2.45e+00
f7 0.00e+00 0.00e+00 5.92e−14 2.86e−13 1.34e−15 6.72e−15 1.39e−14 7.12e−15 3.80e−17 5.29e−17 8.67e−02 3.70e−01 6.35e+01 2.36e+01
f8 2.33e+03 2.44e+03 3.99e+03 2.92e+03 3.94e+03 3.51e+03 1.79e+11 0.00e+00 1.79e+11 0.00e+00 1.79e+11 1.92e+07 1.80e+11 3.54e+08
f9 9.76e−09 4.88e−08 4.31e−04 2.15e−03 1.67e−05 7.42e−05 5.43e+02 1.36e+01 5.06e+02 9.16e−01 5.87e+02 1.01e+01 6.08e+02 1.07e+01
f10 1.60e−27 8.00e−27 2.36e−21 1.12e−20 2.19e−30 1.09e−29 1.54e+01 3.31e+00 1.35e−28 3.86e−29 2.89e+01 1.01e+01 1.93e+01 5.10e+00
f11 2.05e−08 1.02e−07 1.60e−06 3.14e−06 2.84e−05 1.07e−04 4.31e+01 2.09e+01 1.25e−04 1.43e−05 2.80e+01 3.02e+01 4.82e+02 4.27e+01
f12 6.31e−11 3.03e−10 1.52e−08 7.21e−08 6.74e−09 2.01e−08 7.21e+01 3.21e+01 6.44e−11 1.52e−11 8.72e+02 2.55e+03 2.41e+02 1.23e+01
f13 6.54e+01 1.73e+01 7.91e+00 1.27e+01 7.35e+01 1.58e+01 2.76e+02 6.18e+01 6.13e+01 1.00e+00 9.37e+07 4.02e+08 2.59e+02 2.16e+01
f14 5.15e−09 2.47e−08 1.59e−01 3.72e−01 1.14e−05 3.21e−05 9.37e+01 1.56e+01 4.48e−02 2.24e−01 2.25e+02 4.59e+01 6.19e+02 9.25e+01
f15 7.26e−23 3.63e−22 2.98e−15 1.16e−14 3.11e−14 1.43e−13 3.67e+00 1.76e+00 7.10e−23 7.00e−23 5.99e+00 1.19e+01 5.57e+01 5.22e+01
f16 4.48e−12 9.43e−12 4.60e−07 2.26e−06 6.60e−08 2.06e−07 1.10e+02 3.80e+01 1.94e−02 9.70e−02 2.08e+02 1.49e+02 4.84e+02 2.08e+01
f17 1.52e+01 1.94e+01 1.28e+01 1.45e+01 3.82e+01 3.40e+01 1.78e+02 5.49e+01 1.19e+01 2.62e+00 4.36e+07 7.09e+07 7.04e+02 3.92e+01
f18 9.68e−09 1.96e−08 4.28e−04 1.43e−03 1.24e−04 2.54e−04 1.04e+02 4.39e+01 2.92e−04 6.77e−05 2.37e+02 7.02e+01 1.09e+03 4.15e+02
f19 1.40e−30 6.96e−30 8.44e−20 4.12e−19 6.86e−24 2.54e−23 1.17e+01 2.61e+00 4.79e−23 2.65e−23 4.70e+02 1.84e+03 5.83e+03 9.85e+03
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Table 11
Average errors and standard deviations of the three GPALS-DE parameterizations and the base algorithms for dimension n = 200.
Problem GPALS-DE0.5 GPALS-DE0.2 GPALS-DE0.8 DEbin DEexp CHC GCMAES

Mean StD Mean StD Mean StD Mean StD Mean StD Mean StD Mean StD

f1 3.87e−13 1.10e−13 6.00e−13 1.98e−13 3.18e−13 8.84e−14 6.39e−16 5.32e−16 1.78e−16 1.60e−17 9.61e+02 1.65e+03 1.17e−16 1.13e−17
f2 3.37e+01 8.45e+00 4.40e+01 6.26e+00 4.42e+01 1.19e+01 1.01e+02 5.90e+00 1.89e+01 1.05e+00 1.17e+02 7.60e+00 7.47e−02 2.44e−01
f3 2.11e+02 3.13e+01 6.72e+01 7.09e+01 1.93e+02 2.66e+01 6.38e+02 3.80e+02 1.79e+02 8.89e+00 2.54e+08 3.97e+08 1.24e+02 8.85e+01
f4 5.66e−13 1.76e−13 7.74e−01 8.91e−01 6.82e−13 1.93e−13 4.21e+02 5.63e+01 8.52e−02 3.98e−01 6.32e+02 8.43e+01 1.57e+03 1.54e+02
f5 1.97e−13 4.99e−14 3.63e−13 1.23e−13 1.75e−13 6.75e−14 3.00e−01 7.73e−01 7.49e−17 6.94e−18 1.02e+01 1.59e+01 1.13e+00 2.84e+00
f6 5.18e−13 9.65e−14 2.02e−03 1.01e−02 1.73e−12 6.46e−12 5.28e+00 9.65e−01 6.46e−13 2.53e−14 8.14e+00 2.26e+00 1.93e+01 7.39e−01
f7 0.00e+00 0.00e+00 3.09e−16 1.13e−15 5.20e−15 2.60e−14 1.78e−11 4.65e−11 2.25e−16 1.92e−16 3.95e−01 1.21e+00 1.25e+02 1.92e+01
f8 1.15e+04 1.19e+04 2.18e+04 1.33e+04 3.36e+04 1.72e+04 8.33e+11 0.00e+00 8.33e+11 0.00e+00 8.33e+11 3.09e+08 8.56e+11 3.36e+09
f9 2.04e−08 7.48e−08 9.41e−05 2.69e−04 2.79e−05 1.30e−04 1.13e+03 1.87e+01 1.01e+03 1.30e+00 1.18e+03 8.29e+00 1.22e+03 1.79e+01
f10 2.13e−31 6.55e−31 1.53e−13 7.65e−13 2.67e−28 1.33e−27 5.52e+01 1.02e+01 2.77e−28 5.31e−29 7.34e+01 6.25e+01 3.76e+01 2.78e+01
f11 1.40e−06 6.89e−06 1.08e−05 1.84e−05 2.21e−05 8.45e−05 3.95e+02 6.11e+01 2.55e−04 3.20e−05 4.03e+02 8.45e+01 1.08e+03 8.25e+01
f12 2.83e−09 1.42e−08 4.66e−06 2.33e−05 3.22e−08 1.52e−07 2.84e+02 4.97e+01 9.97e−10 2.01e−10 8.11e+02 1.58e+03 5.87e+02 4.52e+02
f13 1.41e+02 1.95e+01 4.51e+01 4.37e+01 1.46e+02 1.20e+01 7.52e+02 2.71e+02 1.40e+02 1.26e+01 2.06e+08 3.51e+08 5.92e+02 1.08e+02
f14 1.53e−09 6.89e−09 2.14e−01 4.20e−01 1.54e−05 5.74e−05 3.11e+02 3.66e+01 8.08e−03 4.04e−02 4.90e+02 5.23e+01 1.26e+03 1.81e+02
f15 2.12e−25 1.05e−24 9.41e−15 3.35e−14 4.90e−27 1.67e−26 1.17e+01 2.85e+00 3.71e−24 2.32e−24 1.40e+01 9.80e+00 1.95e+02 1.66e+02
f16 2.97e−11 8.57e−11 2.50e−08 1.20e−07 1.19e−07 3.50e−07 5.58e+02 7.96e+01 7.85e−09 1.11e−09 6.77e+02 6.04e+02 9.56e+02 3.33e+01
f17 4.97e+01 3.50e+01 8.93e+00 1.01e+01 5.68e+01 2.39e+01 1.03e+03 1.11e+02 3.71e+01 8.30e−01 1.17e+07 1.70e+07 1.49e+03 8.00e+01
f18 1.21e−08 3.69e−08 8.93e−02 2.75e−01 2.20e−04 4.28e−04 7.53e+02 6.55e+01 5.10e−04 9.97e−05 7.67e+02 2.14e+02 3.94e+03 3.91e+03
f19 0.00e+00 0.00e+00 5.05e−26 2.49e−25 6.41e−24 3.12e−23 4.04e+01 7.71e+00 1.67e−22 7.58e−23 7.51e+02 1.76e+03 2.53e+04 2.45e+04

Table 12
Average errors and standard deviations of the three GPALS-DE parameterizations and the base algorithms for dimension n = 500.
Problem GPALS-DE0.5 GPALS-DE0.2 GPALS-DE0.8 DEbin DEexp CHC GCMAES

