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Probabilistic Mixture Models
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p(xi | zi, µ,⌃) = N (xi | µzi ,⌃zi)

p(zi | ⇡) = Cat(zi | ⇡)
✓k = {µk,⌃k}

⇡ ⇠ Dir(↵)

✓k ⇠ H(�)

Cluster weights:


Cluster params:


Cluster assign:


Observations:


zi 2 {1, . . . ,K}



A Standard Gibbs Sampler

•  Given fixed mixture weights and mixture parameters,  

the cluster assignments are conditionally independent:


p(z | x,⇡, ✓) =
NY

i=1

p(zi | xi,⇡, ✓)

p(zi = k | xi,⇡, ✓) / ⇡kf(xi | ✓k)
Sample from these categorical distributions,  

once per variable, in arbitrary order.

•  Given fixed cluster assignments z, all parameters are conditionally independent:

p(⇡ | x, z, ✓) = p(⇡ | z) = Dir(⇡ | N1 + ↵, . . . , NK + ↵) Nk =

PN
i=1 �(zi, k)

p(✓ | x, z,⇡) =
QK

k=1 p(✓k | x, z) =
QK

k=1 p(✓k | Xk) Xk = {xi | zi = k}
•  Compared to the EM algorithm for finite mixture models:


  Form same assignment distributions as in E-step, but then draw a single sample from each

  Sample, rather than taking mode, of parameter distributions from M-step




Snapshots of Mixture Gibbs Sampler
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Rao-Blackwellized Estimation


90 CHAPTER 2. NONPARAMETRIC AND GRAPHICAL MODELS

compare two different random initializations. Because we use vague priors, the data
log–likelihood provides a reasonable convergence measure:

log p(x | π, θ1, . . . , θK) =
N∑

i=1

log

(
K∑

k=1

πkf(xi | θk)

)

(2.153)

We see that the Gibbs sampler effectively implements a random walk, which grad-
ually moves towards parameters with higher posterior probability. Although the in-
duced Markov chain may converge quickly (left column), it sometimes remains trapped
in locally optimal regions of the parameter space for many iterations (right column).
Fig. 2.20 compares this behavior to a more sophisticated Rao–Blackwellized sampler
developed in the following section.

! 2.4.4 Rao–Blackwellized Sampling Schemes

In models which impose structured dependencies on multiple latent variables, we can
often construct tractable Monte Carlo procedures which improve on the basic estimator
of eq. (2.139). Let p(x, z) denote a target distribution on two random variables x ∈ X ,
z ∈ Z. Given L independent samples {(x(!), z(!))}L

!=1 from this joint distribution, the
simplest approximation of a statistic f(x, z) equals

Ep[f(x, z)] =

∫

Z

∫

X
f(x, z)p(x, z) dx dz (2.154)

≈ 1

L

L∑

!=1

f(x(!), z(!)) = Ep̃[f(x, z)] (2.155)

Suppose, however, that the conditional density p(x | z) has a tractable analytic form.
In this case, we can consider the following alternative estimator:

Ep[f(x, z)] =

∫

Z

∫

X
f(x, z)p(x | z) p(z) dx dz (2.156)

=

∫

Z

[∫

X
f(x, z)p(x | z) dx

]
p(z) dz (2.157)

≈ 1

L

L∑

!=1

∫

X
f(x, z(!))p(x | z(!)) dx = Ep̃[Ep[f(x, z) | z]] (2.158)

The estimators of eqs. (2.155) and (2.158) are both unbiased, and converge to Ep[f(x, z)]
almost surely as L → ∞. Intuitively, however, the marginalized estimate of eq. (2.158)
should be more reliable [9, 39, 106], because the underlying sample space Z is smaller
than the original space X × Z.

In classical statistics, the Rao–Blackwell Theorem [167, 242] establishes the impor-
tance of sufficient statistics in parameter estimation. In particular, it allows minimum
variance unbiased estimators to be designed by conditioning simpler estimators with

(x(`)
, z

(`)) ⇠ p(x, z)

•  Basic Monte Carlo estimation for joint distribution of x, z:
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` = 1, 2, . . . , L

•  But suppose that the conditional distribution              is tractable:
p(x | z)
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•  This estimator is guaranteed to have lower variance!


