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IIporoyog

Me v aArlayn tov [Ipoypdppatog Znovddv Tov TUHOTOC TOV TPy LaToTomOnKe 10 £T0g
2012 emABav kamoteg addayég otnv VAN Tov pobnuatog «IIAYS01: Yroloyiotikd Mabdn-
patwdy. Idtaitepa, mpootédnkay kKdmola otoryeio amd ™ Oewpia TV TPOPANUATOV OPYIKOV
TGV Yoo Zovneic Atpopikég E&iomoeic (2.A.E.), ta omoia dev mepiéyovion 6To TPMTO Ke-
@aiato Tov Bipriov [1]. Ot mapovoec, TpodyEPES, oNUEDTELS Tpoopilovtal wg forfnua yio
TOVG QOTNTEG TOL €V AGY® HOOLOTOG KO YPAPTNKAV Y10, VO KAADWOLV, Kot Kdmolo £vvola,
TO KEVO TTOL TTPOAVOPEPULLLE.

®a acyoAnbovue pe TeXVIKEC emiAvong oplopévey amlomv X.A.E. e101khg popenc, 6mmg
ot ypoppkés X.AE., ot e&lomaoeig Tov Bernoulli, ot e§lomoeig Tov Riccati, o1 e€icdoeig e
xop1Lopueveg PeTAPANTEG, Ol OpOYEVEIS EEI0MGELS, 0L TANPELS EEICADGELS, KOOMG KOl TOL YPOLLL-
pika cvotpato X.A.E. pe otabepoic cuvtereotéc. Me tov Opo emiAvon €vvoolpEe £0M TV
AVATOPACTOON TNG AVOTG GUVAPTHOEL TOV OEOOUEVMV TOL TPOPANLOTOG.

Ot TopovGES GNUELDCELS ATOTEAOVV EMEKTACT KOl PEATIOON HEPOLS YEPOYPAPOV OO
TNV TPOETOLAGIo oV Yia TN dwackaiio Tov padnpatog “Amneipooticdg Aoyioudc M7 (ue
avtikeipevo tig Xovnoelg Atpopikég E&iomoeig kat ™ Awavoopatikny Avaivon) oto Tunqua
MobOnuatikov tov IMavemommuiov Kprmne 1o 1995. Ta ev Adym yepdypapa giyav pe
oelpd toug Paciotel, o€ KATo0 Pabuo, oe YEPIYPAPES CNUEIDGES ZVVNO®V AlOPOPIKMOV
E&ichoemv tov cuvadérpov k. Iodvvn ABavacdnoviov, ot omoieg elyav daveunel otovg
QOUTNTEG.

O)a ta BpMa Ocwpiag Z.AE. mpaypatedovion die€odukd ta 0¢pata wov Oa pog amocyo-

AMGoOoVV GE OTEC TIG CNUEIDSELS: PA., @ep’ eumelv, ta PiMa [2] ko [6].

TentépPpioc 2013 I A. Akpifng
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1. X.A.E. e101kiig pop@iig

210 mpdTO KEPAAo Tov PBifAiov []1]] divovion opiopéva otoryeion amd ) Oewpia TV TTpo-
PAnuatov apyikov Tinov yuo Z.A.E., 101 ®cTE Kot 0 U punpévog 6to BEpa avayvmoTng va
umopel va katavonoet ta OEpato aplfunTikng enilvong tétolmv TpoPANUATOV. AVIIKEIILEVO
tov [[]] efvo o1 péBodot apBuntikng enidvong TpoPANUATOVY ElTE APYIKOV EITE GLVOPLAK®OV
TindV Yoo Xovindeig Awapopikéc EElomoeig (2.AE.).

[Ipoécpata, mpootédnkay otnv VAN Tov padnuotog «ITAYS501: Yrnoloyiotikd Mabnua-
TIKO» Kdmowo ototyeia omd T Bewpio TV TPOPANUATOV 0pYIKOV TIUGV Y10, Zuvi0elg Atapo-
pég EElomoeic (Z.A.E.), ta onoia dev mepiéyovtal 6to TpmTo KePdAaio Tov BiAiov [[IJ]. Ot
TOPOVCES, TPOYEPES, ONUEUDCELS TPoopilovtal g Bondnua yio Tovg eortnTég ToL £V AGY®
HaOMUOTOG KOl 0ITOGKOTTOVY VAL KAADWYOVV, KOTE KATO10 £VVOLa, TO KEVO TOL TPOUVOPEPULLLE.

®a acyoAnbovue pe texViKé emiAvong oplopévev amiomv X.A.E. e101K1g popeng, émmg
ot ypappikés X.A.E., ot e€lodoeig Tov Bernoulli, o1 e€iodoeig tov Riccati, ot e€lcmoeig pe
Yop1Loueveg LETAPANTES, O OpOYEVEIS EEI0DGELS, 01 TANPELS EEICADGELS, KOOMG KOt TOL YPOLLL-
pikd cvotipata X.AE. pe otabepoig cuvieleotéc. Me tov 6po enilvon evvooupEe €06 TNV
aVATOPACTOCN TNG AVOTG GUVAPTHCEL TOV OEOOUEVMV TOL TPOPANLOTOG.

H napovoiaon givor ototyelidddng Kat, 6€ TOALL onpeio, CLRPOAKT Kot Ol LGTNPY|, LE
Vv évvola 0Tt divovpe EUPACT) GTO VTOAOYIGTIKO HEPOG TOV BEpaToc TapaPrénovtag {ntm-
pato vrapéng, LovVadSIKOTNTOS Kot OUAAOTNTAG AVGE®mVY. Y ToOETOVE OTL O1 GLVOPTNOELS TKOL-
VomoloOV KatdAAnies KAOe POPA GLVONKES, MOTE VO, EMTPETOVTOL Ol TPAEELS TOV KOUVOVLLE.
Av avt6 cvpfaivel Ovimg, TOte 00N yoOHOGTE TPAYLaTL 6E AVGELS. Ex tov votépmv, Tpénet va
eAEYYEL Kavelg Katd TOGOV 01 GLVOPTNGELS OTIS 0TT01EG 00N YOVLAGTE, LITOBETOVTOG OTL O TP
EE1C TOV KAVOVLE EMTPETOVTAL, OTOTEAOVV OVIMG ADGELS 1taitepa OTL £ivort KAl OpIoHEVES

KoL 0PKETA OHOAES, KO G€ 010 dtdoTna cvpPaivel avtd og Kabe mepintwon.

[N 01e€0d1KT PEAETN TV OEUATOV TOV TPAYLATEVOUACTE GUVOTTIKE £ TOPOUTEUTOVLLE
oe Pipiia Oeopiog X.A.E., 6nwg ta Bipiio tov Coddington kou Levinson [4], Birkhoff kot
Rota [3], Alwdiov ko Karoyepdmoviov [2], ZpvpAn [6], kor Walter [[7]. (Ot apiBpoi ava-
eépovtor ot PipAoypagio mov mopatifetal 6To TEAOS TV GNUEIDGEMV.)

‘Eotw a,b € R,a < b, f : [a,b] x R — R wa cvuvaptmon, kot yo € R. To tomko
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5 1. Z.A.E. e1d1kn¢ popenic

TPOPAnUa opyikaV Ty Tov Ba Log omaoyoANcEL lval To €ENG: ZnTeital (ot cuvapToN

y : [a,b] — R, tét0o100 hote

y'(t)=f(t.y(t), a<t<b,
y(a) = yo.

(1.1)

‘Eoto 6tin f eivarovveyng ouvapmon yw (¢, y) € [a, b]xR. (Cpagovpe f € C(|a, b|xR).)
Ké0e cuvapmon y € Clla, b], n onoio tcavomotsi 1660 0 Stopopin e&icmon oy ([L.1)
6G0 KoL TNV apytkn SUVONKN y(a) = Yo, Aéyeton Adon Tov TpoPALaTog apyikdv Tipdv ([L.1)).

H yeviky Oewpia tov Z.A.E. peketd to mpopinpa (L1.1)), ewducdtepa, .y., 660V 0popd cvv-
Onkeg vy v f ot omoiec e€ac@arilovv dmapén 1/kar povadikdtnta g Avong, Kot eEetalet
KAt OGOV 1 Ao £E0PTATOL GLVEXDS OO TOL OPYIKA OEOOUEVA. ZVVEXNG EEAPTNON ONUALVEL
£d 10 eEAG: Av y 1 Aon o ([L.1]), ko 1 Avon Tov avTicTorov TPOPARLATOS LE OPYIKH
TN Yo OVTL Yo, TOTE, OTAV 1 S10pOpa | Vo — Yol €lvon pkpn|, OELovpe kot 1 avticToyn duo-
@opb TtV Avoewv ||y — ¥ || va eivon pukpn. (H emdoyn g vOpuog cuVOPTIGEDY OPLGUEV®V
oto [a, b|, otnv omoia peTpdype T SLoPopd, ATOTEREL, YEVIKA, LEPOG TOV TPOPANLOTOC. )

X710 [|1], kaBdg Ko e O A o PiAio Ocwpiag X.A.E., divovtor cuvOnkeg mov eEacpoii-
Covv Vrapén koM povadikdmto Moemv tov mpoPAipatog (1)), kot peketdrar n cvveync
eEapnon twv Acemv amd ta apykd dedopéva. H Abon pumopet va 600t oe kAelot Lopen|
(ocvvnBmg pe T HopPN OAOKANPOUATOV YVOGTOV GUVAPTICEWV) LOVO GE CTAVIEG TEPITTM-
0€1¢ oL M drapopikn e€icwon eivart E101KNG LopPNG. TETolEC £10MOELS Bl [LOG ATOGYOA GOV
£00.

ToviCovpe 6Tt pe TOV OpO ‘emihvon’ dev LTOVOOLUE £0M OTL UTOPOVUE TPAYUOTL VO VTTO-
Aoyicovpe v Tiun TG ADong o€ Kamowo onpeia, oAl amdldg 0Tt ekppalovpe T AOoN Gv-
vapTNoEL (OAOKANPOUATOV) SEGOUEVOV GUVOPTNGEDY, 00NYOVUACTE, OTMG AELLE, GE LLLOL OVOL-

TapAcTOCT) TG AVONG.

To xepdroro amoteAdeitan and entd cOvVIOUES EVOTNTES, KaBepio TV OTOiMV avaQEPETAL
o€ eE1I0MGELG P0G CUYKEKPLUEVIG LOPPONC.
1.1 Tpoppikéc ovo@opikéc EEI6MOELS

2tV €181k Tepintwon otny omoia 1 f €lvatl ToAvdvopo tpdtov Pabuod og Tpog y, 1 avti-

otoym Z.A.E. AMyeton ypayrcii kon to npdPpinua (1.1) ypapetar ot popen

Y'(t)=pt)y(t) +q(t), a=<t=b,
y(a) = yo.