Mean StD Mean StD Mean StD Mean StD Mean StD Mean StD Mean StD

f1 1.04e−12 2.66e−13 1.86e−12 4.97e−13 9.75e−13 2.34e−13 3.88e−05 7.93e−05 5.17e−16 1.36e−17 9.25e+02 1.27e+03 n/a n/a
f2 7.40e+01 8.28e+00 8.20e+01 9.53e+00 8.31e+01 1.04e+01 1.25e+02 5.37e+00 5.38e+01 1.21e+00 1.35e+02 5.52e+00 n/a n/a
f3 4.99e+02 2.34e+01 1.92e+02 2.17e+02 4.88e+02 1.95e+01 3.44e+04 1.62e+05 4.74e+02 1.48e+00 6.93e+08 1.72e+09 n/a n/a
f4 1.70e−12 4.47e−13 6.98e−01 8.85e−01 1.65e−12 3.37e−13 2.35e+03 1.60e+02 7.12e−01 9.64e−01 2.11e+03 1.66e+02 n/a n/a
f5 5.35e−13 8.47e−14 1.01e−12 8.62e−13 5.89e−13 2.40e−13 3.11e−01 5.07e−01 2.38e−16 1.18e−17 1.45e+01 2.52e+01 n/a n/a
f6 1.24e−12 1.93e−13 1.09e−02 3.51e−02 1.17e−12 3.40e−13 1.49e+01 8.38e−01 1.64e−12 4.85e−14 1.27e+01 1.26e+00 n/a n/a
f7 0.00e+00 0.00e+00 6.31e−12 3.15e−11 0.00e+00 0.00e+00 2.74e−03 6.49e−03 7.29e−16 3.58e−16 3.33e−05 1.12e−04 n/a n/a
f8 1.07e+05 7.42e+04 2.38e+05 1.36e+05 2.00e+05 7.54e+04 4.94e+12 0.00e+00 4.94e+12 0.00e+00 4.94e+12 1.42e+08 n/a n/a
f9 1.64e−08 4.60e−08 2.65e−04 4.69e−04 1.54e−04 7.10e−04 2.97e+03 3.17e+01 2.52e+03 2.10e+00 3.00e+03 1.64e+01 n/a n/a
f10 1.42e−31 4.91e−31 4.77e−17 2.38e−16 4.01e−30 1.99e−29 1.36e+02 2.08e+01 9.79e−28 1.43e−28 1.64e+02 5.62e+01 n/a n/a
f11 0.00e+00 0.00e+00 3.04e−03 1.26e−02 9.77e−07 3.47e−06 2.34e+03 9.22e+01 6.78e−04 3.60e−05 1.67e+03 1.44e+02 n/a n/a
f12 9.80e−12 4.33e−11 1.76e−06 8.81e−06 4.32e−07 1.83e−06 1.02e+03 6.68e+01 6.80e−09 8.58e−10 1.62e+03 1.83e+03 n/a n/a
f13 3.79e+02 3.79e+01 8.69e+01 1.00e+02 3.75e+02 2.01e+01 2.49e+03 3.13e+02 3.60e+02 9.23e+00 3.41e+08 4.29e+08 n/a n/a
f14 9.10e−11 1.83e−10 8.93e−01 1.11e+00 1.29e−04 3.51e−04 1.67e+03 1.51e+02 3.93e−01 1.05e+00 1.59e+03 1.57e+02 n/a n/a
f15 0.00e+00 0.00e+00 5.53e−16 2.58e−15 3.82e−25 1.89e−24 4.44e+01 5.59e+00 2.93e−18 7.16e−18 3.50e+01 1.20e+01 n/a n/a
f16 1.46e−09 6.41e−09 6.06e−07 2.67e−06 2.17e−07 7.81e−07 2.02e+03 8.60e+01 2.05e−08 1.64e−09 1.92e+03 1.44e+03 n/a n/a
f17 1.37e+02 2.99e+01 3.81e+00 4.97e+00 1.24e+02 1.31e+01 3.83e+03 1.41e+02 1.12e+02 1.02e+00 6.64e+08 1.64e+09 n/a n/a
f18 4.89e−09 1.71e−08 2.92e−01 6.07e−01 7.81e−04 2.27e−03 3.37e+03 4.34e+02 1.25e−03 1.87e−04 2.74e+03 3.59e+02 n/a n/a
f19 1.04e−12 2.66e−13 4.86e−08 2.43e−07 9.47e−22 4.74e−21 1.29e+02 2.34e+01 3.35e−21 2.15e−21 2.05e+03 4.03e+03 n/a n/a



374 V.A. Tatsis, K.E. Parsopoulos / Applied Soft Computing Journal 74 (2019) 368–384

The standard DE algorithm assumes a fixed-size population,

P = {x1, x2, . . . , xN},

of search points (agents) called individuals. Each individual defines
a position in the search space,

xi = (xi1, xi2, . . . , xin) ∈ X, i ∈ I,

and it is randomly and uniformly initialized in X . At each iteration,
mutation and crossover operators are applied on each individual
to sample new points in the search space. This is followed by a
selection phase where the generated new points compete against
the original ones to form the population of the next iteration.

Let t denote the iteration counter. During mutation, a new
vector u(t+1)

i is produced for each individual x(t)i by combining
randomly selected and mutually different members of the current
population P (t). A variety of mutation operators have been pro-
posed in the relevant literature. The most common ones are the
following:

DE/best/1:

u(t+1)
i = x(t)g + F

(
x(t)r1 − x(t)r2

)
, (3)

DE/rand/1:

u(t+1)
i = x(t)r1 + F

(
x(t)r2 − x(t)r3

)
, (4)

DE/current-to-best/2:

u(t+1)
i = x(t)i + F

(
x(t)g − x(t)i + x(t)r1 − x(t)r2

)
, (5)

DE/best/2:

u(t+1)
i = x(t)g + F

(
x(t)r1 − x(t)r2 + x(t)r3 − x(t)r4

)
, (6)

DE/rand/2:

u(t+1)
i = x(t)r1 + F

(
x(t)r2 − x(t)r3 + x(t)r4 − x(t)r5

)
. (7)

The user-defined parameter F , also called the scale factor [16],
determines the step size of the algorithm and affects its explo-
ration/exploitation trade-off. The index g denotes the best quality
individual, i.e.,

g = argmin
i∈I

{
f (t)i

}
.

The indices r1, r2, . . . , r5 ∈ I , are randomly selected such that

r1 ̸= r2 ̸= r3 ̸= r4 ̸= r5 ̸= i.

After mutation, crossover is applied to produce a new trial vector

v
(t+1)
i =

(
v
(t)
i1 , v

(t)
i2 , . . . , v

(t)
in

)
,

for each individual x(t)i ∈ P (t). A common crossover operator is the
binomial crossover, where

v
(t+1)
ij =

{
u(t+1)
ij , if rand( ) ⩽ CR or j = Ri,

x(t)ij , otherwise,
(8)

where j ∈ D (see Eq. (2)); CR ∈ (0, 1] is a user-defined crossover
rate; and Ri is a random integer uniformly sampled from D. The
use of Ri ensures that at least one component of the trial vector is
inherited from the mutated vector.

Alternatively, the exponential crossover operator can be used.
Specifically, x(t)i is initially copied into the trial vector v

(t+1)
i . Then,

starting from a randomly selected component k ∈ D, all com-
ponents u(t+1)

ik are copied in v
(t+1)
ik until a stochastic termination

condition is satisfied. The rest of the components in v
(t+1)
i retain

the values initially copied from x(t)i [13].

Eventually, the selection phase takes place, where x(t)i competes
against v

(t+1)
i for inclusion in the new population,

x(t+1)i =

⎧⎨⎩ v
(t+1)
i , if f

(
v
(t+1)
i

)
⩽ f (t)i ,

x(t)i , otherwise.
(9)

The selection phase completes a full iteration. The algorithm con-
tinues with new iterations until a termination condition is met.
Usually, this condition involves the desirable solution quality or
the maximum computational budget. The best detected individual
is eventually reported as the final solution. For a comprehensive
presentation of the DE algorithm, the reader is referred to [13].

2.2. Online parameter adaptation approaches

During the past decades, various approaches for dynamic pa-
rameter adaptation have been proposed. In the following para-
graphs we focus on approaches related to Differential Evolution,
which was used to demonstrate our proposed method. Most of
the presented approaches are particularly designed for the spe-
cific algorithm and specific test suites. As mentioned earlier, this
overspecialization is a typicalweakness of various tuningmethods,
thereby offering motivation for the development of alternative,
more general methods.

The scale factor and crossover rate are the typically adapted
DE parameters. An adaptive scale factor inheritance schemewhere
subpopulations are connected in a ring topology was proposed
for a distributed DE in [17]. A different approach using multi-
trajectory search was proposed in [18]. A self-adaptive algorithm
that determines DE’s control parameters through a probabilistic
procedure was proposed in [19]. In [20–22], the reader can review
further parameter adaptation schemes.

The JADE [23] algorithm uses an external archive to adapt the
control parameters, while SHADE [24] uses historical data stored
in memory in order to guide the parameter adaptation. Similarly,
the enhanced L-SHADE performs parameter adaptation based on
the sequence of successes [25]. In [26] a restarting DE variant was
proposed, using the maximum distance among the individuals as
the restarting condition.

Competition-based approaches for DE were proposed in [27,
28]. A self-adaptive DE with small population size was proposed
in [29]. An adaptive memetic DE approach was proposed in [30].
Moreover, the jDElscop variant was introduced in [31], combining
three strategies and a population-reduction mechanism. A gen-
eral scheme was also proposed in [32]. Significant attributes of
the DE algorithm were investigated in [33], where the relation
between exploration and exploitation was studied. In [34] the two
DE crossover variants were thoroughly analyzed.

Recently, a grid-based method [9] was proposed for dynamic
parameter adaptation, and it was demonstrated on the DE algo-
rithm. The so called DEGPA method adapts the scalar parame-
ters and the mutation operator, based on short-run performance
estimations under neighboring parameter values in a discretized
parameter domain. The parameters are periodically updated, fol-
lowed by a dynamic-deployment phase where the population
is evolved with the selected parameters. Promising results for
two evolutionary algorithms have verified the potential of this
approach in low-dimensional and high-dimensional test prob-
lems [9–12].

