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Abstract. Counterfactual explanations are a widely adopted approach 
for interpreting the decisions of machine learning models, mainly in the 
context of classification problems. A wide variety of techniques have been 
proposed for the classification task. In this work, we address the gener-
ation of counterfactuals for explaining clustering decisions. We focus on 
k-means and Gaussian clustering and tackle counterfactual generation 
by defining equivalent classification problems. More specifically, a linear 
classifier is defined in the k-means case and a quadratic discriminant 
classifier is defined in the Gaussian clustering case. In this way, widely 
used methods developed in the classification context can be employed for 
clustering. We also propose a way to increase the plausibility of the gen-
erated countefactuals by moving the cluster boundary towards the target 
cluster. Experimental results on synthetic and real datasets demonstrate 
the feasibility and effectiveness of our approach. 

Keyword: Counterfactuals, Clustering, k-means, Gaussian cluster. 

1 Introduction 

Explainable AI (XAI) is essential for developing trustworthy and transparent 
machine learning models, enabling users to understand and effectively interact 
with these systems. This is particularly critical in high-stakes domains such as 
healthcare, finance, and law, where decisions made by machine learning mod-
els have significant consequences. By providing clarity on how and why models 
make certain predictions, XAI fosters trust and accountability while supporting 
regulatory compliance. Explainability methods can be broadly categorized into 
global and local explanation approaches [ 14]. 

Global explanation methods aim to provide insights into the overall behavior 
of a model, summarizing its decision-making processes across the entire dataset. 
Techniques such as decision trees, rule-based systems, and feature importance 
rankings fall into this category. For instance, a decision tree approximation of a 
complex neural network can offer a simplified view of how the network generally 
behaves, making it easier to interpret. These methods are particularly useful 
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when a high-level understanding of the model’s decision making logic is needed, 
such as identifying which features are most influential in shaping predictions 
across all samples [ 12]. 

Local explanation methods focus on individual predictions or decisions, pro-
viding insights into specific outcomes. These methods are valuable when users 
need to understand why a model made a particular decision. Several local expla-
nation approaches have been proposed, such as: 

– LIME (Local Interpretable Model-Agnostic Explanations): LIME approxi-
mates a complex model locally around a specific prediction using a simpler 
and interpretable model. For instance, LIME can generate an explanation 
for why a particular text was classified as “spam” by highlighting the most 
influential words that contribute to the prediction [ 14]. 

– SHAP (SHapley Additive exPlanations): SHAP values are grounded in coop-
erative game theory and assign each feature a contribution score for a given 
prediction. For example, SHAP can explain why a certain patient was pre-
dicted to have a high risk of a disease by quantifying the influence of specific 
symptoms or test results [ 11]. 

– Saliency Maps: Introduced in the context of deep learning, saliency maps 
highlight the most influential features that contribute to a specific predic-
tion [ 1]. For instance, in an image classification task, a saliency map can 
reveal which regions of the image the model focused on to classify it as a 
‘cat’. 

– Counterfactual Explanations which constitute the focus of this work and are 
explained below. 

Counterfactual explanations (CFEs) provide an intuitive local explanation 
framework to understand the decisions of machine learning models by explor-
ing “what-if” scenarios [ 6,20]. Specifically, they identify the minimal changes 
required in the input features of a model (usually a classifier) to achieve a desired 
outcome. These explanations are actionable, offering users practical insights into 
how to modify inputs to change predictions. The widely used loan qualification 
example offers a clear and intuitive illustration of the counterfactual concept: 
Consider a scenario with two possible outcomes for a model’s decision: “reject” 
where the applicant does not qualify for the loan, and “approve”, where the 
applicant does qualify. If an individual with feature vector y is denied the loan 
because of the model’s decision, i.e., f (y)=’reject’, an explanation for this deci-
sion is crucial for the individual. Such an explanation could illustrate the mini-
mum required changes to y (for example, adjustments to income, education, or 
other factors) in order for the individual to qualify for the loan in the future. 

Formally, given a classifier f that assigns the class c to an instance y, a  
counterfactual explanation is an instance z that satisfies the following conditions: 
i) the classifier’s decision on z differs from that on y, i.e., f(z) �= c, ii) the 
difference between y and z is minimized [ 6,20]. 

