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Abstract The reduction of human intervention in tuning
metaheuristic optimization algorithms has been an ongoing
research pursuit. Differential Evolution is a very popular
algorithm that counts a large number of variants. However,
its efficiency has been shown to depend on the type of
its crossover operators (binomial or exponential), mutation
operators, as well as on the two parameters that dominate
these procedures. Making proper decisions on these parame-
ters has proved to be a laborious, problem-dependent task.
We propose a parameter adaptation technique that allows
the algorithm to dynamically determine the most suitable
crossover type andparameter values during its execution. The
technique is based on a search procedure in the discretized
parameter search space, using estimations of the algorithm’s
performance. The proposed approach is tested and statisti-
cally validated on an established high-dimensional test suite.
Also, comparisons with other algorithms are reported, veri-
fying the competitiveness of the proposed approach.
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1 Introduction

Metaheuristics are widely acknowledged as essential tools
for solving difficult optimization problems in diverse sci-
entific fields Bäck (1996). Albeit solution optimality is
not guaranteed, they can provide suboptimal solutions of
complex real-world problems in reasonable time. This ren-
ders metaheuristics a valuable alternative especially in cases
where traditional optimization tools or analytical approaches
fail.

The performance of metaheuristics typically depends
on their control parameters and the particular problem
instance Bäck (1996). The calibration and fine-tuning of the
control parameters is a major issue in metaheuristics model-
ing. To this end, there are two major approaches, namely the
(offline) tuning of parameters prior to the algorithm’s appli-
cation and the (online) dynamic adaptation of parameters
during its run Eiben et al. (1999); Eiben and Smit (2011).

The first approach is based on a preprocessing phase that
attempts to identify themost suitable parameter setting of the
algorithm on the specific problem instance through prelim-
inary experimentation. The detected promising settings are
then adopted for complete experimentation. More sophisti-
cated techniques such as F-Race, Sequential Model-Based
Optimization, and ParamILS Hoos (2011) have been used
with promising results at the cost of additional implementa-
tion effort or computational burden.

Alternatively, dynamic parameter adaptation allows the
algorithm to identify suitable parameter settings during its
run. These approaches are based on the algorithm’s hitherto
performance, as well as on possible subsequent performance
estimations Eiben and Smit (2011); Hoos (2011). Typically,
they need minimal user intervention, although at the cost of
additional computational requirements in terms of running
time.
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In the present paper, we propose a grid-based technique
for dynamically adjusting the control parameters of a pop-
ular metaheuristic algorithm, namely Differential Evolution
(DE) Price et al. (2005). The proposed technique is applica-
ble in any similar optimization algorithm. Nevertheless, DE
was selected mainly due to its recognized sensitivity in para-
meter values and operator type Qing (2009), which results in
challenging parameter control problems.

The main goal of the proposed technique is the dynamic
adaptation of the control parameters and crossover type of the
DE algorithm, during its run. This is achieved by discretizing
the parameters’ search space, forming a grid. Then, a descent
local search is conducted on the grid, based on estimations
of DE’s performance under the corresponding parameters.
The most promising parameter setting is then adopted for a
number of iterations in the DE algorithm. The same steps are
iteratively applied in order to identify promising parameter
settings in different stages of the optimization procedure. The
search can be conducted either serially or in parallel, taking
advantage of modern computer systems.

The resulting DE variants were validated on the estab-
lished test suite of the Special Issue on Large Scale
Continuous Optimization Problems of the Soft Computing
journal Lozano et al. (2011). This test suite consists of high-
dimensional (up to dimension 500) benchmark problems,
including problems from other test suites (CEC 2008) as
well as composite functions. Since such cases of complex
and demanding problems, where parameter tuning is labori-
ous, constitute the most appealing field of application for the
proposed approaches, we selected the specific test suite for
experimentation and comparisons.

The rest of the paper is organized as follows: Sect. 2
offers the necessary background information, i.e., descrip-
tion of the basic DE algorithm as well as literature review on
adaptive DE variants. Section 3 is devoted to the proposed
approach, while Sect. 4 presents the experimental setting
and results, along with comparisons with other algorithms.
Finally, Sect. 5 concludes the paper.

2 Background Information

In the following paragraphs, the basic DE algorithm is
described along with its main operator types. Subsequently,
an overview of relevant developments are given.

