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E(C) =
N∑

i=1

K∑

k=1
1Ck

(xi)||xi − µk||2. (1)

In this formulation, 1Ck represents the indicator function for
the setCk,while the setof cluster centersM = {µ1, . . . , µK}
contains the mean of the data instances in each associated
cluster. The symbol notations used in this paper are given
in Table 1. In particular, the k- h  
two main limitations:

1. Sensitivity to initial centers: The solution relies criti-
cally on the initial placements of the cluster centers. It
is possible that, due to poor initialization, the k-means
may converge to poor local minima of the clustering
error.

2. Linear separability: The resulting clusters are
restricted to being linearly separable, limiting the algo-
h’    x 
shapes.

O  h     h  
  h      
positions, each sampled uniformly at random from data-
set X and keep the solution with the minimum clustering
error. However, it has been shown that this procedure does

1 Introduction

Clustering is a fundamental unsupervised learning prob-
lem, aiming at partitioning a dataset into homogeneous
groups (called clusters) based on a similarity or distance
measure [1–3]. Among the many clustering algorithms,
k-means [4, 5] is particularly notable for its simplicity and
. S, h h’ j   
  z  j   .
Assuming a dataset X = {x1, . . . , xN }, where xi ∈ Rd,

partitioned into K j  C = {C1, . . . , CK},
h    x  h   h 
Euclidean distances between each xi ∈ Ck to its respective
cluster center µk:
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Abstract
Kernel k- x h k-means algorithm to identify non-linearly separable clusters but is inherently sensitive to
 z. T  h h,    h kernel k-means ++ method, which conveys the
  z   k-means++ from Euclidean to kernel space. Building on this, we propose global
kernel k-means ++ (GKkM++), a novel clustering algorithm designed to balance clustering error minimization with
reduced computational cost. GKkM++ x h -h  k k-means algorithm by incorporating the
stochastic initialization strategy of kernel k-++. Th h    x h
preserving superior clustering error minimization capabilities akin to traditional global kernel k-. Th x
results on synthetic, real, and graph datasets indicate that GKkM++ consistently outperforms both kernel k-means with
random initialization and kernel k-++, h h    h   h xh
and computational intensive global kernel k-means method.

Keywords Clustering · Graph partitioning · Kernel k-means · Global kernel k-means · Global optimization
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not produce satisfactory results [6]. The global k-means
(GkM) [7] algorithm has also been introduced as a solu-
tion to the center initialization problem. This deterministic
approach proposes a global optimization strategy that elimi-
nates the dependence on random initialization of cluster
centers. Instead of initializing all cluster centers simulta-
neously, GkM adopts an incremental procedure, aiming to
optimally add a new cluster center at each stage k, leverag-
ing the clustering solution k − 1. D  ,
a shortcoming of this method is its increased computational
x. Ah   h  

initialization is k-means++ [8], which has become widely
    . Th h  
cluster center positions by selecting data instances based
     xz h .
The algorithm follows a two-step process to initialize each
 :      h
guides center selection and then using this distribution to
sample a data instance that determines the position of the
initial center. This distribution is iteratively updated to
 h    ,  h -
tions are repeated until all K cluster centers are initialized.
The acronyms of the algorithms studied in this paper are
presented in Table 2.
Both GkM and k-means++ constitute well-studied

h. T h  , 
variations of theGkM algorithm have been proposed [9, 12–
15]. Similarly, numerous variations and theoretical analyses
have been developed for the k-means++ algorithm [16–21].
Empirical evidence and theoretical results indicate that both
the GkM and k-++ h  
standard k-means [15, 22–24].
To address the second limitation of the k-means (i.e. lin-

ear cluster separability), the kernel version of the k-means
algorithm has been proposed [10, 11, 25–27]. The kernel
k-   h h      
the input space to a higher-dimensional feature space using
a nonlinear transformation. In this richer representation, the
   x    -
ble, making the use of the k- h  -
tive. Therefore, the k-means clustering error is minimized
 h  ,   h   -
linearly separable clusters in the input space, thus overcom-
ing the second limitation. Spectral clustering constitutes
   h  , x
h     x   h
data [28, 29]. Notably, a direct relationship between kernel-
based methods and spectral clustering has been established
in [11]. In addition, deep learning integrated into clustering
methodologies illustrate another recent approach to solv-
ing the second limitation of linear separability [30–36].
Although these methods have shown great potential, they
often involve large-scale training and hyperparameter tuning
(e.g., choice of network architecture, activation function).
However, introducing kernel-trick into the k-means

  h  : h  -
erly initialize the centers in feature space? Inspired by the
GkM method, the global kernel k-means (GKkM) has
been proposed to address the initialization issue [10, 37].
S, GKkM operates in a similar incremental fash-
ion to GkM by solving all intermediate subproblems with
k = 1, . . . , K, utilizing kernel k-means as a local search

Table 1 D     h 
Symbol D

X Dataset
N Number of samples
K Number of clusters
L Number of candidates
xi ith data instance
µi ith center in Euclidean space
mi ith center in feature space

ϕ Kernel function

K K x
Kij (i, j)th element of K
Ci ith cluster

Ci ith clustering solution

E Clustering error function
P Probability vector
pi Probability of ith data instance
1 Indicator function

di Distance of ith data instance from its nearest center

ci ith center candidate

c(xi) Cluster of xi

M Set of cluster centers

X Data space

F Feature space

U Uniform distribution

A A x
Aij (i, j)th element of A
G Graph

E Set of edges

A, B, V , Vi Set of nodes

D N  x

Table 2 Acronyms of algorithms used in this paper
Acronym D References

GkM Global k-means [7]

GkM++ Global k-means++ [9]

GKkM Global kernel k-means [10]

RKkM Kernel k-means with random
uniform initialization

[5, 11]