Furthermore, various important properties of counterfactual explanations in 
classification have been identified, each contributing to their interpretability and 
practical utility. Two key properties are:
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– Actionability/Immutability: Certain features may be restricted from modifi-
cation due to real-world constraints. For example, attributes such as age or 
ethnicity in a loan approval model cannot be altered, ensuring that counterfac-
tual explanations remain meaningful and applicable in practice. In addition, 
constraints in the allowed ranges of feature values could be imposed. 

– Plausibility: A counterfactual instance should be realistic and belong to the 
underlying data distribution. That is, it should represent a feasible obser-
vation rather than an arbitrary perturbation, ensuring that the suggested 
changes align with patterns seen in real-world data. 

These properties play a crucial role in generating counterfactual explanations 
that are not only technically valid but also useful for decision making and for 
understanding model behavior. 

In direct analogy to classification, if we assume a clustering model f that pro-
vides cluster labels, a counterfactual explanation of a factual instance y assigned 
to cluster c, consists of an instance z such that: 

– the cluster assignment of z provided by f is different from c, i.e., f(z) �= c 
– the difference between y and z is minimum. 

In this work, we propose a methodology for computing counterfactuals for 
clustering by employing established tools and methods that have been devel-
oped for classification problems. This is achieved by exploiting the equivalence 
between: 

– the k-means cluster assignment rule with a linear classifier and 
– the Gaussian clustering assignment rule with a quadratic discriminant anal-

ysis classifier. 

In other words, given the parameters of a cluster assignment model, the param-
eters of an equivalent classification model are determined. Consequently, gener-
ating counterfactuals for clustering is transformed to an equivalent problem of 
generating counterfactuals for classification. The latter problem can be tackled 
using widely used methods developed in the classification context. We also sug-
gest a way to increase the plausibility of the generated countefactuals by moving 
the cluster boundary towards the target cluster. To assess the feasibility and 
effectiveness of the proposed methodology, we have employed two well-known 
techniques for explaining classification decisions applied to synthetic and real 
datasets. We present comparative results with the commonly used L1 norm as  
a proximity measure. 

The rest of the paper is organized as follows. In Sect. 2 we briefly discuss the 
related work on explainable clustering and counterfactual generation. In Sects. 3 
and 4 we define the equivalent classification problems for k-means and Gaussian 
clustering, respectively. In addition, we discuss how to increase the plausibility 
of the counterfactuals produced. In Sect. 5 we report the results and conclusions 
of our experimental study, while Sect. 6 provides concluding remarks and future 
work suggestions.
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2 Related Work 

2.1 Explainable Clustering 

Explainable methods for clustering provide global explanations, often leveraging 
decision tree models to provide interpretations through decision rules. Various 
methods have been proposed to construct decision trees for explaining cluster-
ing, that can be distinguished in two categories. 

Indirect global explanation methods follow a two-step process to provide 
interpretable insights into clustering results. In the first step, cluster labels are 
generated using a clustering algorithm such as k-means. These labels, which 
represent the cluster assignments for the data points, are then treated as target 
variables for the second step. In this step, a supervised decision tree algorithm 
is applied to construct a decision tree that explains the cluster assignments. 
For example, in [ 9], the cluster labels produced by k-means are utilized as a 
preliminary input to guide the decision tree construction. Similarly, in [ 17], the 
centroids computed by k-means play a key role in the splitting process of deci-
sion tree construction. 

Direct global explanation methods combine the processes of decision tree 
construction and cluster partitioning into a unified framework. These methods 
often adopt the conventional top-down splitting procedure commonly used in 
supervised learning but adapt it to leverage unsupervised splitting criteria. For 
instance, they may focus on optimizing the compactness of the resulting sub-
sets, as discussed in [ 2], or employ criteria such as unimodality to guide the 
splits, as demonstrated in [ 4]. By aligning the decision tree construction with 
clustering objectives, these methods ensure that the resulting explanations more 
directly reflect the underlying structure of the data. 

