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Variational Bayesian Sparse Kernel-Based Blind
Image Deconvolution With Student’s-t Priors
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Abstract—In this paper, we present a new Bayesian model for
the blind image deconvolution (BID) problem. The main novelty of
this model is the use of a sparse kernel-based model for the point
spread function (PSF) that allows estimation of both PSF shape and
support. In the herein proposed approach, a robust model of the
BID errors and an image prior that preserves edges of the reconstructed image are also used. Sparseness, robustness, and preservation of edges are achieved by using priors that are based on the
Student’s-t probability density function (PDF). This pdf, in addition to having heavy tails, is closely related to the Gaussian and,
thus, yields tractable inference algorithms. The approximate variational inference methodology is used to solve the corresponding
Bayesian model. Numerical experiments are presented that compare this BID methodology to previous ones using both simulated
and real data.
Index Terms—Bayesian approach, blind image deconvolution
(BID), inverse problem, kernel model, sparse prior, student-t
distribution.

I. INTRODUCTION

I

N blind image deconvolution (BID), both the initial image
and the point spread function (PSF) are unknown. Thus, for
this problem, the observed data are not sufficient to uniquely
specify the unknown image and PSF. In order to resolve this
ambiguity, prior knowledge (constraints) has to be used for both
the image and the PSF. Over the years, a number of methodologies have been employed to introduce constraints in BID. For an
almost ten-year-old survey paper on this problem, the reader is
referred to [1], [2]. A very recent edited book on BID methods
is [3].
One category of such methods is based on regularization
using the total variation (TV) principle. These methods define
a distance function based on the data and use smoothness
constraints on both the image and the PSF based on the TV
principle [4]. A survey of recent developments on TV methods
Manuscript received March 24, 2008; revised November 11, 2008. Current
version published March 13, 2009. This work was supported in part by the European Union—European Social Fund (ESF) and National Sources, in the framework of the program “Pythagoras II” of the “Operational Program for Education
and Initial Vocational Training” of the 3rd Community Support Framework of
the Hellenic Ministry of Education. The associate editor coordinating the review
of this manuscript and approving it for publication was Prof. Stanley J. Reeves.
D. G. Tzikas and A. C. Likas are with the Department of Computer Science,
University of Ioannina, Ioannina, GR 45110, Greece (e-mail: tzikas@cs.uoi.gr;
arly@cs.uoi.gr).
N. P. Galatsanos is with the Department of Electrical and Computer Engineering, University of Patras, Rio, GR 26500, Greece. (e-mail: ngalatsanos@upatras.gr).
Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.
Digital Object Identifier 10.1109/TIP.2008.2011757