KkM++ Kernel k-means++ This work

GKkM++ Global kernel k-Means++ This work

1 3
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procedure. The intuition behind both algorithms is that a
near-optimal solution with k clusters can be achieved by
starting with a near-optimal solution for k − 1 clusters and
initializing the kth cluster N times, each time starting from a
   . Th  h h -
est clustering error is selected for the k-clustering problem.
GKkM presents very satisfactory optimization capabili-
ties, provides solutions for all k ∈ {1, . . . K}, and is also
deterministic, since it does not depend on cluster initializa-
. Nh,      
 x, h  h GkM since
  KN x  h k k-means to solve the
K-clustering problem. As a result of its high computational
demands, GKkM is only applicable to small datasets, mak-
ing it impractical for larger-scale clustering tasks.
Recently, the global k-means++ (GkM++) clustering

algorithm [9] has been proposed to leverage the superior
clustering solutions of the GkM algorithm while mitigating
   . Th  -
h  x h   z
strategy of k-++. S,  h k-cluster
subproblem, GkM++ appropriately chooses L ≪ N data
instances as candidate initializations for the new center
(instead of N, which GkM ). C 
is made using the k-means++ probability vector. This selec-
 h        
computations. Notably, GkM++  h  
the incremental clustering strategy of GkM while reducing
the computational demands since a small number of appro-
      x.
In this work, inspired by the capabilities of the GkM++

method [9], we present the global kernel k-means ++
(GKkM++) algorithm, a novel approach to obtain supe-
rior kernel-based clustering solutions similar to those of
GKkM at a lower computational cost. This improvement is
h   h    -
ability distribution of kernel k-means++ with the global ker-
nel optimization strategy, allowing GKkM++  
x h   h  x -
mization capabilities.
The proposed GKkM++ algorithm incrementally

addresses all intermediate subproblems for k = 1, . . . K − 1
in the kernel space, ultimately yielding the solution for K
clusters. The core concept behind this method is that the
optimal kernel k-means solution for K clusters can be
 hh     k k- x-
tions, appropriately initialized. In particular, during each
local optimization with k clusters, the k − 1 clusters are
consistently initialized on the solution obtained from the
previous problem with k − 1 clusters. The newly added
kth cluster contains a single instance that is initialized at

several starting positions determined by sampling from
the k-means++ probability distribution in the kernel space.
Complementary to theGKkM++method, we also formulate
the kernel k-means ++ (KkM++) to evaluate and compare
the capabilities of both initialization strategies in the kernel
space. Therefore, the key contributions of the paper are1:

● We propose GKkM++, a new algorithm for clustering
in the feature space. The proposed algorithm constitutes
    h   GKkM and
(kernel) k-means++. It provides solutions with low clus-
tering error (comparable to GKkM) at lower computa-
tional cost.

● We formulate the KkM++ method in order to evaluate
and compare the capabilities of both initialization strate-
gies in the kernel space.

The rest of this paper is structured as follows. In Sect. 2,
       h k-means and kernel
k-means, followed by a discussion of some of the most pop-
ular variations for center initialization. Then, in Sect. 3, we
formulate the kernel k-means++ method and introduce the
global kernel k-means++. In Sect. 4, we present the results
  x  x   h
synthetic and real datasets. Additionally, we evaluate the
 h  h x  h h 
task (community detection). Finally, in Sect. 5, we provide
conclusions and directions for future work.

2 Related work

This section presents related work, divided into two parts:
k-means clustering in Euclidean space to introduce the clus-
tering problem and kernel k-means for clustering in feature
space, which is the focus of this paper.

2.1 k-means for clustering Euclidean space

k-    h h j h -
tions of K cluster centers. In its simplest form (Lloyd’s
algorithm [5]), the K centers are randomly initialized
through uniform sampling from the set of data instances
X = {x1, . . . , xN }, where xi ∈ Rd. The algorithm fol-
lows a two-step iterative procedure until convergence: the
cluster assignment step and the center update step. Dur-
ing the assignment step, each data instance xi is assigned
to the cluster Cj whose center µj is the nearest, i.e.

1 Our implementations of the GKkM++ and KkM++ clustering algo-
rithms are available in the following GitHub repository: https://github
.com/gvardakas/global-kernel-k-means-pp.
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from the solution of the (k − 1)-cluster problem. A number
L of initial locations is considered for the kth cluster center.
Those locations are determined through sampling from the
probability vector of k-means++. Thus, to solve the K-clus-
tering problem, a total of LK k-   
instead of NK, where L ≪ N . This approach is both fast
  ,    
distance computations.

2.2 Kernel k-means for clustering in feature space

The kernel k-means algorithm [25] x h 
k-means algorithm to another space of higher dimension,
called feature space F . This is achieved by mapping origi-
nal data instances using a non-linear function ϕ : X → F .
In the transformed space, the algorithm minimizes the clus-
     h   (h
version):

E(C) =
N∑

i=1

K∑

k=1
1Ck

(xi)wi||ϕ(xi) − mk||2, (2)

where mk =
∑N

i=1 1Ck
(xi)wiϕ(xi)∑N

i=1 1Ck
(xi)wi

. (3)

I h  , h k x   
K ∈ RN×N , where each element Kij = ϕ(xi)T ϕ(xj) rep-
resents the inner product similarity in the feature space
between instance i and j. I   h k x  
,  h    [26, 40].
By utilizing the kernel trick [25, 40], h  

 E. (2)    h x k h
transformation ϕ,  h  h  :

||ϕ(xi) − mk||2 = Kii −
2

∑N
j=1 1Ck

(xj)wjKij
∑N

j=1 1Ck
(xj)wj

+
∑N

j=1
∑N

l=1 1Ck
(xj)1Ck

(xl)wjwlKjl
∑N

j=1
∑N

l=1 1Ck
(xj)1Ck

(xl)wjwl

.

(4)

The kernel k-   x  h -
tion ϕ(x); therefore, the centers mk of the clusters in the
feature space cannot be computed directly. However, the
  h k x  h  
to compute the feature space distance between instances and
cluster centers. Kernel k-means can achieve non-linear clus-
ter separation, thereby addressing the second k-means limita-
. U  h,   h h
version of the algorithm, i.e. wi = 1, i = 1, . . . , N .

j = arg mink ||xi − µk||2. At the center update step, each
      h   h  

assigned to its cluster µj = 1
|Cj |

∑
xi∈Cj

xi. This simple

iterative procedure converges to local minima of the clus-
tering error but is highly sensitive to the initial placement of
cluster centers. In contrast, the resulting clusters are limited
to be linearly separable, preventing the algorithm potential
  x  .
The k-means++ algorithm [8]   k   -

tive method for the selection of the initial cluster positions
with several variants [16–18, 38] and theoretical results [8,
19, 20]. S, h k-means++ starts by determining
h    µ1 through uniform random selec-
tion from the dataset. At each iteration k, assuming that a
set of k − 1 centers {µ1, . . . , µk−1} have been determined,
it computes the distances di = minj ||xi − µj ||2, for each
data instance xi from its nearest center to form the probabil-
ity vector P = (p1, . . . , pN ), where each component pi is

given by pi = P r(µ = xi) = di/
∑N

j=1 dj . S,

h x   µ is determined by sampling a data
instance using the probability vector P. The process of sam-
pling and updating the probability vector continues until the
K    h  . F, h
standard k-means algorithm is applied to provide the clus-
tering result.