2.2 Counterfactuals for Classification 

Counterfactual explanations are local explanations proposed for classification 
[ 6,20,21]. Let f be a classification model and d(x, y) a distance function. Given an 
example (factual) y, its counterfactual explanation z is a data point close to y 
whose outcome f(z) differs from the prediction f(y). More formally: 

z = arg min
x 

d(x, y) s.t. f(z) �= f (y). (1) 

Assuming a target class c∗, the typical approach to tackle the above con-
straint minimization problem is to minimize the following objective function [ 21]: 

z = arg min
x 

d(x, y) +  λ · L(f(x), c∗), (2) 

where: 

– L(f(x), c∗) is a loss function penalizing the difference between f(x) and  c∗ 

– λ is a regularization parameter that balances between minimal changes and 
achieving the desired outcome.
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Various search methods have been studied to solve the above problem ranging 
from gradient-based [ 5, 7,10,13] to genetic algorithms [ 15,16]. Those methods 
have been implemented in widely used software libraries for generating counter-
factuals for classification. They support a variety of distance functions (e.g. L1, 
L2 norms), classification models f as well as loss functions L. In addition they 
allow to specify feasibility constraints such as defining actionable and immutable 
features and imposing constraints on the permitted range of feature values. We 
have employed two of those tools in our experimental study. 

In [ 19] we have introduced a method for computing optimal counterfactu-
als for k-means and Gaussian clustering specifically targeting the L2 norm  
between factual and counterfactual instances. Instead, in this paper, we propose 
a methodology that builds on previous work on counterfactuals for classification 
and it is applicable to any distance measure. In our experiments we demon-
strate its effectiveness by presenting results using the L1 norm. 

3 Counterfactuals for k-Means Clustering 

We assume a clustering solution with C1, ..., CM clusters obtained by applying 
k-means with M clusters on a given dataset. Let mk denote the center of cluster 
Ck. Based on the k-means cluster assignment rule, an example x is assigned to 
cluster C� whose center m� is of minimum distance from x. 

In order to compute a counterfactual explanation z for a given example (fac-
tual) y, we need to specify a distance function d(x, y). Given a factual y of cluster 
Ck, its counterfactual explanation z is defined as the solution to the following 
constrained optimization problem: 

z = arg min
x 

d(x, y) (3) 

subject to the constraint: 

C� �= Ck where C� = arg min 
Cj 

|z − mj |2 (4) 

In the above formulation, C� is the cluster label of z, taking into account the 
cluster assignment rule. 

3.1 Equivalence to Linear Classification 

We consider counterfactual generation assuming a two-cluster problem: with Cf 
denoting the cluster of factual y and Ccf the target cluster of counterfactual 
z. The reason is that, if more than one target clusters exist, we can solve sepa-
rately for each possible target cluster, compute the corresponding counterfactual, 
and select as final solution the counterfactual with minimum distance from the 
factual.
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Let mf and mcf the cluster means (centers) provided by k-means algorithm 
for the two clusters of interest. Based on the k-means assigment rule, in order 
for the counterfactual z to be assigned to target cluster Ccf it should hold that: 

|z − mcf |2 < |z − mf |2 (5) 

which leads to the following cluster assignment rule: 

(mcf − mf )�z − 1 
2 
(|mcf |2 − |mf |2) > 0 (6) 

It is obvious that the above decision function is equivalent to a two-class linear 
classification model (w�z + w0 > 0) with parameters: 

w = mcf − mf (7) 

w0 = −1 
2 
(|mcf |2 − |mf |2). (8) 

Therefore, in order to compute counterfactuals for k-means clustering, we can 
resort to methods and tools that provide counterfactuals to explain the decisions 
of a linear classifier whose parameters are determined by the cluster centers 
using the above equations. 

3.2 Plausibility 

Counterfactual plausibility is increased if we force the generated counterfactual 
to lie in high density regions of the target cluster. This can be achieved by trans-
ferring the linear classifier decision boundary away from the k-means boundary 
and inside the target cluster region. The idea can implemented using a distance 
parameter δ >  0 specified by the user and assuming that the counterfactual z is 
assigned to the target cluster if: 

|z − mcf |2 < |z − mf |2 − δ (9) 

This leads to the following decision function: 

(mcf − mf )�z − 1 
2 
(|mcf |2 − |mf |2 + δ) > 0 (10) 

