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Abstract

1. Introduction

• We introduce a counterfactual-based formulation of cluster separation, 

where separation is measured as the distance of points to decision 

boundaries of competing clusters.

• We propose Counterfactual-based Quality Score (CFQ), an internal 

clustering quality index for centroid-based clustering that combines 

counterfactual separation with intra-cluster variance.

• Empirical evaluation shows that CFQ provides a robust alternative to 

Silhouette and VRC, capturing cluster separability more effectively in many 

settings.

• We embed counterfactual separation directly into the clustering objective, 

proposing cf-means, a separation-aware variant of $k$-means with 

reduced sensitivity to initialization.

• We extend this framework to deep clustering with deep cf-means, jointly 

optimizing reconstruction, compactness, and counterfactual separation to 

learn enhanced latent representations.

• Clustering is a fundamental unsupervised learning task, widely used 

for data exploration, representation learning, and pattern discovery.

• Evaluating clustering quality and selecting the number of clusters 

remain challenging due to the absence of ground-truth labels.

• Existing internal indices mainly rely on pairwise distances or centroid 

dispersion, often failing to capture meaningful cluster separation.

• Counterfactual explanations provide a principled way to measure how 

close a data point lies to the decision boundary of competing clusters.

• We define CFQ, a separation-aware clustering quality index based 

on counterfactual distances.

• We develop two separation-aware clustering algorithms, cf-means and 

deep cf-means, which incorporate counterfactual-based separation 

directly into shallow and deep clustering objectives.

4. Experiments 

2. Counterfactual-based Quality Score

3.The cf-means and  deep cf-means clustering algorithms
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• We introduced counterfactual distances as an effective way to quantify 

cluster separation.

• We proposed CFQ, a separation-aware clustering quality index that 

complements existing internal validation measures.

• We embedded counterfactual-based separation directly into clustering 

objectives through cf-means, improving robustness.

• We extended this framework to representation learning with deep cf-means, 

yielding more compact and separated latent clusters.

• Overall, counterfactual-based separation provides an approach for both 

clustering evaluation and separation-aware clustering algorithms.

• The distance 𝑆𝑒𝑝 𝑗 𝑙 of cluster 𝐶𝑗to 𝐶𝑙 is defined as the sum of squared 

counterfactual distances of the points of 𝐶𝑗to cluster 𝐶𝑙:

𝑆𝑒𝑝 𝑗 𝑙 = ෍

𝑥𝑖∈𝐶𝑗

𝑑𝑗𝑙
2 𝑥𝑖 .

 •The separation 𝑆 𝑗 of cluster 𝐶𝑗 is defined as its minimum separation to 

any other cluster:

𝑆 𝑗 = min
𝑙, 𝑙≠𝑗

𝑆𝑒𝑝 𝑗 𝑙 .

 •The total separation 𝑇𝑆 𝐶 of the clustering solution is computed as:

𝑇𝑆 𝐶 =෍

𝑗=1

𝑘

𝑆 𝑗 .

 •The total variance 𝑇𝑉 𝐶 of the clustering solution is defined as:

• Our clustering quality measure (CFQ) is the ratio of the two terms:

𝐶𝐹𝑄 𝐶 =
𝑇𝑆 𝐶

𝑇𝑉 𝐶
.

5. Conclusions
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