The global k-means (GkM) clustering algorithm [7] is
an incremental deterministic global optimization method
that utilizes the k-means algorithm as a local search pro-
cedure. Instead of randomly choosing initial values for
cluster centers, GkM incrementally adds a new cluster
center at each stage in an attempt to place it optimally. To
achieve this, the algorithm starts with one cluster (k = 1)
and solves the problem for the k clusters by building on the
solution obtained for the (k − 1)-cluster subproblem, thus
  h   h
k clusters (k ∈ {1, . . . , K}). Its main drawback lies in its
  x,  KN x-
tions of k-means for the K-cluster problem.
I    h x   GkM, several

methods have been proposed [7, 9, 12–15, 39].Among these,
the global k-means ++ (GkM++) clustering algorithm [9]
is a recent approach that seeks to combine the strengths of
both GkM and k-means++ methods. The key idea is to har-
 h hh-    h GkM algo-
h h     
  h    h 
k-++. M , GkM++ inherits the incre-
mental clustering strategy from GkM and adds one clus-
ter center at a time. In order to solve the problem with the
k-cluster problem, the k − 1 cluster centers are initialized
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Algorithm 1 Kernel k-Means

I  k h     k
x, h k k-means monotonically converges to
a local minimum of clustering error in the feature space.
I h , h h’  x 
O(N2τ), where τ denotes the number of iterations to con-
vergence [41]. It is important to point out that applying ker-
nel k-    h   h,
  h   h k xK. The detailed ker-
nel k-means algorithm is described inAlgorithm 1. It should
be emphasized that the kernel k-   
   . A h , h  
updated in order to reduce the clustering error. It should be
noted that in most software packages, the standard method
for initializing kernel k-means is either random initializa-
tion [5] or random instance labeling, also known as Forgy’s
method [42]. It is widely known that both strategies very
often lead to convergence at poor suboptimal solutions.

Algorithm 2 Global Kernel k-Means

The global kernel k-means (GKkM) [10]   x
of the GkM algorithm for feature space clustering error
z (E. 2). GKkM employs kernel k-means as
a local minimization procedure and operates incrementally,
solving all subproblems for k = 1, . . . , K successively. The

underlying idea is that a near-optimal solution for k clus-
        - -
tion for k − 1 clusters and then initializing the kth cluster N
, h h z     
instance. Among the N solutions, the one with the small-
est clustering error is selected for the k-clustering problem.
GKkM presents very satisfactory optimization capabili-
ties, provides all solutions for all k ∈ {1, . . . K}, and is
also deterministic since it does not depend on initialization.
However, its primary limitation is the high computational
x h GkM. I h    -
ters is K, then KN kernel k- x  ,
    x  O(N3Kτ), assuming
h k x h   [10].
The details of GKkM are outlined in Algorithm 2. Spe-

, h h  h    K
  k x K as input. It should be noted that Ck

refers to the kth cluster in the partition, while Ck denotes
the entire clustering solution for k . A , h
method addresses the kernel 1-means subproblem by setting
the clustering solution C1 to represent the entire dataset X
(Step 1 in Algorithm 2). Nx,  k h k 2-
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in Sect. 3.1, we introduce the formulation of the kernel
k-means++ method. Furthermore, in Sect. 3.2, we pres-
ent the global kernel k-++ h, hh 
enhanced optimization capabilities and reduced computa-
     , hGKkM
method. Finally, in Sect. 3.3, we provide results on compu-
 x.

3.1 Kernel k-means++

As previously mentioned, k-means++ [8] is a successful
algorithm for selecting initial center positions in Euclidean
,   . Th  h h
k-means++ initialization algorithm is to select a set of well-
dispersed initial centers throughout the dataset. This makes
the algorithm less likely to converge to poor local minima,
leading to improved clustering performance. Thus, we aimed
to evaluate its performance in feature space clustering when
used as an initialization method for kernel k-means. There-
fore, we study the kernel k-means ++ (KkM++) algorithm
that can be derived from k-means++ using the feature space
distance formulation described in Algorithm 3.

subproblem, kernel k-  x N times. In each
of these N x, h  , C ′

2, is initialized
using a data instance xn, which is removed from the previ-
ously obtained clustering solution C′

1 (Steps 4 and 5 inAlgo-
rithm 2). The initialization for two clusters is constructed by
combining the solution C′

1 with the single-point cluster C ′
2

(Step 6 in Algorithm 2). The Kernel k-means then further
z h  j  h z
(Step 7 in Algorithm 2). After all data instances have been
considered as possible initializations for the second cluster
(i.e., kernel k- h  x N times), the lowest
     h    h k
2-means problem (Step 9 in Algorithm 2). This process is
repeated incrementally for every k = 2, . . . , K, each time
x h  h (k − 1) clusters. Finally, the
algorithm provides solutions for all k = 1, . . . , K.

3 Method

This section presents the methodology developed to
z h     (E. 2) while
 h  . S,

Algorithm 3 Kernel k-Means++ Initialization

In the following formulation, µ and m represent a cluster
  E   , . S-
cally,KkM++  h   K and a kernel
x K as input. The algorithm begins by initializing the
   µ1 by randomly selecting a data instance
xi from X (Step 3 in Algorithm 3). For each data instance
xi, it computes the distance di = mink ||ϕ(xi) − mk||2,

where mk represents the closest cluster center in fea-
 ,   mk = ϕ(µk) (Steps 6–8 in Algo-
rithm 3). The probability vector P = (p1, . . . , pN ) is

h , h h  pi is given by

pi = Pr(m = ϕ(xi)) = di/
∑N

j=1 dj (Step 9 in Algo-

rithm 3). Since each cluster center mk = ϕ(µk) = ϕ(xj) is
initialized by a sampled data instance xj from the dataset X,
h     k x :

d (ϕ(xi), mk) = d (ϕ(xi), ϕ(µk)) = ||ϕ(xi) − ϕ(xj)||2
= Kii − 2Kij + Kjj .