(1.2)



1.1. T'pappukég dopopikég e£1l0DoELS 3

Av ot p xat g givan cvveyeig cuvaptioeig oto didotua [a, b, p,q € C|a, b], tdte 10 TPO-

Brnua (1.2) éxer pion axcpipdg Avon, 1 omoia pddioto Sivetar amd Tov THmo

t t S
(13) y(0) = P98 50+ [ qls)e POt as). a<i<b

a
dnAadn
t
y(t) = eJar@dsy, +/ q(s)eh POt s g <t <b.
a
X oxéon ([1.3) propovpe va 0dnynodpe mg eéfc: Tty nepintoon p = 0, 10 TpoOPANHe M-
vetat pe omAn olokAnpwon. Ovtwg, oe vty v tepintwon 1 e€icwon AapPdvetl T popen

Y'(s) = ¢q(s), omdte olokANpmo™ Kot TV 800 HELDV 6To ddotnpa [a, ], pea < t < b,
Stver y(t) — y(a) = [} q(s)ds, Snhadn

vy =y + [a)ds asiso

Av molomAoctdcovpe T Spoptk e€lcmon He KATAAANAO oloxAnpwtiko moapdayovia, M
yevikn mepintmon pnopet va avaydel oty tponyodpevn. Ipdypatt, propodue va ypdyoopue
™ Swpopucn e&icwon ot poper y'(s) — p(s)y(s) = q(s) N, wodvvapa,

(7 lir@ey(s)) = e )

OMoKANpGOVOVTAC aVTH TN oYéon amd a émg ¢, AapPavovpe tv ([1.3).
TNUELOVOLLLE oKOpLa OTLT YPapLK] Stagopticn eéicmon oto mpopinua ([1.2) Aéyeton ouo-
YEVHG, OV 1] GLUVAPTNON ¢ givar 1 undevikn, g (1) = 0 SL0QOPETIKG AEYETAL 1n OLOYEVIS

Moapaderypa 1.1 Oélovpe vo Tpocsdlopicovpe T AT TOL TPOPANUATOS APYIKAOV TILOV

(1.4) {Y'U)ZQW(Z)H, t eR,

y(0) = 1.

H A.E. oto npopinpa (L.4) eivar, PéPora, ypoppukh pe p(t) = 2f ko g(t) = t. Enopévac,
coueova pe tov tomo ([1.3), pe a = 0 kot yo = 1, 1 Aon y(¢) Sivetar amd Tov THmo

t
y(1) :efémds[l—ir/ s o 2r‘“a’s], t eR.
0

Apa, &govue

t
(1.5) y(t) = 6’2[1 —|—/ ses’ ds], t € R.
0



4 1. Z.A.E. e1d1kn¢ popenic

Topa, pe v ooy petapAntic T := —s2, &xovpe

. 1 [~ 1, _,»
/ se”* ds:——[ efdr=—=(e" —1),
0 2 Jo 2
ondte 1 ([1.9) diver

onradn '
y(t) = 5(362 ~-1), reR O

Hoapdderypa 1.2 Oélovpe va TposdlopicovLLE TIG ADGELS TS O10POPIKNG EEICMONG
1
(1.6) y(t) = ——y(t) + 31,
Yo, i undevikd ¢. Mpogovag, N A.E. (L.6) eivar ypoppukh pe p(t) = —1/t xon q(t) =

3t. Emopévag, Bempmvtag, eep’ eumetv, v tyun y(1) = ¢, pe wa avbaipetn mpoypotikn
otabepd ¢, 1 Abon y (1) diveray, yu Oetikd ¢, amd Tov THTO

t
y(t) = e‘fl[%ds[c +[ 3sell 47 ds], t eR.
1

Apa, Egovue
t 1 P 1
y(t) = e_logt[c —I—/ 3seloes ds] = ;[c +/ 3ss ds] = ;(c +13—1),
1 1
dnAadn

(1.7) y(t) =t +

pe o owBaipetn Tpaypatikn otabepd ¢ = ¢ — 1.
Evkolo Somotdvovpe 6Tt 1) cuvaptnon mov diveton oty ([1.7) amotelel Moon g Sto-
popuhc e&icmonc ([1.6) kat yio opvnTikd £ O

1.2 E&wnoecis Tov Bernoulli

Ot diapopixés eCiomaeis tov Bernoulli givon Tng popeng

(1.8) Y'(t)=p)yt)+qt)[y(®))?, a=<t<=<b,



1.2. E&icmaoeig tov Bernoulli 5

OToL 0 ekBETNG o givon Lo Tpaypatikn otabepd, o € R, didpopn tov UNdevOg Kal TG Ho-
vadag. (Enpetdvovpe 6Tt 6TIC Teputtdoelc o = 0 koo = 1 1 Swopopucty eéicoon ([1.§) eivar
YPOLLIKT, OTOTE UTOPOVLLE VO TNV EMADGOVE OTMG GTNV TPOTYOVUEVT EVOTNTO.) ZNUELD-
ote akdpa Ot ouvapmon y = 0 eivar Tavto Avon e eéiowone (1.8), av 1 otadepd o
elvar OeTikn. Ztn ovvéyela Oa ETIKEVTPDOCOVLE TNV TPOGOYN LG O U TETPLUUEVES AVCELS.

Oétovtag v(t) = [y(1)]'~?, n ekicwon tov Bernoulli ([L.§) avéystot og ypoppuen popeny.
[pdypatt, £xovpe

v'(t) = (1 =0)y()] 7y (1)

KoL GUVERMG popodpe va ypayovope v ([1.8) ot popen

YOIV = Py + a0 ),

<

oniadn
(1.9) V'(t)=1—0o)pt)v(t)+ (1—o0)q(t), a<t<bh.

H Swpopich e&icwon ([1.9) sivar BePaioc ypapph: emtidovag ™y ([1.9) oc mpoc v, pmo-
povLE gV cuveyeia va Tpocdiopicovpe v y amd ) oxéon v(t) = [y(1)]* 7.

Tovilovpe, téhog, 0Tt a0 TpoavapepBEvTa £xouv vonua Lovo av ot cuvaptnoels [y(z)]°
wan [y (2)]'79 eivan kaAd opiopéveg oto Sidotnua [a, b|, yia to TeMK6 amotéheopa y (1) Tov

VTOAOYIGUAOV LOG.
Moapdadsrypa 1.3 @éhovpe va Tpocdiopicovpe Tig Avoelg g A.E.
(1.10) Y(t)==y)+[y@)* a=t=b

ot éva katéhnio Siompa [a, b]. H A.E. (1.10) sivan, BéParo, e&icmon tov Bernoulli pe

o = 2. lIpogovdg, N TavToTikd pndevikn cvvaptnon vy, ¥(t) = 0y k4B ¢ € [a, b, givon

Mon ¢ eélowong ([1.10). Zm cvvéxeto avalntodpe, Aomov, un TETPLpéveg AGELG.
Toupwva pe 6co mpoavapipape, 0¢toops v(t) = [y(¢)]'? = 1/y(¢), vrobétovtac,

BePaimg, 6Tin y(2) dev undeviletan o€ Kavéva onpeio Tov dotuatog [a, b], ko Exovpue




6 1. Z.A.E. e1d1kn¢ popenic

oniaon
(1.11) V'(t)=v(t)—1, a=<t=<bh.

O Moeic ¢ ([L.11)) ivor g popeiic v(t) = ce' + 1, ue avbaipetn otobepd ¢ € R, omdte
ot Moetg e apykic e&icoong ([L.10) eivon ™ popeng
(1.12) y(t) a<t=<b,
vrd v Tpoinoddeon, BePaing, 6TL N oTabepd ¢ givon téToln dote 1 ce’ + 1 va punv undevi-
Leton og kavéva onpeio tov dweotipartog [a, b, ce’ + 1 # 0, yio k6be t € [a, b]. (Apod 1
ocvvaptnon ce’ + 1 givar, Tpogavag, povotovr, av Aaufavel site Oetikég eite apvnTikég TIHEC
Kol 670, 600 AKpoL a Kot b, cuyypoveg, Tote dev undeviletar oe kavéva onueio Tov doot-
natog [a, b]. Aemtopepéotepa, otny nepintwon ¢ > 0 1 cvvaptnon ivar avéovoa. Eniong
ce' +1 > 1, yuo k@O Tpoypatikdv apOpd ¢, ondte dev undeviletar o kavéva onueio tov
dootpotog |a, b]. Tty nepintoon ¢ < 01 cvuvaptnon ivar pbivovsa, kot dev undevileton
o€ Kavéva onpeio Tov dleTtatog [a, b], av givar apyntiky 610 a, omdte o givar apynTiky
Kot 670 b, 1 av givon BeTikn oto b, omdte Oa glvan Oetikn Ko 670 a.)

o TpoPAijpata apykdv Tindv yuo ) dtopopiky eéiowon ([1.10) mopornépmovpe oy
Aocknon [1.3. O

1.3 Elwonocseig Tov Riceati

Ot diapopikés eCiomaeis tov Riccati eivon TG LOpeNG

(1.13) Y(t)=r(t)+p)yt) +q)y@)), a<t=b.

Inuewmote 0TL oty edkn mepintwon g = 0 n e&icmon tov Riccati ivon ypappkn kot 6Tt
otV mepintwon r = 0 1 e&icmon tov Riccati eivar kon e€iocwon tov Bernoulli pe o = 2.

Agv givan yeviKa epiktOg 0 TPoGd10pIGHAC TG YEVIKNG AVomng e€lomaemv tov Riccati. Av
opmg yvopilovpe ma s Avon mc e&iooong (1.13), tote N ev Adyo eéicwon pmopel vo
avoyOel o YPAPUIKT LOPPT|, YEYOVOS TTOV WOG EMITPENEL VO TPOCIIOPIGOVIE KOl TN YEVIKT
woon g (L.13).

[pdypartt, £6To v, wo ewdn Aon mg (1.13). Tpdpovpe tdpa ) yeviki Mon ™ ([1.13)
GTN HOpPON

(1.14) y(t) =yet) + —



1.3. E&iomaoeig tov Riccati 7

pe dyvwoTtn Tn cuvaptnon z, Kot Bo Tpocmadcove Vo TPOGOIOPICOVLLE TN YEVIKT LOPON
™G GLVAPTNONG Z £T61 DoTE 1 Y Va amotedel dvrog Won g (1.13). Mapayweyilovtog kot to
dvo uén ™ ((1.14), g mpog ¢, AapPévovpe

(1.15) y'(t) = y(t) —

AvtikoOiotdvag Tig ¥ (1) kan y'(¢) oty (L13) pe t1g exppéoeig otig ([L14) ko (1.15), ovri-
GTOLYO, 1 OPYIKY HOg Opopikn eElowaon YpApeTaL 6T LOPON

/ 1 / - 1 1 72 -
YO = e O = 0+ 0y + 5] a0+ 5] ases,
i
0= (0) = ple)yule) = aO0)] = ris2'0) =
1

p<z>z(1—t) +2q<r>ya<r>$ q(1)

AapBavovtag e8d v’ Gytv To yeyovog tLn v, amotekei Aon g ((1.13), ondte o mpdrog
OpOG GE AYKVAEG GTO 0PLoTEPO HEAOG UNdeVILETOL, YpApovE TV TPOTYyoLUEVT e&lCMON GTN
Hopei

LI L L ! <t <
_[Z(l)]2z (t) - p<[)Z<I) + Qq(t)yS(t)Z(t) +Q<t) [Z(t)]g’ a=t=b,
1], moAamAaciélovrag pe [z(1)]?,
(1.16) = 2(0) = [p(t) + 2q(0)u(0)]2(0) + q(r), a=t=b.

H Sopopucti eéicwon ([1.16) sivon ypapptkn o¢ mpog v dyveootn cuvapton z (1 cuvap-
mon Yy, vrotifetan Ot elvar yvooTY]), OTOTE UTOPOVUE VO TPOGOIOPIGOVILE TN YEVIKT TNG
Mon. Avtikadistdvag o anotéleopa oty ([1.14), odnyodpacte ot yevikh Aon y ¢

apykig e&lowong (L13).
Hapaderypa 1.4 Oéhovpe va mpocsdlopicovpe TG Avoelg e AE.
(1.17) Vi) =5 -2y 1<

yvopifovtag 10n 6t 1 cuvaptnon y.(¢) = 1/t amotelei Aoon g ev Adyo e&icwong. (En-
HELDGTE OTLN €101KN AVGN Y, €ivon KOAG OPIGUEVT] GE OTOLOONTOTE OLAGTNLLO TOV OEV TEPLEYEL



g 1. Z.A.E. e1d1kn¢ popenic

0 undév.) H A.E. ([L.17) eivar, mpogavac, e&icmon tov Riccati. Zoppovo pe e Tpoavaps-
pape, Bétovpe

L1
z(t)

~ | =

(1.18) y(t) =

He Gyvwot ) cvvaptnon z, vobétovtag, PePaing, 6t N z(¢) dev undeviletan og Kavéva

onpeio Tov draothparog [1, 2], kot Exovpe

(1.19) y'(t) = —%2 — [z(i)PZ,(t)'

Avtikadiotdvtog Tig avotépon ekepdoels ([L.18) kot (1.19) tov y (1) xar y'(¢) omyv (L.17),
YPAPOVLE TNV OPYIKN LOG SPOPIKY| EEICMOT GTI LOPON|

R S S 1(1+ 1) (1+ 1)2 l<r<2
-5 z = 5 — -\~ N - - N ’ — — ’
12 [z(1)]? 2 t\t  z(1) t o z(1)
1N 160dvvapa
1 3 1
52 (t) = — — 1<t<2,

(1.20) Z'(t)—-z(t) =1, 1=<t<2.

