Data Mining
Cluster Analysis

Lecture Notes for Chapter 8



Clustering

e Target: Divide data into a set of groups (clusters)
based on similarity

e Similar samples are grouped together, while
dissimilar samples are placed in different clusters

e Input dataset: unlabeled data X = {xl,xz,...,x,\,}
Avallable only the information of feature values

e Unsupervised learning



Examples (I)

Input dataset Clustering result
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Advantages of Clustering

e Clustering for data understanding
e Discover dynamically categories of data

e Clustering assists Information retrieval
— efficient finding nearest neighbors

e Summarization of data

e Compression (vector guantization)



Cluster Analysis

Goal:

e Objects that belong to the same cluster are more
similar to each other, and simultaneously differ
from rest objects that belong to other clusters.

e The more similar among members of same cluster
(intercluster), the more difference among clusters
(intracluster).

e There is an objective difficulty



Cluster Analysis (cont.)
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Clustering approaches

Partitioning (model-free) methods:

* Divide the Input data set into non-overlapping subsets -
groups (clusters). Any point belongs exclusively to a single
cluster.

Hierarchical methods:
« Build a hierarchy of clusters organized in a tree structure

Similarity-based methods:

« Use a similarity matrix of data and make a spectral analysis
of it (graph-based clustering).

Model-based methods:

« Every cluster is described by a parametric model. During
learning model parameters are estimated in order to fit the
data. Any point belongs to several clusters with different
degrees.



Exclusive vs. Non-exclusive (Overlapping)
Clustering

e Exclusive

* Any point belongs exclusively to a single cluster.

* Overlapping

* Any point may belong to several clusters with different
degree.

* e.g. probabilistic clusters (probability of belongingness)
* Fuzzy clusters (membership value)



Complete vs. Partial
Clustering

« Complete
» Clustering is performed to all data

e Partial

« Some examples may not participate to clustering
procedure, either

* because they do not belong to well shaped clusters, or

* because they are noisy data or outliers and may
negatively affect clustering



Types of Clusters

e Well-separated clusters

— Any point is more similar to all points of the same
cluster in comparison with points from other clusters

e Prototype-based or Center-based clusters

— The distance of any point with the cluster center it
belongs is less than distances with other clusters’
centers

— The center of a cluster is often a centroid, the average
of all the points in the cluster, or a medoid, the most
“representative” point of a cluster



Types of Clusters (cont.)

e Geometric clusters

— Clusters have geometric properties, i.e. have
geometric rules to identify which data point belong to
them. For example, hyperplanes or hyperspheres that
surround a cluster region.

e Graph-based clusters

— Graph representation of data where data points are
vertices which communicate only with other points
(vertices) of the same cluster. Clusters as cligues.



Types of Clusters (cont.)

e Density-based clusters

— Cluster is a region of high density that surrounds
similar points and is separated with other clusters with
regions of minimum variance

e Property or Conceptual clusters

— Cluster is a set of data sharing a common property
(e.g. distance, geometry)



[1]. Partitioning Clustering:
finding cluster representatives

e Every cluster () is described with a representative
(b, ) that describes it uniquely.

e Summarization of data
— Representative summarizes all cluster members
— Reducing dataset to a set of representatives of clusters

e Compression of information
— Vector guantization

— Useful in text, images, sounds and video (text, video or
sound summarization by keeping most characteristic
topics, paragraphs, or scenes)
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Partitioning method

e Decision mechanism:

A pattern x belongs exclusively to the closest
cluster j” that has the minimum distance (or the
highest similarity) with its representative

xej =arg min{d (X’ H; )}

j=1,...K

e Learning goal:

Estimate the proper values of the representatives
{ 1 } given an input set of examples.



0 CIAY(')pIGNOC K-means (MacQueen, 1967)
e Input dataset X = {Xl,xz,...,XN}

e Goal: division of set X into K clusters and
discovery K representatives { y; }. (K: known)

e Cluster representatives: Means or center of
data belong to the same cluster.

e Rule: Every point belongs to the cluster with the
minimum distance of its center.

