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Abstract—Agglomerative clustering is a widely used hierarchi-
cal clustering method that relies on linkage criteria (quantifying
cluster separation) to iteratively merge the closest clusters each
time. Traditional linkage methods, such as single link and average
link are quite simple and in several cases may not adequately
capture the true separation between clusters, especially in the
case of noise or varying cluster densities. In this work, we propose
new measures of cluster separation grounded in counterfactual
distances. Assuming a pair of clusters, the counterfactual of
a point in one cluster is its closest point in the other cluster.
We show that counterfactuals effectively characterize the cluster
borders. More specifically, the counterfactuals of points from one
cluster effectively characterize the frontier of the other cluster.
Consequently, distances between mutual counterfactual points
provide a more reliable and representative estimate of inter-
cluster separation. Based on this insight, we introduce the Mu-
tual Counterfactual (MCF) and Iterative Mutual Counterfactual
(IMCF) linkage criteria, which consider only distances between
mutual counterfactuals. We integrate the proposed linkages into
the standard agglomerative clustering algorithm and perform
comparative experiments against conventional linkage methods
with promising performance results.

Index Terms—agglomerative clustering, cluster separation,
linkage criteria, counterfactuals.

I. INTRODUCTION

Hierarchical clustering is a key method in unsupervised
learning and data mining, with agglomerative hierarchical
clustering being one of the most intuitive and commonly used
approaches [1|]. This method starts by considering each data
point as its own cluster and progressively merges the most
similar clusters step by step. The process continues until all
data points are combined into a single overarching cluster,
forming a nested structure known as a dendrogram.

The dendrogram offers a visual representation of the data’s
structure at multiple levels of granularity. By selecting a
specific cut-off point on the dendrogram, one can extract
clusters at varying resolutions, making it especially useful for
exploring complex datasets. Unlike partitional clustering tech-
niques, which require the number of clusters to be specified
beforehand.
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However, despite its straightforward nature, agglomerative
clustering does come with certain limitations, such as signif-
icant computational demands for large datasets and vulnera-
bility to noise and outliers. Even so, it remains a powerful
method, particularly when interpretability and hierarchical
insights are essential.

In order for typical agglomerative algorithms to be applied,
the so called linkage criterion should be defined that specifies
how the distances between clusters are computed. The most
well-known linkage strategies are [2]], [3]:

o Single Linkage (SL): Computes the minimum distance
between any two points in different clusters. It can
capture elongated shapes but suffers from the chaining
effect, which can lead to poorly separated clusters. It
is also very sensitive to the existance of noise points
between the clusters.

e Average Linkage (AVL): Calculates the average of all
pairwise distances between points in the two clusters. It
provides a balance between single and complete linkage
and often gives reasonable performance across a variety
of data types. However, it demonstrates a tendency to
split large compact clusters.

o Complete Linkage (CL): Uses the maximum distance
between points in different clusters. It produces compact
clusters and is less sensitive to noise but can fragment
large, spread-out clusters.

The above linkage criteria are based on the pairwise dis-
tances between data points, therefore they require only the dis-
tance matrix of the dataset as input, and not the data points. In
addition they allow for any type of pairwise distance functions
to be used. Additional linkage criteria have been proposed that
require the data points as inputs and are restricted to Euclidean
pairwise distances:

o Centroid Linkage: Merges clusters based on the Euclidean

distance between their centroids.

o Ward’s Method: Seeks to minimize the total within-cluster
variance. It merges clusters that result in the smallest
increase in total intra-cluster variance and tends to form
clusters of similar size and shape.
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As mentioned above, those widely adopted linkage criteria
attempt to quantify the separation between clusters and demon-
strate advantages and drawbacks depending on the character-
istics of the clusters (compact or elongated), the existence of
noisy points between the clusters etc. A natural observation is
that cluster separation is directly related to the distance of the
points that lie on the cluster borders. From the above typical
linkages, only the single link criterion focuses on the cluster
borders, but this is done in a rather naive way since it considers
only a pair of borderline points from the two clusters. This
is by no means sufficient to accurately quantify the distance
between borderline points in the two clusters.