in image recovery problems and a book containing a review
of the recent developments in mathematical tools for low level
image processing problems can be found in [5] and [6], respectively. Methods based on anisotropic diffusion regularization
have been also proposed [7]; however, they require the choice
of the diffusion operator. There are also methods based on soft
constraints [8], [9], which are very flexible; however, the form
and the type of the used soft constraints is ad-hoc. Methods
based on sparse image representations and quasi likelihood
criteria have been also suggested [10].
Another way to apply constraints to the image and the PSF, is
through the use of the Bayesian methodology. In this approach
the unknown quantities are assumed to be random variables and
suitable prior distributions are selected to impose the desired
characteristics[11]–[16]. Unfortunately, since the BID data generation model is nonlinear, the posterior distribution of the unknown image and PSF can not be computed analytically. Thus,
Bayesian inference using conventional methods, such as maximum likelihood (ML) via the expectation maximization (EM)
algorithm, cannot be applied.
These difficulties can be overcome using the variational
Bayesian methodology [17] and [18]. To our knowledge, this
methodology was first applied to the BID problem in [13].
In this paper, the PSF and the image were modeled by an
exponential and a mixture of exponential distributions, respectively. Furthermore, the support of the PSF was known,
and the images were line drawings which are sparse, in the
sense that their intensity is zero at most locations. This work
was recently extended for natural scene images in [14] with
promising results. More specifically, a mixture of Gaussians
for the gradient of the image, and a mixture of exponentials for
the PSF were used. This PSF model allows only positive PSF
intensities and encourages sparsity, all of which are desirable
properties for BID. However, it does not model spatial PSF
correlations. In another line of work [15], a simultaneously
autoregressive (SAR) prior and a Gaussian prior with unknown
mean and spherical covariance have been used for the image
and PSF, respectively. This methodology was extended in [16]
to account for spatial PSF correlations using SAR models for
both PSF and the image. However, this approach fails to model
edges in the image or PSF and does not provide a mechanism
to estimate the support of the PSF.
In this paper, we propose a Bayesian model for the BID
problem that allows reconstruction of image edges, models
spatial PSF correlations and estimates the PSF support. The
main contribution of this paper, is a model that enforces PSF
smoothness and simultaneously estimates the PSF support.
Specifically, we model the PSF as a linear combination of
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kernel functions that are placed at all the pixels of the image.
Thus, the amount of smoothness can be controlled by selecting
the kernel function. The support of the PSF can be arbitrarily
large, since we placed kernel functions at all image pixels.
However, we assume that the distribution of the weights of
the kernels that models the PSF is a heavy tailed Student’s-t
distribution. This distribution favors sparse models, forcing
most of the weights to become zero and, therefore, limiting the
support of the PSF. Furthermore, in order to promote smooth
image estimates, we constrain the local image differences, by
assuming that they follow a zero-mean Student’s-t distribution
in order to allow reconstruction of edges[19]. Finally, we model
the errors of the imaging model with a Student’s-t distribution.
This is important, not only because the noise in the observed
image may not be Gaussian, but also because inaccurate PSF
estimates produce heavy tailed errors, since the BID model is
nonlinear.
In the proposed model, we use extensively the Student’s-t pdf.
This pdf can be considered as a generalization of the Gaussian
since with appropriate selection of its parameters, it can have
heavy tails and in the limit it can become either Gaussian, or
uninformative; see Fig. 1(a). Thus, when errors of a model are
assumed Student’s-t distributed, this yields robust estimators.
Furthermore, when the parameters of a model are assumed Student’s-t distributed, this results in sparse models i.e., models
with few nonzero parameters. Such models are very attractive
and are currently a hot topic of research since they automatically provide a mechanism to determine their complexity[20].
The sparsity of such models can be understood by observing
the plots of the 2-D pdfs in Fig. 1(b). Most of the mass of the
Student’s-t pdf is concentrated along the axes and the center, unlike the Gaussian, where it is evenly distributed around ellipses,
as shown in Fig. 1(c). This observation can be generalized for
vectors of arbitrary dimension, where the Student’s t pdf assigns
large probability mass to estimations that contain a large number
of zero elements. The Laplacian pdf which has heavy tails has
also been used for encoding sparse models[21]. Another very
attractive property of the Student’s-t pdf is that it can be generated by the superposition of an infinite number of Gaussian pdfs
with common mean and precision (inverse variance) which is
Gamma distributed [17]. This allows tractable Bayesian inference for models that use this pdf [22]. Specifically, if we asof independent random varisume a vector
ables that follow a Student’s-t distribution given by
and introduce the independent hidden vari, with
ables
we can write the Student’s-t pdf as
,
. Here
where

Fig. 1. (a) Student t pdf with 0.1, 1, and 10 degrees of freedom compared to the
Gaussian pdf. Two-dimensional plot of (b) the Student’s-t pdf with 0.1 degrees
of freedom and (c) the Gaussian pdf.

is the multivariate Gaussian distribution with mean and cois
variance matrix ,
the Gamma distribution with parameters and and
.
The rest of this paper is organized as follows. In Section II,
the Bayesian model is presented. In Section III, a brief introduction to the variational methodology is presented and the variational methodology is applied for inference to the proposed
model. In Section IV, we present experiments with artificially
blurred images where the ground truth is known and with real
astronomical images. In these experiments, we compare the proposed methodology with Bayesian methods that use Gaussian
priors and TV based methods and the advantages of the proposed methodology are demonstrated. Finally, in Section V, we
provide conclusions and directions for future work.
II. BID MODEL
We assume that the observed image
is given by conwith an unknown PSF
. To
volving an unknown image
account for errors, additive, independent, identically distributed
is also assumed. This model is written as
noise

(1)
where
,
is the support of the image
and denotes 2-D circular convolution. Equivalently, this can
be written in vector form as

(2)
is the Student’s-t distribution with mean , precision
grees of freedom

and de-

where , , , and are
1 lexicographically ordered vectors ( is the number of pixels) of the intensities of the degraded image, observed image, PSF and additive noise respecblock-circulant matrices
tively. Here, we introduce the
and , which implement 2-D convolution with the vectors
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. Then, the BID