(5)
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S, h x  m is sampled from the dataset
  h     h -
bility vector P, and the process is repeated until all K centers
are initialized (Steps 5–11 in Algorithm 3). Note that even
though we do not have direct access to the data instances
ϕ(x) or cluster centers m in the feature space, the described
process allows us to compute the distribution of distances
between each data instance and center in the feature space,
h     h x   
from X.

3.2 Global kernel k-means++

GKkM (Algorithm 2) constitutes a deterministic method
that aims to tackle the initialization issue of kernel k-means
but at a high computational cost. It operates incremen-
tally and provides feature space partitions into K clusters
    k-cluster subproblem
k = 1, . . . , K. To address the problem with k clusters, N
kernel k- x  , h h 
the N data instances is considered as the initial position for
h     h  . Th xh
consideration of initial positions for the new cluster center
    ; h,  
  . H, xh h 
the algorithm’s applicability to relatively small datasets.

Algorithm 4 Global Kernel k-Means++

To preserve the optimization capabilities of the greedy
   GKkM, and inspired by the GkM++
method, we introduce the global kernel k-means ++
(GKkM++) method for feature space clustering. The key
  h,      
xn ∈ X as a potential candidate for the new center, the pro-
posed method considers only L appropriately selected can-
didates. Therefore, only L kernel k-   
for each k-cluster subproblem, with L ≪ N. GKkM++

h h       -
 h z    h x
   h  . S, h h
employs theKkM++ instance selection probability distribu-
   h  . Th  j 
this approach is to obtain enhanced optimization capabili-
    x. Th GKkM++ algo-
rithm is presented in detail in Algorithm 4.
Th h    h k x K, the

   K, the number of candidates L, and
the strategy S used to sample candidates: either batch or
sequential. Note that D = (d1, . . . , dN ) denotes the vector
of distances di, with di being the distance of ϕ(xi) from its
nearest center mj in the feature space. The method follows
the steps outlined below. First, it computes the solution to
h k 1-    h  
to contain all data instances. It also initializes the distances
di (steps 1–2 in Algorithm 4). Then, in order to solve the
2-cluster subproblem, the kernel 1-means solution (obtained
  1)  z  h   . Th h 
of L candidate instances {c1, . . . , cL} is formed through
  h h    ( 4 
Algorithm 4) in order to determine candidate initialization
for the second cluster. Since we do not assume direct access
to ϕ(cℓ), the GKkM++ method, similar to GKkM, initial-
izes the candidate cℓ as a new cluster containing a single

element, bypassing this problem (steps 6–8 inAlgorithm 4).
Nx, L x  k k-means until convergence
take place, one for each initial cluster {cℓ} (steps 5–10 in
Algorithm 4). From the L solutions found, we select the one
with the minimum clustering error value (step 11 in Algo-
rithm 4). Finally, we update the distances di (steps 12–14 in
Algorithm 4). In the same spirit, for each k = 2, . . . , K, the
method progressively solves the k-cluster subproblem by
x h   h (k − 1)-cluster subproblem.
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candidates has been determined (steps 5–12 inAlgorithm 5).
Wh h   h  -
 h   ,      -
tive distribution of the L candidates within the feature space.
I     h  h   h 
sampling strategy, the relation di = minrj∈M ||ϕ(xi) − rj ||
h. C, h    10  

to consider the set Φ(ℓ)
c , which reduces the distance compu-

tation to di = minℓ{di, |ϕ(xi) − ϕ(cℓ)|2}.
Figure 1    x  h -

posed GKkM++ algorithm using a synthetic two-dimen-
  h 10      
concentric rings. The dots represent the data instances,
while the color indicates the respective cluster assignments
determined by the algorithm. Green crosses mark the candi-
   z h x . A,
the red star denotes the winner candidate corresponding to
the best initialization. In Fig. 1a–d, the method addresses a
kernel k-  h    -
ters k. B  h  , h x -
ter candidates are sampled from the KkM++ distribution.
S,  F. 1a, the kernel 1-means subproblem is
initially solved by considering the entire dataset as a single
cluster (denoted in blue), and the method successfully sam-
 h x      -
    h . Th  h

To compute the solution with k clusters, the k − 1 clus-
ters are initialized using the already found partition of the
(k − 1)-cluster subproblem. Then, the L candidate instances
  ( h h h   
 x)   h  h    
initialize the kth . Th    h h
is a clustering solution for all k = 1, . . . , K. It is important
to note that steps 5–10 of Algorithm 4   x 
,    (  L times faster).
For further speed up kernel k- x, MR
schemes [43], and coreset [44] could also be applied.
The initial center candidates are sampled using the prob-

ability distribution P, hh x h  
distance of the instances from the closest cluster center. As
presented inAlgorithm 5, two sampling strategies have been
considered. Batch sampling (steps 2–3 in Algorithm 5) is
   x  h - 
di, i = 1, . . . , N . Using these distances, the selection prob-
ability pi for data instance xi (step 2 in Algorithm 5) is
computed and the probability vector P = (p1, . . . , pN ) is
formed. Probability pi is inversely proportional to distance
di, so data instances far (in feature space) from the current
cluster centers are more likely to be selected. Then, using
the computed kernel k-means++ probability vector P, a set
of L candidates {c1, . . . , cL} are selected by sampling with-
out replacement (step 3 in Algorithm 5).

is consistently observed in Fig. 1b and Fig. 1  h 
clustering with k = 10 clusters is achieved in Fig. 1d.
In Fig. 2 (left), we present the solution when the method

is halted at k = 8. We observe that 6 of the 10 clusters have
  , h h   
h . A h ,  x  
located farther from any cluster center to be more likely
to be selected than those closer to the centers. On the right

Algorithm 5 Candidate Selection

A,    h   
 hh h     . I
this case, the distribution P is updated so that instances are
selected to be distant not only from the current cluster cen-
ters but also from the already selected instances (step 7 in
Algorithm 5). Therefore, after each sampling, the distance
di of each data instance ϕ(xi) is updated accordingly (steps
9–11 inAlgorithm 5) to take into account the newly selected
instance. After L sampling steps, the set {c1, . . . , cL} of
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Conversely, data instances in the inner rings have a low
 ,  h x    
in the feature space reduces the likelihood of their selection.
Lastly, the data instances in outer rings that already form
distinct clusters have a lower selection probability than
those in outer rings that have not been partitioned.

side of Fig. 2, a heatmap illustrates the selection probabil-
ity of each data instance as a candidate for initializing the
x   h k = 9 subproblem. In the heatmap, dark
blue indicates low selection probability, while red indicates
high selection probability. As observed, data instances in
the two outer rings, which do not form a cluster indepen-
, xh   hh  .