In this work, we introduce the idea of counterfactuals to
determine borderline cluster points and quantify cluster sep-
aration. Counterfactuals have been widely adopted to explain
classification decisions and have also been proposed recently
for clustering problems [4], [5]]. Roughly speaking, considering
a pair of clusters, a counterfactual of a data point in one cluster
(source cluster) is its closest point in the other cluster (target
cluster). Such counterfactual point can belong to the given set
of target cluster points or can be a synthetic one. We focus on
counterfactuals of the first type in this work and demonstrate
that they can be used to represent the cluster frontiers, ie.
set of points on the cluster borders. An illustrative example
is presented in Fig. [Th. The annotated blue points constitute
counterfactuals of the points in the orange cluster, while the
annotated orange points constitute counterfactuals of the points
of the blue clusters. It can be observed that the counterfactuals
(annotated points) sufficiently represent the frontier of each
cluster.

Next, we define linkage criteria based on distances from
counterfactuals (called counterfactual linkages) and employ
these linkages as cluster separation measures for agglomer-
ative clustering. The proposed linkages can be considered as
extensions to single link and average link. They do not require
the data vectors as input and work directly on the values
of the pairwise distances among the data points. They been
evaluated in terms of clustering performance on several real
and synthetic datasets and compared against the typical linkage
criteria.

The structure of the paper is the following. In Section [[Ij we
describe the notion of counterfactuals focusing on their use in
the clustering context and illustrating that they can be used to
represent the cluster borders. Section [lII| presents and explains
the proposed counterfactual linkages for quantifying the sepa-
ration between clusters. Section [[V] focuses on agglomerative
clustering using the proposed linkage criteria, while Section [V]
provides details and results of the comparative experimental
study. Finally, Section provides conclusions and several
future research directions.

II. COUNTERFACTUAL EXPLANATIONS

A. Counterfactuals for Classification

Counterfactual explanations are local explanations that have
been widely used for classification problems. In essence, a
counterfactual explanation provides suggestions on how the

feauture values of an example (called factual) should change
in order for the modified example (called counterfactual) to be
classified into the desired (target) class [6]—[8]. More specifi-
cally, let f be a classification model and d(x,y) a distance
function. Given an example (factual) y, its counterfactual
explanation z is a data point close to y whose outcome f(z)
differs from the prediction f(y). More formally:

c=agmind(z,y) st f(2)#f@W). O

Assuming a target class c*, the typical approach to tackle
the above constraint minimization problem is to minimize the
following objective function [6]:

z = argmin d(z,y) + A - L(f(x),c"), (2)

where:

e L(f(x),c*) is a loss function penalizing the difference
between f(z) and c*

e A is a regularization parameter that balances between
minimal changes and achieving the desired outcome.
Various search methods have been studied to solve the above
problem ranging from gradient-based [9], [[10]], [11], [12] to
genetic algorithms [13]], [[14]. Those methods are available
in popular software libraries for generating counterfactuals in
classification tasks. They offer support for various distance
metrics (such as L; and L norms), classification models
f, and loss functions L. Additionally, they provide options
to define feasibility constraints, including the specification of
actionable and immutable features, as well as restrictions on

the allowable ranges of feature values.

B. Counterfactuals for Clustering

We assume a clustering solution with C, ..., Cys with M
clusters on a given dataset. In order to compute a counterfac-
tual explanation z for a given example (factual) y, we need
to specify a distance function d(x,y). Given a factual y of
cluster CY, its counterfactual explanation z is defined as the
solution to the following constrained optimization problem:

z = argmind(x,y) (3)
subject to the constraint:
Cp # Cy “)

In the above formulation, Cy is the cluster label of z, taking
into account the cluster assignment rule (eg. the distance from
cluster centers in the k-means case). It should be noted in the
general formulation above the counterfactual z is not restricted
to be a point of the dataset.