(3)
The blind image deconvolution problem is difficult because
there are too many unknown parameters that have to be estimated. More specifically, the number of unknown parameters
and is larger than the number of observations , and, thus,
reliable estimation of these parameters can only be achieved
by exploiting prior knowledge of the characteristics of the unknown quantities. Following the Bayesian framework, the unknown parameters are treated as hidden random variables and
prior knowledge is expressed by assuming that they have been
sampled from specific prior distributions.
A. PSF Kernel Model
We model the PSF as the linear combination of basis functions
(4)

Fig. 2. Histograms of (a) estimated PSF weights assuming known PSF, (b) horizontal, and (c) vertical local differences of the “Lena” image and (d) model
errors of an image restoration method using incorrect PSF estimation. Solid
:
,
lines show fits by the Student’s-t pdf with parameters (a) 

:
,
: ; (b) 
:
,
:
,
: ;
(c) 
,
:
,
: ; and (d) 
,
:

:
,
: .
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is a kernel function centered
and
. We denote as
the vector of values of the PSF
at each
and with
the
. Then the PSF vector is
corresponding basis vector for
modeled as the linear combination of the basis vectors

where
at

(5)
Fig. 3. Example of the estimated local variances (a)
for a uniform 7 7 square-shaped PSF, (b) and (c)
image model residuals.

2

We further assume that the kernel is invariant to translations,
; thus, (5) can be written as
i.e.,
(6)
are the weights of the linear comwhere
are
block-circulant matrices that
bination and ,
and respectively, so
implement 2-D convolution with
that
. Thus, the BID data generation model
(2) can be written as
(7)
In this paper, Gaussian kernel function of the form
(RBF kernels) is
considered, which produces smooth estimates of the PSF.
However, any other type of kernel could be used as well. It
is even possible that many different types of kernels are used
simultaneously, at a small additional computational cost [23].
B. PSF Sparseness
A hierarchical prior that enforces sparsity is imposed on the
weights [20]
(8)

( )

of the PSF weights
, and
of the

( )

where
,
. Each weight is assigned a separate local precision parameter , which is treated
as a random variable that follows a Gamma distribution
(9)
This hierarchical prior is equivalent to a Student’s-t pdf.
Fig. 2(a) shows a histogram of the estimated weights when
the PSF is a 7 7 uniform square-shaped function and it is
assumed known. It is apparent that the pdf of the weights is very
heavy tailed and that there are only few nonzero weights. For
that define a very heavy tailed,
this reason, we set
uninformative Student’s-t distribution. It is interesting that the
of this Student’s-t distribution provide an
hidden variables
estimate of the support of the PSF. Specifically, local precision
that correspond to kernels outside the support of the PSF
obtain very large values; therefore, those kernels are pruned
. This is demonstrated in Fig. 3(a) where
by setting
we show the estimated local variances for a BID problem with
a 7 7 uniform PSF. Notice that outside a limited area that
captures the support of this PSF these variances are zero.
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C. Image Model
filtered versions
The image prior that we use is based on
, where
are
convolutional
of the image:
). Specifically, we use
operators of the filters (
horizontal and vertical first order local differences, by defining
,
and
so that
(10)
(11)
Without any changes in the method, we could also use other
[24]. In practice, we join all operaconvolutional operators
in the
operator
that
tors
1 vector
produces the

of large values that correspond to image textured regions and
image edges. A heavy tailed pdf, such as the Student’s-t is necessary in order to model both smooth and textured regions or
edges. At this point it is interesting to point out that the hidden
variables of this Student’s-t prior capture the image edge structure using a continuously valued model. This is demonstrated in
are shown.
Fig. 3(b) and (c), where the local variances
It is interesting to notice that the variances
and
provide the vertical and horizontal edge structure of the image,
respectively.
D. Noise Model
The noise of the BID model (3) is assumed to be zero mean
Gaussian distributed, given by

(12)
We assume that

(18)

is Gaussian distributed with distinct precision
(13)

with
and
. The local precision
are also assumed to be random variables with a
parameters
Gamma prior

Assuming the independent with respect to , induces a prior
for the image, which is given by

(19)

(14)
and
. In order to comwith
bine the information captured by each prior , we define a composite prior, which is the product of them [25]
(15)
with
and
. Unfortunately,
it is not possible to analytically compute the determinant
that is required to estimate the normalization consince
is not square. Instead, we approximate it as
stant
, giving
(16)
Notice that the approximation only affects the normalizing constant of the pdf. Therefore, this is an improper pdf whose integral is not necessarily unity. Improper pdfs have been used in
many other Bayesian methods [26]. The local precision paramare assumed to be independent identically distributed,
eters
Gamma random variables
(17)
Thus, the prior on the first order local differences is equivalent to a Student’s-t pdf. The appropriateness of the Student’s-t
to model local image differences is demonstrated in Fig. 2(b)
and (c), where a histogram of the horizontal and vertical local
differences for the “Lena” image is shown. Notice, that most
local differences, that correspond to smooth image regions, are
very close to zero. However, there is also a significant number