It is obvious that the above decision function is equivalent to a two-class linear 
classification model (w�z + w0 > 0) with parameters: 

w = mcf − mf (11) 

w0 = −1 
2 
(|mcf |2 − |mf |2 + δ). (12) 

Note that if δ = 0, we resort to the typical k-means case described previously.
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4 Counterfactuals for Gaussian Clusters 

We now consider the case of Gaussian clustering. We assume a partition of a 
dataset into M clusters that is generated by training a Gaussian Mixture Model 
with M Gaussian components [ 3]: 

p(x) =  
M∑

k=1 

πkN (x; μk, Σk) (13) 

where μk is the mean and Σk is the covariance matrix of the k-th Gaussian 
distribution 

N (x; μk, Σk) =  1 
2π|Σk|1/2 

exp
(

−1 
2 
(x − μk)�Σ−1 

k (x − μk)
)

(14) 

and πk denotes the mixing weight (prior) of Gaussian component k. We consider 
the more general case of full covariance matrices Σk. 

The cluster assignment rule in the Gaussian clustering case assigns a data 
point x to the cluster k for which πkN(x; μk, Σk) is maximum. This leads to the 
following formulation for counterfactual computation. Given a distance function 
d(x, y) and a factual y of cluster Ck, its counterfactual z is defined as the solution 
to the following constrained optimization problem: 

z = arg min
x 

d(x, y) (15) 

subject to the constraint: 

C� �= Ck where C� = arg max 
Cj 

πjN(x; μj , Σj) (16) 

In the above formulation, C� is the cluster label of z, taking into account the 
cluster assignment rule. 

4.1 Equivalence to Quadratic Discriminant Analysis 

As with the k-means case, we consider a two-cluster problem, where Cf denotes 
the cluster of factual y and Ccf the target cluster of counterfactual z. If more 
than one target clusters exist, we can compute a counterfactual for each possible 
target and select as final solution the one with minimum distance from the 
factual. 

Let πf , μf and Σf the parameters of the Gaussian cluster of the factual and 
πcf , μcf and Σcf the parameters of the Gaussian target cluster. Based on the 
cluster assignment rule, in order for a data point z to be a counterfactual, it 
should be assigned to the target cluster. This meas that: 

πcf N(x; μcf , Σcf ) > πf N(x; μf , Σf ) (17)
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Taking the logarithm on both sides of the above equation and using the Gaussian 
definition of Eq. 14 we find that: 

ln πcf − 1 
2 

ln |Σcf | −  1 
2 
(x − μcf )�Σ−1 

cf (x − μcf ) > 

+ ln  πf − 1 
2 

ln |Σf | −  1 
2 
(x − μf )�Σ−1 

f (x − μf ) (18) 

This is equivalent to the decision rule of a two-class discriminant classifier analy-
sis whose discriminant functions gcf (x) and  gf (x) are given by the left and right 
side, respectively, of the above inequality. Since the discriminant functions are 
quadratic, the decision rule in Gaussian clustering is equivalent to a quadratic 
discriminant analysis (qda) classifier where each cluster corresponds to a class 
and each quadratic discriminant function is determined by the parameters of the 
corresponding Gaussian cluster. 

Therefore, in order to compute counterfactuals for Gaussian clustering, we 
can resort to methods and tools that provide counterfactuals to explain the 
decisions of the corresponding quadratic classifier. 

4.2 Plausibility 

If we wish the generated counterfactual to lie in more dense regions of the target 
cluster, we can modify the decision rule specified by Eq. 17 as follows: 

πcf N(x; μcf , Σcf ) > ε · πf N(x; μf , Σf ) (19) 

where ε >  1 is user specified parameter. In this way the quadratic decision 
boundary is moved in regions of higher target cluster density. Therefore, the 
generated counterfactual would lie in more dense areas of the target cluster 
compared to the case where ε = 1 presented in the previous subsection. 

It can be easily observed that the above cluster assignment rule (Eq. 19), 
is equivalent to a quadratic decision rule as the one presented in the previous 
subsection (Eq. 18), with the only difference being that the quantity πf should 
be replaced by ε · πf . 

5 Experimental Study 

In this section we provide experimental results using the proposed methodology 
for generating counterfactuals for k-means and Gaussian clustering. 