The grid-based method consists of a rather general proce-
dure applicable also to other metaheuristics, avoiding the over-
specialization issue, while requiring only a small number of ad-
ditional control parameters for the tuning method [10].
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Table 13
Average errors of the GPALS-DE0.5 approach against other algorithms for the high-dimensional test problems f1 − f9 .

f1 f2 f3 f4 f5 f6 f7 f8 f9
GPALS-DE0.5
50 0.00e+00 2.35e+00 4.54e+01 0.00e+00 0.00e+00 0.00e+00 0.00e+00 3.06e+02 1.94e−07
100 0.00e+00 1.32e+01 1.06e+02 0.00e+00 0.00e+00 0.00e+00 0.00e+00 2.33e+03 0.00e+00
200 0.00e+00 3.37e+01 2.11e+02 0.00e+00 0.00e+00 0.00e+00 0.00e+00 1.15e+04 2.04e−08
500 0.00e+00 7.40e+01 4.99e+02 0.00e+00 0.00e+00 0.00e+00 0.00e+00 1.07e+05 1.64e−08

SOUPDE
50 0.00e+00 1.18e+00 3.10e+01 3.98e−02 0.00e+00 1.47e−14 2.28e−14 9.69e−02 3.75e−06
100 0.00e+00 7.47e+00 7.92e+01 3.98e−02 0.00e+00 3.03e−14 3.88e−14 6.55e+01 7.82e−06
200 0.00e+00 2.38e+01 1.80e+02 1.19e−01 0.00e+00 6.40e−14 7.46e−14 2.46e+03 1.51e−05
500 0.00e+00 6.50e+01 4.71e+02 7.96e−02 0.00e+00 1.67e−13 1.78e−13 4.36e+04 3.59e−05

DE-D40
+Mm

50 3.33e−18 1.67e−01 1.34e+01 1.99e−01 0.00e+00 4.55e−14 0.00e+00 6.11e−01 0.00e+00
100 2.78e−17 2.24e+00 7.61e+01 1.99e−01 1.39e−17 1.01e−13 5.33e−17 4.75e+05 4.29e−04
200 6.66e−17 9.58e+00 1.69e+02 2.39e−01 2.78e−17 2.51e−13 0.00e+00 2.19e+08 0.00e+00
500 2.23e−16 3.72e+01 4.54e+02 9.15e−01 1.03e−16 7.14e−13 0.00e+00 1.41e+10 6.78e−09

GaDE
50 0.00e+00 1.46e+01 1.18e+01 0.00e+00 0.00e+00 0.00e+00 0.00e+00 1.08e−08 6.24e−07
100 0.00e+00 3.88e+01 5.89e+01 0.00e+00 0.00e+00 0.00e+00 0.00e+00 1.23e−03 3.87e−07
200 0.00e+00 5.76e+01 1.61e+01 0.00e+00 0.00e+00 0.00e+00 0.00e+00 3.02e+00 4.53e−09
500 0.00e+00 7.42e+01 4.40e+02 0.00e+00 0.00e+00 1.46e−14 0.00e+00 1.33e+03 0.00e+00

jDElscop
50 0.00e+00 3.15e−02 2.28e+01 0.00e+00 0.00e+00 9.55e−14 0.00e+00 9.97e−03 0.00e+00
100 0.00e+00 1.21e+00 6.13e+01 0.00e+00 0.00e+00 2.00e−13 0.00e+00 5.57e+00 7.18e−09
200 0.00e+00 7.54e+00 1.40e+02 0.00e+00 0.00e+00 4.52e−13 0.00e+00 2.52e+02 4.30e−08
500 0.00e+00 3.06e+01 4.06e+02 1.59e−01 0.00e+00 1.18e−12 0.00e+00 5.66e+03 6.10e−08

SaDE-MMTS
50 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 4.13e−09 1.35e−01
100 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 3.05e−04 3.18e−01
200 0.00e+00 1.34e+00 0.00e+00 8.08e−02 0.00e+00 0.00e+00 0.00e+00 2.67e+01 1.24e+00
500 0.00e+00 1.25e+01 0.00e+00 3.85e+00 0.00e+00 0.00e+00 0.00e+00 3.01e+02 2.81e+01

MOS
50 0.00e+00 4.64e−13 9.61e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 1.54e−08 0.00e+00
100 0.00e+00 2.94e−12 2.03e+01 0.00e+00 0.00e+00 0.00e+00 0.00e+00 9.17e−02 0.00e+00
200 0.00e+00 1.24e−11 4.01e+01 0.00e+00 0.00e+00 0.00e+00 0.00e+00 1.16e+02 0.00e+00
500 0.00e+00 5.51e−04 4.57e+01 0.00e+00 0.00e+00 0.00e+00 0.00e+00 1.28e+04 0.00e+00

MA-SSW-Chains
50 1.67e−17 7.61e−02 4.79e+01 1.19e−01 0.00e+00 4.89e−14 9.33e−17 3.06e−01 2.94e+02
100 2.78e−17 7.01e+00 1.38e+02 1.19e−01 1.39e−17 6.03e−14 8.17e−16 3.48e+01 5.63e+02
200 5.33e−17 3.36e+01 2.50e+02 4.43e+00 2.72e−17 1.19e−13 6.96e−15 7.23e+02 1.17e+03
500 1.01e−16 7.86e+01 6.07e+02 1.78e+02 7.70e−17 2.63e−13 4.69e−14 1.32e+04 2.53e+03

3. Proposed parameter adaptation method

The proposed approach, henceforth called Gradient-based Pa-
rameter Adaptation with Line Search (GPALS), draws inspiration
from the grid-based DEGPA approach [9]. In DEGPA the parameter
domain is discretized, hence forming a grid. For example, in DE
the grid consists of all scalar parameter pairs (F , CR) in the domain
[0, 1] × [0, 1], using a small fixed discretization step size λ > 0.
DEGPA starts with an initial parameter pair (F0, CR0) and an initial
primary population, which is evolved for Tp iterations using the
parameters (F0, CR0). Then, the primary population is copied into
nine secondary populations, each of which is evolved using one of
the neighboring parameter pairs

(F0 ± i λ, CR0 ± j λ) , i, j ∈ {0, 1}.

The secondary populations are independently evolved using their
assigned parameter pairs for a small number of iterations, Ts ≪ Tp,
in order to locally estimate the performance of the current popu-
lation with the alternative parameter pairs. The best-performing
secondary population is then adopted as the new primary popu-
lation along with its parameter pair. The considered performance
measure for assessing the quality of a parameter pair (F , CR) is
the average objective function value of its corresponding secondary
population Ps after the Ts iterations, i.e.,

H (Ps, (F , CR)) =
1
N

∑
x∈Ps

f (x) . (10)

This performance measure is preferred against the best objective
function value because it is less sensitive to temporary quality
surges of the best individual (e.g., due to rapidly detected localmin-
imizers). Moreover, the best solutions of all unselected secondary
populations are inherited in the newprimary population, replacing
equal number of worst individuals.

The procedure above constitutes a full cycle of the algorithm,
which continueswith new cycles until the available computational
budget (function evaluations) is exceeded. Details and extensions
of DEGPA can be found in [9,11]. Besides its simplicity, DEGPA
exhibited remarkable competitiveness against various fine-tuned
algorithms in high-dimensional problems [9]. This was achieved
even without taking into account the demanding preliminary ex-
perimentation needed for the competitor approaches, thereby of-
fering motivation for further investigation.

An obvious limitation of DEGPA is the constant step size λ used
for the discretization of the parameter values in the grid. If superior
parameter values exist in a specific direction in the grid and λ is
too small, DEGPAmay need a large number of steps to reach them.
Conversely, if λ is too large then promising valuesmay be overshot
because the grid search directions are restricted to horizontal, ver-
tical, and diagonalmoves. These issuesmotivated the development
of the proposed GPALS approach, where the grid is replaced by a
dense parameter search space. In this framework, trajectories of
parameter pairs are produced by following approximate gradient
directions in the parameter domain, while line search is used to
determine the appropriate step size.
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Table 14
Average errors of the GPALS-DE0.5 approach against other algorithms for the high-dimensional test problems f10 − f19 .

f10 f11 f12 f13 f14 f15 f16 f17 f18 f19
GPALS-DE0.5
50 0.00e+00 1.10e−06 0.00e+00 3.32e+01 0.00e+00 0.00e+00 0.00e+00 1.83e+00 9.71e−08 0.00e+00
100 0.00e+00 2.05e−08 0.00e+00 6.54e+01 0.00e+00 0.00e+00 0.00e+00 1.52e+01 0.00e+00 0.00e+00
200 0.00e+00 1.40e−06 0.00e+00 1.41e+02 0.00e+00 0.00e+00 0.00e+00 4.97e+01 1.21e−08 0.00e+00
500 0.00e+00 0.00e+00 0.00e+00 3.79e+02 0.00e+00 0.00e+00 0.00e+00 1.37e+02 0.00e+00 0.00e+00

SOUPDE
50 0.00e+00 3.09e−06 0.00e+00 2.06e+01 0.00e+00 1.38e−14 0.00e+00 2.53e−01 0.00e+00 0.00e+00
100 0.00e+00 6.75e−06 0.00e+00 5.85e+01 9.09e−15 2.79e−14 0.00e+00 8.55e+00 0.00e+00 0.00e+00
200 0.00e+00 1.43e−05 0.00e+00 1.35e+02 3.98e−02 5.79e−14 0.00e+00 3.31e+01 0.00e+00 1.91e−14
500 0.00e+00 4.66e−04 0.00e+00 3.58e+02 1.31e−12 1.39e−13 0.00e+00 1.09e+02 2.82e−13 4.95e−14

DE-D40
+Mm

50 1.89e−31 6.06e−04 1.58e−21 1.39e+01 1.19e−01 0.00e+00 1.76e−16 4.31e−02 3.98e−02 0.00e+00
100 0.00e+00 0.00e+00 4.62e−17 5.33e+01 1.19e−01 0.00e+00 8.99e−15 3.22e+00 8.11e−10 0.00e+00
200 3.51e+01 0.00e+00 5.45e−15 1.23e+02 3.98e−02 0.00e+00 2.26e−13 2.72e+01 3.98e−02 9.47e−32
500 2.43e−31 0.00e+00 5.05e−13 3.48e+02 2.39e−01 0.00e+00 4.17e−12 1.02e+02 9.97e−08 0.00e+00

GaDE
50 0.00e+00 1.31e−06 0.00e+00 1.19e+01 9.78e−13 0.00e+00 4.78e−12 4.97e−01 4.82e−08 0.00e+00
100 0.00e+00 4.34e−07 0.00e+00 4.99e+01 7.90e−13 0.00e+00 2.45e−12 3.28e+00 1.96e−08 0.00e+00
200 4.20e−02 1.85e−07 4.92e−14 1.24e+02 2.87e−12 0.00e+00 1.58e−12 2.45e+01 2.53e−08 0.00e+00
500 3.78e−01 0.00e+00 1.07e−12 3.34e+02 2.79e−11 0.00e+00 1.67e−12 9.26e+01 5.59e−08 4.20e−02

jDElscop
50 0.00e+00 0.00e+00 0.00e+00 1.36e+01 0.00e+00 0.00e+00 0.00e+00 7.43e−03 2.41e−14 0.00e+00
100 0.00e+00 8.17e−09 0.00e+00 5.11e+01 0.00e+00 0.00e+00 0.00e+00 3.21e−01 6.33e−14 0.00e+00
200 0.00e+00 9.58e−09 0.00e+00 1.10e+02 4.11e−16 0.00e+00 0.00e+00 2.39e+01 2.04e−13 0.00e+00
500 0.00e+00 4.40e−08 0.00e+00 3.14e+02 8.00e−02 0.00e+00 0.00e+00 7.65e+01 1.11e−12 0.00e+00