This two-level hierarchical prior for noise is equivalent to
a Student’s-t pdf. Since the Student’s-t distribution can have
heavy tails, this prior model does not excessively penalize large
errors of the BID model as the Gaussian does, and, thus, it produces robust estimators. This is a desirable feature in BID, because at least in the beginning of the algorithm, when the PSF
has not yet been estimated adequately, the errors of the imaging
model are heavy tailed, as shown in Fig. 2(d). This happens because an inaccurate PSF estimation introduces large errors near
edges of the image and in textured regions, but only small errors
in smooth regions of the image.
III. VARIATIONAL BAYESIAN INFERENCE
,
The observed variables of the proposed model are
and the parameters
the hidden variables are
of the model are
. The dependencies
among the random variables that define the proposed Bayesian
model are shown in the graphical model of Fig. 4.
Because the BID model is nonlinear, the posterior distribution
cannot be computed. Thus, we can not
of the parameters
apply exact inference methods, such as maximum likelihood via
the EM algorithm. Instead, we resort to approximate inference
and specifically to the variational Bayesian methodology [18],
in which we assume a family of approximate posterior distribu, and then seek values for the parameters that best
tions
.
approximate the true posterior
can be deThe evidence of the model
composed as
(20)
where

Authorized licensed use limited to: Illinois Institute of Technology. Downloaded on January 8, 2010 at 04:58 from IEEE Xplore. Restrictions apply.

(21)

TZIKAS et al.: VARIATIONAL BAYESIAN SPARSE KERNEL-BASED BLIND IMAGE DECONVOLUTION

757

A. Approximate Posterior Distributions
The approximate posterior distributions of the hidden variables can be computed using (25), as shown in Appendix A.
Because we have used conjugate priors, the approximate posteriors have the same form as the priors. Specifically, the approximate posterior distributions of the PSF weights and the image
are Gaussian and the distributions of the precision parameters
, , and are Gamma
(27)
(28)

Fig. 4. Graphical model that describes the dependencies between the random
variables of the proposed model. Circular nodes represent random variables,
while square nodes represent parameters of the model. The observed variables
are represented by double circled nodes.

(29)
(30)

is called the variational bound and
(22)
is the Kullback–Leibler divergence between the approximating
and the exact posterior distribution
. We
distribution
by maximizing the
find the best approximating distribution
variational bound , which is equivalent to minimizing the KL
divergence

(31)
where
(32)
(33)

(23)

(34)
(35)

In order to perform the maximization of the variational bound
, we can aswith respect to the approximating distribution
sume a specific parametric form for it and then maximize with
respect to the parameters. An alternative common approach is
the mean field approximation, which assumes that the posterior
distributions of the hidden variables are independent

(36)
(37)
(38)

(24)

(39)
(40)

Then, the variational bound is maximized by

(41)
(25)
The required expected values can be computed as
where
(26)
denotes the vector of all hidden variables except [18] and
denotes the expected value if
with respect to
.
is not straightforward, since
deComputation of
. Variational inferpends on the approximate distribution
and
ence proceeds by assuming some initial distribution
then iteratively updating
using (25) and (26). If the prior
is defined in terms of some parameters , then
distribution
these can be estimated by maximizing the variational bound
with respect to .
Authorized licensed use limited to: Illinois Institute of Technology. Downloaded on January 8, 2010 at 04:58 from IEEE Xplore. Restrictions apply.
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B. Parameter Estimation
The parameters ,
and ,
of the noise and image
Gamma hyperpriors can be estimated by optimizing the variational bound (21), whose form is given in Appendix B. The
derivatives of with respect to the above parameters are

and
, we do
For the posterior image and weight means
not use the above approximations, since we can exactly obtain
them by solving the following linear systems:
(59)
(60)

(50)
(51)
(52)

(53)
where

is the digamma function given by
and
. We
can obtain updates for these parameters by setting the above
derivatives to zero. This cannot be done analytically for the
and ; thus, we find a numerical solution using
parameters
a combination of bisection, secant, and inverse quadratic interpolation methods, as implemented by matlab’s fzero function.
C. Computational Issues
The computations in (32)–(49) involve matrix operations,
, where
is the number of
whose dimension is
and
pixels in the image. Unfortunately, computation of
involves inversion of matrices that contain both diagonal
and circulant matrices and cannot be performed explicitly for
large . However, diagonal and circulant matrices are easy to
(33) with a diagonal
invert. For this reason, we approximate
(35) with a circulant matrix, as
matrix and
(54)
(55)
with