(Inuewdote 6T Y1 vor odnyndovpe oy ([1.20) ypnoonomoaue o yeyovoc Ot 1 cuvép-
™mon ys(t) = 1/t amotekei Mon g (L.17)- avtdg eivar 0 0vo1a6TIKOS AdYOS Yia TOV 0moio
dpopot 6pot GTNV TPONYOLUEVT S10d1KOGTH AAANAOOVOLPOVVTOL.)

Tdpa, 1 Spopikn e&icwon ([1.20) eivor ypappkh og Tpog TV dyveoT cuvaptnon z,
OmOTE UTOPOVUE VO TPOGOIOPIGOVE T YEVIKY TNG AVGT) GOUP®VO. [LE OCA EIOAUE GTNV TTALPdL-
ypago [L.1|. Ag mpocdiopicovpe £3é Tig Moelc, enavalapfdvovtag ovetooTikd T Stodikacio
ov akoAovOnoape otnv evotnta [L.1].

HoAomhactalovpe, oo, t A.E. oty (1.20) pe évav ohoxinpmtikd mapayova e? ),
pe cuvapmnomn ¢ mov Ba emdeyel KatdAANAo 0TI CLVEXELD, KOl TOipVOLLLE

02/ (1) — ?e«xwz(t) ey

Av n ¢ emkeyei £to1 dote @' (1) = —3/t, Yo Oetkd ¢, pep’ eueiv og ¢ (1) = —3logt, omdte
e?) = 1/13, n avotépo eicmon ypheetol 6T Hopen

([lgz(t))/ = tl?’
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OLoxkAnpdvovtag avtn ™ oxéon (Yo Betikd ¢), Aappdvovpe

1 1 1
t—32(l) = l_3dt =53 +c,
onAaon
4
(1.21) Z(t)=ct’—=, 1<t<2,

2 b
e avdaipetn mpaypatiky otadepd ¢, ¢ € R. Aviikadiotdvrac o anotéieoua ([1.21)) otnv
(L.18) happavoops

(1.22) y(t)=-+

, 1=1=<2,

N~

pe avBaipetn mpaypotiky otabepd c. [Hapatmpodpue 6tTL N gv AOY® cvvhptnon eivor KoAd
opopévn oto drdotnua [1, 2], av kot povo av

1
o(t) = ct® — 3 #0 yukabe t € [1,2].

Topa, n cuvdpon ¢ gival povotovn: cuykekpéva, yo ¢ > 0 etvar av&ovoa v yuo e < 0
etvar Oivovoa. Akopa, oty mepintmon ¢ < 0, ot tipég ¢ (1) kot ¢(2) g ¢ ota dKpo Tov
daotpatog [1, 2] eivon apvntikéc, omdte avt dev undevileton og Kavéva onpeio tov [1, 2.
(MéMota, o& auTiv Ty epintacn, wybel ¢(t) < —3, yia kébe ¢ € R.) Ty mepintoon
¢ > 0, yu va unv undeviletor n ¢ og kavéva onueio tov [1, 2], apod givor ad&ovoa, mpénet
kot apkei gite 1o ¢(1) va givon Oetikd, dnhadn ¢ > 1/2, gite 10 ¢(2) va givar apvnTiko,
miadn ¢ < 1/8. Avakeparoidvovtag, 1 ¢ dev undeviletar oe Kavéve onpeio tov [1, 2],
onote 1 ([1.22) eivon Mo g e&icmong (1.17), av kat povo av gite ¢ < 1 /8¢elte c > 1/2.

Téhoc, onueldvovpe 6TL 1 cuvaptnon y mov divetot oty ([1.22)) amotekei Mon g Sto-
popicnc e&icwong ([1.17) oe kd0e ddomuo mov dev mepiéyet To NSV (6o PNdEv dev £xet
évvota 1 €101k Aon v, (1) = 1/t) apkein otabepd ¢ vo emheyel Katd TpOTOV OOTE 6TO d14-
OTNUO OV pog evOlpépel va woydet ct? # 1/2, dnhadi, pe GAlo Adyio, o Kabe didotnuo
670 0Ttoio M y €lval KoAd opiopévn.

o TpoPAipata apykdv Tiwdv yuo ) dtopopiky eéiowon ([1.17) mopomépmovpe oty
Aocknon [1.3. O

1.4 Elwoosig pe yoprlopeves petofantég

Ot drapopikég e€16ADGEIS VTOL TOV £100VG £fvat TG LOPETG

(1.23) y'(t) =
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Yuyva akoAovbeitar 1 e€ng “owadikacia enihvong” tétolwv elomoemv: [lapaleinovtag tnv

avelhptntn petafAnt ¢ oy e€optnuévn petafinty| y, YpA@ovE TV e£lcmaon 6T Lopen

, gty , dy g(t)

y—— _ —_

“r) VoA T Foy

‘Etot éyovpe

(1.24) f(y)dy =g(t)dt.

OLokAnpdvovpe tdpo to §0o puédn g ([1.24) kon maipvovye

(1.25) /f(y)dy = fg(t)dt,

0mOTE, LIOBETOVTOG OTL WTOPOVLLE VO VTTOAOYICOVLLE TO. OAOKANPDLOTO, KATOUAYOVLE GE LULOL

aAyeBpuch e€icmon g pHopeng

pe o otafepd oAokAnpmong c. Téhog, Movovtag avtiv v adyefpikn e&icmon, ekppdlovpe
T0 Y ®G oLVAPTNON TOL £, omdTE POAVOLLE GTO EMBLUNTO omoTéAeES A Y (1 ).

H dwdikacio ovtn elvarl TtovAdyiotov TpofAnpatik yio Tovg akdAovovg Adyovg:

o) T vo odnynBovpe oty ([1.24) yepromkape v mapdywyo % ®¢ TAiko tov dy dw
dx. Avto PePaing dev emiTpénetal, EKTOG oV ival KOVEIS 1010iTEPA KOAOTPOOIPETOG KOt
Bempnoet 0Tt TPOKEITOL OTAMG Yo U1 aveTNPO GLUPOAMGHO Kot OTL 1) aAnBv) Evvola TG
(1.24) ev ivoun 6N amd v Y’ = %.

B) Ev cuveysio ohokAnpodcaye to dvo pén g (1.24)), to apiotepd g mpog y kot 1o Se&16
®G TPOG t. AVTo, SuoTLYMDGS, dEV PTopEl vaL Yivel amodekTd, 660 KaAr d1dbeon Kot va dei&et

KOVELG.

H avotépo dwdikacia eniivong e€lodcewv yopllopévev petafAntav dev Ba yivetot
OmOOEKTN GTO TANIG1O0 TOV Lo ATOG.

[Mopapévovtag og eninedo GLUBOMK®Y VTOAOYICUMV, APOD deV OTOdEIKVOOLIE VTTapPEN
Moegov ovte e€etalovpe Katd mdocov o mapovopaothic f (¥ (1)) undeviletan oe kdmowa on-
peia, Ba akoAovOncovE TOPA O VTTOAOYIGTIKY] d100IKAGT0 TOV UTOPEl Vo TEKUNPLmOEel ek
TOV VOTEPMV, OV 01 AVGELG TOV B TPOGO10picOVLLE Eivat KOAG OPIGUEVES, OUUAEC KO TETOLEG
®ote 0 mapovopootic f(y(t)) va unv undeviCetan og kavéva onpeio evog dwwotpatog 1,
670 0moio Bewpodpe Tt avalnTodue Aoelg e eicmong (1.23).
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[paeovpe, howdv, m dragopikny e&icwon (1.23) ot popen

otabepomolovpe £vao onpeio a 6to ddotnua I Kot OAOKANPOVOVLE ald a €mG ¢ Yol Vo, 001)-

ynBovue ot oyéon

(1.26) /t f(y(s)y'(s)ds = /tg(s)ds, tel.

YmoBétovpe, Tdpa, 0TL 1| cuvdptnon y gival yvnoiwg povotovn oto dtaotnpa I Kot xpn-
GLOTO0VE 6T0 OAoKMipmpa 670 aptotepd péroc ™ ([1.26) v odkayq petaPinic © =
y(s). Enpeidote 0tL ta Opra. 0OAoKANpwonG yivovtar tdpa v (a) kot y(t), omdte, 0pod dT =
y'(s) ds, n ([L.26) ypapetar 1c080vapa og

(1) t
(1.27) /(y) f(‘[)d‘[:/ g(s)ds, tel.
y(a a

‘Ecto topa F kot G mopdyovses (dnhadn, adpiote OAOKANPOUATE) TOV GUVAPTNCEDY f
Kot g, avtiototya (VToBETOLLE HTL PIopody va Tpocdtoptotovv). Tote n (1.27) ypaopetat o
Hoper

(1.28) F(y(1)) = F(y(a)) = G(t) = G(a), tel

Av éyovpie Tpokabopicet TV T ¢ ¥ 6to onueio a, tote 1 ([1.28) sivon por ohyePpucty e&i-
ocwon pe yvootég tig G(t), G(a), F(y(a)) xou F kot dyvoot v y. H e&icowon avt) pog
dtver ) Aom y o memheypévn (EUUEST)) LOPOT: OV LTOPOVUE VO TNV EMADGOLLLE, 00N Y0V-
LOGTE OTNV V.

v mepinton wov 0ev emBupovpe va tpokafopicovpe TV TN TS ¥ 610 onueio a,
avtcofiotodpe oy (L.28) v i F(y(a)) pe wo ovbaipem) mpaypatiky otabepd ¢ kot
Aappavoope

(1.29) F(y(t))=G(t)—G(a)+c, tel,

oV pog divel Tig Moelc e memheyuévn nopeny. Av pmopodpe va emtivcovpe ™y (1.29) oc
mpog ¥, hopPavovye Tig Woelg og dpeon poper. (Bepaing, oty (1.29) pmopodue vo mopa-
Letyoope tov 6po G (a), apod awtds uropet va eveopatndei ot otabepd c.)

Hapaderypa 1.5 Oélovpe va tpocsdiopicovpe ) yevikn Avom g A.E.

(1.30) ey (t) =1t + 1,
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0T0 UEYIOTO dUVATO SLUGTLLOL.