In [4] we have introduced a method for computing optimal
counterfactuals for k-means and Gaussian clustering specif-
ically targeting the Lo distance norm between factual and
counterfactual instances. In [5] we have proposed a method-
ology that builds on previous work on counterfactuals for
classification and is applicable to any distance measure. In our
experiments, we demonstrate its effectiveness by presenting
results using the Lo distance.
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(a) Counterfactual points (marked circles) are lo-
cated on the cluster borders.

(b) Counterfactual links connecting each point
with its corresponding counterfactual point.

(c) Mutual counterfactual links.
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(d) Mutual counterfactual links for a synthetic

dataset with noise.
separation.

(e) Mutual counterfactual links for another syn-
thetic dataset with noise, but with higher cluster

(f) Iterative mutual counterfactual links.

Fig. 1: Illustration of the proposed counterfactual based linkages.

As mentioned previously, in the general problem formula-
tion the domain of x is the whole data space, thus counterfac-
tuals typically are not points of the dataset. In current work we
will restrict our counterfactual search to the set of data points.
Since we will focus on pairs of clusters (let C and Cy) the
counterfactual C'F; of given data point z; € C}, is defined as:

CF; = arg Imn d(zz, 2) (5)
z2€C

Essentially, the counterfactual of a data point is its nearest
neighbor belonging to the other cluster.

For a given cluster pair, a nice property of the set of counter-
factuals is that they lie on the cluster borders; thus, they define
the cluster frontier. More specifically, the counterfactuals of
the points of one cluster define the frontier of the other cluster.
Fig.[Th, already explained in the Introduction section, provides
an illustrative example of this property.

Thus, the distances d(x;, CF;) between cluster points and
their counterfactuals (which belong to the other cluster), can
be used to define effective measures of separation between

the two clusters. Such linkage criteria are presented in the

next section.

III. COUNTERFACTUAL LINKAGES FOR CLUSTER
SEPARATION

Assuming that a given pair of clusters C), and Cy and the

pairwise distances d(z;,x;) between the points of the two
clusters, our aim is to define a cluster separation measure
based on counterfactuals. By computing for each data point
x;, its nearest neighbor in the other cluster (C'F;), we define
the (x;, CF;) pairs. We will call such a pair as counterfactual
link (CF link). The average distance of CF links (called
CFlinkage) expresses the average distance of all data points
from their corresponding counterfactuals and constitutes a
natural measure of the separation between the two clusters (ie.
a linkage criterion). In Fig. [Tp the CF links are demonstrated
and the CF linkage is the average distance of those links.

It should be noted that the CF linkage can be considered as
a special case of average linkage. The average linkage takes



into account the distances of a point to all points in the other
cluster, while the proposed linkage is more selective, focusing
on points on the cluster frontiers; thus, it is expected to be
more informative in terms of cluster separation. In general CF
linkage is expected to demonstrate an agglomerative clustering
behavior analogous to average linkage, however providing
improved performance since it is restricted to counterfactual
links only.

Moving further, if for a pair (x;,2;) of points belonging
to different clusters, it holds that each one constitutes the
counterfactual of the other, ie.

€Ty = CFJ and Tj = CFz (6)

then we will say that the pair (x;,x;) constitutes a mutual
counterfactual link (MCF link). The average distance between
MCEF links defines another linkage criterion called MCF link-
age. MCF is more selective compared to CF linkage, since it
considers only distances between counterfactual points. There-
fore, it focuses only on distances between points that belong to
the cluster frontiers. The MCF linkage can be considered as an
extension to singe linkage, since the single link (pair of closest
points between the clusters) is also an MCF link. However,
MCEF linkage typically takes into account more pairs of points
on the cluster borders. Illustative examples are presented in
Fig. [Tk and Fig. [T{d.

In Fig. [T{d, a pair of noise points exist between the cluster
borders. In this case, the single link criterion will erroneously
consider cluster separation as the short distance between those
two points. On the other hand, the MCF linkage will take into
account all four MCF links, providing a quite accurate measure
of the cluster separation.

An example where the MCF link reduces to a single link is
presented in Fig. [Ik. In this case, the two clusters are quite far
apart (compared to Fig. [Id), thus the noise point of one cluster
constitutes the counterfactual of all points of the other cluster.
Thus, the set of MCF links contains only the pair of noise
points and fails to adequately quantify cluster separation.