Z 
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A Collapsed Sampling Algorithm


zi ⇠ Cat(⇡)

⇡ ⇠ Dir(↵)

xi ⇠ F (✓zi)

✓k ⇠ G(�) Conjugate priors allow exact 
marginalization of parameters, to 

make an equivalent model  
with fewer variables




Bayesian Learning of Probabilities


Dirichlet Prior Distribution: 
p(µ) = Dir(µ | ↵) /

KY

k=1

µ↵k�1
k

Dirichlet Posterior Distribution (Conjugate): 

p(µ | x) /
KY

k=1

µ

Nk+↵k�1
k / Dir(µ | N1 + ↵1, . . . , NK + ↵K)

Posterior Predictive Distribution:  For the next observation, 

=
Nk + ↵k

N + ↵0
= E[µk | z1, . . . , zN ]

p(zN+1 = k | z1, . . . , zN ) =

Z
µkp(µ | z1, . . . , zN ) dµ



A Collapsed Gibbs Sampler

p(z | x) / p(z)p(x | z)
/

Z

⇧
p(z | ⇡)p(⇡ | ↵) d⇡

Z

⇥
p(x | z, ✓)p(✓ | �) d✓

•  Collapsed mixture model representation:


p(zi = k | z\i) =
N\i

k + ↵/K

N � 1 + ↵

•  Apply standard Gibbs sampling updates:

p(zi | z\i, x) / p(zi | z\i)p(x | zi, z\i)

•  Conditional prior:


N\i
k =

NX

j=1,j 6=i

�(zj , k)

•  Conditional likelihood:

X

\i
k , {xj | zj = k, j 6= i}
p(xi | zi = k, z\i, x\i) =

Z

⇥k

p(xi | ✓k)p(✓k | X\i
k ) d✓k

Conjugate analysis given “other” data assigned to this cluster


p(x | z) / p(xi | z, x\i)



Gibbs: Representation & Mixing


Quantiles of  
100 Chains


Multiple  
Initializations


Standard Gibbs:  Alternatively sample assignments, parameters 
Collapsed Gibbs:  Marginalize parameters, sample assignments


Multiple Trials on 2D Mixture Data from Earlier Slide




Blocked Gibbs Samplers




Sum-Product for Blocked Tree Sampling

Global Directed Factorization:  

•  Choose some node as the root of the tree, 

order other nodes by depth

•  Directed factorization from root to leaves:


xs
xPa(s)

p(x) = p(x
Root

)
Y

s

p(xs | x
Pa(s))

p(x) =
1

Z

Y

(s,t)2E

 st(xs, xt)
Y

s2V
 s(xs)

Bottom-Up Message Passing:

•  Pass messages from leaves to root

•  Compute marginal of root node:

m

ts

(x
s

) /
X

xt

 

st

(x
s

, x

t

) 
t

(x
t

)
Y

u2�(t)\s

m

ut

(x
t

) qt(xt) /  t(xt)
Y

u2�(t)

mut(xt)

Top-Down Recursive Sampling:

•  Sample root from marginal, then sample by depth given parent:


p(xs | Xt = x̂t, t = Pa(s)) /  ts(x̂t, xs) s(xs)
Y

u2�(s)\t

mus(xs)



Example: Hidden Markov Model


•  Can efficiently draw joint samples from posterior marginals:

  Forward Message Passing:

  Backwards Sampling:  

x

(`)
T ⇠ p(xT | y)

x

(`)
T�1 ⇠ p(xT�1 | x(`)

T , y)

x

(`)
T�2 ⇠ p(xT�2 | x(`)

T�1, y)

(x(`)
1 , x

(`)
2 , . . . , x

(`)
T ) ⇠ p(x | y)

p(xt | xt+1, y) = p(xt | xt+1, y1, . . . , yt) / p(xt | y1, . . . , yt)p(xt+1 | xt)

•  Justification from Markov properties of HMM:


p(xt | y1, . . . , yt)



Gibbs Sampling for Learning HMMs

THE STICKY HDP-HMM 1031

FIG. 5. (a) Graphical representation of the sticky HDP-HMM. The state evolves as
zt+1|{πk}∞k=1, zt ∼ πzt , where πk |α,κ,β ∼ DP(α + κ, (αβ + κδk)/(α + κ)) and β|γ ∼ GEM(γ ),
and observations are generated as yt |{θk}∞k=1, zt ∼ F(θzt ). The original HDP-HMM has
κ = 0. (b) Sticky HDP-HMM with DP emissions, where st indexes the state-specific mixture
component generating observation yt . The DP prior dictates that st |{ψk}∞k=1, zt ∼ ψzt for
ψk |σ ∼ GEM(σ ). The j th Gaussian component of the kth mixture density is parameterized by θk,j

so yt |{θk,j }∞k,j=1, zt , st ∼ F(θzt ,st ).

