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Abstract 2. Counterfactual-based Quality Score

* We introduce a counterfactual-based formulation of cluster separation,
where separation is measured as the distance of points to decision
boundaries of competing clusters.

* We propose Counterfactual-based Quality Score (CFQ), an internal
clustering quality index for centroid-based clustering that combines
counterfactual separation with intra-cluster variance.

* Empirical evaluation shows that CFQ provides a robust alternative to
Silhouette and VRC, capturing cluster separability more effectively in many
settings.

* We embed counterfactual separation directly into the clustering objective,
proposing cf-means, a separation-aware variant of $k$-means with
reduced sensitivity to initialization.

* We extend this framework to deep clustering with deep cf-means, jointly
optimizing reconstruction, compactness, and counterfactual separation to
learn enhanced latent representations.

* The distance Sep(j’ 1)of cluster C;to C;is defined as the sum of squared
counterfactual distances of the points of C;to cluster C;:

*The separation S(j)of cluster C;is defined as its minimum separation to

any other cluster:
S() = rrlli{li, Sep(jr ).
, 1#]

*The total separation TS(C)of the clustering solution is computed as:

k
TS(C) = Z 30
=1

*The total variance TV (C)of the clustering solution is defined as:
* Our clustering quality measure (CFQ) is the ratio of the two terms:

TS(C
CFQ(C) = TVE C%'

1. Introduction

4. Experiments
* CIUSterlng IS a Tundamental un§upeNIS§d learnlng taSk’ Wldely used Table 2: NMI statisties over 100 trials [or eacl dataset.
for data exploration, representation learning, and pattern discovery.
 Evaluating clustering quality and selecting the number of clusters Dataset Method — Mean Std
remain challenging due to the absence of ground-truth labels. C'FQ) 0.711  0.118
» Existing internal indices mainly rely on pairwise distances or centroid Cigriils :-’11[{{“ :;f_’j Hﬂ
dispersion, often failing to capture meaningful cluster separation. RO ' 41 'I%
. . . . B ).y 1. 155
Counterfactua_l ex.planatlons prg\{lde a principled way to measure how Pendigits e NEen e
close a data point lies to the decision boundary of competing clusters. VR( 0.543  0.178
* We define CFQ, a separation-aware clustering quality index based N CFQ 0712 (1138
on counterfactual distances. S TR -1 1 ¥ 0.691  0.174
» We develop two separation-aware clustering algorithms, cf-means and LA Sl
deep cf-means, which incorporate counterfactual-based separation e *_{“If[ Q) :;Enl Hﬁ‘j
. . . . . la sy a1 N U Al i
directly into shallow and deep clustering objectives. VRC 0394  0.179
3.The cf-means and deep cf-means clustering algorithms
Algorithm 3 Deep cl-means clustering algorit b al Wine ) Waveform i) Credit card (a) Iris (b)) Pendigits (o) TOGA
Roquire: Datasct IY - (] .il. natocncoder { f.. Gy ), number of clusicrs K, reconstroction
skl Apoc, A-menns weight AL, coumnterfactoal weight Ay .
| Pretraining Phase ] . _“‘
2 forepoch =1 Ty do
for mimihacch & C I do - g e
Algorithm 2 The cf-means algorithm . J‘ '. '_"1 foe all x; € B I - L |
Require: l.)nr.: matrix '\ .Y::vl::‘.l;nlv\'?' .'..+ .-m.\;"-w K, initial centers {ux }, initinl weight Ag, A-decay v, 6 f'”'ﬁl:lli' ."”.,-_ mEtraction loss -
| A oty
3:  (Assignment) For each point x,. compute T e e ey ey e -
HE h. q~|n:.fl-::-m- b b gradient deacent on Lue (el) Pendigits e} Seeds [d}) Waveform (&) Wine
4:  (Counterfactual Assignment) For each point z,, compute the nearest alternative cluster 1 @fd for Figure 23: Comparison of the b-means clustering error across 50 mns for ive Figure 24: Box plots of NMI scores for the compared deep clustering methods
+ = arg min Iz — s, 10: Inltlalize Cluster Centers datasets, nsing cl-means and standard F-means, both starting from the same (deep cf-means and deep k-means) across five benchmark datasets. Each plot
11: Sample K points from the latent reprosentations: random imitialization. Each subhgure presents S5E box plots of the two methods swmmarizes the NMI distribution for each dataset over ten independent runs
(Counterfactual Gradient) Initialize Veus = O for all k. For each point =, - _ for a specific dataset (lower 15 better). Across most datasets, ef-mweans vields  using fro both methods (i) the same initial pretrained AE and (ii) identical
L T &= 1 " lower and more stable nal errors, demmonstrating ils eflectiveness in attainng random latent center initializations.
\' el | 12: Joint Training Phase et ter Jocal noannna that A-means
13: for epoch - 1., T, . do
and, if |lv;||? is I, upd 14 for mimbatch 8 O D do
| | 5 = f.l=x), £, = gols;)
Vetphe, += A - A, Ve A Ba,lxi), L Compute noarcet and socond-noarcst coniors
where A, (xs) -n;::".,‘ 28 1v; 1%, vl, -I.”:‘ pa, Moyl o, = -.r_'_||:=:|||. E — Hi !". 2, = nrg __'!t_l.:ln Nz — il -
U' . “;; N lh'l”sm. | ' - r;':l EF | o
" q\ .::“ : \“. ﬁH | & Compute coumerfactual separation loss:
i © Be =N = Ha, B by = 3 (llua, II¥ e, 1)
T (Weight Decay) A < ) SRR s * We introduced counterfactual distances as an effective way to quantify
9: (k-means refinement) run k-means initialized at centers - T et e I1E .
B o cluster separation.
Cacep = Meve Lree + M £y = At £ * We proposed CFQ, a separation-aware clustering quality index that
) r-m: E:I::‘m- putocnceder pararmcters (@, o) ond conters {u, | w=ing gradicent descent Complements eXiSting internal Validation measures.
J2: ond for . . - .
1 et T et s e * We embedded counterfactual-based separation directly into clustering
objectives through cf-means, improving robustness.
* We extended this framework to representation learning with deep cf-means,
yielding more compact and separated latent clusters.
» Overall, counterfactual-based separation provides an approach for both
clustering evaluation and separation-aware clustering algorithms.
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