An approach to tackle the above problem, reduce depen-
dence on noise points, and allow more MCF links to con-
tribute to computing cluster separation, we introduce another
counterfactual linkage called Iterative Mutual Counterfactual
(IMCF) linkage. The IMCF link set is built iteratively by
finding the MCF links at each iteration, adding them to the link
set, removing the points corresponding to the selected MCF
links and proceeding to the next iteration until no MCF links
exist. More specifically, the algorithmic steps for computing
the IMCF linkage criterion for cluster separation are presented
in Algorithm

The above procedure returns a number of counterfactual
links that is typically higher than the MCF linkage but lower
than the CF linkage. In this way, it ensures robustness to
the existence of noise points between the clusters, while still
putting more emphasis on points in the cluster frontiers. Fig. [Tf
illustrates the links that contribute to the computation of IMCF
linkage criterion. It can be observed that by removing the two
noise points in the first iteration of the method, more CF

Algorithm 1 Iterative Mutual Counterfactual Linkage (IMCF)

Require: D = [d(k,!)] (pairwise point distances)
Require: c; (cluster 7)
Require: c; (cluster j)

1: IMCF _links + 0

2: Compute MCF links between c;, ¢;

3: while MCF links are available do

4 IMCEF_links < IMCF_links U MCF links
5: Update ¢; and c; by eliminating the points of MCF links
6.
-
8

: Recompute MCF links of the updated clusters
: end while

: 1
: AvgIMCFDist = frer s di,1

(k1) EIMCF _links
9: return AvgIMCFDist

links contribute to linkage computation. The IMCF linkage
can be considered as special case of average linkage and CF
linkage, with an appropriately selected set of links contributing
to measure cluster separation.

IV. AGGLOMERATIVE CLUSTERING USING
COUNTERFACTUAL LINKAGES

The previously introduced counterfactual linkage criteria
can be implemented into the standard agglomerative approach:
we start from singleton clusters and at each step we merge
the closest pair of clusters (based on the employed linkage
criterion) until the desirable number of clusters is obtained.

A subtle issue to be noted is that in standard linkages the
computation of the separation between a pair of clusters does
not make use of any information regarding distances to points
in the remaining clusters. On the contrary, the computation of
counterfactual linkages makes use of the distance values of a
point to all other points in order to select the counterfactual
for that point, ie. its nearest point that belongs to a different
cluster. As a result, some points of a given cluster may have
counterfactual links to points in one cluster, while some other
points of the given cluster may have counterfactual links to
points in a different cluster. Therefore, it is possible for a pair
of clusters to have no MCF links between them, which may
occur if the MCF links of those clusters are distributed to other
clusters.

In terms of computational complexity, the typical agglom-
erative clustering method using MCF linkage has a computa-
tional complexity of O(n?), which is the typical complexity
of standard linkages (n is the size of the dataset). However, in
the agglomerative clustering method with the iterative linkage
criterion IMCF, the computational complexity increases to
O(n*), due to the iterative computations involved in the IMCF
case.

For this reason, in order to reduce execution time, in the
experiments we conducted, we started with an overclustering
of the dataset into a large number small clusters and then per-
formed agglomerative cluster aggregation until the desirable
number of clusters is reached.

V. EXPERIMENTS

We have conducted a series of experiments using well-
known synthetic and real datasets to compare the agglomera-
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Fig. 2: Illustration of the agglomerative clustering solutions provided by the compared linkages on four synthetic datasets.
Each row presents solutions from all compared linkages on the same dataset.




tive clustering performance of the proposed MCF and IMCF
linkages against the conventional single and average linkages.

A. Datasets
TABLE I: The real world datasets used in the experiments. n

is the number of data instances, d is the dimensionality, and
k denotes the number of clusters.

Dataset n d k
Digits 1797 64 10
Iris 150 4 3
Olivetti Faces 400 4096 40
Pendigits 3000 16 10
Seeds 210 7 3
Waveform-v1 5000 21 3
Wine 178 13 3

Table [l summarizes the real world datasetd]] that we used
for experimental evaluation, which vary in size n, dimensions
d, number of clusters k.