5.1 Experimental Setup and Methods Used 

For a given dataset, we begin by performing clustering using either k-means or a 
Gaussian mixture model with full covariance. Next, we designate a source cluster 
Cf and a target cluster Ccf and derive the parameters of the corresponding 
classification models.
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Two widely used methods for generating counterfactuals for classification 
have been employed, namely DiCE (dice) [  13] and GuidedPrototypes (prt) [  18]. 
For dice, we use the implementation provided by the authors 1, while for prt, 
we use the implementation in Alibi Explain 2. Both implementations provide the 
flexibility to use several distance functions between factual and counterfactual 
as well as to define actionable and immutable features. In our experiments the 
L1 distance function has been selected, which is the most popular in the rele-
vant literature, since it usually provides sparse solutions in terms of the features 
required to change. It should be noted that both dice and prt do not guar-
antee the successful generation of counterfactuals, i.e., that the counterfactual 
instance would necessarily belong to the target cluster. 

DiCE. In order to generate a set C = {c1, . . . , ck} of counterfactuals, dice 
minimizes the following objective function assuming a classification model f , a  
factual x and target class y: 

C(x) = arg min
c1,...,ck 

1 
k 

k∑

i=1 

yloss(f(ci), y) 

+ λ1 

k 

k∑

i=1 

dist(ci, x) − λ2 · dpp diversity(c1, . . . , ck) (20) 

where yloss(f(ci), y) is the classification error for ci, dist(ci, x) is the distance 
between ci and x (L1 in our case) and dpp diversity promotes variety of the gen-
erated counterfactuals. In our experiments we use the following values, optimized 
through fine-tuning, to maximize the percentage of counterfactuals successfully 
generated by the method: total cf s = 1 (a single counterfactual is required, 
k = 1), λ1 = 1,  λ2 = 0  and  stopping threshold = 0.5, indicating the minimum 
target class probability. 

GuidedPrototypes. The following objective function is minimized in the prt 
method: 

L = c · Lpred + β1 · L1 + β2 · L2 + γLAE + θLproto (21) 

where the prediction loss Lpred enforces the counterfactual to belong to the target 
class, while L1 and L2 denote distance norms between factual and counterfactual. 
The loss term LAE is used to keep the counterfactual in the data manifold by 
minimizing an autoencoder reconstruction error, while Lproto guides counterfac-
tuals towards the prototype of the target class for distribution alignment. Note 
that in prt the dataset should be available. The following parameters and cor-
responding values of the Alibi Prototypes framework were used: β1 = 1,  β2 = 0,  
θ = 100, γ = 0,  max iterations = 5000, the kdtree option is selected and the 
feature  range option is used to account for immutable features. The parameter
1 https://github.com/interpretml/DiCE. 
2 https://docs.seldon.io/projects/alibi/en/stable/. 

https://github.com/interpretml/DiCE
https://github.com/interpretml/DiCE
https://github.com/interpretml/DiCE
https://github.com/interpretml/DiCE
https://github.com/interpretml/DiCE
https://docs.seldon.io/projects/alibi/en/stable/
https://docs.seldon.io/projects/alibi/en/stable/
https://docs.seldon.io/projects/alibi/en/stable/
https://docs.seldon.io/projects/alibi/en/stable/
https://docs.seldon.io/projects/alibi/en/stable/
https://docs.seldon.io/projects/alibi/en/stable/
https://docs.seldon.io/projects/alibi/en/stable/
https://docs.seldon.io/projects/alibi/en/stable/
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cinit = 1.0 defines the initial value for c, while csteps determines the number of 
adjustment steps taken during the search process. In our tests, the csteps value 
was 3 or 5. We set csteps = 5 when one or more features were constrained to be 
immutable, thus the problem was more difficult to solve. 