,

and
(56)
(57)

is justified beThe diagonal approximation for matrix
that appear in the diagonal were found to
cause parameters
is approximated with a
dominate in (33). On the other hand,
circulant matrix because both the parameters and
obtain
values in the same range. The above approximations are used for
computation of , , and
in (37), (39), and (41) respecand
appear
tively, where the elements of the matrices
directly. Furthermore, they are used for computing the expected
that appears in (49) as
value
(58)

These linear systems are solved iteratively with the conjugate
and
gradient method, using the approximation matrices
as preconditioners. In these iterations, products of circulant matrices are efficiently computed in the DFT domain, while products of diagonal matrices in the spatial domain. Specifically,
iteraeach conjugate gradient iteration requires
tions. Theoretically, an exact solution of the linear system is obiterations, however, we typically obtain a
tained after
. The
good approximation after only few iterations, e.g.,
overall computation cost is
D. Variational Optimization Algorithm
Each iteration of the optimization algorithm proceeds as follows. First we compute the parameters of the approximate posterior probabilities, as given in (32)–(41) and then we compute
the expected values using (42)–(49). Finally, we may update
the parameters of the noise and image prior distributions, using
and
are used
(50)–(53). The means of the posteriors
to obtain estimates of the PSF and the image :
and
.
IV. NUMERICAL EXPERIMENTS
Several numerical experiments have been carried out both
with artificially generated observations where the ground truth
is known and with real observations in order to demonstrate
the properties of the proposed method. We compare the proposed method with previous Bayesian BID formulations based
on Gaussian PSF and image models [15], with the TV-based
blind deconvolution method in [4] and another recent variational
Bayesian method in [16].
Hereafter, we will refer to the proposed method as the StStSt
method, to imply that three Student’s-t priors are used to model
the PSF weights, the BID model errors and the image local
differences. We also considered several simpler versions of this
Bayesian model that use Gaussian distributions in place of the
Student’s-t distributions. Specifically, we consider Gaussian
, the
distributions for the PSF weights,
, and the image local
additive noise,
differences,
. The names of these
simplified versions consist of three parts that express the distributions of the PSF weights, the additive noise and the image
local differences. For example, the method that uses Gaussian
distribution for the image local variances but Student’s-t distributions for the PSF weights and noise is denoted as StStG.
The GGG is very similar to the VAR1 method described in
[15], which also assumes that the PSF weights, the imaging
model errors and the image local differences are Gaussian. The
only difference between VAR1 and GGG is that VAR1 does not
. Thus,
use a kernel model for the PSF, i.e.,
the VAR1 method is identical to the GGG, when a Gaussian
kernel of very small size is used.
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In the simplified models GGG, GStG, StGG, and StStG,
where Gaussian stationary image priors are used, we consider
the typical simultaneously autoregressive (SAR) prior that has
been used extensively in image restoration [15], [16]. This prior
given by
assumes a pdf for the image residuals
(61)

where

is the set of four neighbors of

, given by
. The
Bayesian method in [16] uses the SAR prior for both the image
and PSF and then uses the variational methodology to achieve
inference, similarly to the proposed method.
Furthermore, we provide a detailed comparison with the
TV blind deconvolution method [4]. This method provides
estimates of the image and PSF by solving the following
minimization problem:
(62)

where
term.

Fig. 5. Comparison of the proposed methods on the (a) Lena image degraded
with a uniform, 7 7 square-shaped PSF. Estimated images using the (b) GGG
method, (c) StStSt method, (d) method in [4], (e) method in [16], and (f)
Known PSF restoration method in [19]. In all cases, the PSF was initialized
and the kernel was a Gaussian with variance
as a Gaussian with 
: . The numbers below each image are the ISNR values of the image