2.1 Differential Evolution

Differential Evolution (DE) was introduced by Storn and
Price (1997) as a population-based, stochastic optimiza-
tion algorithm for numerical optimization problems. Along
with Particle Swarm Optimization Parsopoulos and Vrahatis
(2010), DE employs a different mechanism for produc-

Algorithm 1 Pseudocode of the DE algorithm.
1: INPUT: Population P; Population size N ; Parameters F , CR; Max-

imum iterations tmax
2: ini tiali ze(P)

3: while t < tmax do
4: for i = 1 : N do
5: Choose mutually different indices rs , 2 � s � 5

6: u(t+1)
i ← mutation

(
x (t)
rs , F

)
/* Use Eqs. (1)-(5) */

7: v
(t+1)
i ← crossover

(
x (t)
i , u(t+1)

i ,CR
)

/* Use Eq. (6) */

8: evaluate
(
v

(t+1)
i

)

9: x (t+1)
i ← selection

(
x (t)
i , v

(t+1)
i

)
/* Use Eq. (7) */

10: end for
11: Update index of best individual g
12: t ← t + 1
13: end while

ing new candidate solutions than the dominant probabilistic
mechanisms of EvolutionaryAlgorithms (EAs). Specifically,
it uses differences of the population’s members to perturb
existing candidate solutions. Similarly to EAs, mutation,
crossover, and selection operators are applied to evolve the
population. Its simplicity, efficiency, and effectiveness has
placed DE among the most popular metaheuristics, counting
a large number of research works Das and Suganthan (2011).

Let f : X → R be the objective function under consider-
ation and X ⊂ R

n be its domain. DE employs a population,

P = {x1, x2, . . . , xN } ,

of size N to probe the search space. Each individual xi is an
n-dimensional vector,

xi = (xi1, xi2, . . . , xin)
� ∈ X, i ∈ I = {1, 2, . . . , N },

and constitutes a candidate solution of the problem. The pop-
ulation is randomly initialized in X , typically following the
uniform distribution.

The population P is iteratively evolved by applying two
operators, namely mutation and crossover, on each indi-
vidual. Then, a selection phase takes place, where each
individual of the new population competes with its corre-
sponding original individual, and the best one passes to the
next iteration. These operators are iteratively applied until a
termination condition is satisfied. The steps are outlined in
Algorithm 1.

According to the mutation operator, a new vector u(t+1)
i is

derived for each individual x (t)
i at iteration t , through com-

binations of existing individuals. Various forms have been
proposed for this task, the most common ones being:
DE/Best/1

u(t+1)
i = x (t)

g + F
(
x (t)
r1 − x (t)

r2

)
, (1)
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DE/Rand/1

u(t+1)
i = x (t)

r1 + F
(
x (t)
r2 − x (t)

r3

)
, (2)

DE/Current-to-Best/2

u(t+1)
i = x (t)

i + F
(
x (t)
g − x (t)

i + x (t)
r1 − x (t)

r2

)
, (3)

DE/Best/2

u(t+1)
i = x (t)

g + F
(
x (t)
r1 − x (t)

r2 + x (t)
r3 − x (t)

r4

)
, (4)

DE/Rand/2

u(t+1)
i = x (t)

r1 + F
(
x (t)
r2 − x (t)

r3 + x (t)
r4 − x (t)

r5

)
, (5)

where F is a fixed, user-defined parameter, also called scale
factor and it usually lies in the range (0, 1]Das andSuganthan
(2011); g denotes the index of the best individual, i.e., the one
with the lowest function value; and rs are mutually different
integers from the set I , also different than i .

After mutation, crossover is applied to produce a trial
vector,

vi = (vi1, vi2, . . . , vin)
� , i ∈ I,

for each individual xi . There are two main types of crossover
operator. The most popular one is the binomial crossover
where,

v
(t+1)
i j =

{
u(t+1)
i j , ifR � CR or j = RN (n),

x (t)
i j , otherwise,

(6)

where j ∈ {1, 2, . . . , n}; R is the realization of a uniformly
distributed random variable in the range [0, 1]; CR ∈ (0, 1]
is the second control parameter of the algorithm, called
crossover rate; and RN (n) is an integer randomly selected
from the set {1, 2, . . . , n}. The two conditions in the first
branch of Eq. (6) ensure that at least one component of the
mutated vector u(t+1)

i is inherited to the trial vector.
The alternative, exponential crossover operator initially

copies x (t)
i into the trial vector v

(t+1)
i . Subsequently, it ran-

domly selects a component index k ∈ {1, 2, . . . , n} and sets
the corresponding component v

(t+1)
ik = u(t+1)

ik . Then, start-

ing from the index k + 1, a number of components of v
(t+1)
i

are assigned the corresponding component values of u(t+1)
i ,

based on stochastic condition. After the first failure of the
condition, the rest of the components retain the values ini-
tially copied from x (t)

i Price et al. (2005).

Finally, selection takes place where the trial vector v
(t+1)
i

competes with x (t)
i and the new individual for the next itera-

tion of the algorithm is selected as follows,

x (t+1)
i =

{
v

(t+1)
i , if f

(
v

(t+1)
i

)
� f

(
x (t)
i

)
,

x (t)
i , otherwise.