Fig. 2 I x 
GKkM++ x. C
denote the data instances

Fig. 1 I x 
GKkM++ x. D
instances are denoted with circles,
red crosses indicate cluster centers
and red star denotes the winner
candidate corresponding to the best
initialization

1 3
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3.3 Complexity analysis

Since GKkM++ is closely related to GkM++ and kernel
k-,  h h  x. S-
, h x  k k-means is O(N2τ), where
τ represents the number of iterations until convergence.
Assuming K clusters, GkM++  O(KL) x-
tions of kernel k-. C, h 
x  GKkM++ is O(N2KLτ ), assuming access
 h k x K, where L ≪ N . Th   -
cant speedup compared to GKkM, which has a O(N3Kτ)
x. I h   h  h 
observed that kernel k-means tends to converge faster (in
fewer iterations) as k   h  
framework. This speedup is reasonable because, when solv-
ing each k-cluster subproblem, the method utilizes the solu-
tion from the (k − 1)-cluster subproblem, which is already
well-positioned. As a result, the number of iterations τ

      k increases,
h  h h’  .
As mentioned previously, the batch sampling strategy

   x  . S
sampling adds O(NL) distance computations, similar to
KkM++ for sampling the K cluster centers. It should be

Table 3 K    x 
Kernel type Kernel function

Cosine Kernel K(xi, xj) = xi·xj
∥xi∥∥xj∥

Polynomial Kernel K(xi, xj) = (γ (xi · xj) + c0)deg

RBF Kernel K(xi, xj) = exp
(
−γ∥xi − xj∥2

2
)

Fig. 4 Clustering results for the
h  h x G
dataset

Fig. 3 Clustering results for the 18
rings dataset

noted that an additional advantage emerges from the incre-
mental solution of the kernel k-means problem: in many
cases, the number of clusters is not given. Therefore, it is
necessary to obtain solutions for a range of k values. Those
      
  (.. h  [45], modularity [46],
inclusion [47, 48] etc.) for cluster number estimation [22].

4 Experiments

W h   x   x
to assess the performance of the proposed KkM++ and
GKkM++ methods, the latter both with batch (b) and
 ()  . Th h  -
pared againstGKkM and RKkM using the kernels of Table
3.
Th x     h -

sections. In Sect. 4.1, we demonstrate the clustering per-
formance of each algorithm on synthetic two-dimensional
datasets that are not linearly separable. Section 4.2 focuses
on evaluating the algorithms on graph partitioning tasks,
while in Sect. 4.3, real-world datasets are considered.

4.1 Synthetic data demonstration

A ,    h h 
that are not linearly separable, as shown in Figs. 3 and 4,
. S, h  h  (F. 3)
consists of nine pairs of concentric rings, each containing
50 data instances, resulting in a total of 900 points evenly
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It is known that the kernel k- j  -
  h  j  h k x  -
  [11, 41, 49]. This proof is established by
 h    xz, 
a similar methodology to that in [50], where the k-means
j      xz. K
k-  h    -
tors; however, it cannot ensure an optimal solution due to its
dependence on cluster initialization. Even when eigenvector
  , x  [41] indicate that
kernel k-means can further enhance the clustering results
obtained from spectral methods.

GKkM    z   
graph partitioning tasks [10]. Naturally, KkM++ and
GKkM++ can also address the graph partitioning problem,
as they are built upon the foundations of kernel k-means
and GKkM, . I h  x, 
demonstrate the performance of each clustering method on
the graph partitioning task using three graphs of increas-
  (T 5). We evaluate the performance of the
 h   x    (
communities), denoted by K, and consider each solution for
k = 1, . . . , K. I  x,  xK = 50. To ensure
consistency in the comparison, each subproblem with k
clusters is solved using L = 100, where L represents either
the number of restarts or the number of candidate solutions
x. S,  KkM++ and RKkM, L 
the number of restarts. For GKkM++, L  h -
ber of candidates selected. Finally, due to its deterministic
nature, GKkM  x .

4.2.1 Graph datasets

T  h   h  h,
     x   -
 h. W   h h xh
diverse characteristics, including the number of nodes and
edges (see Table 5).

distributed across 18 clusters. The second dataset (Fig. 4)
 h   x G , h
each cluster containing 50 data instances. This results in
a total of 450 points uniformly distributed across all nine
clusters. In both cases, the RBF kernel was employed.Algo-
rithms such as k-means, which rely on identifying linearly
separable clusters in the data space, are therefore unsuitable
for these datasets.
In our synthetic data demonstration, the GKkM  x-

cuted once since it produces deterministic clustering results.
In contrast, RKkM and KkM++ were employed 100 times,
from which we report the minimum clustering error, simi-
  h x    [22]. Furthermore,
for the variants of GKkM++, we set the number of clus-
ter candidates to L = 100 (  h   
used for the rest of kernel k-means variants). We conducted
h x   ,    [9]. Finally,
h   h    h h 
 hh   (E. 2) and through visual
inspection as shown in Figs. 3 and 4.
In these challenging clustering tasks, GKkM accurately

  . S, GKkM++ h 
and batch sampling also successfully partitions both datas-
,  h   h  -
cedures. The solutions produced by GKkM and GKkM++
variants achieve the lowest clustering errors, as shown in
Table 4. On the other hand, RKkM and KkM++ fail to
identify all clusters in both datasets correctly. However, as
shown in Table 4,KkM++ outperforms RKkM in both syn-
thetic datasets in terms of clustering error.