OroxAnpdvovtag kot ta §vo péin g (1.30) ard a éog ¢ (ue vo oTodepomompévo a, To
omoio, gvdeyopévag, Ba ypelootel va emAEEOVIE KOTAAANAO GTY] GUVEXELD MGTE VO OVIKEL
070 O1doTNH 6TO 0moio 1 Avon Ba eivon kaAd opiopévn), Aappdvovpe

t t
/ey(s)y’(s)ds:/ (s + %) ds,

y() t
/ e’dr:/ (s +s%)ds,
y(a) a

" @ 2 2 4
e\ —e? W = — 4 :

2 4 2 4

Topa, apov dev B ovpe va Tpokabopicovpe v TR ™¢ y oto onueio a, cvpporilovpe

oniaon

ondte

pe pa avBaipetn otabepd ¢ v Ekppaon

KOl 1] TPONYOVLEVT] GYECT YPAPETAL GTN LOPPT

2 4
(1.31) o0
2 4

H e&lowon avt pog diver m Aon y og EUpecn Hopen, 6€ OUGTHHOTO OTTOV TO JeE0 Mé-
Aog eivan Betikd (otnVv mepintwon Betcod ¢, e 6A0 0 R), 0ol 10 apiotepd pnEAOG etvar
npogavag Oeticd. H ([1.31)) emleton gvkolo og mpog y (1), av mépovue Aoyopibuovg, kot

divet
2 44
(1.32) y(t) zlog(§+z+c),
o€ OloTHTA OOV TO OPIG LA TOV AoyapiBuov etvar BeTid. O

Hapaderypa 1.6 Oéhovpe va Tposdlopicovpie T ADGT TOL TPOPALOTOS OPYIKAOV TILOV

/(t)—3t2+4t+2 -
(1.33) T TS PEE TR
y(0) =—1,

oV VITAPYEL TETOLOL AVOT).
[Ipv TpoywpncovUE [LE TOVG VTOAOYIGHOVS TOPATNPOVUE OTL, OV VILAPYEL AVOT|, OVTH
TPEMEL VO TAIPVEL TIEG OAPOPETIKES TNG Hovadac: dedopévou Ot 1 apykn T —1 etvan
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UIKPOTEPT TNG LOVADAG, CUUTEPAIVOVLE OTL 1] AVOT| TPEMEL VO TOUPVEL TIEG WIKPOTEPEG TNG
povéodag. Tote dpwc to deE10 péLog g drapopikng e€icmaong eivar apvntikd, ondte n y Ha
elvar yvnoing ebivovsa kat, Wwaitepa, Oo maipvel dvtog Tipég pkpdtepeg Tov 1, yia Oetikd
t.

I'papovue ™ dapopikn e€lowon ot popen
2[y(s) —1]y'(s) = 3s* + 4s + 2

Kot OAOKANPOVOLLLE Kol TaL 000 pEAN amd 0 mg ¢, yio BeTkd £, omodTe Aapfdvovpe

/Ot 2[y(s) —1]y'(s)ds = /Ot(3s2 +4s +2)ds,

dnhadn, pe mv aAroyn petofAnme T = y(s),

y() t
/ 2(r—1)dr:/(3s2—|—4s+2)ds,
¥(0) 0

omoTE
[y ) = 2y(0)] = [y (0)]* = 2y(0)] = £* + 2¢* + 21.
Agob y(0) = —1, cvumepaivovpe Ot

(1.34) ()] =2y(t) =1+ 2t + 2t + 3.

H e&lowon avt) umopel va emivdel mold evkola Kot divel

(135) yi()=1—=VB+22+20+4, yo(t) =1+ V3 +22+2+4, >0,

H y,(t) dev wkavomotei T apyikn cuvOnkn (aeov y,(0) = 3), omdte amoppintetal. LVEndG
N povn Avon tov mpoPAnpatdc pog givaen y(¢) = yi(t), ¢ > 0. O

Moapaderypa 1.7 Oélovpe vo Tpocdlopicovpe TIc AVGELS TNG dlapoptkng eElowong

(1.36) y'(t) =ty(t)[y(t) - 2]

KoL TO SOGTILATO 6TO 0ot v TéG opilovTa.

Kat’ apydg mapatnpodue 6t ot cuvaptioeig y(z) = 0 kot y(¢) = 2 anotehodv, TpoQa.-
varg, Moetc e (1.36), ko péhota e OM TV TpoypaTiky vbeia.

YrnoBétovpe, tdpa, 6tin y (1) dev apPavet tig tynég 0 ko 2 o€ kavéva onpeio Tov nediov
optopod e, Kot ypapovpe ™V (1.36) ot popei

y'(s)

v -2
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Ytabepomolovpe Eva owBaipeTo a Kot OAOKANPMVOVUE OO a €mG ¢, OTOTE TAIPVOLLE
t / t
/ & ds = / sds,
a y(S)[y(S)—Q] a
dnhadn, pe mv aAroyn petofAnmg T == y(s),

y() 1 ¢
/ ——drt :[ sds.
y(a) T(T _2) a

I'o vo vroAoyicove T0 OAOKANPOLLO GTO APLETEPO HEAOG, OVOADOVLE TPMTO TNV TPOS OAO-

KAMpmon cuvapTnon o€ anAd KAdouato,

omOTE £YOVE

oniaon
/2 2

1 v  q y(1) q t
—[/ dr—/ —dt]:/ sds,
2L y@ T2 ya) T a
a

%[logw(z) —2| = log|y(1)[] - %[logw(a) —2—logly(a)l] = 5 - 5

[MoAAamhactdlovtag owth T oxéon eni 300 kat Bewpdvtag Ty Tun log |y (a)—2|—log |y (a)|
—a® ¢ o awdaipetn mTpaypatikn otadepd ¢, apov ovte T0 a &xovue Tpokadopicel odTe,
KLPlOS, TNV TN TG Y 070 a, AAUPAVOLLE

log |y(1) —2| —log|y(r)| = * +c,

omoTE )
l —
log‘yU ):t2+c,
(1)
" 2
log‘l—— =ttt
(1)
Yvumepaivovpe, Aowmov, 0T
2 ~
o2 ee
(1)
pe o Betikn otabepd C, onote
2
1—— =Ce,



1.5. Opoyeveic dtopopikég eE16MGELS 15

pe o pn undevikn otabepd C, dnAadm

2

ue C # 0. BePaimg, yia dedopévo C, avt 1 y amoteei Avon g e&iomong ota SloeTHIT
dmov 0 TAPOVOAGTHS Eivat 14popog Tov undevag, 1 + Ce' ’ # 0.

T'o vo katadiovpe oty (1.37), vroBéoape 611 y Sev Aapfavet tig Tyuég 0 kar 2. Toapd
tovta, mapotnpodpe 6tLyie C = 0, 1 ([.37) pog Siver ot Aoon, v y(¢) = 2.

H Aon y(t) = 0 Sev mpokdntet amd ™y ([1.37) ya kémotar Ty g otadepéc C, ko
Koetton idialovea Jvon e Stopopuciic eéicmong (1.36). O

1.5 Opoyeveic or0Qopikéc EE16MOELS
Alopopikég eEIGDGELS TNG LOPPTNG

(1.38) (1) =g(=—)

Aéyovion ouoyevsz'g.
Mia cuvaptnon 600 petafintodv f Adyetar ouoyevig fabuod v, av IKOVOToLEL T oyéon

(1.39) f(At,Ay) =A"f(t,y) VA, t,y eR.

Av M xor N givar dHo opoyeveis cuvaptioets tov idtov Babuo, tote n cvvapton f, f (¢, v)
=—M(t,y)/N(t,y), eivar opoyevig undevikod Babpov. Xe avtv v nepintwon 1 Suopo-
pwin e&lowon

Y'(0) = f(t.y(1)),

1 ool TOAAEG POPEG YPAPETOL KATAYPNOTIKE KOl (G
(1.40) M(t,y)dt +N(t,y)dy =0,

umopet va ypagei ot popen ([L38) pe g(s) := f(1.5). agov, Tpogava,

flty) = fle-10-2) = (L) = F(L D).

'H évvoio avti] TG opoyévetog sivor evishdg S10popsTIKn Kol TPETEL VoL SiopiveTon omd TV avticTory yio
ypappkég Stopopiiéc séiomoeic: A, v evomra [LL1. H ypyon tov 18iov 6pov yior §00 eviehdc dtapopetiid
Tpdypata givat LaAAoV atuyng, aALd £xel emkpotnost. Ag avaeepbei emiong 6Tt oto PiPAio [(] StatvrmdveTor n
amoyn 0T 0 6pog “opoyevis” dev etvan dOKOG Kat 0Tt Oa Empemne va avtikaTootadel and Tov 6po “opotoyevig”.
TTapd to yeyovdg 6T T emyelpfuata tov mopotifevror oto [(] ivarl ToAD meloTIKd, Bo ¥PNoYLOTO0VLE E6M
TOV TTPAOTO OPO, ALPOV 1) ¥P1oN Tov €xel TAEoV kabiepmBbei otn BiAoypapia TV SloQopiK®V eEIGMOGEDY.
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o TpocmodRcovpEe TP va emhdcovpe ™ dapopikt) e&icwon ([1.38). Ewsdyovpe ™
ouvapton v(t) := y(t)/t, yioo un pndevika ¢, ko Eyovpe y (1) = tv(t), cuvendg

y'(t) =tv'(t) +v(t),
ondte M (L.38) ypagetar om popen
(1.41) t'(t) = g(v(t)) —v(),

mov glvat pa dlapopikn e€icwon pe yopllopeveg HETaPANTES.
o va emocovpe ™V ([L.41), vrobétovpe 6t n cvvaptnon g(v(z)) — v(z) hapBdaver
Tipéc S1épopeg Tov uNdevog, Yo ke ¢, kar ypdpovpe v (IL.41)) ot popen
/
1
(1.42) Vi) 1
g(v(s)) —vls) s

Ytafepomolovpe tdpa Eva avbaipeto onueio a Kot oAokAnpaovovpe and a £wg ¢t (to Oud-

omnuo oAokANpmaong dev mpénel, BePaimg, va mepiéyel To UNdLV, Yo va eivatl OLOKANPOGIUN
N cvvdptnon oto 010 HEAOC, OTTOTE Tl a KoL f TPETEL VoL €fvort opdomnua), omoTe TOiPVOLLE

t v'(s) B tl
(1.43) /a g(v(s)) () ds = /a g ds,

IAodn|, e v oAlayn petofAntic T = v(s),

v(t) 1
(1.44) / ———dt =log|t| —log|al.
v(a) g(‘[) -7
Av tdpa G givon po mapdyovoa g cuvapmmong 1/[g(7) — 7], tdte 1 Tponyoduevn oyéon
otvet
(1.45) G(v(t)) —G(v(a)) =loglt| —logla|, tel.

Av éyovpe Tpokadopicel TV TR TG ¥ 6t0 onueio a, tote N ([1.49) sivon o akyePpixn e&i-
ocwon pe yvoot m G kot dyvootn v v. H elcmon avt pog dtver tn Aon v og memieyuévn
(éupeon) popen): ov UTOPOVLLE VO, TNV ETADGOVIE 00N YOVLOCTE GTNV V.

2NV TEPIMTOOT OV OV EMOLUOVUE VL TPOKABOPIGOLLE TNV TIUN TNG ¥ GTO oNuUEio a,
avticodiotovpe oy ([L.43) mv tiun G (v(a))—log |a| pe pio avbaipetn mporypoticr otadepd
¢ kot Aappdvovpe

(1.46) G(v(t)) =loglt| +¢c, tel,
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oV pog divel Tig Moelg oe memheyuévn popeny. Av pmopodpe va emtivcovpe ™V ([1.46) oc
Tpog v, Aopfdavovpe T MWGeLg 6 Quecn Hopen. Av yveopilovpe T v, 0dNYOVLACTE AUECHS
otV y pécm g oxéong y(t) = tv(t).

Tta mponyovpeva viodicape ot n cvuvapmon g (v(z)) — v(t) hapPaver Tipss Siipopeg
TOV UNdEVAC. Av, Tdpa, vITdpyovv otabepd onueio v* € R g ovvaptnong g, dNradn Avoelg
™¢ Pabpmg eéicoong g(v) = v, 1ot 1 eéicwon ([L.41) ypdpeton ot popey

(1.47) tv'(t) =0,

omote N v givan otabepd v () = v*. Avtég o1 Moglg Aéyovtat 101d{ovoeg Kot 0d1yoV oTIig
W16ovoeg Moelg ¥ (1) = v*t g apyikig pag dtagopikic eéicmong ([L.38).

Mopaderypa 1.8 Oélovpe va Tpocdiopicovpe T AVGELS TNG dlapoptkng e&lowong

()] +2ty(2)

(1.48) (1) = -

KOt T0 SI0GTHHOTO 6To ool avTég opilovrat.