(7)

The algorithm iteratively applies the same procedure until a
termination condition is reached. Eventually, the individual
xg is reported as the best detected solution.

The parameters of DE (including its crossover operator
type) have been shown to be crucial for its convergence Qing
(2009). While proper parameter values can render DE a very
efficient algorithm, mild perturbations may result in signif-
icantly inferior performance. Taking into consideration that
proper parameter values are typically problem-dependent, it
is reasonable to expect that parameter tuning of DE can be a
laborious task.

2.2 Relevant Works

A number of DE variants with dynamically adjusted parame-
ters have been proposed in literature. In Brest et al. (2006)
proposed a self-adapting algorithm that assigns control para-
meter values with probability. Zhao et al. (2011) proposed
a self-adaptive scheme with multi-trajectory search. Also,
a distributed adaptive scheme with scale factor inheritance
was proposed in Weber et al. (2010), where subpopula-
tions are connected in a ring topology, each one having
its own scale factor. Moreover, several serial DE adapta-
tion mechanisms were proposed to improve its search ability
in Eiben et al. (1999); Qin et al. (2009); Zaharie and Petcu
(2005).

In the same vein, the JADE variant with optional exter-
nal archive and adaptive control parameters was proposed
by Zhang and Sanderson (2009). Poláková et al. (2014)
introduced a controlled restart DE in which the restarting
conditions are derived from the difference of extremal val-
ues of the objective function and the estimated maximum
distance among the points in the current population.

Tanabe and Fukunaga (2013) proposed a new parameter
adaptation technique (called SHADE), which uses a histori-
cal memory of successful control parameter settings to guide
the selection of future values. Moreover, Tanabe and Fuku-
naga (2014) introduced an enhanced version of SHADE,
called L-SHADE, which incorporates success-history based
parameter adaptation.

Tvrdík also adapted the control parameters of the DE
in Tvrdík (2006), while a new adaptive variant with twelve
competing strategies was proposed in Tvrdík and Poláková
(2013). A comparative analysis of the binomial and expo-
nential crossover variants was conducted in Zaharie (2007)
and Zaharie (2009), providing also theoretical results. Brest
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et al. (2012) proposed a self-adaptive DEwith small, varying
population size.

Also, LaTorre et al. (2012) have analyzed the behavior of
a hybrid algorithm that combines two heuristics. An adap-
tive memetic DE with global and local neighborhood-based
mutation operators was proposed by Piotrowski (2013).
Finally, in Segura et al. (2015) studied the relation between
exploration and exploitation with respect to the scale factor
in DE.

Most of the aforementioned DE variants were shown to
be superior to their non-adaptive predecessors, achieving
satisfactory balance between exploration and exploitation
through parameter adaptation.

3 The Proposed Approach

In the following paragraphs, the proposed technique is pre-
sented in detail. Its basic scheme for the parameter adaptation
of DE is initially exposed, followed by an enhanced ver-
sion that dynamically adjusts also the crossover operator type
(binomial/exponential).

3.1 Basic Scheme

Thefirst step in the proposed technique is the discretization of
DE’s parameter space. Recall that both parameters F andCR
(scale factor and crossover rate) take real values in the range
(0, 1]. Although different ranges for F have been studied
with promising results, the specific one appears to be the
most common default choice in relevant literature Das and
Suganthan (2011) as well as in reusable source codes freely
available on the internet Price and Storn (2009); Takahama
(1997). Nonetheless, adaptation for different ranges is trivial.

Discretization step sizes λF and λCR are specified for the
two parameters, respectively. Small step sizes offer more
refined search in parameter space, albeit transitions become
slower. Thus, higher computational budget (running time)
is typically needed to identify proper parameter values. On
the other hand, large discretization step sizes may result
in surpassing appropriate parameter values. Moreover, the
observed performance differences of DE for marginally dif-
ferent parameter values can be simply the outcome of random
fluctuations.

Our experience has shown that the performance differ-
ences are marginal between DE variants with parameter
difference smaller than 0.1. For this reason, in the present
work we selected λF = λCR = 0.1, as a reference step size
to build the discretized 2-dimensional parameter space,

G = {(F,CR); F,CR,∈ {0.0, 0.1, . . . , 1.0}} ,

0.0         0.1    0.2 0.3 0.4       0.5     0.6   0.7         0.8  0.9   1.0
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0.7

0.6 

0.5 

0.4 

0.3

0.2
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0.0    

Fig. 1 The grid for λF = λCR = 0.1. Each interior point (grey node)
has 8 immediate neighbors (black nodes)

which is henceforth called the grid. Each interior point in G
has 8 immediate neighbors as illustrated in Fig. 1.