SaDE-MMTS
50 0.00e+00 5.19e−05 0.00e+00 4.23e+00 3.93e−08 0.00e+00 0.00e+00 4.78e−01 9.38e−03 0.00e+00
100 0.00e+00 2.00e−04 0.00e+00 3.30e+01 1.02e−02 0.00e+00 0.00e+00 1.17e+01 4.70e−02 0.00e+00
200 0.00e+00 2.39e−04 0.00e+00 8.89e+01 1.57e−02 0.00e+00 0.00e+00 3.50e+01 3.35e−01 0.00e+00
500 0.00e+00 2.53e+01 0.00e+00 3.27e+02 4.01e−01 0.00e+00 0.00e+00 9.80e+01 1.18e+00 0.00e+00

MOS
50 0.00e+00 0.00e+00 0.00e+00 4.55e−01 0.00e+00 0.00e+00 0.00e+00 1.40e+01 0.00e+00 0.00e+00
100 0.00e+00 0.00e+00 0.00e+00 1.75e+01 1.68e−11 0.00e+00 0.00e+00 1.43e+01 0.00e+00 0.00e+00
200 0.00e+00 0.00e+00 0.00e+00 9.03e+00 0.00e+00 0.00e+00 0.00e+00 5.03e+00 0.00e+00 0.00e+00
500 0.00e+00 0.00e+00 0.00e+00 3.78e+01 0.00e+00 0.00e+00 0.00e+00 1.21e+01 0.00e+00 0.00e+00

MA-SSW-Chains
50 1.67e−30 4.49e−03 6.27e−41 3.02e+01 1.37e−17 3.91e−16 4.06e−03 2.60e+01 3.88e−19 4.02e−31
100 1.05e−29 1.09e−01 3.28e−03 8.35e+01 2.21e−16 1.59e−15 1.61e−02 9.92e+01 2.71e−18 3.15e−30
200 5.41e−29 3.50e−01 1.75e−02 1.68e+02 9.76e−01 5.32e−15 6.02e−02 7.55e+01 4.29e−04 1.51e−16
500 2.80e−01 4.21e+01 2.55e+01 4.00e+02 5.65e+01 5.53e+00 1.08e−01 1.38e+02 2.41e−03 7.84e−17

These procedures require estimations of the algorithm’s per-
formance under different parameter settings. Similarly to DEGPA,
the estimations are based on short runs of the algorithm using the
corresponding parameter pairs. The runs can be conducted either
serially or in parallel. Naturally, the main concept of GPALS can be
generalized to any algorithm and arbitrary number of parameters.

Let us use DE as an example to describe a complete cycle of
the proposed GPALS method. Consider the general optimization
problem of Eq. (1), let N be the selected population size, and
[Fmin, Fmax], [CRmin, CRmax], be prescribed ranges for the parameters
F and CR, respectively. Then, the parameter domain is defined as

G = [Fmin, Fmax]× [CRmin, CRmax] .

GPALS assumes a primary population Ppri, sampled in the search
space X of the problem at hand. The primary population is assigned
a current parameter pair (Fc, CRc) ∈ G. Initially, this pair can be
either the central point of G or a randomly selected point in G.
Naturally, if additional information is available regarding the most
promising parameter values (e.g., due to previous experimenta-
tion), the initial pair can be properly adjusted.

After initialization, the primary population is evolved for Tp
iterations. According to previous works [9,11], we suggest the
value

Tp = 10× n,

where n is the dimension of the considered optimization problem.
In general, Tp shall be adequate for the algorithm to deploy its dy-
namics, but not so large that would rapidly consume the available
computational budget.

For the evolved primary population with the current parame-
ter pair, the performance measure H

(
Ppri, (Fc, CRc)

)
is computed

according to Eq. (10). Then, three main procedures take place,
namely the performance gradient estimation, the line search, and the
dynamic deployment, which are described below.

3.1. Performance gradient estimation

The gradient estimation phase aims at detecting a direction
in G at which promising parameters of the algorithm exist. Such
parameters shall improve the current population in terms of the
performance criterion of Eq. (10). More specifically, we estimate
the negative of the approximate gradient of H at (Fc, CRc) as

−∇H
(
Ppri, (Fc, CRc)

)
= −

⎛⎜⎝ ∂H(Ppri,(Fc ,CRc ))
∂Fc

∂H(Ppri,(Fc ,CRc ))
∂CRc

⎞⎟⎠ , (11)

where the partial derivatives are computed using the symmetric
difference quotient,

∂H
(
Ppri, (Fc, CRc)

)
∂Fc

=
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Table 15
Average error of the SHADE variants for the high-dimensional problems f1 − f9 .

f1 f2 f3 f4 f5 f6 f7 f8 f9
SHADE60
50 0.00e+00 1.22e+01 7.81e+02 3.98e−02 4.13e−03 2.46e−01 0.00e+00 0.00e+00 9.00e−01
100 0.00e+00 5.86e+01 8.27e+02 0.00e+00 1.70e−02 2.49e+00 0.00e+00 9.06e−05 2.81e+01
200 0.00e+00 8.33e+01 1.07e+03 1.43e+00 5.44e−02 5.51e+00 0.00e+00 2.41e+00 4.68e+01
500 2.01e−09 1.05e+02 1.79e+03 1.06e+02 4.90e−01 1.37e+01 6.05e−05 2.38e+03 3.73e+01

SHADE100
50 0.00e+00 2.24e−01 7.81e+02 0.00e+00 6.90e−04 0.00e+00 0.00e+00 4.22e−09 9.85e−02
100 0.00e+00 4.41e+01 8.36e+02 0.00e+00 3.83e−03 1.45e+00 0.00e+00 5.40e−04 1.42e+01
200 0.00e+00 7.13e+01 1.07e+03 3.98e−02 2.47e−02 3.43e+00 0.00e+00 1.85e+00 1.43e+02
500 0.00e+00 9.55e+01 1.79e+03 1.48e+01 2.56e−01 1.09e+01 1.10e−05 1.66e+03 2.56e+02

mSHADE60
50 0.00e+00 2.15e+01 7.98e+02 0.00e+00 0.00e+00 0.00e+00 0.00e+00 9.02e−07 4.30e−03
100 0.00e+00 6.82e+01 8.48e+02 0.00e+00 0.00e+00 0.00e+00 0.00e+00 6.56e−03 1.10e−02
200 0.00e+00 9.51e+01 9.90e+02 0.00e+00 6.90e−04 0.00e+00 0.00e+00 1.06e+01 3.08e−02
500 4.93e−06 1.17e+02 1.97e+03 5.66e−09 1.09e−01 9.75e−01 1.26e−03 3.81e+03 7.49e−02

mSHADE100
50 0.00e+00 5.60e+00 8.13e+02 0.00e+00 0.00e+00 2.63e−06 5.75e−07 6.45e−03 6.98e−01
100 0.00e+00 4.37e+01 8.57e+02 0.00e+00 0.00e+00 3.23e−06 1.55e−06 1.90e−01 1.70e+00
200 0.00e+00 8.06e+01 9.71e+02 0.00e+00 0.00e+00 3.05e−06 3.55e−06 3.04e+01 4.07e+00
500 0.00e+00 1.07e+02 1.76e+03 0.00e+00 5.39e−03 5.93e−07 3.22e−04 3.64e+03 1.22e+01

L-SHADE
50 0.00e+00 5.32e−07 8.03e+02 1.03e−01 0.00e+00 0.00e+00 0.00e+00 5.41e−10 1.39e−01
100 0.00e+00 2.40e−03 8.62e+02 2.81e+01 2.96e−04 0.00e+00 0.00e+00 5.43e−02 4.09e+00
200 0.00e+00 3.64e−01 9.71e+02 2.26e+02 1.09e−03 0.00e+00 1.59e−06 9.52e+01 5.55e+01
500 – – – – – – – – –

mL-SHADE
50 6.45e−05 5.91e+00 8.27e+02 1.75e−02 6.43e−05 2.34e−03 1.41e−03 4.59e+00 4.16e+00
100 3.89e−01 2.55e+01 1.17e+03 1.52e+01 2.36e−01 1.87e−01 3.43e−01 1.01e+03 6.02e+01
200 1.20e+02 5.24e+01 7.93e+04 2.91e+02 1.83e+00 1.87e+00 9.68e+00 1.47e+04 4.04e+02
500 – – – – – – – – –

H
(
Ppri, (Fc + λ, CRc)

)
− H

(
Ppri, (Fc − λ, CRc)

)
2 λ

, (12)

and
∂H

(
Ppri, (Fc, CRc)

)
∂CRc

=

H
(
Ppri, (Fc, CRc + λ)

)
− H

(
Ppri, (Fc, CRc − λ)

)
2 λ

. (13)

This derivative estimation is preferred against the simple forward
difference formula due to its higher accuracy, despite its require-
ment for two function evaluations at each estimation. In practice,
the estimated quantities in the nominators are computed by copy-
ing the primary population Ppri into four secondary populations,
each one assigned one of the four parameter pairs

(Fc + i λ, CRc), (Fc, CRc + i λ), i ∈ {−1,+1}.

Each secondary population is evolved for a small number of itera-
tions, Ts, using its assigned parameter pair. Based on our previous
experience with DEGPA, we suggest Ts ∈ [5, 10]. This is reasonable
since we need to estimate only the local performance trend of
the algorithm. In our implementation, we used Ts = 10, while
λ = 0.1 was used as the standard step size for the gradient esti-
mation. This choice is based on our observations suggesting that
smaller step sizes produce marginal performance differences in
DE [9]. Also, recent sensitivity analysis on the precursor grid-based
approach supports this claim [35]. Naturally, different algorithms
with higher parameter sensitivity may require smaller step sizes.
Also, the computed gradient vectors are also normalized to become
unit vectors, in order to alleviate scaling issues in the forthcoming
steps.