4.2 Graph partitioning

Gh     h  
. I h x,    h  h
G = (V , E), whereV and E are the sets of vertices and edges,
. O     h h  j
 h   . S j
for graph partitioning have been proposed, including ratio
association, ratio cut, normalized cut, and others. Spectral
methods are commonly used to address these problems by
 h   h  x [28]. How-
ever, eigenvector computation is computationally intensive,
 O(N3) operations, and may become impractical
 x h.

Table 4 Clustering error comparison of the evaluated methods on 2D
synthetic datasets
Dataset RKkM KkM++ GKkM GKkM++

(b)
GKkM++
(s)

18 Rings 362.56 361.66 345.10 345.10 345.10
3 Rings & 6
Gaussians

128.02 127.21 121.75 121.75 121.75

Table 5 Descriptions of utilized graphs
Graph Description #

Nodes
#
Edges

Source

email-Eu-l-TD1 Email commu-
nication among
 
members

309 1938 [51]

email-Eu E xh
among all institu-
tion members

1005 16,706 [51]

grqc Co-authorship in
general relativ-
  
cosmology

5242 14,496 [51]

1 3
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NC(G) = min
V1,...,VM

M∑

i=1

links(Vi, V/Vi)
degree(Vi)

. (7)

T  h j   h k-
nel k-means to correspond to that of the normalized
cut, we need to set wi = Dii, wj = Djj , wl = Dll, and
K = D−1AD−1 [41, 49].
Th     h k x

   h     , hh
is essential for its validity in our algorithms.Although being
     ,    -
  h   h x h. A
solution to this problem is proposed in [41], which involves
   h  h k x. T  h
  ,   K = λI + A, where I
 h  x  λ    
constant to guarantee that K   . A-
tionally, to tackle the normalized cut problem, we formulate
K = λD−1 + D−1AD−1. A    h h j-
  h k x    h   h -
lem. However, as demonstrated in [41], it may adversely
 h   h h  h h λ is
x [10].
In our study, clustering is framed as an optimization

problem. Our aim is to obtain solutions of minimum error in
the feature space. Therefore, we evaluate the performance
of each method using the clustering error. Minimizing clus-
     xz h  
(E. 6)  h    z h z 
(E. 7) in the second case. For performance comparison we
calculate the relative Percentage Error:

PE = E(Ck) − E(C⋆
k)

E(C⋆
k) × 100%, (8)

where E(C⋆
k) represents the clustering error of the baseline

h, hh    GKkM, and E(Ck) denotes
the error produced by each of the compared methods
(Figs. 5, 6). However, in the case of grqcwhereGKkM did
not provide solutions in reasonable time due to its high com-
putational burden, we utilized theGKkM++h 
sampling strategy as a baseline method.

4.2.3 Graph partitioning experimental results

A      h x 
(Figs. 5, 6), GKkM++ produces results comparable to
GKkM (with a Percentage Error smaller than 0.05 in most
cases) which consistently achieves the best performance in
h h    z  j.
N h h   j    

The email-Eu-l-TD1 graph captures email communica-
 x    h  
within a European research institution, with edges indicat-
ing the sender–receiver relationships in both directions. In
addition, email-Eu graph is constructed from anonymized
    h  ,  
incoming and outgoing communications among its mem-
bers. An edge (u, v) x  h h   u has sent
at least one email to person v, thus representing communi-
  h h , h x -
 h x . F, h grqc collaboration
h     h
with papers in the General Relativity and Quantum Cosmol-
 . A   x  h i
and j if they co-authored a paper together; if a paper has
k co-authors, it generates a fully connected subgraph of k
nodes.

4.2.2 Graph partitioning evaluation

L   links(A, B) as the cumulative weight
of the edges between the nodes in sets A and B as
links(A, B) =

∑
i∈A

∑
j∈B Aij , where A  h 

x h  h    h -
tices. Similarly, let degree(A) represent the sum of the edge
weights between the nodes in A   , x
as degree(A) = links(A, V), where V is the set of all ver-
tices. Let D be the diagonal |V| × |V|  x, h
Dii =

∑|V|
j=1 Aij . Nx,   h h 

j z  h x : h 
association and the normalized cut.

1. RatioAssociation    xz h -
nal connectivity of clusters in proportion to their size, and
 j     h  :

RA(G) = max
V1,...,VM

M∑

i=1

links(Vi, Vi)
|Vi|

. (6)

T  h j   h h k
k-means algorithmwith the ratio association problem, we set
wi = 1, wj = 1, wl = 1 andK = A  h E. (2) and (4).
Th k h    h h k-
nel k-, h h  x    h k-
 x [41, 49].
2. Normalized Cut problem seeks to minimize the cut

between clusters and the rest of the graph relative to the
cluster’s degree [52, 53]. Th j    
graph partitioning, and its formulation is the following:

1 3
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algorithms on the email-Eu-l-TD1 and email-Eu graphs,
while achieving comparable runtime performance toRKkM
on the grqc graph.

4.3 Real datasets

W      x   -
licly available real-world datasets. We intentionally chosen
datasets encompassing various characteristics, including the
number of samples (N), data dimensionality (d), x,
and domain of origin. Table 6 provides a detailed descrip-
tion of each dataset.
M–x z  h [0, 1]  h 

applied to each dataset to avoid numerical instabilities in the

xz (hh   ), h h z
 j h  z (   ).
GKkM failed to complete within a reasonable time on the
grqc graph due to its high computational demands, while
in such cases,GKkM++ produced the best outcomes. Addi-
tionally, the twoGKkM++ variants consistently outperform
KkM++ and RKkM. Notably, as the value of k increases,
GKkM++ demonstrates progressively superior perfor-
mance compared to the other two algorithms across both
  . Th    
higher values of k  h x  z h
   z  j.
In an attempt to compare KkM++ with RKkM on the

  j,   h h h
xh  h (F. 5). When addressing the nor-
z  j (F. 6), we notice that RKkM out-
performs KkM++ on the email-Eu-l-TD1 graph. In the
other two graphs, which contain a larger number of nodes
 h  h x  h , KkM++
consistently delivers better graph partitioning results. Nota-
bly, in the email-Eu graph, as the value of k increases, the
  KkM++ solutions becomes increasingly superior
to that of RKkM.
Additionally, Fig. 7 illustrates the CPU time of each

algorithm to compute all K clustering solutions across the
h h. Eh  h h   
h j  h  h    -
ing problems for k = 1, . . . , 50. S,  
h  h   j, h GKkM++
  h     h. F h -
z  j, GKkM++ outperforms all other