) and the corresponding PSF (
).
(

2

= 01
ISNR

=3

ISNR

is a total variation regularization

A. Experiments on Artificially Blurred Images
In the first experiment, we compared all the methods
using artificially degraded images. We generated a degraded
image by blurring the true image with a known PSF
and then adding Gaussian noise with variance
.
The signal to noise ratio (SNR) of the observed image is
dB. In all methods, the
initial PSF
was set to a Gaussian-shaped function with vari. Since the true image is known, we can measure
ance
the quality of a recovered image , by computing the improved
signal to noise ratio
which is a measure of the improvement of the quality of the
estimated image with respect to the initial degraded image.
We can also measure the quality of a PSF estimation , by
.
computing
The PSF that was used in this experiment was a 7 7 uniform, square-shaped PSF. However, we initialized the PSF as a
. The kernel
Gaussian-shaped function with variance
function that we used was set to a Gaussian with variance
, which is flexible enough to model the boundaries of the
square. The ISNR values for the image and PSF estimates of all
methods are shown in Table I. Furthermore, the degraded image
and restored images for some of these methods are shown in
Fig. 5 along with the restoration in [19], which was obtained by
assuming that the PSF is known and a similar in spirit image
prior.
Inspection of these results reveals that, in general, improvement in the accuracy of the estimated PSF implies improvement
in the quality of the recovered image. Furthermore, using a Student’s-t distribution to model the weights of the kernel model
of the PSF gives significantly better PSF estimates as compared
to using a Gaussian distribution for the same task. This demonstrates beyond any doubt the importance of this selection for

TABLE I
ISNR FOR IMAGE AND PSF FOR THE EXPERIMENTS ON THE DEGRADED LENA
IMAGE WITH A UNIFORM, 7 7 SQUARE-SHAPED PSF

2

the BID problem. The image estimates are also improved when
using Student’s-t distributions for either the image local differences or noise. Finally, the StStSt model seems to produce visually more pleasing restored images with “sharper” edges than eimight
ther the StGSt and StStG models, even though the
be slightly lower. However, it is well known that
does
not always capture accurately the human perception of image
quality.
B. Comparison With Other BID Methods
In this subsection, we have conducted another experiment,
where we compare the method based on the StStSt model
with methods in [4] and [16]. In these experiments, we use
the 256 256 “Cameraman” image, degraded with several
PSFs and noise levels. Specifically, we used three different
PSFs; a Gaussian-shaped PSFs with variance 5, a uniform
square-shaped PSFs of size 7 7 and a rectangular nonsymmetric, accelerated motion blur [27] given by
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= 40

Fig. 6. Degraded cameraman images with (a)–(c) SNR
dB and
(d)–(f)SNR
dB. The PSF was (a), (d) Gaussian-shaped with variance

, (b), (e) uniform, square-shaped 7 7, and (c), (f) accelerated motion
blur.

=5

= 20

2

SNR = 20
= 5

Fig. 8. Comparison on cameraman image with
dB and
, (d)–(f) uniform,
(a)–(c) Gaussian-shaped PSF with variance 
square-shaped 7 7 PSF, (g)–(i) motion-blur PSF. Estimates obtained with
(b), (f), (g) the proposed StStSt method; (c), (g), (k) method in [4]; and (d), (h),
(l) method in [16]. The numbers below each image are the ISNR values of the
) and the corresponding PSF (
).
image (

2

ISNR

SNR = 40
= 5

Fig. 7. Comparison on cameraman image with
dB and
, (d)–(f) uniform,
(a)–(c) Gaussian-shaped PSF with variance 
square-shaped 7 7 PSF, (g)–(i) motion-blur PSF. Estimates obtained with
(b), (f), and (g): the proposed StStSt method; (c), (g), (k) method in [4]; and
(d), (h), (l) method in [16]. The numbers below each image are the ISNR values
of the image (
) and the corresponding PSF (
).

2

ISNR

ISNR

with
,
,
and
. We also used two
dB and high noise
levels of noise; low noise with
dB. The PSF was initialized as a Gaussianwith
. For the StStSt method
shaped function with variance
we used a Gaussian-shaped kernel function with variance
, in all cases except for the case of accelerated motion PSF,
where we used a Gaussian-shaped kernel with variance

ISNR

. The degraded images are shown in Fig. 6 and the restored
images are shown in Figs. 7 and 8. The parameters of all the
methods were selected in a trial and error manner in order to
optimize the resulting images.
We can observe here that in all cases, the StStSt method outperforms both the methods in [4] and [16], especially in the case
dB. Specifically, the method
of low noise with
in [4] fails to estimate the Gaussian-shaped and motion PSFs,
which is explained by the fact that the TV constraint on the PSF
has the tendency to create flat areas and discontinuities, that are
in contrast with the smooth PSFs that were used. In contrast,
the method in [16] uses the SAR constraint for the PSF, which
forces smooth PSF estimations. For this reason, it fails to estimate the square and motion blurs, which have discontinuities.
Furthermore, the SAR model of the image fails to preserve the
structure of edges. On the other hand, the StStSt method estimates successfully all types of PSF, because it uses distinct
mechanisms to estimate the support and enforce smoothness to
the PSF, via the sparse Student’s-t prior and the kernel model,
respectively.
In terms of computational cost, the method in [16] is the most
operations.
efficient, since each iteration involves
On the other hand, each iteration of both the proposed method
linear
and the method in [4] require the solution of a
system that is solved using the conjugate gradient method and
computations, where is the number of
require
conjugate gradient iterations.
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TABLE II
ISNR FOR IMAGE AND PSF FOR VARIOUS VALUES OF THE KERNEL WIDTH
FOR THE CASE OF GAUSSIAN-SHAPED PSF WITH 