The gradient estimation phase can be conducted either serially
or in parallel. In the serial case, the four secondary populations
are sequentially evolved for Ts iterations and their final perfor-
mance values are recorded. In the parallel case, the procedure
becomes more efficient by evolving each secondary population

on a different CPU. Obviously, further parallelization within each
secondary population (e.g., through fork-join procedures) can be
used if additional CPUs are available. Note that modern desktop
systems usually offer at least four CPUs.

An arguable issue in the above procedure is the comparability
of the estimated performance values of the secondary populations,
due to the different sequences of random numbers used in each.
Indeed, it is hard to distinguishwhether the observed performance
differences are the outcome of the different parameters or random
fluctuations due to the different sequences of random numbers.
Such performance fluctuations may distort the computed gradient
directions in the parameter domain. In order to ameliorate this ef-
fect, the four secondary populations assume the same sequence of
randomnumbers by seeding their randomnumber generatorswith
the same randomseedprior to eachperformance estimationphase.
Thus, the parameter pairs become the sole source of variability
among the subpopulations in the short runs, thereby providing
comparable estimations.

Naturally, even in this case the performance estimations do not
provide exact gradient directions. However, it shall be taken into
consideration that DE is a stochastic algorithm. Hence, possible ad-
vantages of using exact gradient directions will be most-probably
absorbed in the long-run due to the algorithm’s stochasticity. In-
stead, the main purpose of using the gradient estimations is the
identification of directions (or trends) in the parameter domain
that seem to locally improve the algorithm’s performance. This is
evidently achieved by using the proposed procedure.

3.2. Line search

The gradient estimation phase determines a direction in the
parameter domain that locally improves the algorithm’s perfor-
mance. Given this direction, a mechanism is needed to determine
the corresponding step size. In mathematical optimization this
is typically addressed through line search. An estimation-based
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Table 16
Average error of the SHADE variants for the high-dimensional problems f10 − f19 .

f10 f11 f12 f13 f14 f15 f16 f17 f18 f19
SHADE60
50 3.47e+00 4.52e−01 4.05e+00 4.20e+01 0.00e+00 1.00e−01 7.18e−01 4.49e+00 5.79e−09 1.45e+00
100 3.10e+01 1.87e+01 7.11e+01 1.72e+02 0.00e+00 2.88e+00 5.65e+01 1.52e+02 2.11e−06 1.88e+01
200 8.45e+01 4.46e+01 2.85e+02 6.35e+02 5.33e−01 1.26e+01 5.49e+02 1.05e+03 4.61e−02 5.88e+01
500 2.26e+02 4.51e+01 1.00e+03 2.65e+03 4.84e+01 5.68e+01 1.84e+03 3.50e+03 8.13e+00 1.76e+02

SHADE100
50 2.81e−01 5.99e−02 0.00e+00 1.31e+01 2.93e−06 0.00e+00 8.58e−04 1.19e+00 2.61e−01 0.00e+00
100 2.45e+01 1.62e+01 3.37e+01 1.16e+02 0.00e+00 8.81e−01 3.38e+01 5.35e+01 1.07e+00 1.05e+01
200 8.14e+01 1.24e+02 2.28e+02 4.83e+02 4.29e−04 1.05e+01 3.89e+02 8.32e+02 5.43e+00 5.75e+01
500 2.47e+02 2.54e+02 7.90e+02 1.96e+03 8.24e+00 5.10e+01 1.61e+03 3.03e+03 3.36e+01 1.91e+02

mSHADE60
50 0.00e+00 4.56e−03 0.00e+00 1.41e+01 0.00e+00 0.00e+00 3.09e−06 4.82e−01 9.20e−05 0.00e+00
100 0.00e+00 1.26e−02 0.00e+00 6.59e+01 0.00e+00 0.00e+00 5.93e−06 7.60e+00 1.96e−04 0.00e+00
200 0.00e+00 2.96e−02 6.16e−01 1.98e+02 4.79e−09 1.41e+00 4.50e−06 8.98e+01 4.66e−04 3.36e+00
500 3.27e+01 7.59e−02 3.07e+02 1.69e+03 8.51e−03 3.02e+01 9.76e+01 7.09e+02 1.19e−02 9.95e+01

mSHADE100
50 0.00e+00 7.06e−01 8.99e−03 3.10e+01 8.83e−03 2.98e−07 6.48e−02 9.18e+00 1.19e−01 1.82e−09
100 0.00e+00 1.70e+00 2.75e−02 6.31e+01 2.17e−02 8.88e−07 1.35e−01 2.92e+01 2.59e−01 3.15e−08
200 0.00e+00 4.12e+00 7.41e−02 1.73e+02 4.20e−02 2.12e−06 2.83e−01 6.58e+01 5.48e−01 2.10e−01
500 7.99e+00 1.23e+01 2.04e+01 1.07e+03 5.78e−02 2.08e+01 3.31e+00 3.81e+02 1.41e+00 1.91e+01

L-SHADE
50 1.65e−02 1.20e−01 4.29e−04 5.61e+01 2.68e+00 0.00e+00 2.54e−01 1.04e+01 4.49e+00 0.00e+00
100 8.21e−01 7.03e+00 2.34e+01 1.52e+02 3.49e+01 7.46e−09 1.41e+01 4.80e+01 3.97e+01 2.92e−01
200 1.47e+01 5.74e+01 2.05e+02 3.32e+02 2.01e+02 8.27e−02 1.84e+02 4.66e+02 1.36e+02 4.74e+00
500 – – – – – – – – –

mL-SHADE
50 2.17e−04 4.30e+00 2.18e−01 3.61e+01 3.27e−01 1.54e−03 9.16e−01 1.46e+01 9.88e−01 3.40e−04
100 1.27e+00 5.86e+01 8.04e+00 9.37e+01 1.83e+01 6.79e−01 2.61e+01 8.54e+01 1.74e+01 1.03e+00
200 3.17e+01 3.98e+02 8.83e+01 6.68e+03 2.34e+02 1.45e+01 2.06e+02 3.17e+02 1.40e+02 2.80e+01
500 – – – – – – – – –

Algorithm 1: Bracketing and Bisection.
Input: x (current point); l, u (bracketing scalars); g (gradient
vector); G (parameters domain);
/* Bracketing */

1: l← 0, u← 0.5
2: y← x− u g
3: while (y ∈ G) do
4: l← u, u← u+ 0.5
5: y← x− u g
6: end while

/* Bisection */
7: while (u > l) do
8: µ← 0.5 (l+ u)
9: y← x− µ g

10: if (y /∈ G) then
11: u← µ

12: else
13: l← µ

14: end if
15: y← x− µ g
16: end while
17: s4 ← 0.5 (l+ u) g
18: return s4

analogue of line search is adopted in the proposed GPALS approach
to refine the outcome of the procedures described in the previous
section.

Specifically, line search is used to determine the appropriate
step size s > 0, in order to generate the new parameter pair as
follows,

(F , CR) = (Fc, CRc)− s∇H
(
Ppri, (Fc, CRc)

)
. (14)

For this purpose, the derivative-free line search algorithm pro-
posed in [36] is adopted. The specific approach is based on the
well known golden section method and has rapid convergence
properties. For its application, four step size values are required,

s1 < s2 < s3 < s4,

each one defining a different point in the parameter domain
through Eq. (14). The first value is taken as s1 = 0 and corresponds
to the current parameter pair (Fc, CRc). The rest are defined accord-
ing to the golden section approach as

s2 = s4 − γ ∆, s3 = s1 + γ ∆,

where ∆ = s4 − s1, and γ = (
√
5 − 1)/2. The step size s4

corresponds to the intersection point of the estimated gradient
direction with the boundary of the parameter domain G. Thus, it is
determined through a bracketing and bisection procedure, which
is reported in Algorithm 1 [36]. Note that this procedure does not
add any computational overhead in terms of function evaluations.

The line search iterates on the step sizes until a termination con-
dition is met. The condition is related to the distance 0.5 (s4 − s1).
A reasonable choice is to terminate line search when this quantity
becomes less than the reference step size λ that is used for the
gradient estimation. For a more thorough description of the line
search procedure, the reader is referred to [36].

The parameter pairs that correspond to the four step sizes
in the line search procedure are evaluated through short runs
of secondary populations, following the same procedure as in
the gradient estimation phase. Thus, four secondary populations,
Ps1 , . . . , Ps4 , are initiated as copies of the primary population Ppri.
Then, each step size si is evaluated by performing Ts iterations on
Psi , using the parameter pair

(Fsi , CRsi ) = (Fc, CRc)− si ∇H
(
Psi , (Fc, CRc)

)
.

Eventually, line search provides a step size s∗ that corresponds to
the improving parameter pair(
F∗, CR∗

)
= (Fc, CRc)− s∗ ∇H (Ps∗ , (Fc, CRc)) . (15)
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Algorithm 2: Workflow of the proposed GPALS method.

1: Initialize( )
2: while (not termination) do
3: /* Performance Gradient Estimation */
4: Gradient-Estimation( )
5: Normalization( )
6: /* Line Search */
7: Bracketing( )
8: Golden-Section( )
9: /* Dynamic Deployment */

10: Update-Population( )
11: Evolve-Population( )
12: end while

This parameter pair and its corresponding secondary population
Ps∗ are used in the next phase of the algorithm.

If all the estimated partial derivatives are close to zero within a
prescribed tolerance δ > 0 (10−8 was used in our implementation)
for a parameter pair, then a local minimizer in the parameter do-
mainmayhavebeen reached. In this case, line search is temporarily
abandoned until at least one partial derivative becomes higher
than the prescribed tolerance δ. However, the gradients are still
computed in every cycle of the algorithm because the evolved
primary population may perform better with different parameter
values after some iterations. Alternatively, the parameter search
procedure can be restarted if adequate computational budget is
still available.

3.3. Dynamic deployment phase

In this phase, the best-performing secondary population Ps∗
becomes the primary population, and its parameter pair (F∗, CR∗)
replaces the current parameter pair (Fc, CRc) if adequate perfor-
mance improvement is achieved, i.e.,

H
(
Ppri, (Fc, CRc)

)
− H

(
Ps∗ ,

(
F∗, CR∗

))
> θmin ⩾ 0,

where θmin is the smallest acceptable improvement (this is an
optional parameter that is not used in our experiments). This step
completes the GPALS cycle, and a new cycle begins by performing
Tp iterationswith the newprimary population and the newparam-
eter pair. In case of insufficient improvement from the secondary
populations, the newcycle retains the previous primarypopulation
and parameter pair. In any case, the newprimary population inher-
its the best individuals of all subpopulations. Thus, good solutions
that are sampled during the performance estimation procedure are
not neglected.