e Objective function: EzzN:_min {d(xi,,uj)}

1 J=1,...,K



O CIAY('DPIGHO(; K-means (MacQueen, 1967)

e Apxikotroinon (t=0) Twv K péowv: {lujﬁo)} j=1...,K
N

£ min s )

o ETmavaAnTTiKG =1

1. TomroBéTnon Twv N mTpoTuTTwy 0€ K ouddeg avaloya ue TNV
ATTOO0TACK) TOUG ATTO TA TPEXOVTA HECA TWV OUAOWY

Q={} Vj=1...,K

J

Vi=1...,N q=argmin{d(xi,,uj)} Q,=Q, U{Xi}

i=1,...K
. s 1
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(t+1) - (t+1)
o3 i )
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O CIAY('DPIGHO(; K-means (MacQueen, 1967)
Termination criterion:

e Cluster centers stop modified between
successive steps

STOP if ZK:HIUEH) — i >0
or =

e Objective function stops modified between
successive steps

STOP if AE=EYW —E" < ¢
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An alternative interpretation (l)

e Assuming Euclidean spaces:

e Target of K-means is to minimize the sample
variance of data belong to every cluster.

e Minimum variance clusters construction, or,
maximum coherence clusters construction.



An alternative interpretation (ll)
e Objective function:
N _ N
=3 min 40s, a0 )}= > min [ -
i— 17 i b

e Objective function as an error function of data
to their closest center.

e During learning try to minimize the sum of
squared error
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[1]. Initialization strategies of cluster centers

2.UvNOwc Tuyaia etTiIAoyr aTtro Ta OsiyuaTa.

Ouoiopoppa atro 1o TTEdIO TIMWV TWV XAPOKTNPIOTIKWY

[TOAAEC eTTavaAnWelc Tou K-means. ETAoyn NG
AUONG UE TNV JIKPOTEPN TIMA ouvapTtnong (min{E}).

Me d1adoxIKN ETTIAOYI KEVTPWV:
—  EmAoyn apxika evog kEvTpou Tuxaia (j=1) 1 OUVOAIKO KEVTPO

—  EmavaAnTrmika €mmAoyn wg HECO TNG j+1 opdadag 1O TTIO
KOTTOUAKPUOMEVO» ONUEIO TOU OUVOAOU OEOOUEVWY ATTO OAQ
Ta peoa { Y; } Tou EXouv eTIAeXDEi uEXPI TO TPEXOV BrJa.

—  'ETOI TTEPIOCOTEPO EUDIAKPITEG OUADEC OTO APXIKO BrAHa
—  Kivduvocg va etmAeyouv w¢ pEoa akpaieg TINEC (outliers)
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[2]. MpOBANua pe empty clusters

e YTIAPXEl TTEQITITWAN O€ KATTOIO ETTAVAANTITIKO
BrApa TOu aAyopiBuou va UTTAPXEl Mia KEVI
ouada, ONA. va gnv €XEl KAVEVA OnUEio.

v AUon: AvTIKaBIOTOUNE TO KEVTPO TNC KEVNC
OMAOAC ME TO TTIO ATTOMOKPUOMEVO GNMEIo ATTO
TA KEVTPA TWV AAAWYV OUAdWV.



[3]. MpOBANpa pE akpaia onueia (outliers)

e Ta akpaia CnNUEIa UTTOPOUV VA ETTNPEACOUV
onUavTika TNV dladikaaoia opadoTToinong, Kabwg
UTTOPEI VO JETABAAAOUYV ONUAVTIKA TA JECO TOUG.

v ANbon: Mnxaviopog evioTTiIopyoU TwV aKpaiwyv
onUEiWV, €ITE TTPIV TNV OPJadOoTToIiNON
(TTPOETTECEPYOTIA) EITE HETA (UETA-ETTECEPYOATIA),
KOl a@aipecnC TOUC.



[4]. Complexity

e H tTTOAUTTAOKOTNTO O€ MVAMN Eival PHIKPN KOBWC
ETMTTAEOV yovo Ta K KEVTPA aTtraiTouvTal. 'ETol
TTOAUTTAOKOTNTO O€ XWPO (Space) :

O((N+K)™d) ,
N: size of dataset — d: dimension of data

e H tToAutTAOKOTNTO O€ XPOVO (time) gival
YPOMMIKA WG TTPOC TOV APIOUO TwV OEQONEVWY,
OnA. O(N), kaBwc¢ o€ KaBe eTTavaAnNYN
atraitouvral NxXKxd 1Tpaceic.