=5

Fig. 9. (a) Degraded image. Estimated images using the methods (b) StGG,
(c) StStG, (d) StGSt, (e) StStSt, (f) GGG, and the methods in (g) [4] and (h)
in all cases and the
[16]. The PSF was initialized as a Gaussian with 
.
kernel was a Gaussian with variance 

=1

=3

Fig. 10. One-dimensional slice of the true and estimated PSFs for the images
r =R
, with
of Fig. 9. The true PSF has been estimated as h r

.
and R
: . The kernel was Gaussian with variance 

3

34

( ) / (1 +

)
=1

C. Experiments on Real Astronomical Images
We also applied the proposed methodology on a real astronomical image of the Saturn planet, which has previously been
used in [16]. Astronomical measurements suggest the following
PSF model for ground based telescopes
(63)
and
The parameters and can be measured [16] and
. The recovered images by the different methods are
shown in Fig. 9 and the resulting PSFs in Fig. 10.
From these images, it is clear again that the models with two
or more Student’s-t priors give visually superior results. In these
images, there is less ringing at the edges, noise in flat areas and
the Saturn bands are better separated. Furthermore, the StStSt
model produces again “sharper” images. It is interesting to notice that the StGG model does not yield good recovered images
although it estimates well the measured PSF. This demonstrates
the inappropriateness of the Gaussian to model the errors of the
BID model and the image model. Notice also, that again, the
TV-based methodology fails to estimate the smooth PSF and
creates edges in areas where they do not exist in the original
PSF; see Fig. 10.
D. Selecting the Kernel Width and Initial Values for the
Parameters
The proposed method uses a sparse kernel model to estimate
the PSF. The significance of the kernel model is that it favors