persistence, the flexible nature of the HDP-HMM prior allows for state sequences
with unrealistically fast dynamics to have large posterior probability. For example,
with multinomial emissions, a good explanation of the data is to divide different
observation values into unique states and then rapidly switch between them (see
Figure 1). In such cases, many models with redundant states may have large poste-
rior probability, thus impeding our ability to identify a compact dynamical model
which best explains the observations. The problem is compounded by the fact that
once this alternating pattern has been instantiated by the sampler, its persistence
is then reinforced by the properties of the Chinese restaurant franchise, thus slow-
ing mixing rates. Furthermore, this fragmentation of data into redundant states can
reduce predictive performance, as is discussed in Section 6. In many applications,
one would like to be able to incorporate prior knowledge that slow, smoothly vary-
ing dynamics are more likely.

To address these issues, we propose to instead model the transition distributions
πj as follows:

β|γ ∼ GEM(γ ),
(5.1)

πj |α,κ,β ∼ DP
(
α + κ,

αβ + κδj

α + κ

)
.

Here, (αβ + κδj ) indicates that an amount κ > 0 is added to the j th component
of αβ . Informally, what we are doing is increasing the expected probability of
self-transition by an amount proportional to κ :

E[πjk|β,κ] = αβk + κδ(j, k)

α + κ
.(5.2)

•  Given a fixed state sequence z, the 
state transition and state emission 
parameters are conditionally independent

  Compute posterior given states, as in the 

M-step of the EM algorithm for HMMs

  Sample from posterior (often easy)


•  Standard Gibbs:  Sample state variables zt one 
at at time, given parameters and other states:

p(zt | z\t, ✓,⇡, y) / p(zt | zt�1,⇡)p(zt+1 | zt,⇡)p(yt | zt, ✓)

•  Blocked Gibbs:  Sample entire state sequence, given parameters and entire 
observation sequence, use sum-product dynamic programming


  Similar to use of sum-product to compute marginals in E-step of EM algorithm


p(z | ✓,⇡, y) / p(z | ⇡)p(y | z, ✓)



Gibbs Sampling for Learning HMMs
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THE STICKY HDP-HMM 1035

FIG. 6. (a) Observation sequence (blue) and true state sequence (red) for a three-state HMM with
state persistence. (b) Example of the sticky HDP-HMM direct assignment Gibbs sampler splitting
temporally separated examples of the same true state (red) into multiple estimated states (blue)
at Gibbs iteration 1000. (c) Histogram of the inferred self-transition proportion parameter, ρ, for
the sticky HDP-HMM blocked sampler. For the original HDP-HMM, the median (solid blue) and
10th and 90th quantiles (dashed red) of Hamming distance between the true and estimated state
sequences over the first 1000 Gibbs samples from 200 chains are shown for the (d) direct assign-
ment sampler, and (e) blocked sampler. (f) Hamming distance over 30,000 Gibbs samples from three
chains of the original HDP-HMM blocked sampler. (g)–(i) Analogous plots to (d) and (f) for the
sticky HDP-HMM. (k) and (l) Plots analogous to (e) and (f) for a nonsticky HDP-HMM using beam
sampling. (j) A histogram of the effective beam sampler truncation level, Leff, over the 30,000 Gibbs
iterations from the three chains (blue) compared to the fixed truncation level, L = 20, used in the
truncated sticky HDP-HMM blocked sampler results (red).
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Standard Gibbs
 Blocked Gibbs
Experiment with Synthetic Data




Blocked Gibbs for Markov Random Fields

•  For general graphs with cycles, cannot use  

sum-product BP to draw exact samples

•  A standard Gibbs sampler iteratively resamples the  

values of single variables, in some order:


…

•  A blocked Gibbs sampler iteratively resamples subsets of the original 

variables that are tractable (form a sub-graph without cycles):


…

•  Draw exact samples by applying blocked sampler to junction tree.  Intractable?