The GPALS workflow is outlined in Algorithm 2 and graphically
illustrated in Fig. 1. Sample trajectories of DE parameters for two
test problems used in our experimental evaluation (see next sec-
tion) are illustrated in Fig. 2. The estimated gradient directions
are shown in red dashed lines, while two parameter trajectories
appear in darker colors with different markers denoting different
problems. The memory complexity of GPALS is linearly increased
compared to the plain DE algorithm due to the use of the sub-
populations. If N denotes the population size and n the problem
dimension, DE requires Nnmemory positions while GPALS require
5Nn. For the typical population sizes of hundreds (or even thou-
sands) of individuals, this increase is definitely bearable in any
modern desktop system. Moreover, the proposed approach does
not add in terms of computational burden since it is supposed to
use exactly the same budget of function evaluations as the plain
DE. The gradient estimation and line search procedures add a fixed
number of mathematical operations, while the ratio of calls of the
randomnumber generator to the number of function evaluations is

the same as for DE. Thus, there are no time-consuming procedures
introduced by GPALS.

Perhaps the most critical parts of the method is the estimation
phase, especially the length of the short runs, followed by the
dynamic deployment phase. Both these procedures are strongly
based on the available computational budget. Subsequently fol-
lows the gradient step size λ, which is related to the algorithm and
the desirable level of search granularity in the parameter domain.
Although our presentation is tailored to the DE case, all procedures
can be straightforwardly modified to fit the framework of other
metaheuristics.

4. Experimental evaluation

The proposed GPALS method is demonstrated on the state-of-
the-art DE algorithm. The derived scheme is henceforth denoted as
GPALS-DE. Our experimentswere conducted using two established
test suites that comprise low-dimensional and high-dimensional
problems. According to our analysis in the previous sections, the
parameters of GPALS assumed the following values in all experi-
ments:

Tp = 10n, Ts = 10, λ = 0.1, δ = 10−8.

In the following paragraphs, the experimental setting is analyzed
and the obtained results are reported and discussed for each test
suite.

4.1. Test suites

It is reasonable to expect that parameter adaptation meth-
ods such as GPALS can be beneficial for an algorithm particularly
in cases of computationally demanding problems. Undoubtedly,
large-scale problems consisting of hundreds of decision variables
constitute the appropriate testbed for investigating such potential
benefits.

For this reason, we considered the test suite provided in the
special issue on large-scale continuous optimization problems of the
Soft Computing journal [37]. This test suite consist of 19 large-
scale continuous optimization problems, henceforth denoted as
f1–f19, of dimension n = 50, 100, 200, 500. Among them, f1–f6
come from the CEC 2008 test suite, accompanied by 13 shifted
hybrid test problems of high complexity. Both separable and non-
separable problems are included. The main goal determined by
the test suite is the detection of the known global minimizers of
the test problems within the tight limit of Tmax = 5000n function
evaluations (FEs).

The test suite provides an internet repository1 with comple-
mentary material. This includes complete results for three base
algorithms, namely DE with exponential crossover, CHC [38], and
GCMAES [39], along with the average solution values for 13 ad-
ditional algorithms, namely SOUPDE [40], DE-D40

+Mm [41], GaDE
[42], jDElscop [31], SaDE-MMTS [18], MOS [43], MA-SSW-Chains
[44], RPSO-vm [45], Tuned IPSOLS [46], EvoPROpt [47], EM323 [48],
VXQR1 [49], and GODE [50]. Note that adaptive and self-adaptive
algorithms are included among them. Besides the exponential DE,
we additionally considered the most popular binomial DE as a
base algorithm. The source code of the test problems is available
online [51]. The solution quality criterion for all problems is the
objective value error,

ε∗ = f
(
x∗

)
− f

(
xopt

)
, (16)

where x∗ is the solution achieved by the algorithm and xopt is the
known globally optimal solution of the problem.

1 http://sci2s.ugr.es.

http://sci2s.ugr.es
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Table 17
Average errors for the CEC 2013 test problems f1 − f9 .

f1 f2 f3 f4 f5 f6 f7 f8 f9
mGPALS-DE
30 0.00e+00 1.40e+05 2.83e+07 2.49e+03 0.00e+00 4.40e+00 1.03e+01 2.09e+01 2.19e+01
50 0.00e+00 2.78e+05 4.89e+08 6.43e+03 0.00e+00 4.36e+01 3.17e+01 2.11e+01 4.10e+01

GPALS-DE
30 0.00e+00 1.37e+07 1.58e+09 2.42e+04 0.00e+00 2.51e+01 1.08e+02 2.10e+01 2.71e+01
50 0.00e+00 3.28e+07 1.08e+10 4.46e+04 0.00e+00 4.60e+01 1.48e+02 2.11e+01 5.30e+01

mSHADE
30 0.00e+00 1.97e+07 1.50e+09 2.91e+01 0.00e+00 2.48e+01 6.66e+01 2.08e+01 2.80e+01
50 0.00e+00 5.08e+07 1.59e+10 3.85e+01 0.00e+00 4.49e+01 1.39e+02 2.09e+01 5.56e+01

SHADE
30 0.00e+00 9.00e+03 4.02e+01 1.92e−04 0.00e+00 5.96e−01 4.60e+00 2.07e+01 2.75e+01
50 0.00e+00 2.66e+04 8.80e+05 1.61e−03 0.00e+00 4.28e+01 2.33e+01 2.09e+01 5.54e+01

mL-SHADE
30 0.00e+00 1.11e+07 1.17e+08 3.22e+03 0.00e+00 1.69e+01 6.96e+01 2.08e+01 2.65e+01
50 0.00e+00 2.00e+07 1.28e+09 1.00e+05 0.00e+00 4.34e+01 1.11e+02 2.10e+01 5.45e+01

L-SHADE
30 0.00e+00 0.00e+00 1.64e+00 0.00e+00 0.00e+00 1.17e−06 7.79e−01 2.08e+01 2.64e+01
50 0.00e+00 1.96e+03 1.50e+04 0.00e+00 0.00e+00 4.34e+01 1.93e+00 2.10e+01 5.37e+01

DEcfbLS
30 0.00e+00 1.99e+05 2.11e+06 3.82e+02 0.00e+00 7.08e+00 5.68e+01 2.09e+01 2.40e+01
50 0.00e+00 6.55e+05 2.20e+08 1.21e+03 0.00e+00 4.34e+01 1.05e+02 2.11e+01 4.71e+01

jande
30 0.00e+00 1.29e+05 9.84e+06 1.97e+04 1.26e−08 7.93e+00 9.82e+00 2.09e+01 2.10e+01
50 2.76e−08 6.05e+05 4.78e+07 8.34e+04 2.43e−06 4.30e+01 2.94e+01 2.11e+01 5.33e+01

DE_APC
30 0.00e+00 1.75e+05 3.21e+06 2.20e−01 0.00e+00 9.35e+00 2.18e+01 2.09e+01 3.07e+01
50 0.00e+00 3.60e+05 6.98e+06 1.53e+00 0.00e+00 3.90e+01 3.66e+01 2.11e+01 6.09e+01

PVADE
30 0.00e+00 2.12e+06 1.65e+03 1.70e+04 1.40e−07 8.29e+00 1.29e+00 2.09e+01 6.30e+00
50 0.00e+00 2.04e+05 7.48e+06 2.20e+02 1.39e−03 7.36e+01 2.07e+01 2.11e+01 2.60e+01

Table 18
Average errors for the CEC 2013 test problems f10 − f19 .

f10 f11 f12 f13 f14 f15 f16 f17 f18 f19
mGPALS-DE
30 5.26e−02 8.71e+00 3.46e+01 7.42e+01 4.27e+02 5.38e+03 2.56e+00 3.99e+01 1.38e+02 2.72e+00
50 3.61e−02 4.24e+01 8.39e+01 2.01e+02 8.79e+02 1.04e+04 3.27e+00 9.34e+01 3.10e+02 1.44e+01

GPALS-DE
30 6.67e+00 0.00e+00 1.14e+02 1.57e+02 2.08e−01 4.28e+03 1.51e+00 3.04e+01 1.65e+02 1.05e+00
50 2.13e+01 0.00e+00 2.97e+02 3.97e+02 2.32e−01 8.52e+03 1.89e+00 5.08e+01 3.68e+02 1.94e+00

mSHADE
30 1.99e+01 0.00e+00 1.30e+02 1.59e+02 2.86e−03 4.79e+03 1.50e+00 3.04e+01 1.05e+02 1.56e+00
50 6.11e+01 0.00e+00 3.43e+02 3.10e+02 8.08e−03 9.32e+03 1.71e+00 5.08e+01 2.02e+02 2.87e+00

SHADE
30 7.69e−02 0.00e+00 2.30e+01 5.03e+01 3.18e−02 3.22e+03 9.13e−01 3.04e+01 7.25e+01 1.36e+00
50 7.37e−02 0.00e+00 5.86e+01 1.45e+02 3.45e−02 6.82e+03 1.28e+00 5.08e+01 1.37e+02 2.64e+00

mL-SHADE
30 2.15e−02 0.00e+00 9.46e+01 1.34e+02 1.27e−02 4.36e+03 1.32e+00 3.04e+01 1.65e+02 1.62e+00
50 7.94e−02 0.00e+00 1.41e+02 2.35e+02 3.45e−02 7.56e+03 1.17e+00 5.08e+01 2.17e+02 1.63e+00

L-SHADE
30 9.67e−04 0.00e+00 5.48e+00 6.34e+00 7.63e−02 2.68e+03 6.54e−01 3.04e+01 5.23e+01 1.21e+00
50 1.27e−02 4.66e−09 1.41e+01 2.12e+01 4.02e−01 6.36e+03 1.26e+00 5.08e+01 1.04e+02 2.56e+00