Kat’ apydg mapatnpovpe 6t 1660 0 apBuntig 660 Kol 0 TapOoVOUAGTNG 6T0 010 HEAOG
™me dtagopikic e&icmong ([1.48) sivon opoyeveig suvapticelg devtépov Poadpod. Exopévac,
1 (1.48) eivar dvroc opoyevic.

Zoppova pe 6ca avapépape otn Osopio, O&tovps v(t) = y(t)/t xou n dropopky e&i-
CMOT YPAPETAL GTI LOPOT|

v(t) +tv'(t) = [v(t)]? + 2v(z)
!
(1.49) t'(t) = [v()]* + v(2).

Topa, n Babuwth eéicwon v2 + v = 0 &xel Tpoeavag 0o Avcelg, Tigv = 0 ko v = —1.
Enopévmg, chppwva pe 6ca gidape otn oyeTikn Bempio, o1 GLVOPTNCELS

(1.50) y(i)=0 o y(t)=—t

amoteLovy 116lovoec Moelg g dtapopiknc eéicwong (1.48).
Ymobétovpe, todpa, 0tL 1 v(t) dev Aapfaver tig Tywég 0 kar —1 og kavéva onpeio tov
nediov optopod e, kot ypdpovpe ™V (1.49) o popen

v'(s) 1

v(s)v(s)+1] s’
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Ytabepomolovpe Eva owBaipeTo a Kot OAOKANPMVOVUE OO a €mG ¢, OTOTE TAIPVOLLE

[ = [ e

dnhadn, pe mv aAhoyn petofAnmg T = v(s),

v(t) 1 t 1
/ - / Las.
v(a) ‘L’(‘L’ + 1) a S

[No vo vroAoyicovpe T0 OAOKAN PO GTO APLETEPO UEAOG, AVOADOVLE TPMTO TNV TPOS OAO-
KAMpwoN cuvdptnon o€ amid KAAGLOT,
1 1 1

tc+1) © T+
v(t)l v(?) 1 ll
/ —d‘[—/ dr:/ —ds,
v(a) T U(a) T+1 a S

[log|v(l)| —log|v(z) + 1|] - [10g|v(a)| —log|v(a) + 1|] = log |t| — log|a].

oTOTE EYOVUE

onradn

Ozopdvrag v TN log [v(a)| —log |v(a) + 1] —log |a| og o avbaipet mpaypoatikn oto-
Oepd, oV €3G dlevkoAvveL va T Bewpnoovpe o¢ log|c|, pe pa pun undevikn otabepd ¢,
apov oVTE T0 a &yovpe Tpokabopicel ovTe, Kuplwg, TNV TN TG ¥ 0T0 @, AapPavooue

log|v(t)| —log|v(z) + 1| = log|t| + log]|c|,

omoTE )
v(t
0 = log|ct],
g‘v(t)+1‘ glet]
1
v(r)
v(t)+1
HE [ un undevikn otabepd ¢. Xvumepaivoope, Aowmov, apéong Ot
ct
t) = ,
v(t) 1—ct
omote ot {nrovpeves Moeig y (1) = tv(t) eivan
ct?
1.51 1) =
(1.51) Y =1

pe o pun undevikn otabepd c. BePaimg, yio dedopévo ¢, avti 1 y amotelel Avon g e&i-
GMONG GTO SLGTALATO OOV O TOPOVOUACTAS efvat S1dpopog Tov pundevog, ¢ # 1/c. O
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1.6 II\Mpeig d10.Qopikég EIOAOGELS

Bewpovpe pia dtopopikn e&icmon ot Hopen

M (¢, y(t
(1.52) Y(t) = _M.
N(t, y(1))
Avth Aéyetan hijprg, av vdpyet cuvaptnon dvo petafintav f (¢, y) tétown dote
af df
(1.53) o (LY)=M(t.y) 50&) =N(t,y).

(Zto B1pAio [6] ypnoomoteitar 0 6pog ‘axpiPng’ otn BEon Tov ‘TANPNS’.)
Inuedvovpe 6t 1 dtopopiky eicoon (1.52) ypapetat ToAAEC POPES KoToPNOTIKG. Kot

g
(1.54) M(t,y)dt + N(t,y)dy = 0.

Tdpo, vrobétoviag 6L drapopikh e&icwon ([1.52) eivan TARpng Kot 6Tt yvopilovpe po
ouvépton f mov wavorotel v (1.53), mapatnpodpe 61t

= Lty + Ly v

=M, y(t)) + N(t. y(t)) y'(t) =0,

S F )

6mov 1 TeElevTaio, 166TNTA TPOKVATEL apécmg ard ™V (1.52). Odnyodpaste étot 6T0 GUpTE-
pacpa 6tLn f (¢, y(t)) eivan otabepn cuvaptnon

(1.55) [t @) =c,

pe pa avBaipetn mpaypatikn otabepd ¢. AvT 1 oxéon Hog Oivel TIg ADGELS Y TNG O10POPIKNG
ekicoonc ([1.52) oe memleypévn poper|. Av pmopovde va emtdbcovpe TV adyePpikh eéicmon
([1.53) g mpoc y, odnyovpacte oe Moeig ™ ((1.52) oe dueon popeny.

To guctohoyikd epdTnuo eivon Tdpa, PePaing, tote wavorotsitar n (1.53) Yo kdmoto
ouvapton f Kal, 6 KATAPATIKT TEPITTMGT), LE TOOV TPOTO UTOPOVUE Vo 001 ynBovue o
pio tétoto cuvaptnon f.

Ooov apopd 10 TPDTO GKELOG TOV EPMOTHATOS, TOBETOVTAG OTL 01 cLVapTHoeEl M kKo N
givon cuveydg Tapayoyioies, 1xvpridpacte 6t N dtapopiky eéicwon (1.52) sivon Thijpnc,
dnhady 61t kavomoteitor 1 (1.53), av ko pévo av oydet

oM IN

(1.56) g(t,y) = —(1.y).

T
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pdypartt, kat’ apyds, ov vrodécovpe ot wkavoroteiton 1 (1.53), cvpmepaivovpe 6t N f
gtva 000 POPEC CLVEXMS TALPAY®YIGUN Kot 1o DEL

3% f 9% f
(t.y) =
dtdy dydt

(t, ),

Ko ovth M oxéon tavtiCetar pe v (1.56).

AvticTpoga, vrobétovpe 6Tt wydet 1 ([1.56) kot O amodeifovpe 6T VIAPYEL e GLVEp-
mon f mov wavorotei Ty (1.53)). Méota 1 amddelén eival KATAGKELAGTIKY, VIO TNV éVv-
volo 0Tt pog 0dNyel Kot 6€ ol T€tola Guvapmon f, Yeyovog mov Sivel amdvinon Kol 6To
0e0TEPO GKEAOG TOV OVOTEP® EPOTNUOTOG.

Oa tpocmadfcovpe, Lowtdv, va Tpocdlopicovue pio cuvaptnon f e Hopeng

(1.57) Flt.y) = / Mt.y)de + g(y).

LLE yvOGTN T GuvapTnon g, mov v tkavorotel Ty ([1.53)). And v ([1.57) mpokidntet apéomg

ot % = M. Eniong, mopayayiCovrag v (1.57) wg mpoc y, PAémovpe dtin g—y = N ypaopetal

oTN HOPPN
[My(f,y)dt +8'(y)=N(ty).

AvtikaOiotovtag o€ oot ) oxéon v M, pe N;, PA. v ([L.56), Lappéavoope

/ Ni(t.y)dt +g'(y) = N(t.y)

g(y)=N(ty)— /Nt(t,y)dt.

[Mopatnpodpe, Tdpa, 6Tt T0 0e&10 PéELOG eivar cuvdptnon pwévo Tov y, omdte 0dNYOVLLOCTE
01N GYEon

(1.58) g0) = [[Ney) = [Neyyar]ay+c.

pe o avbaipetn otabepd C. OdnynofKape, eETopévec, o o cuvapton f mov divetot

otV () KoL tKovorotel v (1.53)), onote n () etvat OvTmg TANPNG, 6TaV 1IoYvEL ().
Yuykekpyéva, ovvdvalovrag tic ([1.57) ko ([1.58), 0dnyodpacte ot cvvdptnon

(1.59) £t y) :/M(z,y)dz+/[N(t,y)—/N,(z,y)dz]dy+c

mov wkavornotel v ([1.53).
Enopévamg, mévto oty tepintoon opoidv cuvapticenv M kat N, 1 (1.52) eivar mhipng,
av kat povo av ot M kor N kavorowodv tv ([1.56).



1.6. ITANpeig dropopikéc eEI0MOELG 21

Mopaderypa 1.9 Oélovpe va Tpocdlopicovpe T AVGELS TNG dlapoptkng eElowong
e¥ (1)

Ewdyovpe tig ouvaptioeig M (¢, y) := e’ ko N(t,y) := te” + 2y, ko Topatnpodue
on oM ON
N t’ = = t’ == eyv
3y (.y)=—5-(t.y)
omdte M Srapopicy eéicwon (L.60) ivon mApnc. Apa, vidpyet cuvapmon f (¢, y) tétow
WoTE

0 0
—f(t,y) =e’ km —f(t,y) =te” +2y.
at dy
[Na va tpocdiopicovpe pia €101 GLVAPTNON, TAPUTPOVUE OTL
of y y
o (y)=¢ = flty)=1e" +g(y).

pe wa avbaipetn ocvvapmon g(v). Hapaywyiloviag v tekevtaio oyéon G TPOg y Kot

YPNOOTOIDVTAGS TO YEYOVOS OTL %(I, y) = te? + 2y kotaAfyovue oty wodTTOL

te¥ +g'(y) =te” + 2y,

diadn g'(y) = 2y, onote g(y) = y? + ¢, pe wa avdaipetn otadepd . Ot oyéoelg ovTég
pog 08 yodv 6To GuuTEPACHLO OTL

(1.61) f(t.y)=te +y*+e,

1e o avdaipetn mporypatiky otadepd c. Emopévaog, ot Moeig e ([1.60) dtvovtat oe memhey-
HEVT] LOpON amtd TNV

(1.62) te?® 4+ [y(t))? =c,

pe o avBaipetn otabepd c. O

1.6.1 Aw@opikég eEI6MOGEIS TOV AVAYOVTOL GE TAPELS

Av 1 drapopiky e&icmon ([1.52) Sev eivon TARpNG, PTopel GE OPIGHEVES TEPITTAOGELS VOL YPOLPEL
1G0JVVAN O TTANPNG SLPOPIKN £EIGMOT, 0V TOAAATAACIACOVLE OPLOUNTH KO TUPOVOLLOL-
o711 670 0e&10 PELOG e KATAAANAN cuvapTnon U, dONAadn evoéyetar n dapopikn e&icmon

p(t, y(t))M(t, y(1))
p(t, y(t))N (2, y(t))

(1.63) y'(t)=—
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va lval TANPNG. L€ QVTNV TNV TEPITTOGT N AVTIGTOLYT CLVAPTNOT U AEYETOL OAOKANPWTIKOG
mapdayovtag ™G apxikng dtapopikig eéicmong ([1.52). Zopeovoa pe dca sidopie TponyovpE-
V@G, [0 GUVEPTNON [ givar odokAnpoTikdg mapdyovtog ™ ([1.52), av kot pévo av

I(uM) _ d(uN)

dy ot

1 100VVaLLOL
oM 0 IN i
mE NZE

Py "My =P TV
1N 160dvvapa
1,9 3 M N
() -

1.64 —(NE —
(1.64) n ot dy

9y ot
H ([1.64) sivon uepixcn Srapopikh e&icmon Kat 0 TPOSSLOPLGHAC g ADGTG TG I OTOTEEL,

yevikd, mpoPAnpa woAd dvckoAdTEPO omd TV am’ gvbeiag emilvon TG apyKng cuviBovg

Srpopkhig eéiowong ([.52). To Betkd, dpwc, givat 6Tt 6TV TEPinTOON TOL VIAPYEL ADON

1 g ([L64) piag povo petaPinmig, mg ¢ 1 g v, tote 1 (L64) yiveton ypoppukn coving

dtpopikn e&locwan, ondTeE 0 TPOGIOPIGHOG TETOLWV AVGEMV glvat TOAD £0KOAOG.
Awkpivovpe, Aomdv, dVO TEPUTTOCELS:

12 nepintoon: u = u(t).