[5]. ETTéKTOON O€ uN-EUKAEidIOUG XWpPOoug
(K-medoids)

TPOTTOTTOINCEIC TOU BACIKOU OXNUATOC

. 2ZUvapTnNon oMoIoTNTAG (aVTi YIa ATTOOTACNC)
SIm (Xi ’ :“j)
. AVTIKEIMEVIKI GuvapTr]or] (MEyioTOTTOINON)
E = max sim{X.,
le simix,, )
. Alquecog (medoid) wg KéVTpo NG opdéag 0]
i =X, €Q; 1max: ZS|m(x,,xk)>

XKEQ XEQ




[6]. Bisecting k-means (incremental learning)

ETravaAnTTIKA, ETTIAEYOUNE pia opdda Kal Kavoupe split
e ApXIKG m=1 oudda Pe Eva KEVTPO Yia OAQ T onuEia.

e Repeated until m=K
1. Select clusterje[l,m] having center

2. Split of J-th cluster by executing k-means locally for K=2 to
the subset of selected cluster’s data (local k-means)

3. Two new clusters are produced with centers:
(new)

Hi = H; M

4. m=m+1

e Finally, execute (global) k-means with K centers to
all data.



[7]. Limitations of K-means

e O aAyopiBuocg Tapouaialel TrpoAnuara oTav ol
OMAOEC TWV OEOOUEVWV EIVAIl UN-CQAIPIKES N
OTav Eival OIAPOPETIKOU PEYEBOUC I dlIaOTTOPAC.

e To pelovékTnUa Tou kKmeans €ival 0Tl 01 OJAdEC
TTOU YAxVEl va Bpel gival Tou 10iou peyEBouc, TNG
iI010C TTUKVOTNTAC Kal OTI TO OXNMa TOUG €ival
o@aIPIKO.

> AVTINETWTTION:
— Kavoupe split oTic ouadec 010 TEAOC TOU aAyopiBuou

—  EkteAwvTac Tov aAyopiBuo k-means yia yeyaAutepo
ap1Buod K atrd clusters.



[7]. Limitations of K-means (cont.)

e Clusters of different shape
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[7]. Limitations of K-means (cont.)

e Clusters of different variance
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[7]. Limitations of K-means (cont.)

e Non-spherical shaped clusters
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[8]. Geometry of k-means

Assume clustering into K=2 clusters.

Decision mechanism of k-means:
Q1

<
b=l e
2,

1
Then we have: (u, — 1) X+—0\MH2 — ||

=y

of the form: W' X+b 0
>

Q)



[8]. Geometry of k-means (cont.)

e Thus: k-means constructs specific linear
discriminant hyperplanes among clusters,

Bisector of cluster centers’ line (y;, yy ).




[9]. Alternative Objective function (lII)

N

E = mln {dIS'[(XI,,uJ)}: E:iiwijdiSt(xi’luj)

i1 )° i=1 j=1

OTTOU Ta OUAOIKA BApn W EKPPACOUV TNV TTANPOPopIa
TOU O€ TTol0 Ouada aVvAKOUV Ta onuEia

1 Xe€Q,;
W.. =
710 X% eQ;

To n;= ZW”- ekppadlel To TTANBOC TwWV dEDOUEVWV TTOU
aVIKOUV GlTI’]V ]-00TI oMaGdQ.

Cluster centers: X; —n—ZW., i
j i=1



[10]. K-means as an optimization problem

Objective function in Euclidean spaces:

E= ;Jnlnn {d(x,, u, )= Z_;X;Hx s
Minimization problem of centers { y; }
E :i Z(XiTXi — 2445 % +ﬂ}ﬂj)
Setting the dejr?\llgteig\z/je of y; equal to zero:

Sample mean iIs the optimum center parameter that
minimizes the objective function.



[11]. Computer Vision application
Image segmentation and image compression

e Image segmentation: Division of image into regions
(segments) of the same intensity.

e Let gray-scale image of size 512 x 512 pixels. Using 8
bits /pixel (256 intensity levels) a memory space of 256
kB Is required.

e Apply the K-means clustering approach to the 218 pixel
Intensities for finding K clusters.



[11]. Computer Vision application (cont.)

After finishing clustering, we assign all pixels of the
same cluster with the intensity of their cluster center y;
they belong.

Then, new space required for image is = (32 log,K) kB

e.g. K=2 32KB
K=4 64KB
K=8 96KB

Image compression with an error equal to the k-means
objective function (after convergence)'

E = Z mln{ (Xi’luj)} Z ZHX 'UJH

=7 1=L- =1 %,€Q;



[12]. Fuzzy c-means
Extension of k-means using Fuzzy sets theory

Objective function is written as

N K
2
m
‘Jm:ZZuij Hxi_:ujH l<m<oo

i=1 j=1
u; Is the degree of membership of input x; to cluster |,
calculated (iteratively) as: 1
u; = -
i Xi —H; e
Cluster centers calculation 1K~
Zuirjnxi




[13]. Kernel k-means

Extension of k-means using kernel function k(x;, x;)

X — @(X)

Objective function is written as

E = Z mln{ (Xi’luj)} Z ZHX 'UJH

=1 J=L.. —1XeQ
or
N K 2 1 XiEQj
— . W.. =
E =D > wi|x — a4 1700 %29,
i=1 j=1
Cluster centers 1 N



ldea on Kernel methods

represent a point by its image in a feature space:

Domains can be completely different!