DEcfbLS
30 2.01e−02 5.85e−02 5.42e+01 1.01e+02 3.29e+01 3.43e+03 7.27e−01 3.53e+01 7.94e+01 1.50e+00
50 3.21e−02 4.64e+00 1.34e+02 2.47e+02 2.31e+02 6.25e+03 1.63e+00 6.58e+01 1.57e+02 2.95e+00

jande
30 7.91e−02 0.00e+00 4.28e+01 7.08e+01 1.33e+00 4.83e+03 2.28e+00 3.04e+01 1.23e+02 1.10e+00
50 1.47e−01 1.95e−02 9.72e+01 1.76e+02 8.01e+00 9.48e+03 3.13e+00 5.08e+01 2.18e+02 2.24e+00

DE_APC
30 6.42e−02 3.08e+00 3.17e+01 7.55e+01 3.84e+03 4.14e+03 2.46e+00 5.92e+01 6.04e+01 2.30e+00
50 6.71e−02 3.44e+01 5.96e+01 1.55e+02 9.96e+03 9.34e+03 3.24e+00 1.72e+02 1.05e+02 5.08e+00

PVADE
30 2.16e−02 5.84e+01 1.15e+02 1.31e+02 3.20e+03 5.61e+03 2.39e+00 1.02e+02 1.82e+02 5.40e+00
50 5.99e−01 1.68e+02 2.57e+02 3.06e+02 7.34e+03 1.25e+04 3.39e+00 2.38e+02 3.87e+02 2.12e+01

In addition to the large-scale problems, we also considered
the mainstream CEC 2013 test suite from the special session on

real-parameter single-objective optimization [52]. It consists of
28 benchmark problems denoted as f1–f28, including unimodal,
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Table 19
Average errors for the CEC 2013 test problems f20 − f28 .

f20 f21 f22 f23 f24 f25 f26 f27 f28
mGPALS-DE
30 1.13e+01 3.15e+02 3.07e+02 4.89e+03 2.15e+02 2.48e+02 2.20e+02 5.19e+02 3.01e+02
50 2.08e+01 8.45e+02 6.13e+02 1.04e+04 2.51e+02 2.92e+02 2.95e+02 9.11e+02 5.90e+02

GPALS-DE
30 1.32e+01 2.70e+02 4.76e+01 4.87e+03 2.71e+02 2.70e+02 2.01e+02 8.00e+02 3.00e+02
50 2.34e+01 3.65e+02 2.25e+01 9.88e+03 3.41e+02 3.37e+02 2.03e+02 1.59e+03 4.00e+02

mSHADE
30 1.12e+01 2.26e+02 4.62e+01 5.57e+03 2.75e+02 2.93e+02 2.01e+02 6.07e+02 3.00e+02
50 2.12e+01 2.74e+02 3.83e+01 1.10e+04 3.50e+02 3.88e+02 2.02e+02 1.57e+03 4.00e+02

SHADE
30 1.05e+01 3.09e+02 9.81e+01 3.51e+03 2.05e+02 2.59e+02 2.02e+02 3.88e+02 3.00e+02
50 1.93e+01 8.45e+02 1.33e+01 7.63e+03 2.34e+02 3.40e+02 2.58e+02 9.36e+02 4.58e+02

mL-SHADE
30 1.20e+01 4.23e+02 1.11e+02 4.96e+03 2.68e+02 2.87e+02 2.00e+02 1.00e+03 3.00e+02
50 2.24e+01 3.39e+02 1.39e+01 9.31e+03 3.47e+02 3.82e+02 2.06e+02 1.74e+03 4.00e+02

L-SHADE
30 9.48e+00 2.96e+02 1.09e+02 2.51e+03 2.00e+02 2.40e+02 2.00e+02 3.02e+02 3.00e+02
50 1.78e+01 8.27e+02 1.47e+01 5.60e+03 2.12e+02 2.77e+02 2.33e+02 4.19e+02 4.00e+02

DEcfbLS
30 1.17e+01 3.36e+02 2.56e+02 3.59e+03 2.64e+02 2.83e+02 2.00e+02 9.38e+02 3.00e+02
50 2.17e+01 5.24e+02 6.89e+02 7.77e+03 3.31e+02 3.60e+02 2.00e+02 1.55e+03 4.00e+02

jande
30 1.16e+01 2.94e+02 5.16e+01 4.61e+03 2.48e+02 2.60e+02 2.58e+02 7.22e+02 3.00e+02
50 2.15e+01 8.24e+02 3.10e+01 9.48e+03 2.89e+02 3.17e+02 3.97e+02 1.16e+03 9.43e+02

DE_APC
30 1.26e+01 2.67e+02 4.56e+03 4.18e+03 2.92e+02 2.99e+02 3.28e+02 1.19e+03 3.00e+02
50 2.23e+01 6.81e+02 1.06e+04 9.09e+03 3.84e+02 3.83e+02 4.09e+02 2.14e+03 6.97e+02

PVADE
30 1.13e+01 3.19e+02 2.50e+03 5.81e+03 2.02e+02 2.30e+02 2.18e+02 3.26e+02 3.00e+02
50 2.07e+01 9.65e+02 7.72e+03 1.18e+04 2.78e+02 3.54e+02 3.47e+02 1.11e+03 4.62e+02

multimodal, and composite functions. We considered only the
dimension n = 30 and 50, since problems of lower dimension
can hardly offer useful information for approaches such as GPALS.
According to this test suite, the search space is fixed and equal to
[−100, 100]n for all test problems. Also, the maximum number of
function evaluations is equal to Tmax = 10 000n. This is in con-
trast to the previous large-scale test suite where non-symmetrical
search spaces and half the number of function evaluations are
considered in problems of larger dimension. The optimal solutions
for all test functions are known, and the suggested number of runs
per problem are set to 51 as dictated by the test suite. The solution
quality criterion of Eq. (16) is adopted also here. The SHADE [24]
algorithm has been distinguished in the specific test suite and,
hence, it was used as the baseline for comparisons in our study.

All implementations of our proposed approach were made in
the C programming language. The results of the competitor algo-
rithms were adopted either from published data or from sources
referred in the test suites. The OpenMPI library2 was used for the
parallelization of the secondary populations in GPALS, according to
a standard master–slave model. All experiments were conducted
on Ubuntu Linux powered Intel R⃝ i7 machines with 8GB RAM, pro-
viding 8 CPUs each. Note that all function evaluations performed
by GPALS, including the ones for the gradient estimation, were
counted in the total number of evaluations in our experiments.

4.2. Results for high-dimensional problems

The GPALS-DE algorithm was applied following the exact set-
tings of the base DE algorithm in the test suite [51]. Specifi-
cally, it was based on the exponential crossover operator with
the DE/rand/1 mutation operator (see Eq. (4)), and population size
N = 60. For each test problem, 25 independent experiments were

2 http://www.open-mpi.org.

conducted, recording the best solution that was detected within
the available computational budget Tmax. It is a reasonable choice
to initialize the parameters of the algorithms at the center of the
corresponding search space [9,11]. Althoughwe primarily adopted
this approach,we also considered extreme initial parameter values
in order to investigate the impact of their initialization on the
results.

It shall be emphasized that the competitor algorithms were
already tuned for the test suite, while the proposed GPALS-DE
algorithm assumed no prior information. This is clearly an unfair
setting for our approach, since it neglects the computationally
demanding preprocessing phase of the competitor algorithms for
their parameter tuning. Nevertheless, the investigation of the ef-
ficiency of GPALS even under such limited resources seemed ap-
pealing.

The DE scalar parameters F and CR are usually set in the range
(0, 1]
[16]. Following this trend, we considered the parameter domain

G = (0, 1] × (0, 1]. (17)

GPALS-DE was initially tested using the central initial parameter
pair (F , CR) = (0.5, 0.5). The extreme initial pairs (F , CR) =
(0.2, 0.2) and (F , CR) = (0.8, 0.8) were subsequently investigated.
We henceforth denote these approaches as GPALS-DE0.5, GPALS-
DE0.2, and GPALS-DE0.8, respectively.

The average error and the standard deviation per test prob-
lem for the three GPALS-DE variants and the base algorithms of
the test suite are reported in Tables 9–12 for all dimensions. In
the 500-dimensional case, no results were obtained for GCMAES
due to excessive computational time demanded by the provided
source codes. In order to verify the significance of the observed
performance differences and facilitate the extraction of sound con-
clusions, statistical significance tests were conducted. Thus, the

http://www.open-mpi.org
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GPALS-DE approaches were statistically compared in terms of the
achieved errors with each one of the base algorithms by using the
Wilcoxon rank-sum test at confidence level 95%.Whenever GPALS-
DE exhibited statistically significant difference and better median
error value than another algorithm, it was awarded a win, while a
loss was counted for the competitor. The opposite was considered
in case of worst median value of GPALS-DE against a competitor. In
case of no statistically significant difference, a tie was counted for
both algorithms.

The obtained results are reported in Table 1 where wins, losses,
and ties are denoted as ‘‘+ ’’, ‘‘−’’, and ‘‘=’’, respectively. The
GPALS-DE approaches evidently outperformed the base algorithms
in all dimensions with one exception. Specifically, GPALS-DE0.2
and GPALS-DE0.5 exhibited contiguous performance, while GPALS-
DE0.8 slightly deviated from this performance only for the lowest
dimension n = 50. In that case, it was outperformed by the fine-
tunedDEexp algorithm,which is reported to be the best-performing
algorithm in the test suite repository. This shortcoming of GPALS-
DE0.8 can be attributed to the specific initial parameter pair, which
reduces the convergence speed of DE in the specific test problems.
Thus, GPALS needs additional effort to reach appropriate parame-
ter values that lead the algorithm to optimal solutions efficiently.
Nevertheless, it offers clear evidence that, even under defective
parameter initialization and without any additional experimenta-
tion, the proposed GPALS approach can be highly beneficial for the
algorithm.