The algorithm starts with a randomly initialized popu-
lation, called the primary population, which assumes the
parameter pair at the center of the grid, i.e., (F,CR) =
(0.5, 0.5). This selection is reasonable in lack of additional
domain knowledge suggesting better initial parameter val-
ues. Naturally, if such information is available, it can be
easily exploited to accelerate the detection of suitable para-
meter values. For example, consider the case where a priori
data is available suggesting that the objective function has
a multitude of local minimizers, densely distributed on spe-
cific parts of its domain. In view of such information, the
user can correspondingly bias the initial parameter pair in
the grid towards lower values. This choice would be favor-
able, since large mutation and crossover steps may prohibit
the algorithm from carefully probing the domain areas of
interest. On the other hand, small number of sparsely distrib-
uted local minima suggests the choice of larger parameter
values. Thus, further domain knowledge can be beneficial to
convergence speed.

The primary population is evolved according to the stan-
dard DE procedure for tp iterations. This is called the
dynamic’s deployment phase of the algorithm. The result-
ing population P is then copied in 8 secondary populations
P ′
a,b with a, b ∈ {−1, 0, 1}, one for each neighboring para-

meter pair in the grid. If (F,CR) is the current parameter pair
for the primary population P , then the secondary population
P ′
a,b has a parameter pair (F ′,CR′) with,
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F ′ = F + a λF , CR′ = CR + b λCR, a, b ∈ {−1, 0, 1}.
(8)

Obviously, the case a = b = 0 corresponds to the primary
population and, thus, excluded.

Each secondary population is evolved according to the
standard DE procedure for ts � tp iterations. This is called
the performance estimation phase of the algorithm, and gives
information on the algorithm’s performance for the current
primary population, using the specific neighboring parame-
ter values. Naturally, this step can be executed either serially
or in parallel using onemaster node (primary population) and
8 slave nodes (secondary populations). Today, most modern
desktop computers offer adequate resources for such imple-
mentations.

Subsequently, the primary and the secondary populations
are compared in terms of their average objective values (A-
OV), defined as follows:

f̄ P = 1

N

N∑
i=1

f (xi ) .

The best-performing population (either the primary or a sec-
ondary one) is selected as the new primary population and
the whole procedure is repeated again by conducting tp iter-
ations on the new primary population and so on.

A complete application of the procedure is henceforth
referred as a cycle of the algorithm to avoid confusion with
the iterations conducted during the evolution of the primary
and secondary populations. Thus, a cycle c involves tp iter-
ations of the primary population and 8 × ts iterations of the
secondary populations, i.e., a total number of,

qc = (
tp + 8 ts

)
N ,

function evaluations, where N stands for the population size.
Thus, we can a priori determine the maximum number of
complete cycles,

cmax =
⌊
qmax

qc

⌋
, (9)

that will be performed by the algorithm for a prescribedmax-
imum computational budget of qmax function evaluations,
where 	.
 is the floor function.

Alternative performance metrics can be used instead
of AOV. A typical alternative is the use of each popula-
tion’s overall best objective value. However, this metric may
become misleading because, for practical purpose, the num-
ber ts of performance-estimation iterations shall be typically
kept low (5 to 10 iterations) in order to spare computational
budget. Thus, using solely the overall best value renders the

Algorithm 2 Pseudocode of the basic DEGPA algorithm.
1: ini tiali ze(P)

2: M ← 8 /* Number of secondary populations */
3: while (not termination) do
4: /* Dynamic’s deployment phase */
5: Evolve primary population P for tp iterations.
6: /* Performance estimation phase */
7: for i = 1 : M do
8: Copy P to secondary population P ′

i .
9: Assign parameter pair to P ′

i according to Eq. (8).
10: Evolve P ′

i for ts iterations.
11: end for
12: /* Update primary population */
13: Find the best-performing secondary population P ′

best .
14: if ( f̄ P − f̄ P ′

best
� εmin) then

15: P ← P ′
best

16: Replace worst individuals of P with the overall bests of
all P ′

i (if they are better).
17: end if
18: end while

procedure vulnerable to locally optimal solutions thatmay be
rapidly discovered. Thiswas also verified in our experiments.

Moreover, in order to take full advantage of the discoveries
of all secondary populations, we also consider the utilization
of the overall best individual of each secondary population
in the new primary population. Thus, the worst 8 individuals
of the new primary population are replaced by the 8 overall
bests of the secondary populations, if they have better values.

In the context of parameter space G, the proposed tech-
nique produces a trajectory of parameter pairs by tracking
improvements of estimated performance. However, even
marginal improvements offered by the secondary populations
result in adopting new parameter pairs that may be recalled
in subsequent cycles of the procedure. This effect can pro-
duce undesirable cyclic or oscillating trajectories, which can
be alleviated by imposing a minimal improvement threshold
εmin for accepting a new parameter pair. Thus, a secondary
population P ′

a,b replaces the primary population P only if it
holds that,

f̄ P − f̄ P ′
a,b

� εmin > 0.