5.2 Performance Results 

We now present results regarding the quality of the generated counterfactuals 
for each method. We use both synthetic and real datasets. Synthetic datasets are 
generated using the scikit-learn make blobs 3 function. We report results with a 
synthetic dataset (3D) with three features and two Gaussian clusters. We also use 
two well-known real datasets, Wine and Pendigits [ 8]. The Wine dataset consists 
of three wine categories and 13 numerical features representing the chemical 
properties of the wine. The Pendigits dataset contains ten digit categories with 16 
numerical features capturing the pen’s trajectory. Class labels were not utilized 
by the clustering algorithms, and the number of clusters was set equal to the 
number of classes. For the experiments two of the produced clusters were selected 
as source (Cf ) and target (Ccf ) clusters. For each dataset, we have studied two 
cases, one where we impose no constraints on the features and another one where 
we consider a number of features as immutable, i.e., their value is not allowed to 
change. 

For each cluster pair, 50 factuals were randomly selected partitioned into 
three groups, namely near, intermediate and far, based on their distance from the 
center of the target cluster mcf . In general, a factual that is closer to the target 
center is also expected to be closer to the decision boundary of the classifier. 

At first, we report the L1 distance between each factual and its generated 
counterfactual. Violin and box plots are presented to illustrate the detailed dis-
tribution of L1 distances. Figure 1 – 3 depict L1 distributions for k-means clus-
tering, and Fig. 4 – 6 for Gaussian clustering. 

Fig. 1. k-means clustering: L1 distribution for the 3D synthetic dataset 

In most cases, the counterfactuals generated by prt have a shorter L1 dis-
tance from the corresponding factuals than the counterfactuals generated by

3 https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make blobs. 
html. 

https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_blobs.html
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_blobs.html
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_blobs.html
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_blobs.html
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_blobs.html
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_blobs.html
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_blobs.html
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_blobs.html
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_blobs.html
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_blobs.html
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_blobs.html
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Fig. 2. k-means clustering: L1 distribution for the Wine dataset 

Fig. 3. k-means clustering: L1 distribution for the Pendigits dataset. 

Fig. 4. Gaussian clustering: L1 distribution for the 3D dataset. 

Fig. 5. Gaussian clustering: L1 distribution for the Wine dataset. 

Fig. 6. Gaussian clustering: L1 distribution for the Pendigits dataset.
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dice, especially in the case of k-means clustering. As expected, in most cases, 
the L1 distance is larger for the “intermediate” and “far” groups of factuals, 
since they are located in further distances from the decision boundary. 

Table 1. Experimental results using dice and prt for k-means clustering. 

Dataset Time (secs) Percentage t-test 
DiCE PRT DiCE PRT 

Synthetic-Near 0.04 114.85 100% 64% = 
Synthetic-Inter 0.05 115.86 100% 62% prt 
Synthetic-Far 0.05 116.84 100% 76% = 
Synthetic 2 Imm. Feat.-Near 0.08 349.49 93% 64% = 
Synthetic 2 Imm. Feat.-Inter 0.09 348.85 88% 62% = 
Synthetic 2 Imm. Feat.-Far 0.09 392.15 88% 88% = 
Wine-Near 0.10 159.68 100% 100% prt 
Wine-Inter 0.11 155.84 100% 100% prt 
Wine-Far 0.10 150.93 100% 100% prt 
Wine 7 Imm. Feat.-Near 0.06 165.73 100% 70% prt 
Wine 7 Imm. Feat.-Far 0.08 162.91 100% 68% prt 
Wine 7 Imm. Feat.-Inter 0.08 166.47 100% 47% prt 
Pendigits-Near 0.12 125.51 100% 100% prt 
Pendigits-Inter 0.13 126.29 100% 100% prt 
Pendigits-Far 0.13 124.42 100% 100% prt 
Pendigits 3 Imm. Feat.-Near 0.36 130.27 100% 100% prt 
Pendigits 3 Imm. Feat.-Inter 0.38 127.52 100% 100% prt 
Pendigits 3 Imm. Feat.-Far 0.38 128.46 100% 100% prt 

Additionally, we conducted a statistical comparison of the L1 distances pro-
vided by dice and prt, using t-test with statistical significance level equal to 
0.05. The results are reported in the last column of Table 1 for k-means clustering 
and Table 2 for Gaussian clustering. In the case where the difference is statis-
tically significant, we report the superior method, i.e., the one that generates 
counterfactuals at the smaller L1 distance. Otherwise, we use the “=” symbol. 