The GPALS-DE0.5 approach exhibited better or equivalent per-
formance than the rest of the GPALS-DE variants. Thus, besides the
base algorithms, GPALS-DE0.5 was further compared against the
rest of the algorithms of the test suite in terms of average error [37].
The results are reported in Tables 13 and 14. The data for the rest
of the algorithms are reproduced from the original sources [51].
Figure 3 illustrates the number of problems (out of 19 problems)
whereGPALS-DE0.5 wasnot outperformedbyother algorithms. The
data suggests that GPALS-DE was highly competitive also against
non-DE-based algorithms for all dimensions.

Moreover, Wilcoxon rank-sum tests were conducted between
GPALS-DE0.5 and the previously proposed DEGPA approach [9].
The percentage of wins, losses, and ties between GPALS-DE0.5 and
DEGPA are graphically illustrated in Fig. 4. As we can see, GPALS-
DE0.5 achieved better or equivalent performance in almost all test
problems, particularly for higher dimension. This observation ver-
ifies the additional benefits of using the approximate performance
gradients with line search against the simpler grid-based approach
of DEGPA.

Besides the comparisons with the competitor algorithms of
the test suite, GPALS-DE0.5 was compared with three state-of-the-
art adaptive DE algorithms, namely GaDE [32], SHADE [24] and
L-SHADE [25], on the high-dimensional test problems. For this
purpose, source codes available on the test suites’ repositories
were used. The provided source code of GaDE was already tuned
on the specific test suite, requiring no further modification. On the
other hand, SHADE and L-SHADE are based on an adaptive scheme
that employs a special mutation operator, which differs from the
standard one used in our GPALS-DE approach. Also, their available
codes came with proposed parameters that were tuned on the
CEC 2013 test suite. Thus, in a head-to-head comparison with the
GPALS-DE approaches, it would be difficult to identify whether the
observed good or bad performance patterns can be attributed to
themain parameter adaptation procedure of these algorithms or to
their specialmutation scheme,which is irrelevant to the parameter
adaptation. For this reason, we decided to consider both the origi-
nal forms of SHADE and L-SHADE, as well as a modified version of
each one, denoted as mSHADE and mL-SHADE, respectively. In the
modified versions, the same DE/rand/1 operator with exponential
mutation that is used in GPALS-DE was adopted instead of the
special mutation operator.

Moreover, the test suite demands populations of size N = 60.
However, the proposed size for SHADE is N = 100. Thus, we
decided to consider both population sizes in our comparisons,
with the corresponding variant being denoted with a subscript,
i.e., SHADE60 and SHADE100. Moreover, L-SHADE assumes linearly
decreasing population size during its run, starting from a fixed
value N = 18n. This scheme was also retained in our experiments.

The results of the Wilcoxon rank-sum tests of GPALS-DE0.5
against GaDE, SHADE and the L-SHADE variants are reported in
Table 2. In the 500-dimensional case, the provided source codes of
L-SHADE failed to execute due to excessive memory demand. The
results show that GPALS-DE0.5 is highly competitive to all competi-
tor algorithms, with evident superiority as dimension increases.
It is interesting to notice that, despite the significant number of
function evaluations spared by L-SHADE due to its decreasing pop-
ulation size, GPALS-DE0.5 was superior. For completeness purpose,
the corresponding average errors for SHADE and L-SHADE are
reported in Tables 15 and 16.

In order to gain further insight on the impact of population
size on the performance of GPALS-DE0.5, additional experiments
were conducted for N = 40 and 80 and compared to the base
algorithms. The obtained results are reported in Table 3, where the
corresponding population size is denoted as superscript. Aswe see,
GPALS-DE40

0.5 and GPALS-DE60
0.5 exhibited similar or superior perfor-

mance than the competitor algorithms, while GPALS-DE80
0.5 slightly

deviated from this performance especially for lower dimensions
against the best base algorithm, namely DEexp. Nevertheless, this
effect is ameliorated as dimension increases. This is a consequence
of using high population sizes in easier problems of lower di-
mension, which results in futile spending of additional function
evaluations in the performance estimation phase. The same effect
can also be observed against the SHADE variants in Table 4.

Finally, we recorded the running time of GPALS-DE0.5 against
SHADE. Running time is not a measure that can clearly offer sound
conclusions regarding an algorithm’s performance, since it de-
pends on many external factors such as implementation quality,
machine configuration, employed compilers, and machine work-
load at the moment of experimentation. Nevertheless, it is an indi-
cation that the nice performance of an algorithm is not achieved
in excessively higher time than another algorithm. In our case,
the available SHADE source code was serial, so we conducted 25
serial experiments on the same machine for each algorithm. The
obtained times are illustrated in Fig. 5. Obviously, the proposed ap-
proach achieves lower execution time than the competitor SHADE
algorithm in all dimensions. In addition, the running times were
evaluatedwithWilcoxon rank-sum tests, andwins, losses, and ties
are reported in Table 5, verifying our observations.

4.3. Results for low-dimensional problems

GPALS has proved to be effective for high-dimensional prob-
lems, as we have shown so far. However, our study would be
incomplete without reference to a mainstream test suite, even of
lower problemdimension. For this reason,we investigated the per-
formance of GPALS-DE0.5 on the CEC 2013 real-parameter single-
objective optimization benchmark suite [52]. Again, for compari-
son purposes, we considered SHADE and L-SHADE as the baseline
algorithms. Both have been shown to be among the most efficient
adaptive DE algorithms for the specific test suite. For simplicity
reason, we will henceforth denote GPALS-DE0.5 as GPALS-DE.

Our main goal remained the evaluation of GPALS as a gen-
eral parameter adaptation method, using DE for demonstration
purposes. Thus, in order to achieve a fair comparison between
GPALS and the parameter adaptation scheme of SHADE, we also
consideredGPALS-DEwith the specialmutation operator of SHADE
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with population archive. Note that the corresponding modifica-
tion was made for SHADE and L-SHADE previously in the high-
dimensional test suite, resulting in mSHADE andmL-SHADE. Thus,
we considered two GPALS-DE approaches, namely GPALS-DE that
uses the original DE/rand/1 mutation operator with exponential
crossover, and mGPALS-DE that uses SHADE’s mutation operator
with population archive. Whenever a mutant vector component
of the GPALS approach was violating the boundary of the search
space, we applied the same correction as in SHADE [24]. More-
over, besides the original SHADE and L-SHADE algorithm for the
CEC 2013 test suite, we considered also the mSHADE and mL-
SHADE defined in the previous section. This was motivated by the
necessity to investigate whether the efficiency of the parameter
adaptation scheme of SHADE and L-SHADE is intimately related to
its special mutation operator or it can work equally good with the
plain DE mutation operator as well. The population size for all our
algorithmswas equal toN = 60. All GPALS approaches assumed as
initial parameter pair the central point of the search space, namely
(F , CR) = (0.5, 0.5). The rest of the settings were as dictated by the
test suite.

Table 6 reports the results of the Wilcoxon rank-sum tests
between GPALS-DE, SHADE, and L-SHADE. We can observe that
SHADE and L-SHADE demonstrated clear superiority, dominating
the mGPALS-DE algorithm in most of the test problems. How-
ever, this was not the case when the standard DE operator was
used in SHADE, as revealed by the comparisons against GPALS-
DE. Especially when dimension increases to 50, GPALS-DE shows
superior performance compared to SHADE. On the other hand,
L-SHADE achieves better performance compared to GPALS-DE,
which obviously stems from the population size reduction, that
spares computational budget. These results suggest that the pa-
rameter adaptation scheme of SHADE and L-SHADE, although very
effective in the low-dimensional CEC 2013 test suite, seems to be
intimately related to its special mutation operator.

Further comparisons of GPALS-DEwere conductedwith various
other adaptive DE algorithms. Table 7 reports the results for four
adaptive DE-based algorithms, which can be found in [53–57].
The average errors for the proposed and competitor algorithms
are reported in Tables 17–19. We can clearly see that GPALS-DE
exhibited competitive performance even for the low-dimensional
problems.

Finally, running time analysis was conducted also for this test
suite, following the same methodology as in the previous section.
The corresponding results are illustrated in Fig. 6. Again,theGPALS-
DE approach achieved better running times than SHADE. These
findings are confirmed also in the statistical tests reported in
Table 8.

5. Conclusions

The laborious task of parameter setting in metaheuristics typ-
ically requires significant computational resources, especially in
demanding high-dimensional problems. Choosing appropriate pa-
rameters for an algorithm has been shown to be a problem-
dependent task. The online parameter adaptation methods that
are usually incorporated in specific algorithms suffer from two
common weaknesses, namely overspecialization on the specific
algorithms and inclusion of critical new parameters. This leaves
space for further research developments.

Recently, a grid-based online parameter adaptation method
was introduced as a simple and straightforwardmethod for tuning
an algorithm during its run. That method defines a rather general
framework that can be used on various algorithms. The results ob-
tained through demonstrations on state-of-the-art metaheuristics
showed that the grid-based approach is competitive on both high-
dimensional and low-dimensional problems despite its minimal

number of (mostly operational) new parameters. However, it has
two weak points that admit further improvement. The first one is
the restricted number of search directions in the parameter do-
main, and the second one is the limited step size allowed on these
directions. These weaknesses may result in rather slow adaptation
of the algorithm’s parameters.

The present work treats the weaknesses of the grid-based
method by extending the parameter search procedure from the
simplistic grid-based search to the more sophisticated gradient
search with line search. While gradient estimations enhance the
number of search directions, line search tackles the step size prob-
lem. All estimations of the underlying mathematical quantities are
based on short-runs of the algorithm.

The proposed GPALS method was demonstrated on the state-
of-the-art DE algorithm. The effectiveness of the corresponding
GPALS-DE approach was shown on two test suites that include a
variety of high-dimensional and low-dimensional test problems.
The results suggested that GPALS can disburden the user from
the need of finding proper parameter settings, while it can sig-
nificantly improve the algorithm’s performance. Very competitive
performance was observed also against other already fine-tuned
algorithms from the relevant literature, despite the fact that GPALS
neither underwent fine-tuning nor was assigned the additional
computational budget spent by the rest of the algorithms for their
optimal tuning. Moreover, compared to other methods, GPALS has
shown satisfactory running time performance on the specific test
problems.

These promising results cultivate the ground for further inquiry,
including benchmarking with different problem types and algo-
rithms, as well as alternative parameter search methods.
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