Tote, 0 ([L.64) AapPaver ™ popen

M _ N
ldu %y —
(1.65) —_— =
wdt N
Av 10 8e£16 péhoc ¢ ([1.63) efaptérar povo omd To ¢, Snhadn eivor aveEdpTnTo TOL ¥, TOTE
n (L.63) sivor ypappxy T.A.E. kot ot Woeig g i = (1) eivon 6tafepd mOAAATAGGIOL TNG

oM _ ON

(1.66) w(t) =ef "o,
no —
2= mepintwon: w = u(y).
Tote, 0 (L.64) AapPaver  popen
oM _ 0N
tap -
(1.67) SGR_ _y
wdy M

Av 10 8e£16 péhog ™ ([1.67) eoptéron pévo omd to v, Snhady eivar aveEapnTo oV £, TTE,
OT®G SMOTOVOVE OPECMS, VITAPYEL Avon g i = (),

oM _ ON

(1.68) ply)=e /T,
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AVaKEQPOANIDVOVTOG, GTNV TEPITTMOT TOL TO TNAIKO

oM oN

dy ot
N

etvat ave&aptnTo Tov ¥, vITapyEl OLOKANPWTIKOG Topdryovtog 1 = (1), ko divetar omd Ty
([1.66), ko 6NV TEpinTon TOV TO TNAiKO
M _ N
dy ot
M

gtvan ave&aptnTo TOL £, VIAPYEL OAOKANPOTIKOG Tapdryovtag i = u(y), Ko diveton omd v
(L.68).
Hapaderypa 1.10 Oélovpe va TPocdopicovpe TIG AVGELS TG S1apopikng e&lomaong

Eisdyovpe Tic suvaptioeic M (¢, y) := y xou N (¢, y) := 1%y — ¢, ko1 Topatnpodue 61t

oM oN oM N
—(7, =1, —(z, =2ty —1, 5 —(7, —I(,y),
ay( y) oy (1Y) =2ty omote ay( y)# 5 (6)
ouvendg 1 Stapopticy eéicoon ([1.69) dev eivor mAipnc.
Twpa, n cuvaptnon

M _ N

3y ot —2t 2 2

u(l’y>ziz_2t+_

M y y

dev givar aveEApTNTN TOL £, GUVERMOG dEV VILAPYEL OAOKAN POTIKOS mapdyovtag i = w(y) mov
va givor cuvapTnom Hovo Tov y.
Opmg, n cuvaptnon

oL 9%y +2 2
Iy e
y—t t

etvar ave&aptnm tov y, omdte LVIAPYEL OAOKANPOTIKOS Topdyovtog i = (t) mov eivar
ouvaptnon povo tov ¢. I'a va tpocsdiopicovpe Evav TETOOV OAOKANP®TIKO TOPpAyovVTa., To-
patnpovpe 611, sHpeova pe T ([1.63),

ldu 2, W) 2

war =T L T
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OTOTE, LLE UNOEVIKN 0TaOEPE OLOKANPOONC, 0poD apKEl VO TPOGIOPIGOVLE EVOV OAOKANP®-
TIKO Tapdyovra,
1 , 1
log |u(t)] = —2log|t| = logt—2 omote  u(t) = :I:[—Q.
To mpdonuo dev mailel, TPoPavACS, Kavéva pOAO, apod ToALATAAGIAloVIE aplOuNT Kot
TOPOVOUAGTI pE TOV 1810 mopdyovta, omdte og emhéEovpe wu(t) = 1/12. TloAhamhactélovTag

apOuUNTH Kot TapovopaoTh 6to deé16 uérog e ([1.69) eni 1/¢2, ) ypdpovue ot popei

(1.70) Y=

1 omoi0, GOUPMVOL e TOL TPONYOVLEVD, givan TApnc. T va emddoovpe tv (1.70), Oa mpoo-
dopicovpe Tpdta o cuvaptmon f = f(¢, y) tétow dote

aof Y aof oty —1
o (t,y) = v Ko ay(t,y)— —
Topa,
0
a_];(t’y):z% - f(t,y)I/t%dtJrg(y):—%Jrg(y)-

Yvumepaivovpe, Aourdov, 0Tt

af 1 ,
~ l9 - — + )
3y (t.y)=—2+81)
OTOTE, COLLPOVO. [LE TO TPOTYOVUEVOL
1 ty —1
——+8'(y) =

t 4

ng'(y) =y, apag(y) = %yz + ¢, pe o avBaipetn mpaypotikn otabepd c. Emopévac,

y 1
f(l,y)z—?+§y2+c,

Ko ot Aoelg y (1) g dropopicng eéicoong (.69) divovron memheypéva amd ) oyéon

t 1
2O op e =0,
t 2
pe avBaipetn mpaypatiky otodepd c. O

Hopatipnon 1.1 (H ypappikn A.E. avayerai oe nAfpn.) Fpdoovpe ™ ypappkn A.E. y'(t) =
p(t)y (1) +q(1) om popen
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ne
M(t,y)=—p(t)y —q(t) xam N(,y)=1

[Mapatmpodpe Kat’ apydg OTL, Yio Un UNOEVIKT GLVAPTNON P,

oM oN

—p(t) = g(t,y) # W(w) =0,

omote N A.E. dev etvon minpne. (I'a p = 0 n e€lowon eivar, Tpopavdg, TAPNS Kot ETADETAL

oA gvkoAa.) Opme, 1 cuvaptnon

Tl ) = 5] = =p

ot
gtvan aveEaptnon tov 7, omdTe Evag oAokANpwTIKOG Tapdyovtag ((t) eivar | cuvaptnon

’

w(t) = /POt _ o= [ p(0)ds

Br. v ([1.66). H ypapky A.E. avéyetor Snhady 6vrog oe TARp.
[Tpoympovpue tdpa oTNV ETIAVGT TNG, YPNOLUOTOIOVTAG VTRV TNV 1010TNTA TS, MEe ToV

GLYKEKPIUEVO OAOKANPOTIKO TOPAYOVTO T YPAPOLLE TPATO GTN LOPON

, e PO — p(t)y —q(t)] _ M(1,y(1))
e N

b

1E TPogavi cupPorioud v Tig cuvaptioelg M kar N. Avalntodpe thpa (o cuvaptnon
f = f(t,y) této10 doTE
of

oY) = M(t.y) =—[pt)y+q(t)]e /P09 xo

A

- N — o~ /Pt
ay(t,y) N(t,y)=e :

Amo 1™ devTEPN GYéom cvumepaivovpe aUEcOS OTL

flt,y)=e /POy 4 o(r)

pe pa owBaipetn, cuveydg tapaywyioun cuvapmmon g. [Hopaywyilovtag avth ) oyéon wg
TPOG ¢ KOl GLYKPIVOVTOG e TNV TPOTY 0o TIG TOPATAVED dVO GYEGELS, CLUTEPAIVOVLE OTL

g'(1) = —q(t)e/POU onore my., g(t) = _/q(;)e—fé p(s)ds gy,

pe pa avBaipetn otabepd a (010 TEGI0 OPIGHOV TV GLVAPTHCEWMV p Kl ). ETouévag, o

emoyn Yo v f (pnovadikn, av mapafréyetl kaveig mpoobetikég otabepés) ivar n

f(t, y) = e_fp(l)dty —/q([)e—f,fp(s)ds dt.
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Katd ta yvootd, ot Aboeig e A.E. divovtor 10te 68 meEMAeYUEVN LOPON OO TIC OYXEGELS
St y(t) = C, dnhadn

e~/ PMdty (1) —/q(l)e‘fﬂi P)ds gy — C,

pe po avBaipetn mpaypotikny otabepd C. H ev Adyom e&icwon givor ypappiky g Tpog v

Gyvwotn cuvaptnon y (1) ko emopéveg emivetot €dkola Kot 0dnyel otn oyéon

yu):e“WW{C4:/q@k‘ﬁﬂ”“dq,

ONAadn 6ToV YV®OGTO HaG TOTO Y10 TIG AVGELS YPOUUIKOV dopopikdv eElodoewmy. Befaimg,
avtn N dwdwkacio exilvong ypoappukov AE. givar mold mo moAvmAokn amd Tig dvo dtadt-
Kaoleg OV eldaE GTNV TAPAYPAUPO Kol 6TIG AGKNGELS kat [1.2, avrictorya. O pdvog
OVGLACTIKOG AOYOG OV ovaPEPONKALLE KOl OTN) GLYKEKPLUEV Oladkacior ETIAVONG YPOLLLLL-
kv A.E. givatl yio va d1kaioAoyncovpe ) xpnon Tov 6pov “olokAnpotikdg mapdyovtog”
TG0 Y10 TANPELS OGO KOl Y10 YPOUMKES SLOPOPIKES EEICMOELS OTMG EIOALE, O1 YPOLUIKES
avayoviol 6€ TANPELS. O

1.7 Tpoppikd ocvotiporto X.AE. pe 6t00gpovs cuvrtereoTég

B0 LEAETNGOVLE TOPO TO TPOPANLLOL APYIKDV TIUDV Y10l YPOLUKE CUGTHHOTO 72 O10POPIKDV
e€l0OCEMV e N AyVOOTEG GLVOPTIOELS, ONANOT

y(t)=A@)y(t) + ft). a<t=b,

y(a) =y
Edd y : [a,b] = R" xau f : [a,b] — R” givar S1avuopoTIKEG GUVOPTHOELS, LE CVVIOTO-
oeg ¥1(t), ..., yu(t) ko f1(2), ..., fu(t), aviictoya, N TPOTN cLVEXDG TOPAYOYIGN KOLT
devtepn cvveyng, kot A : [a, b] — R™" givou pio cuveyng Tvakoouvaptnon,

y1(?) Si(t) an(t) ap(t) ... an(r)
(172) y(t) = J’2:(f) F) = fa(t) Alt) = a21:(l) 022:(0 a2n:(f)

(1.71)

’

yn(t) Ju(2) an1(t) ana(t) ... aupn(t)
t € la,b].
To mpdPAnua apyikdv tidv (1.71)) amotelel yevikevon tov TpoPARIATOG OPYIKOV TGOV
(L2,

(1.73)
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Yo YPOUUKES BOOUOTES SLopopikég EEI0MGELS. AV Ol p Kol g £ival GLVEYEIG GLVOPTNOELS OTO
dromua [a, b], tote, dnag yvopilovue, To mpdPinua (1.73) éxet pio oxpipdg Ao, 1 onoia
pdAaicto divetar amd tov TOTO

t t t
(1.74) y(t) = ela Ps)ds +/ q(s)efs P@dT gs a <t <b.

Efvot mohd e0kolo va det kaveic 6t to mpopinua apykdv tindv (1.71)) éxet oxppodg pio
Ao, oo Kavomoteital 1 oAk cvuvOnkn tov Lipschitz: BA. to TpdPfinua (1.21) oto [1]].