We have also compared dice and prt in terms of execution time. The results 
in Tables 1 and 2 indicate that dice is more than three orders of magnitude 
faster than prt. The percentage of successfully generated counterfactuals is also 
reported in those tables. Making some of the features immutable makes the 
problem of generating counterfactuals harder, resulting in smaller percentages 
of counterfactuals found. However, the distance does not necessarily increase 
when some features are immutable. Based on the t-test results, in all cases prt 
either generates counterfactuals at shorter L1 distance from the corresponding 
factual compared to dice, or the  L1 distances for both methods are comparable.
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Table 2. Experimental results using dice and prt for Gaussian clustering. 

Dataset Time (secs) Percentage t-test 
DiCE PRT DiCE PRT 

Synthetic-Near 0.05 133.35 100% 100% = 
Synthetic-Inter 0.05 133.37 100% 100% = 
Synthetic-Far 0.05 132.70 100% 100% = 
Synthetic 2 Imm. Feat.-Near 0.11 319.08 58% 70% = 
Synthetic 2 Imm. Feat.-Inter 0.14 308.15 62% 62% = 
Synthetic 2 Imm. Feat.-Far 0.09 307.75 76% 70% = 
Wine-Near 0.09 137.05 100% 100% = 
Wine-Inter 0.09 114.14 100% 100% = 
Wine-Far 0.09 117.75 100% 100% = 
Wine 7 Imm. Feat.-Near 0.08 130.71 100% 100% = 
Wine 7 Imm. Feat.-Far 0.08 114.10 100% 100% = 
Wine 7 Imm. Feat.-Inter 0.08 118.98 100% 100% = 
Pendigits-Near 0.09 151.02 100% 100% prt 
Pendigits-Inter 0.08 142.51 100% 93% prt 
Pendigits-Far 0.08 147.09 100% 100% prt 
Pendigits 3 Imm. Feat.-Near 0.38 211.12 100% 100% prt 
Pendigits 3 Imm. Feat.-Inter 0.38 218.41 100% 100% prt 
Pendigits 3 Imm. Feat.-Far 0.37 231.89 100% 100% prt 

5.3 Illustrating Plausibility 

We next present a k-means clustering example that illustrates how the increase 
of the distance parameter value δ (Subsect. 3.2) leads to counterfactuals of 
increased plausibility. We consider a 2-d synthetic dataset containing two spher-
ical clusters with centers mf and mcf respectively. We set the parameter δ 
as a percentage ε of the squared distance between the cluster centers: δε =
ε · |mf − mcf |2. 

Figure 7 and 8 display the decision boundary and the counterfacuals gener-
ated using dice and prt for increasing values of ε, specifically ε = 0,  0.1 and  
0.4. It can be observed that as ε increases, the decision boundary moves towards 
the target cluster and, consequently, the distance of the generated counterfac-
tuals from the center of the target cluster decreases. In this way plausibility is 
increased. 

Comparing dice (Fig. 7) and  prt (Fig. 8), it appears that prt generates 
counterfactuals at shorter distances (closer to the boundary) than dice, sug-
gesting that prt prioritizes proximity more strongly, even as δ increases.
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Fig. 7. Factual instances and their corresponding counterfactuals generated using the 
dice method for increasing values of ε. 

Fig. 8. Factual instances and their corresponding counterfactuals generated using the 
prt method for increasing values of ε. 

6 Conclusions 

We presented and studied a methodology to generate counterfactual explana-
tions for clustering decisions, specifically targeting k-means and Gaussian clus-
tering. Counterfactual generation for k-means clustering was achieved by defin-
ing an equivalent linear classification problem, while for Gaussian clustering a 
quadratic discriminant classifier was used. This reformulation enabled the use 
of widely adopted counterfactual explanation techniques originally designed for 
classification tasks. To enhance the plausibility of the generated counterfactu-
als, we introduced a strategy that involves shifting the cluster boundary towards 
the target cluster. We tested our methodology on synthetic and real datasets 
using two widely used techniques that generate counterfactuals for classification 
models selecting the L1 norm as a proximity measure between counterfactual 
and factual. 

Future work could focus on generating a diverse set of counterfactuals for 
a given factual as well as generating a counterfactual for a group of factuals. 
It would also be very interesting to explore counterfactual generation in a deep 
clustering framework. 
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