The value of εmin can be set taking into consideration the
desired solution accuracy.

The proposed approach is outlined in Algorithm 2 and it
is henceforth called Differential Evolution with Grid-based
Parameter Adaptation (DEGPA). Steps 3-18 constitute a
complete cycle of the algorithm.

The number of iterations tp and ts for the primary and sec-
ondary populations, respectively, can be set to fixed values.
As previously mentioned, small values of 5 to 10 iterations
are adequate for ts since only rough performance estima-
tions are required for the subpopulations. On the other hand,
tp shall be assigned higher values in order to allow the pri-
mary population with the selected parameter pair deploy its
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dynamic. Based on suggestions in literature Storn and Price
(1997), the value tp = 10 × n, with n being the problem’s
dimension is considered as the default choice.

An alternative and more sophisticated approach is the
dynamic adaptation of tp from a minimum value tmin

p to a
maximum value tmax

p during the algorithm’s execution. The
rationale behind it lies on the fact that at the latest stages
of optimization the population is expected to have identi-
fied promising regions of the search space and, hence, longer
running time for the dynamic’s deployment phase can be
beneficial. The simplest adaptation scheme is the linear one.
Thus, if c denotes the current cycle of the algorithm and
cmax denotes the maximum number of cycles determined by
Eq. (9), then tp can be linearly adapted between tmin

p and tmax
p

as follows:

tp(c) =
(
tmax
p − tmin

p

) c

cmax
+ tmin

p . (10)

The extremal values tmin
p and tmax

p canbe set by the user taking
into consideration the problem at hand (especially its dimen-
sion). Our experience through experimentation on numerous
problems has shown that setting tmax

p at values 40% − 50%
higher than tmin

p is a good default choice. Thus, we can sug-
gest the following default setting,

tmin
p = 10 × n, tmax

p = 14 × n,

where n is the problem’s dimension.
Note that these parameters as well as the εmin threshold

are optional. Hence, they do not contradict the main goal of
the proposed approach to exonerate the user from the burden
of finding proper parameter values for the DE algorithm.
The proposed approach can be straightforwardly parallelized
in modern desktop computers by using a master node for
the primary population and 8 slave nodes for the concurrent
evolution of the secondary populations. Naturally, additional
nodes can further expedite the procedure, especially when
denser grids are used.

3.2 Enhanced Scheme

In addition to the dynamic parameter adaptation, the basic
DEGPA scheme can be enhanced by considering also the
dynamic adaptation of the crossover operator type between
binomial and exponential. This can be achieved by using
an additional secondary population, henceforth called the
bridge population, in the performance-estimation phase of
the algorithm.

More specifically, the bridge population executes ts itera-
tions (as the rest of the secondary populations) on the primary
population, assuming the same parameter set as the primary
population but with complementary crossover type. Thus,

Binomial
Exponential

Bridge

Fig. 2 Jumping from binomial to exponential grid

if the primary population P has binomial crossover opera-
tor and parameters (F,CR), the bridge population P ′

bridge is
initially a copy of P with parameters (F,CR) and the cor-
responding exponential crossover operator. After evolving
P ′
bridge for ts iterations, the resulting population competes

with the rest of the secondary populations and the primary
one, according to the basic DEGPA scheme.

If the bridge population is the winner, then it becomes the
primary population and its operator type becomes the current
one for the subsequent cycles of the algorithm, until the next
possible change. This procedure can be simply considered
as a jump from the grid of the binomial to the grid of the
exponential crossover operator and vice versa, as illustrated
in Fig. 2. It is worth mentioning that jumping from one para-
meter space to the other normally requires recomputation
of CR Zaharie (2007). This procedure automatically takes
place in our scheme because, at every iteration, the algo-
rithm recomputes both CR and F in the current parameter
space.

The new variant is henceforth called enhanced DEGPA
(eDEGPA) and it is outlined in Algorithm 3. The eDEGPA
approach offers additional flexibility than DEGPA by further
reducing the number of user-defined parameters in DE. The
reason for presenting both DEGPA and eDEGPA is that, as
we will see later in the experimental assessment, there are
problem types where efficient crossover operator type has
been identified in previous works. Thus, it is interesting and
challenging to compare the performance between DEGPA
incorporating this information and eDEGPA with no prior
problem-dependent information.