"Evo. TphTo guctohoyikd epdtnpa eivat, Aowdv, kotd ndcov 1 Aven tov (L.71)) Siveron
amd évay THmo avtiototyo Tov ([1.74) ot Pabpwt nepintwon. Befaing, npv Sbcovpe omota-
ONTOTE ATAVTNOT GE AVTO TO EPADTN LA, TPETEL VAL TOVLLE TL EVVOOVLE LE EKPPAGELS TNG LOPPNG
e v terpaymvikog mivakeg A. H amdvTnon 61o avetépom epdTnua sivol yevike apviTiky.
Eivat kataeatiky povo oty nepintmon mov ot mivakes A(z) kot A(s) avtipetatifevrat, yio
OTowdNTOTE ¢ Kat § 670 |a, b|, mapadeiyporog xapwv av ivor g popeng A(t) = p(t)A, pe
pe Bobpm cvvdptnon p kot Evav mivaka A € R™". Oa acyoAnfodue otn cvvéyea pe
pa £181KN mepintmon oty omoia ovtd TPoPavag cvpPaivel, 0tav A(t) = A, pe nivaxo A

aveEdptnro Tov ¢,
(1.75)

"Evo. 4o evdlagpépov (it ivar katd mocsov tomot avtiotoryot tov ([1.74), oty nepintoon
oV 15yvovY Y1 To TPOPANpa ([1.79), eivon edypnotor | amarteiton TEpotépm TPOSTAOEW YIo!
VO TOVG HETATPEYOVUE GE €0YPNoTOVG. Tétota Bépata Ba pog amacyoA|GoVY 6T GUVEXEL.

1.7.1 Xvvomtuk mapovcioon

Xe avtv TV evotnrta Bo apkecBolile G€ Lol GUVOTTIKY] AVTIULETOTION TOV BEpnaTog. Aeéo-

Owkn avdmtuén tov BERaTOC dlveTal 0TI EMOUEVES TOPAYPAPOVC.

To opoyevés oveTnua. Apyilovpe T HEAETN HOG LE TO TPOPANLA OPYIKOV TYLDV
y'(t) = Ay(t), teR,
y(0) =y,

ONA0ON Y10 TO OPOYEVEG GUOTNUO YPOUUIKAOV OOPOPIKDOV EEIGMOEMY, OVIIGTOLYO TOV GL-

(1.76)

otfparog oto ([1.73). Yrobéoaye, yio amhdtto 6Toue GLUPOMGLOVC, TL T 0pYIKT GUVORKN
dtvetar oto onpueio uNdév: awtd dev AmOTEAEL TEPLOPIGUO TNG YEVIKOTNTOAG, OLPOV 1| YEVIKY
TEpInTmon, He TV apyikl GLVORKN oe éva onueio a, avayetor oty ([1.76) pe v odhoyn
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petafintmg t = s + a. ZNUELOOTE OTL TO TPOPANLA TOPOVGLALEL EVOLLPEPOV LOVO YOl LT
imdeviky apyuct T ¥, apov Stapopetiicd n Ao sivot 1 IMSEVIKY SLOVUGHATIKY GUVEP-
mon, y(7) = 0.

Me kivntpo t0 YEYOVAC OTL | ADGT TOL TPOPALOTOG
y(t)=ay(t), teR,
y(0) = yo,
ot Babuot nepintwon, givar y (1) = e yq, ag eEetdoovpe kat® apydg KoTd TOGOV, G
KATOEG TEPUTTMOOELG, 10 OIOVUGHATIKT GLVAPTNON TNG LOPPTG

y(t)=eMy® 1 eR,

1e KoTdANAN otabepd A € C, amotelel Mon tov mpofaquarog (1.76).
Kat’ apyds, mpopavdc, n apyikn cuvOnkn tKavomoleital, Yo, OTOldNTOTE ETIAOYT TOV

Ag dobpue, Aomdv, TOTE Uiol TETOLN OLOVUGLOTIKT] GUVAPTNGN TKOVOTOLEL KOl TO GUOTN O
Srapopkdv eéiodoemv oo ([1.76). Eyovpe

y(t) =My = /(1) = 1ety O,

GUVETMG 1 &V AOY® Y IKOVOTOLEL TO GVGTNIO SPOPIKMV eElomoewv Y/ (1) = Ay(t), av kat
puévo av
A y©) = geM y(O) — gt 4,0

1, 10000V,
Ay©@ =21y,
OdnymOKkape £T61 610 cupmépacua 6Tt oty mepintoon y© # 0 (apod N nepintmon
¥ = 0 dev mopovcialel evolopépov, OTOS avapépape 19M) 1 AOon Tov TPOPANTOC op-
yucdv Tpdv ([1.76) eivor e popenc

(1.77) y(t) =eMy® 1 eR,

oV Kat Lovo av To A sivar 1810ty Tov mivaka A ko to y(©) avrictoryo 1810816vocyia.
Ag Sovpe Tdpa TL yivetan TN yevikdTepn TepinTtmon mov N apykh T ¥ © eivan ypap-
KOG cuvovaouds 1todtavuoudtomv tov Tivaka A: 'Ecto, Aowmdv, Aq, ..., Ay 1010TIHEG TOV

nivaka A kou x®, ..., x™ avTioTOUYO 101010VOGLLOLTOL, KO
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LE 6TAOEPES C1, . . . , Cm. IoyLPULOHOGTE, TOTE, 6TL M Aon ¥ Tov ([1.76) sivon
(1.78) y(t) = e xW 4 peetnix™M e R

[pdypatt, Kat’ apyds, N v AOY® GLVAPTNON KOVOTOLEL, TPOPAVAOG, TNV OPYIKN GLVONKY.
Ocov agpopd, Tdpa, T0 cHOTNL JPOPIKAOV EEIGOCEMV, EXOVUE AP’ EVOG

y'(t) = cireM xW g e et x ()
Ko o’ etépov, agod Ax) = 4;xW i =1,... m,

Ay(t) = cre*  AxW 4o 4 cppetm? Ax (™)

=M A x4 et A, x

mhadn, dvtog, y'(t) = Ay(t),t € R.

TNUEIDOTE OTL EVO Koo omd Ta wtodtaviopata x D, ... x™ pmopei va etvon pryaducd
Kol KATOo1ol amd TOVG GUVIEAEGTEG €1, - . . , Cy LLYOOWKOL aptOpOl, 0 YpappKOS GUVIVAGHOG
tovg ([1.78) iver mpaypatiky Stovuopotich svvdptnon, oty mepintoon mov y© e R” ka
A e R™".

Yno6eon. Ynobétovpe topa 6t o mivakog A Exetn ypappukd aveldptnra 1010810vicuaTo
xM . x™ e C". (Avtd cvpPoivet, ov Kot HOVO av 1) YEMUETPIKY KOl 1) GAYEPPIKT TOA-
AamhdtnTo KdBe 1010TIUNG Tov A cvumimTovY: WiTEPa, OTAV OAEG Ol 1O10TIUEG TOV A elvan
amAéc.)

Téte ta Stavdopata x U, .. ., x™) amotedovv Baon tov C”, ondte k6be apyun T y©)
YPAPETOL KATA LOVAIIKO TPOTO MG YPUUUKOS GLVOLAGLAS TOVG,

e ¢; Pyadikéc, yevika, otadepéc. (Enpewote ott, yia dedopévo y @, 1o ([1.79) eivan éva
YPOUUIKO GOOTNUO 71 EEICDOCGEMV LE I AYVDGTOVG, TA. C;, KO AVTICTPEYILO TIVOKO GUVTELE-
otav (xM, ..., xM), ue otiheg ta x).) Ze awtiv TV TEpinTOON, GOUPOVOL LIE TOL TPOTYOD-
LEva, 1 Ao Tov TpoPMiparoc apykdy tudv (1.76) siva

(1.80) y(t) = creMxW 4o p e etix™ 1 e R,

omov A; Wt tov A kar x4 avtictoryo 181081GvVcHO.

Znueicoon. T TEPITTOGY TOL 1) opytk GLVOTKN TiBeTon o éva onpeio a, y(a) = y©),

1 AV0T TOL OVTICTOLYOV TPOPANUATOS OPYIKAOV TYLMV Eivor

(1.81) y(t) =M OxW e fn O e R
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T'eviren wepintwon. Ag d00UE TOPA TL UTOPOVLE VO TOVLLE Y10, TNV TOPACTOCT) TG AVONG
Tov TpoPAfparoc apytkdy Tipdy ([1.76) ot yevikh tepintmon kotd TV omoio 1 apyky T
(O Sev yphpetar w¢ ypoppkdc cuVSLAGHOS 1810810VOGHATOVY Tov Tivako A. AvTd cvp-
Boivel, TovAdyoTov Yo kémota apykh T ¥V, av 1 yempetpcr] TOAAATAOTNTO KATOW0G
1W00TIUNG ToL A glvan (Yviola) pikpoTepn S avTiotoyms aAyePpikng moAlaniotntog. Tote
1 Aon Sev pmopei va napactadei ot popen ([1.81)), ondte mpémet va avalnthicovpe kdmoto
EVOALOKTIKN TOPAGTACT] TNC.

[TéM pe kivntpo to yeyovag 0Tt n Ao Tov TpoAuatog

y'(t) =ay(t), teR,
y(O) = Yo,

ot Babuot nepintwon, givar y (1) = e% yg, givor hoykd va avapoBel kaveig pmog Kot
1 OVUGHOTIKT) GUVAPTNON

(1.82) y(t) =1y, 1 eR,

amotekei Avon Tov mpofiuartoc (1.76). BePaing, mpv amavticovpe o€ avtd T0 EpOTNLOL,
TPETEL VO, TOVLE TL EVVOODLLE LLE TNV Ekppaon e, yio kamotov TeTpaymvikd mivaka A.
Axpdg avtiotorya pe v ekbetikn cvvaptnon e,z € C, opiletan ko n exbetixn ov-
vaptnon mvaxwv A € CH",
eA ;:]n+A+A_2_|_..._|_A_e+...: 3 A_e
2! 4 4

£=0

Ot oyéoeg e® = I, xaw e*n = e*I,, yio kabe pryodikd apOud A, sivan Gueon amdppoto
T0V optopov. Emione, amodeucvietan 6Tt 1) mvakoovvapton €4 sivon mapayoyioyn kot n
avtiotoym oelpd TapaywyileTtar Opo TPog OPo, OTOTE

(etA)/ = Ae'4.

Inueibdvovpe akopo 6tieded = edTB

, ov ol tivakeg A ko B avtipetatiBevior, AB = BA.

"Yotepa amd autnv v Tpoepyacia, 1oyvpllopacte Tdpa 0Tt 1 AVoT ToV TPOPAUATOG
apydv tTipdv ([1.76) divetar amd mv (1.82)). Mpdyparty, kat’ apydc tkavomoteitot 1) apyikn
ovvOnkm, apov

y(0) =y @ =0y @ = 1,y = 3O,

Eniong,
Y1) = (€450) = (€4) y® = 4e1y® = ay(r). e R,
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ONA0ON IKOVOTTOLEITOL KOl TO GOGTNLA OPOPIK®DY EEIGOCEMV.
Znueimon. Tmy tepintmon mov 1 apyikh cuvOnkn tidetan og éva onpeio a, y(a) = y©,

1N AVOT TOL AVTIGTOLYOV TPOPANUATOC OPYIKOV TILMOV SIVETOL GTN LOPON

(1.83) y(t) =el=94yO ¢ e R,

To evdrapépov TpdPANL givar Tdpa Le TO10V TPOTO VToLoyilovpe ™V mapdotaon e 4 y ()
omv ([1.82) (ondte ko TV avtictoym napdotacn oty ([1.83); Apivovpe, Tpog to mopdv, oe
eKKpeROTNTO VT TO B Yo va aoyoAnBob e v cuvTopio pe To TPOPANUA OPYIKOV TILOV
YOl TO UT) OLOYEVES YPOUUKO GOGTNLLO OL0POPIKDV EEICMGEMVY LE 6TAEPOVS GUVTEAEGTEG.
To un opoyevés avornua. OcPOLUE TOPOA TO TPOPANLLO OPYIKAOV TULDV Y10 TO [T OLOYEVES
YPOUUKO GVGTNUA SLOPOPIKOV EEICOCEMV e GTAOEPOVG CLUVTEAEGTEG,

Y(t)=Ay(t)+ f@t). teR,
y(0) =y,

HE TNV apyikn T 0edopévn 610 onpeio undév, Taal yio evkoAio.