Two datasets featuring handwritten digits have been con-
sidered. The Digits dataset consists of 1797 handwritten digit
samples, where each digit is represented as an 8x§8 grayscale
image, covering ten classes corresponding to digits O through
9. The Pendigits dataset contains 10992 handwritten digit sam-
ples, from which we randomly selected 3000 samples. Each
instance is represented by 16 coordinate features and belongs
to one of the ten digit classes. Three datasets that feature
natural measurements from plants and agricultural products
have also been used in our experiments. The Iris dataset
contains 150 samples of iris flowers, each described by four
features related to sepal and petal dimensions, in three distinct
species. The Seeds dataset contains 210 wheat kernel samples,
each described by 7 geometric features, in three different
varieties of wheat. The Wine dataset consists of 178 samples
of wines, each characterized by 13 chemical characteristics
corresponding to three different cultivars from the same region.
We also included two datasets covering facial images and
artificially generated waveforms. The Olivetti Faces dataset
includes 400 grayscale 64x64 images of faces from 40 dif-
ferent individuals. The Waveform-v1 dataset consists of 5000
synthetic samples, each described by 21 continuous features,
categorized into three distinct waveform classes.

In order to ensure a more thorough evaluation, our compara-
tive experimental study also included synthetic datasets used in
the literature. These datasets represent a variety of clustering
challenges, including complex geometries and patterns. For
example, datasets such as 2d-20c-no0, 3-spiral, and flame
cover a range of difficulty levels, from well-separated clusters
to intricate and overlapping structure

In all datasets, we used min-max normalization as a pre-
possessing step, to map the features of each data point to the
[0,1] interval and prevent attributes with large ranges from
dominating distance calculations.

The datasets are available at: |https://archive.ics.uci.edu/datasets|
2The synthetic datasets are available at: https://github.com/deric/clustering-
benchmark.

TABLE II: Clustering performance (NMI score) for real
datasets.

Dataset | MCF  single | IMCF  average
Digits 0.77 0.77 0.82 0.80
Iris 0.72 0.72 0.78 0.75
Olivetti Faces 0.68 0.67 0.70 0.74
Pendigits 0.65 0.58 0.72 0.69
Seeds 0.02 0.02 0.70 0.55
Waveform-v1 1.00 1.00 1.00 0.75
Wine 0.02 0.02 0.82 0.02

TABLE III: Clustering performance (NMI score) for synthetic
datasets.

Dataset | MCF  single | IMCF  average
2d-20c-no0 0.95 0.97 0.99 0.98
2d-4c-nod 0.67 0.67 0.99 0.67
3-spiral 1.00 1.00 0.07 0.01
DS-850 0.85 0.84 0.98 0.93
complex8 0.86 0.85 0.73 0.67
compound 0.80 0.80 0.84 0.81
cure-t0-2000n-2D 1.00 1.00 1.00 0.60
donut2 0.90 0.02 0.17 0.27
ds2c2scl3 0.96 0.94 0.90 0.82
flame 0.02 0.02 0.94 0.62
jain 0.25 0.09 0.69 0.69
longsquare 0.91 091 0.98 091
triangle2 0.85 0.85 0.97 0.89

B. Evaluation

In order to evaluate the clustering results, we used Normal-
ized Mutual Information (NMI) [15] score defined as:

2x I(Y,C)
H(Y)+H(C)’

where Y denotes the ground-truth labels, C' denotes the clus-
ters labels provided the clustering method, I(-) is the mutual
information measure and H(-) the entropy. NMI score takes
values in [0, 1] with higher values indicating better clustering
performance.

For all algorithms, the number of clusters is set to the
number of ground-truth categories of each dataset and we
made the typical assumption that the provided class labels
constitute the ground truth cluster labels.