4 Experimental Assessment

The performance of the proposed DEGPA and eDEGPA
approaches was assessed on the established test suite pub-
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Algorithm 3 Pseudocode of the eDEGPA algorithm.
1: ini tiali ze(P)

2: M ← 9 /* Number of secondary populations */
3: while not termination do
4: /* Dynamic’s deployment phase */
5: Evolve primary population P for tp iterations.
6: /* Performance estimation phase */
7: for i = 1 : M do
8: Copy P to secondary population P ′

i .
9: if i < M then
10: /* Normal secondary population */
11: Assign parameter pair to P ′

i according to Eq. (8).
12: else
13: /* Bridge population */
14: Change crossover operator type.
15: end if
16: Evolve P ′

i for ts iterations.
17: end for
18: /* Update primary population */
19: Find the best-performing secondary population P ′

best .
20: if f̄ P − f̄ P ′

best
� εmin then

21: P ← P ′
best

22: Replace worst individuals of P with the overall bests of
all P ′

i (if they are better).
23: end if
24: end while

lished in the Special Issue on Large Scale Continuous
OptimizationProblemsof theSoftComputing journalLozano
et al. (2011). The test suite consists of 19 scalable test prob-
lems, henceforth denoted as F1-F19. The problems F1-F6
come from the CEC 2008 test suite Tang et al. (2007), while
F7-F11 are shifted functions and F12-F19 are hybrid com-
position functions Lozano et al. (2011).

The test suite recommends three algorithms, namely DE
with exponential crossover, CHC Eshelman (1993), and
GCMAES Auger and Hansen (2005) as the basic ones for
comparisons. Also, averaged results are provided for 13 addi-
tional algorithms, namely SOUPDE Weber et al. (2011),
DE-D40+Mm García-Martínez et al. (2011),GaDEYanget al.
(2011), jDElscop Brest and Maucec (2011), SaDE-MMTS
Zhao et al. (2011), MOS LaTorre et al. (2011), MA-SSW-
Chains Molina et al. (2011), RPSO-vm García-Nieto and
Alba (2011), Tuned IPSOLS de Oca et al. (2011), Evo-
PROpt Duarte et al. (2011), EM323 Gardeux et al. (2011),
VXQR1 Neumaier et al. (2011), and GODE Wang et al.
(2011). The software package is freely available on the inter-
net Lozano et al. (2010).

DEGPA and eDEGPA aim at relieving the user from the
burden of parameter setting in DE. Thus, the main pursuance
in our experiments was to achieve competitive average per-
formance with the algorithms reported in the test suite,
especially with the exponential DE approach, which was
optimally tuned on the specific test problems. The DEGPA
approach adopted the exponential crossover operator as well
the mutation of Eq. (2), according to the setting of the base
DE algorithm.On the other hand, eDEGPAwas let to dynam-

ically select between binomial and exponential crossover,
while its mutation operator was identical to DEGPA.

We conducted experiments with both DEGPA and eDE-
GPA on all test problems, for dimensions n = 50, 100,
200, and 500. The available computational budget was deter-
mined, according to the test suite’s requirements, as 5000×n
function evaluations Lozano et al. (2011). At this point, we
shall underline that this budget does not include the (usu-
ally significant) preliminary experiments that are necessary
for identifying good parameter settings for all the algo-
rithms of the test suite. This computational budget is typically
neglected in all relevant studies, although it can be com-
parable or even higher than the reported budgets required
for solving a problem. Our approaches do not require such
preliminary experimentation. Although it would be fair to
assign our approaches this additional preprocessing budget,
we decided to push their performance to the limit and assess
themwith exactly the samebudget as for the other algorithms.

The implementation was made in C programming lan-
guage, and the OpenMPI library1 was used for parallel
evolution of the secondary populations under a typical
master-slave model. Specifically, one subpopulation was
assigned per slave node, while the master node was used for
themain procedure of the algorithm. The parallelization does
not interfere with the algorithm’s dynamic but only expedites
the experiments. Thus, the same results are received with the
serial version of the algorithm under identical initial condi-
tions and seeding. All experiments were conducted on Intel�
i7 machines (each one providing 8 CPUs) with 8GB RAM,
running under Ubuntu Linux 14.04.

The considered performance measure was the objective
value error,

f
(
x∗) − f

(
xopt

)
,

where x∗ is the solution achieved by the algorithm and xopt is
the optimal solution of the problem. For each algorithm, 25
independent experiments were conducted and the average
errors were recorded. According to the setting of the DE
algorithm in the employed test suite, the population size for
both DEGPA and eDEGPA was set to N = 60.

Although the test suite includes only the exponential DE
variant, for the sake of completeness, we evaluated also
the corresponding binomial DE variant using the provided
settings and source codes in Lozano et al. (2010). The con-
trol parameters for the two base DE variants were set to
(F,CR) = (0.7, 0.5) as suggested in Lozano et al. (2010).
The two base DE variants are henceforth denoted as DEexp

and DEbin. On the other hand, both DEGPA and eDEGPA
were initiated at the central parameter pair (F,CR) =
(0.5, 0.5), and the initial crossover operator type for eDEGPA

1 http://www.open-mpi.org/
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was the exponential one (dynamically changing during exe-
cution).