Table 6 Descriptions of utilized datasets
Dataset Description N d Source

avila Images of an XII cen-
tury copy of the Bible

20,867 10 [54]

breast cancer Characteristics of
breast cancer tumors

569 30 [54]

dermatology Type of Erythemato-
 

366 34 [54]

ecoli Ex  
proteins

336 7 [54]

iris Characteristics of Iris
 

150 4 [54]

olivetti faces Face image dataset 400 4096 [55]
pendigits Handwritten digits 10,992 16 [54]
waveform-v1 Waveforms with mul-

tiple attributes
5000 21 [54]

wine Chemical analysis of
wines

178 13 [54]

Fig. 7 CPU time comparison across
   

Fig. 6 Relative percentage error in
h z  j 
 h

Fig. 5 Relative percentage error
 h   j
  h
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Furthermore, for each method and k, we report the CPU
x  (F. 10) and the average number of kernel
k-means iterations (Fig. 11). Such an evaluation approach
illustrates both the error minimization capability of each
h        .

4.3.3 Experimental results

GKkM++ xh    h 
GKkM h h h    
across all datasets (Fig. 8). Notably, it clearly outperforms
the GKkM method in several cases, which is more evident
for large k values. It should be noted that GKkM did not
terminate within a reasonable time frame in avila, pendig-
its and waveform-v1 datasets due to its high computational
x, h  h , h GKkM++ xh
the best results. As the number of clusters k increases, the
clustering problem becomes more challenging, and the per-
   GKkM variants and the rest
of the compared methods becomes more profound. Solving
the clustering problem with a larger number of clusters is
crucial, as datasets inherently contain many clusters, such
as olivetti faces. Additionally, in most real-world scenar-
ios, the number of clusters is unknown a priori. Therefore,
the clustering problem should be addressed across a range
of values for k, allowing us to determine the most suitable
solution. In such cases, the minimization algorithm must
produce good results for even larger k values.
Figure 9 presents the relative PE of each method com-

pared to GKkM accumulated across all k = 2, . . . , K sub-
problems and the 18 (out of 27) datasets where GKkM
successfully converged within a reasonable time frame.
Note that positive values indicate that the GKkM had supe-
rior performance, while negative values mean that the com-
pared algorithm performed better.
In Fig. 9a, it is evident that GKkM++ demonstrates

hh  z . I  ,
GKkM++,  h h   , -
verged to solutions with a PE of 0.5% or less. Even in the
 , h x PE   x 1.4%  
x. Th  hz h  GKkM++
x h   GKkM across vari-
ous clustering subproblems. Interestingly, there are sev-
eral instances where GKkM++ outperforms the solution
of GKkM, and this improvement is more pronounced for
h    ( h) h
there are cases in which the solution of GKkM++ had −1.5
PE compared to GKkM.
Moreover, it is clear that theGKkM variants consistently

outperform both KkM++ and RKkM as shown in Fig. 9b.
In the case of RKkM, the Percentage Error (PE) reached as
hh  100% (   h ), h KkM++

computations [56]. Additionally, for a more thorough inves-
,    h   h 
kernel functions, as presented in Table 3, which resulted in
a total of 27 clustering problems.

4.3.1 Experimental setup

I  x   - ,  -
 h  h h  h x 
of clusters K and for all intermediate clustering solutions
k = 1, . . . , K. W  h x   
K = 50 in all cases. To ensure a fair comparison, in each
k ,  x h h h L = 100,
where L  h     h  
 x. I , KkM++ andRKkM,

we used L to control the number of restarts. In the case of
GKkM++, L  h    . O
the other hand, GKkM  x , hh  -
lent to running GKkM++ with the number of candidates
L = N , where N is the total number of data instances.
Additionally, we evaluated the clustering performance

using three kernel functions: Cosine, Polynomial, and RBF
(Radial Basis Function), as shown in Table 3. For simplicity,
in the Polynomial and RBF kernels, we set the γ hyperpa-
rameter for each dataset using the following formula:

γ = 1
σ2d

, (9)

where σ2 is the variance and d the dimensionality. This
   h h   h   h
number of input features, ensuring an adaptive initialization
of γ. This approach aligns with the standard γ initialization
strategy of well-known software libraries such as scikit-
learn [57]. H,   h   
applied [58]. Finally, for the Polynomial kernel, we set the
degree deg  h  c0 to typical values, such as
deg = 3 and c0 = 1.

4.3.2 Evaluation

In this study, we propose kernel-based clustering methods
h  z h    .
Therefore, we use this error E(Ck) (E. 2) for method com-
parison that provides a direct evaluation of the optimization
  h h. M ,  
h  P E (E. 8), where E(C⋆

k) denotes
the error corresponding to the baseline method which is
GKkM (Fig. 8). However, due to high computational com-
x,   , GKkM did not provide solutions in
a reasonable time. In such cases, we utilized the GKkM++
h     h  h.
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  h   k    
all k = 1, . . . , 50. Overall, the GKkM++ variants demon-
 h hh ,  h  x
,  j    h    h h
methods. Some notable cases are the avila, waveform-v1
and pendigits   hh h  GKkM++
    x   h  
algorithm. In these datasets, the GKkM failed to converge

xh  x PE  22%. I h   h
h h    h Mx PE  GKkM++
algorithm. As anticipated, KkM++  -
forms RKkM. However, it cannot match the optimization
capabilities of the GKkM variants.
Figure 10 illustrates the time the CPU needs for each

algorithm to compute each one of K clustering solutions for
h . S, h   h 

Fig. 8 Comparison of the relative
percentage error for each algorithm
(relative to the GKkM method)
across various datasets and kernel
functions. Lower values indicate
better clustering performance,
with global optimization variants
achieving the lowest error in most
cases
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Fig. 8 (continued)

Fig. 9 Distribution of relative
   
clustering methods compared to
GKkM. a Shows the performance
of GKkM++ (using both batch
  ), hh
closely aligns with the GKkM
method. b Compares KkM++ and
RKkM, highlighting their higher
error values
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T z h -,    
  x    L (10, 25, 50, 100).
For each dataset and L value, 30 runs were conducted and,
 h , h     h 
values of K (10, 25, 50) was used for our analysis. Note
h h h   h   
considered.
Figure 12  h   L on clustering perfor-

,    h  . A x, h
increase of L leads to decrease in clustering error, since the
x      h -
      . A,
as L grows, the variance of the clustering error decreases,
indicating greater stability and robustness of the obtained
. N, h      -
   h   h -
pling strategies, suggesting that both selection methods are
   h  .
Figure 13 x h   L on computational

,   x . A x,
increasing L results in a higher computational cost due to
the greater number of kernel k-means runs. It can also be
 h h      h x-
tion time of the two sampling strategies.