NMI(Y,C) = )

C. Experimental Setup and Results

We compare the performance of the proposed MCF and
IMCEF linkages against the classical single and average link-
ages using the Normalized Mutual Information (NMI) met-
ric. It should be noted that, in all cases, the agglomera-
tive algorithm was initialized with a fine-grained clustering
(overclustering) using k;n;+ = 50 clusters to significantly
reduce execution time. To obtain the initial overclustering,
we employed the global k-means++ [[16] due to its powerful
clustering error minimization capabilities.

Tables [T and [T provide the results for the real and synthetic
datasets, respectively. It can be observed that the MCF linkage
consistently outperforms or matches the performance of a
single linkage in both real-world and synthetic datasets. In
particular, on the Pendigits dataset, MCF achieves a con-
siderable improvement (NMI 0.65 vs 0.58). In the ’donut2’
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synthetic dataset MCF achieves the best NMI significantly
outperforming all other linkages. It is evident that MCF
linkage can be considered as an improved alternative to single
linkage.

In what concerns the IMCF linkage, more remarkable per-
formance improvements can be observed compared to average
linkage. IMCEF consistently achieves the highest NMI scores in
almost all real-world datasets, particularly excelling in Digits,
Iris, Pendigits, Seeds, Waveform-vl and Wine with substan-
tial performance gaps. For example, on the Wine dataset,
IMCF scores 0.82 while average linkage scores only 0.02.
In synthetic datasets, IMCF outperforms average linkage in
highly complex scenarios, such as 2d-4c-no4, DS-850, and
flame, demonstrating its ability to successfully measure cluster
separation even in the presence of complex cluster structures.

Figure [2] visually illustrates the differences in the merging
behavior of the compared linkage methods on several synthetic
datasets. Each row in the figure displays the agglomerative
clustering solutions obtained by applying the four linkages to
the same synthetic dataset.

It can be observed that MCF and single linkage demonstrate
different clustering behavior. Specifically, in the first and
second datasets (subfigures (a), (b) and (e), (f)), MCF better
captures the clustering structure, whereas in the third and
fourth datasets (subfigures (i), (j) and (m), (n)), both linkages
exhibit similar behavior.

IMCEF linkage achieves improved performance compared to
average linkage in the third and fourth datasets, (subfigures (k),
(1) and (0), (p)), demonstrating greater robustness to outliers,
as these datasets contain several outlying points. Finally, in
the first and second datasets (subfigures (c), (d) and (g), (h)),
IMCEF behaves similarly to average linkage, with both methods
failing to accurately capture the underlying structure of the
data.

In summary, the results of the experimental study indicate
that MCF is superior to or equal to single linkage, while IMCF
considerably outperforms average linkage and seems to be the
preferable method in the majority of datasets.

VI. CONCLUSIONS

We have introduced new measures to quantify cluster
separation based on counterfactual distances. Considering a
pair of clusters, we demonstrated that the counterfactuals of
points from one cluster effectively represent the frontier of
the opposing cluster. As a result, the distances between the
mutual counterfactual points offer a more accurate estimation
of cluster separation than traditional methods.

Building on this insight, we extended standard linkage
criteria by proposing the Mutual Counterfactual (MCF) and
Iterative Mutual Counterfactual (IMCF) linkage criteria, which
rely solely on distances between mutual counterfactuals. These
linkages are versatile, as they can be applied with any distance
function and require only the pairwise distance matrix. Thus,
there is no need for access to the original data vectors.

We incorporated the proposed linkages into a standard ag-
glomerative clustering framework and conducted comparative

experiments against traditional single-link and average-link
criteria. The experimental results demonstrate the effectiveness
of using counterfactuals to assess cluster separation in more
meaningful way.

Future work could focus on a more extensive experimental
evaluation of the proposed linkages. Given the increased
computational complexity of the IMCF linkage, developing
efficient implementations by leveraging specialized data struc-
tures such as in standard agglomerative clustering would be
beneficial. Additionally, it may be valuable to introduce an
upper bound threshold for link distances within the IMCF
criterion to control merge sensitivity. Finally, integrating these
linkages with measures of cluster compactness, such as cluster
densities, could lead to more sophisticated criteria for agglom-
erative cluster merging.
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