TABLE III
ISNR FOR IMAGE AND PSF FOR VARIOUS VALUES OF THE KERNEL WIDTH
FOR THE CASE OF UNIFORM, 7
7 SQUARE-SHAPED PSF

2

smooth estimations of the PSF, by forcing neighboring pixels
to have similar values. This is important in order to enforce
PSF smoothness and prevent the noise in the observed image
to corrupt the PSF estimate. However, selecting an appropriate
kernel is not straightforward. Here, we have considered several
Gaussian kernels of different widths in order to determine how
the proposed method is affected by the width of the Gaussian
kernel. We have applied the proposed method on the artificially
blurred images of the first experiment and considered degradation with Gaussian PSF or uniform-square shaped PSF. Tables II and III show the ISNRs of the image and PSF for several
values of the kernel width, for the case where the true PSF is
Gaussian-shaped and square-shaped, respectively. Notice that
in all cases, selecting a very large kernel leads to very smooth
estimates of the PSF that provide poor results. In case of uniform square true PSF (Table III) the best results are obtained
when using a very small kernel. This is because the square PSF
is not smooth at the edges of the rectangle. On the other hand, in
the case of Gaussian-shaped true PSF (Table II), it is favorable
to select a kernel that produces smooth PSF estimation.
It must be also noted that the performance of all the variational algorithms generally depends on the initialization of the
parameters. This happens because the variational bound is a
nonconvex function and, therefore, depending on the initialization, a different local maximum may be attained. In order to
apply the proposed method, the following parameters have to
be initialized:
1) Weights of the Kernel Model That Define the PSF: In
BID, having a good estimate of the PSF is usually very important and many BID methods fail when they are badly initialized.
This is a significant limitation, because in many situations there
is no available estimate of the PSF. The proposed method does
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not rely on a good initial PSF estimation. Instead, the sparse
kernel based PSF model, can successfully estimate the PSF from
the observed image. This is demonstrated in the previous experiments, where we successfully estimated Gaussian-shaped,
square-shaped and accelerated motion PSFs using an initial PSF
. The weights
that was Gaussian-shaped with variance
were initialized by solving the PSF model given in (6), which
with
.
gives
2) Weight Normalization Parameters
of the PSF Model
and the Hyperparameters , : Initially, we set all these parameters to very small values, e.g.,
, which corresponds to a very flexible linear model. This is desirable in order
to obtain an initial estimate of the support of the PSF using all
and are set to
the available kernels. The hyperparameters
zero, thus assuming a uninformative distribution for the paramfor most kernels
eters . During inference, the parameters
tend to infinity; thus, the support of the PSF is limited.
3) Noise Precision and the Hyperparameters , : The
noise precision is initially set to
. The hyperparamare initially set to values that define a Gamma diseters ,
and variance
, which is a flat and
tribution with mean
rather uninformative distribution. Their values are then updated
using (50) and (51).
4) Strength of the Image Prior and the Hyperparameters
, : The parameter that defines the strength of the image
. The hyperparameters
and
prior is initially set to
are set to values that define a Gamma distribution with mean
and variance
. Updating
and
(Section III-B), usually
improves the performance of the algorithm, at least in the first
few iterations. However, we have empirically found that at convergence, these hyperparameters attain very small values, thus
defining an uninformative distribution. This leads to very noisy
image estimates and for this reason we do not update the hyperparameters , but keep them fixed to their initial values. An explanation for the failure to estimate these parameters is that we use
an improper prior for the image (16). Although selecting values
for these parameters may seem arbitrary they actually depend on
the characteristics of the image. Specifically, small values of the
parameter lead to very smooth solutions, while small values of
the parameter allow few hard edges by defining a heavy tailed
distribution for the image local differences.
V. CONCLUSIONS AND FUTURE WORK
We presented a Bayesian approach to the BID problem where
the PSF is modeled as a superposition of kernel functions. We
assumed a suitable heavy tailed prior distribution on this kernel
model, in order to obtain a sparse estimate of the support and
shape of the PSF. We also used a heavy tailed pdf both for the
noise, in order to achieve robustness to BID model errors and for
the local image differences, in order to allow the reconstruction
of edges. The Student’s-t pdf was our choice as a heavy tailed
pdf, due to its close relationship with the Gaussian. Because
of the complexity of this model, the variational framework was
used for approximate Bayesian inference.
Several experiments were carried out, to test the proposed
methodology. These experiments indicated beyond doubt that
the use of a Student’s-t pdf to model the weights of the PSF

kernel-based model is crucial to the success of this approach.
Furthermore, Bayesian BID models that use at least two Student’s-t priors, one for the PSF, are clearly superior to BID
models that use two or more Gaussian priors. Furthermore, it is
interesting to notice that the StStSt model that uses only Student’s-t priors seems to produce visually superior images as
compared to models that use a combination of two Student’s-t
and Gaussian priors.
We also compared this methodology with TV-based and
Bayesian as implemented in [16] BID in a number of different
scenarios. From these comparisons it is clear that the proposed
methodology is always superior to the Gaussian model based
methodology in [16]. As far as TV-based BID is concerned the
proposed method is clearly superior for scenarios with small
sized PSFs and low noise. In the case of large PSFs and high noise
the two methods produce different in nature results. The proposed methodology produces image where image details were
values. However, it
better preserved. It also yields better
produces “ringing” artifacts in image edges. TV-based BID gave
no “ringing,” however, many image details were eliminated.
In the future, we plan to explore the possibility of learning the
in a manner analogous to [25]. Furthermore, we plan
filters
to explore extending the constrained variational methodology
in [24] to BID to avoid using the approximation of the partition
function in (16).
APPENDIX A
COMPUTATION OF THE POSTERIOR PARAMETER DISTRIBUTIONS
Using the mean field approximation (24), the posterior distribution of the parameters is given by (25) and (26). In order
, we start from (26) and
to find the posterior distribution
that depend on
compute only the terms of

where
and is diagonal and, therefore, symmetric.
is proportional to
,
Then, from (25) we see that
and, thus, it is a Gaussian distribution given by (27). Similarly,
which is also a Gaussian diswe can obtain the posterior
tribution given by (28).
is similarly obtained by computing the
The posterior
that depend on
terms of
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This is the exponent of a Gamma distribution, and, therefore,
is a Gamma distribution given by (29). The posterior disand
are also Gamma distributions given by
tributions
(30) and (31) and their computation is very similar.
APPENDIX B
COMPUTATION OF THE VARIATIONAL BOUND
The variational bound is given by

and the required expected values can be computed as the equations shown at the top of the page.
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