Kernel Trick: In many applications we do not need to know cb(:n)explicitly,
we only need to operate gb(a:z)Tgb(a:J) = k(w;,x;) if the kernel can be

computed efficiently (e.qg. cb(:n) can be infinite dimensional)




[13]. Kernel k-means (cont.)

e Extended to kernel k-means n; = ZN:WU'
=1
2
E = 21; H¢ ( }‘ (P(ﬂj):niZN:Wij(P(Xi)
- - j 1=l

e Eachterm is written (kernel distance)

()= les, )| = lo(x) -0l )T (o) - 0l )=



[13]. Kernel k-means (cont.)

e Kkernel k-means objective function

E:iiwij k(x,, x)—iiw k(x, X )+ %iiwmwmjk X )

i—1 j-1 N; 3 Ny 72l ma

e Need of kernel (gram) matrix calculation

K:LK _k(x,,xJ)J

e Binary (or weighted) w;; by calculating the kernel distance

lo(x)-olu, )



[13]. Kernel k-means (cont.)

e K-means vs. Kernel K-means

Kernel K-means

Kernel K-means is able to find "complex” clusters.



Learning Vector Quantization - LVQ

® 2TOXOG gival n eUpeon K avTiTpoCwTIWV { ; } €VOG
OUVOAOU OEDONEVWV

e O1avTITTpOoWTTOI OPOUV WC KPAVTIOTES
TTANPOPOPIAG KAl TTPOKAAOUV CUMTTIEC TWV
OEOONEVWV

e AvTaywvIoTIK) HaOnon (competitive learning):

—  O1 K kBavTioTtéc ouvaywvidovTal JETAEU TOUG VIO TO
TTOIOC B «ATTOKTNOEI» EVA VEOEIOEPXOMEVO TTPOTUTTO.

— H diavuouarikn €Kepaon Tou VIKNTH TTPocapHOoleTal

e 2 ¢ekdOOEIC: Mg ) Xwpic etTiBAswn



LVQ for clustering

e Initialization of K centers W@l j=1...,K

e Repeat
1. Random selection of an input point Xe X
2. Find winner cluster:  q=argminid(x, z; )j
j=1,...K

3. Update center of winner cluster:
(new) (old)

"™ = 1 4 p(x— 0 )= @) + 1

n < 1 learning rate



[2]. Hierarchical Clustering

Agvdpikn avatrapaoTaon Twv OEOOUEVWV

NMAgovekTAMATA :
e Oy e€dptnon atrd apxIKoTToinon

e Tautoxpova TTOAAATTAEG AUCEIG VIO DIAPOPETIKO
apIBUOG ouAdwYV (UWPoC OEVTPOU)

e H pEBOOOC cival yevIK KOBWC PTTOPEI EUKOAQ va
eTTEKTAOEI 0 uN-EukAgidloug xwpouc.

YTTapXouv 2 TPOTTOI KATOOKEUNG TOU OEVTPOU



Hierarchical Clustering
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Divisive method

e Top-down tree construction

Initially one cluster — root of tree (k=1)
Repeat

1. Select a cluster | (leaf node of current tree)
according to an appropriate criterion.

2. Split this cluster (parent) into two non-
overlapping children using a proper mechanism.

3. k=k+1
Until k=M




Divisive method (cont.)

e Selection method: Usually based on max
variance criterion or cluster’'s sparseness.

e Cluster Splitting: find two cluster members {X;,X,}
such that:

Then locate members of J-cluster to two children
according to distances with two sub-cluster
representatives {X,,X,}.



Divisive method (cont.)

e Splitting procedure

c®.



Agglomerative method

e Bottom-up tree construction.

1. Initially a tree with N leaf-nodes (every point
forms a separated cluster). (k=N)

e Repeat

— Find two most common clusters (parents)
C, C, from the current tree.

— And merge them to a larger cluster C=C, v C,
— k=k-1
e Until k=M



Agglomerative method (cont.)

e Disadvantage: High complexity O(N?)

e Criteriafor merging

Minimum distance of cluster centers.

Total mean distance among the members of
both clusters (Group average)

Maximum distance among both clusters’
members

Increment of cluster’s variance after merging
two clusters (Ward’s method)



Agglomerative method (cont.)

Agglomerative clustering example
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