The experimental analysis was divided in two phases.
In the first phase, DEGPA and eDEGPA were compared
against the base algorithms, namely DEexp, DEbin, CHC, and
GCMAES.The available source code for each base algorithm
was employed for conducting 25 independent experiments
per problem, using the exact settings reported in the test
suite. The achieved errors were recorded for each algo-
rithm and experiment. The means and standard deviations
of the obtained objective value errors for the proposed and
the base algorithms are reported in Tables 1 and 2. In the
500-dimensional case, results could not be obtained with the
provided GCMAES source code due to excessive computa-
tion time (this is reported as “n/a” in the Tables).

A close inspection of the results offers interesting informa-
tion. Firstly, both the proposed approaches have competitive
performance with the base algorithms. In fact, we can see
that they clearly outperform DEbin, CHC, and GCMAES,
in almost all test problems, especially when dimension
increases. Also, they show remarkably competitive perfor-
mance against the best-performing base algorithm DEexp.
This behavior worths further attention if we take into con-
sideration that DEexp was used with its optimal parameter
setting and crossover type provided in the test suite, for the
same computational budget with our approaches.

Also, for lower dimensions (n = 50 and 100) eDEGPA
has superior average performance than DEGPA. This can be
attributed to eDEGPA’s ability to decide on the most proper
crossover type operator, since binomial crossover appears to
be more beneficial in some test problems. However, the per-
formance gradually declines as dimension increases. This is
expected, since eDEGPA needs additional effort to evolve
the extra subpopulation, in order to dynamically decide on
the crossover operator type. Thus, as the problems become

Table 3 Number of wins (denoted as “+”), loses (denoted as “-”), and
ties (denoted as “=”) of DEGPA and eDEGPA against the base algo-
rithms of the test suite

Dimension Algorithm DEGPA eDEGPA

+ − = + − =
50 DEbin 14 3 2 14 3 2

DEexp 9 6 4 9 7 3

CHC 19 0 0 19 0 0

GCMAES 16 3 0 16 3 0

eDEGPA 6 10 3

100 DEbin 17 1 1 17 1 1

DEexp 11 6 2 11 6 2

CHC 19 0 0 19 0 0

GCMAES 16 3 0 16 3 0

eDEGPA 6 8 5

200 DEbin 17 1 1 17 1 1

DEexp 12 7 0 10 8 1

CHC 19 0 0 19 0 0

GCMAES 16 3 0 16 3 0

eDEGPA 8 4 7

500 DEbin 19 0 0 19 0 0

DEexp 11 7 1 7 6 6

CHC 19 0 0 19 0 0

GCMAES n/a n/a n/a n/a n/a n/a

eDEGPA 8 4 7

harder with dimension, eDEGPA exceeds the available bud-
get more rapidly than DEGPA.

In order to statistically verify the observed performance
differences, pairwise comparisons using the Wilcoxon rank-
sum test at confidence level 95 % were conducted for all
test functions. Each positive comparison where DEGPA or
eDEGPA outperformed another algorithm with statistical

Fig. 3 Trajectories of parameter pairs for DEGPA (left) and eDEGPA
(right) for four indicatively selected test problems. Different colors cor-
respond to different problems. All trajectories start on the grid center

(F,CR) = (0.5, 0.5). For eDEGPA solid line indicates exponential
crossover, while dashed line stands for binomial crossover
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Fig. 4 Number of test problems where DEGPA (left) and eDEGPA (right) achieved equal or better average error than the other algorithms, for
dimensions n = 50, 100, 200, and 500

significance was counted as a win. The corresponding nega-
tive comparisonswere counted as loses. The lack of statistical
significance was considered a tie. The results for all compar-
isons are given in Table 3, where wins, loses, and ties are
denoted as “+”, “−”, and “=”, respectively.

The reported results verify our previous findings. Specif-
ically, both DEGPA and eDEGPA had statistically better or
equivalent performancewith the rest of the base algorithms in
most of the test problems. Moreover, their numbers of wins
exhibited increasing trend with dimension. Another inter-
esting observation is that the strongest competitor, namely
DEexp, had always lower number of wins than both DEGPA
and eDEGPA.

For all but the DEexp case, eDEGPA had identical number
of wins, loses, and ties with DEGPA against the other algo-
rithms. This is remarkable, since eDEGPA has additional
self-adaptation capabilities. Finally, the last line per dimen-
sion block in Table 3 reports the wins, loses, and ties of
eDEGPAagainst DEGPA. These comparisons verify our pre-
vious observations on the superior performance of eDEGPA
in lower dimension and its decline in higher dimension as a
result of the extra effort imposed by the dynamic adaptation
of the crossover operator type.