5 Conclusions and future works

Kernel k- x h k-means clustering algorithm to
detect nonlinearly separable clusters. In order to address the
inherent cluster initialization problem of this procedure, we

 k  x   h    
instances N.
Th   x   hhh  F. 11,

which shows the average number of kernel k-means iter-
     h h. A
observed, the GKkM      -
tions as k increases. This is mainly because, in each k sub-
problem, the k − 1 clusters are already well partitioned.
However, GKkM      
of k    xh h , hh  h-
ior is close to that of the GKkM++ variants. In contrast,
KkM++ and RKkM      k
,  h     hh h
that of the global variants. This trend is particularly evident
in the avila, breast cancer, olivetti faces, dermatology,
pendigits and waveform-v1 datasets. Generally, it can be
noticed that GKkM++    k
k-means iterations in all cases.

4.3.4 Sensitivity analysis

I h ,   h   h  
candidates L on the performance of the proposed method.
Since L determines the number of candidates evaluated at
each k- ,    
   . S, 
higher L      x x 
alternative solutions, increasing the possibility of selecting
hh-  z. N, h  
the cost of additional computational overhead.

Fig. 10 C  CPU x-
     
   
datasets and kernels. GKkM++
  
computational cost compared to
other methods
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kernel k-means ++ (GKkM++) that operates in feature
space. GKkM++ constitutes a novel clustering algorithm
h  hh-   h  
with reduced computational cost.
S, GKkM++ is an incremental clustering

h h x h -h  k-
nel k-means algorithm by incorporating the stochastic

  h kernel k-means ++ (KkM++) method,
hh  h   z  
k-means++ from Euclidean to kernel space.
Additionally, inspired by global k-means++, a method

h  h     h
global k-means algorithm with the k-means++ initializa-
tion procedure in Euclidean space, we have proposed global

Fig. 11 Comparison of the average
    
kernel k-means to converge across
   k -
tions. GKkM++  
iterations as k increases
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where global kernel k-means may not terminate within a
reasonable time frame. Nonetheless, it is important to rec-
z h  h  x  h
GKkM algorithm by sampling initial cluster candidates
comes at the cost of losing its deterministic nature.
We evaluated the proposed algorithm on synthetic and

on several publicly available benchmark datasets and
compared it to various methods, including global kernel
k-means, kernel k-means++ and kernel k-means with ran-
dom uniform initialization (RKkM). In all cases, GKkM++
has demonstrated its superior clustering performance and
reduced computational cost. In addition, we evaluate its
performance on the graph partitioning problem. Overall,
h x   hGKkM++ consis-
 h    z

initialization strategy of kernel k-means++ to select L ini-
tial cluster candidates. To produce the solution with K clus-
,      
for k = 1, . . . , K, by sampling L initial cluster candidates
at each k subproblem, where L ≪ N . We presented two
strategies for the sampling selection procedure: batch and
 . S, h h  -
egy samples L candidates at once without replacement. At
h  ,    L candidates one
by one, also without replacement, updating the probability
distribution accordingly at each sampling step. GKkM++
   x h -
serving superior minimization capabilities akin to those of
traditional global kernel k-means (GKkM), making it prac-
tical for addressing clustering problems in larger datasets,

Fig. 11 (continued)
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Fig. 12 E  h   -
dates L on clustering performance of the
proposed method for several datasets.
For each dataset the clustering error
statistics (over 30 runs) is presented
    L and number
of clustersK = 10, 25, 50 using both
h   h h 
strategy

1 3
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for small values of k since the problem is simpler. As k
, h    , -
  x x   . W
believe that dynamically tuning L in each k-cluster subprob-
lem could further improve both the attained clustering error
 h x   h h.
In addition, we plan to investigate the estimation of the

number of clusters in this algorithmic framework using cri-
 h  h  [45], modularity [46],
and inclusion [47, 48]. Furthermore, future research could
investigate the proposed approach’s convergence properties
  ,  h   h
in a global optimization setting.
The proposed method is applicable to a wide range of

  h  . F x, 
can be used for image segmentation [59], where grouping
x   h    ,  -
informatics [60] h z  x 
  - . I  h -
ing framework, the method can be applied to social network
analysis to detect communities in large-scale networks and
to recommendation systems for clustering users based on
shared preferences.

capabilities than KkM++ and RKkM. Furthermore, its
performance is comparable to that of the GKkM method,
h  x     h 1.4%  h
  h h  x  
of less than 0.25% on the graph partitioning task. Surpris-
,   ,   x h  
theGKkM. Overall, theGKkM++ variants demonstrate the
hh ,  h  x , 
j    h    h h h.
In several applications, the number of clusters is unknown

and is estimated by applying clustering for several values of
k   h      -
ity score. Since the proposed method generates clustering
solutions for all values of k = 1, . . . , K, it is ideal for this
k. I h ,  h   x
time even with respect to RKkM and KkM++ that are not
incremental. In conclusion, the proposed algorithm strikes
an optimal balance between the strengths of both GKkM
and KkM++,  hh-    -
cantly lower computational cost.
F k     h 

adapting the number of candidates L as k increases. We
 h       x

Fig. 12 (continued)
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Fig. 13 E  h   
initializations L on computational
   . F h
 h x  
( 30 )    -
ent values of L and number of clusters
K = 10, 25, 50  h h 
and the batch sampling strategy

1 3

107 Page 22 of 25



Pattern Analysis and Applications (2025) 28:107

Consent for publication Not applicable.

Code availability The code will be released on https://github.com/gva
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