Finally, Fig. 3 illustrates trajectories of the parameter pairs
in the grid, for four indicatively selected test problems (corre-
sponding to lines of different colors). In the case of eDEGPA,
solid lines correspond to exponential crossover operators
while dashed lines correspond to binomial operators.

In the second phase of experimentation, DEGPA and
eDEGPA were compared with a number of different algo-
rithms, following the requirements of the employed test suite
Lozano et al. (2010, 2011). The comparisons were based
on the average error values per algorithm and test func-
tion, which are reported in Tables 5 and 6. The data for
the rest of the algorithms are reproduced from the original
sources Lozano et al. (2010) in both Tables. Also, the results

Table 4 Number of problems where DEGPA/eDEGPA exhibited infe-
rior and non-inferior average solution values against the rest of the
algorithms

Algorithm Non-Inferior Inferior
Dim. Dim.

50 100 200 500 50 100 200 500

DEGPA

EvoPROpt 18 18 18 17 1 1 1 2

EM323 13 13 12 17 6 6 7 2

SOUPDE 8 8 9 8 11 11 10 11

DE-D40+Mm 11 11 11 10 8 8 8 9

GODE 8 9 8 9 11 10 11 10

MA-SSW-Chains 14 15 17 16 5 4 2 3

GaDE 9 9 8 8 10 10 11 11

RPSO-vm 17 16 17 17 2 3 2 2

jDElscop 8 8 7 9 11 11 12 10

SaDE-MMTS 11 11 11 12 8 8 7 5

MOS 9 8 7 8 10 11 12 11

Tuned IPSOLS 13 12 12 13 6 7 7 6

VXQR1 15 16 15 16 4 3 4 3

eDEGPA

EvoPROpt 17 17 16 15 2 2 3 4

EM323 13 13 12 10 6 6 7 9

SOUPDE 10 8 7 4 9 11 12 15

DE-D40+Mm 13 10 9 6 6 9 10 13

GODE 10 8 7 4 9 11 12 15

MA-SSW-Chains 13 13 13 10 6 6 6 9

GaDE 11 9 6 4 8 10 13 15

RPSO-vm 18 17 17 11 1 2 2 8

jDElscop 10 8 6 4 9 11 13 15

SaDE-MMTS 12 11 9 8 7 8 10 11

MOS 11 8 6 3 8 11 13 16

Tuned IPSOLS 13 12 11 7 6 7 8 12

VXQR1 15 16 15 10 4 3 4 9
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of DEGPA and eDEGPA appear in both Tables to facilitate
comparisons.

The number of test problemswhere DEGPA and eDEGPA
achieved non-inferior (equal or better) or inferior (worse)
average errors than the other algorithms is depicted in Fig. 4
and reported in Table 4, offering two interesting observa-
tions. On the one hand, we can see that DEGPA and eDEGPA
have similarly-shaped lines, which shows that they retain
contiguous behavior with respect to the rest of the algo-
rithms. Nevertheless, we can patently observe that DEGPA
retains its performance with dimension (overlapping lines),
while eDEGPA shows declining behavior, with plot lines of
higher dimension being enclosed by the lines of lower dimen-
sions. This is a verification of the previous observations,
interpreted as the outcome of its additional requirements
in computational budget. Nevertheless, it worths noting
that the proposed approaches achieved highly competitive
performance also to non-DE-based algorithms, such as PSO-
based approaches, MA-SSW-Chains, EvoPROpt, EM323,
and VXQR1, in all dimensions.

5 Conclusion

Choosing the proper control parameters of metaheuristics is
a difficult, problem-dependent task. This work introduced
a technique for grid-based parameter adaptation of the DE
algorithm. DE was selected due to its known sensitivity on
parameter values that render their dynamic adaptation a chal-
lenging task. The efficiency of the resulting DEGPA and
eDEGPA approaches was evaluated on a variety of test prob-
lems with dimensions ranging from 50 up to 500.

The results suggested that the proposed approaches can
relieve the user from the burden of parameter setting with-
out loss in average performance over the whole test suite.
Additional, performancewas significantly improved compar-
atively to the provided 17 algorithms. Naturally, dimension
has a declining effect especially for the fully adaptive
eDEGPA approach. However, one shall take into considera-
tion that both DEGPA and eDEGPA do not spend additional
effort in preliminary experimentation for their tuning. Also,
the proposed grid-based adaptation can be straightforwardly
parallelized with significant gain in running time.

The proposed approach opens directions for further
inquiry.The inclusionof additional parameters, such asmuta-
tion operator and population size, can be the next step
forward. Also, since the grid-based adaptation is not explic-
itly dependent from the DE algorithm, it would be interesting
to incorporate it also in different (population-based or not)
algorithms.
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