(1.84)

Agdopévou 0TL 1 ADGT| TOL TPOPANLLATOG OPYIKADV TLUDV Y10 TO OVTIGTOTYO OLOYEVES YPULL-
K6 ovempo Sapopkdv eéiomosnv (1.76) sivar et4y©, Br. v ([1.82), 6o npocmady-
GOVLLE, L€ TNV TEYVIKN NG NETABOAAG TOV oTadepdv, Va Topacticovpe ) Aon tov ([1.84)
T HOPQM

y(t) =eu(t), teR,
HE KATOAANAT Stavuopatiky] cuvaptnon v. Kat’ apyds, yio va ikavomoteital 1 apyiky cuv-
0N ¥ (0) = y© mpénet ko apxei va woyvet v(0) = y©. Eniong,

Y1) = (€4v(1)) = () v(t) + v (1) = Ae"u(r) + v/ (1) = Ay (1) + v/ (1),

omdte M y'(t) = Ay(t) + f(t) wavomoweital, av ko povo av e'4v’(t) = f(t). Tpapovue

ovTh T oyéon ot popey e*4v’(s) = f(s)fv/(s) = e 4 £ (s), ohoknpdvovpe omd 0 g
t Ko, xpnoipomoldvTog ™V apykn cuvinkm v(0) = y©@, LopBdvovpe

t
o)~y = [ s ds
0
onAadn t
v(t) = y© +f e™4f(s)ds, teR.

0
AVOKEPAAALOVOVTAC, GUUTEPOIVOVLLE OTL 1] ADGT TOL TPoPAfaToC apykdv Tipdv ([1.84) &i-
Vol

t
y(t) =eu(t) =y 4 etA/ e f(s)ds,
0
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oniaon

t
(1.85) y(t) = ey 4 / e f(s)ds, teR,
0
og TApN avaroyio pe v avtiotoyn Poduwth dwupopikn e&icwon y' (1) = ay(t) + f(¢).

Znusicoon. TV TEPITTOGY TOL 1) opytk cuVOTKN TideTon o€ éva onpeio a, y(a) = y©,

1 AV0T TOL OVTICTOLYOV TPOPANUATOC OPYIKOV TILMV SIVETOL GTN LOPON

t
(1.86) y(t) = el=94y0) 4 / ™4 f(s)ds, teR.

a

©) gy ([1.82). Emotpépovpe tdpa 670 OEp10. TOL aUp1i-

GOE GE EKKPELOTNTA, SNAdY e motov TpdTo vodoyilovpe v mopdotaon e4y© oy

(L.82).

[oodvvapa, Ba acyoAnBodpe pe Tov LTOAOYIGUO TG EKPPACNS

Yroioyiouéc tnc mapdoracns ey

(1.87) ex, vy dedopuévo x € C", 7yt € R.
Apyilovpe pe kbmoia mpogpyosio, dakpivovtag 600 TEPMTMOCELS:

n , , ; p , ,
1= mepimrwon: To x gival 1310314vVGHA TOV TTivaKe A TOV OVTIGTOLXEL GE piol 1G0T A .

Térte, apov ot mivakeg A — A1, kat I,,, Tpopavdg, avtipetatifevon, £xovpe
ety — eAtlnet(A—Mn)x _ e)u]net(A—un)x _ extet(A—Mn)x

[2
2!

_ e“[lnx (A= Ma)x + (A=A, +]

ométe, agod (A — A1, )x = 0 kot cvvendg kot (A — AL,)¢x = 0, Y10 KOs Pvo1Kd aptdud £,
ocvumepaivovpe Ot

(1.88) ex = eMx.

KotoAj&ayte, £T61, 6€ (o yvooth pag tapdotact), cvykekpiuévo oty (1.77), ya v mepi-
ntwon mov N apykn T ¥ (@ etvon 1810d1dvuca Tov Tivako A.

2= mepintwon: To x givon tét010 dote (A — Al,)™x = 0, ya kémoto W0t A ToL Tivako
A xa1 évov euokd apopd m.
Tote, dmwg Tponyovpévad, £xovpe

etAx _ ektet(A—)LIn)x

:ext[l,,ert(A—Mn)er (A= AL+ b (A= ALY x
2! (m—1)!

m

t m
+ (4= A) x—l—---],
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omdte, agov (A — Al,) x = 0, yia kébe puokd apdud £ > m, copmepoivovpe oL

2 m—1

tA_ _ At _ [_ _ 2 _ m—1
(1.89) elx = e [Qx+MA M)x+ (A=At s (A= AT) x}

v TEPINTMOOT TOL VRLAPYOLV 1 YPOUUIKE aveEdpTnTa 1010010vOGHOTO TOV TTivaKo A
7ov wapdyovv tov C? (dnhadn 0Tav 1 YE®UETPIKN Kot 1 aAyePpikn ToAATASGTNTA KAOE 1510-
TING Tov A cvpmintouy), o voAoyiopdg T Aong ey © amontei povo Tig TPALEI TOL
aVaQEPOVTOL GTNV 12 nepintwon. Avtd woyvel, taitepa, 6tav ot WTHEG Tov A gival avd
000 S1POPETIKEG PHETAED TOVG (OTTOTE 1| YEMUETPIKN Kot 1 aAyefpikn ToALamAdTTO KAOE
W0O0TIUNG elvan €vay).

g SLPOPETIKT TEPITTOOT, ONAAST| OTAV 1] YEOUETPIKT TOAAATAOTNTO KATOOG 1OIOTLUNG
o0V A givon pukpdtepn omd v avtictoyn adyefpikn moALATAOTNTO, OV APKOLV TO 1010010~
viouato tov A yio Tov oynuatiopo pag Baong tov C” kot ypetdleton va ¥pnoIYLOTOGOVUE
Ko 0. AEYOUEVOL YeVIKEDUEVQ 101001avDouaTo TOV Tiivaka A: Eotm A b0t tov wwivaxko A

aryeppung moAramhdmrag m. Tote Ta un undevikd dwovocpata x € C” t1é€toia dote
(1.90) (A=AL)"x =0

Aéyovtal YEVIKELUEVA 101001vOGHATO TOV TTivake A o¢ mpog v wiotyn A. Elvarl yvootd
and ™ Ipappkn Adyefpa 0tt, Yo KGOe 1310t A Tov wivaka A aAyeBPIKNG TOAALATAOTNTOG
m, VLAPYOLV M OVTIGTOLYO YPOLUIKA OVEEAPTNTO YEVIKELUEVO 1O10O0VOCUOTO KOl OTL Ye-
VIKELUEVO 1010310VOCLATO (OC TPOG OAPOPETIKES O10TIUES fvart Ypopkd aveEaptnta. Me
aAla Aoyia, vrapyetl Paon tov C” amotelodUEVT OO YEVIKEDUEVA 1G10S0VOGLLOTO TOV Ti-
voka A.

[No va vroloyicetl kavelg m ypoppkd avedpTnTa YEVIKELUEVO 1010010VOGILOTO, TOV TTi-
voaka A o¢ Tpog TV W0t A, apkel vo tpocdiopicel m ypoppikd aveEdpmreg ADGELS TOL
ypappkod cvetiparog ([1.90). Evadlaxtikd, propei va axolovdficet Koveig To akdrovo
Brpata yo kéOe 10T A:

1. Em\vovpe to ypoppikd cuotnuo

(1.91) (A—AlL)x =0

Kol Tpocolopilovpe Toca Ypopkd aveEaptnta 1iodtavicuate tov A 0on stvat 1 yew|le-
TPIKN TOAAATAOTNTO TNG W10TING A (VTOG Eivat 0 OPIoUOS TNG YEOUETPIKNG TOAAATAOTNTOG
NG O10TIUNG A).

Av 1 yeoueTpKN Kot 1 oAyePPIK] TOAAATAOTNTA TNG WOI0TIUNG A GUUTITTOVY, GTOLLO-
tovpe £0M. Exovpe oM mpoodiopicel 0G0 YEVIKELUEVA 1O10IOVOCLLATO 1O TPOS TV WOLOTIUN
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A yperolopaote. AlQopeTIKE, dSNAUdN av 1] YEOUETPIKN TOAAATAGTNTA TG WO0TIUNG A gival
ppdtepn G avtictoryng aryefpikng mollamidrag, cvveyilovpe oto dedTepo Priunas
2. Emi\bovpe to ypoppkd cvotnpa

(1.92) (A= AL,)’x =0

Ko tpocdropifovpe 660 TEPIGGOTEPA YEVIKEVUEVE 1O10SLVOGHOTO TOV A PTopovpLE, To OToia
podi pe to 1010810V HaTo TOL BP1KOALE GTO TPMTO P VO ATOTEAOVY VO GOVOAO YPOLUULKE
aveEapmraov dtavucudtov. Elval yvootd 0Tt vdpyel TOLAAYIGTOV £Va TETOL0 YEVIKEVUEVO
101001vucpa tov A, omdTE 0 GLVOAMKOG TANOIKOG OP1OUOG TOV GUVOAOL TWV AVGEMY TOV
Tpocolopicape oto Pripato Eva kol oVo €ivol (TOLAGYIOTOV) 1| YEOUETPIKT TOAAUTAOTNTO
™G WTNAG A avénuévn Kotd Eva.

Av 0 TANOwOG ap1BUdc ToV GLVOAOL TV AVCEWMY TOL PpNKape oTa dVO TPOTE PpaTo
16o0TOL pE TNV OAYERPIKN TOALOTAOTNTO TG WOTUNG A, otapatovpe e6®. ‘Exovpe 1on
TPOGIOPIcEL OGN YEVIKEVUEVA 15100100VOCUATO, MG TPOS TNV 1010TIUNA A ¥pelalOpocTe. Ala-
QopeTikd, cuveyilovpe oto Tpito Prjna:

3. Em\ovpe to ypappikd cuotnuo

(1.93) (A—AL)*x =0

Ko TPpocdopilovpe G0 TEPIGGOTEPA YEVIKEVUEVA 1O10010VOG LT TOV A UTOPOVLLE, TOL OTTOT0L
pali pe tig Avoelg mov Bprkape oto 6o TPAOTO PRUOTO VO ATOTEAOVY £VOL GOVOAO YPOLUULKE
aveEapmrov dtavucudtov. Etval yvootd 0Tt vdpyel TOLAGYIGTOV £Va TETOL0 YEVIKEVUEVO
101001dvucpa tov A, omdte 0 GLVOAMKOG TANOIKOG aP1OUOG TOV GUVOAOL TWV ADGEMV TOV
npoocdtopicape ota frpato va, 0o kot Tpia gival (TOVAYYIGTOV) 0 GUVOAMKOS TANOUKOS ap1B-
LA TOL GLVOLOL TV AVGEMV OV TPOGdlopicape ota Prpata Eva Kot 600 avEnuévog Katd
éva.

Yvveyilovpe pe Tov 1010 Tpdmo. Ao ta TpoovaPePHEVTA TPOKVTTTEL OTL apKEl VoL ETIAD-

GOVLE YPOLULKA GLGTHLOTO TO TTOAD £1G TNG LOPPNG
(A=Al x =0,

6mov £ (to moAd) 660 1 Sapopd TG aAyeBPIKNG LEIOV TN YEOUETPIKY TOAAATAOTNTO TNG
WOTNG A, avénuévn katd éva. Me Ao Aoyia, dev €lval TAVTO OTOPAITTO VO EXADGOVUE

ypapuké ovotipata e popeng (1.90), pe m v akyeBpuci moAhamhoTTa ™G 1810TIHAG
A.

YroBétovpe topa 6Tt £ovpe NON TPOGIOPIGEL 1 YPOUUIKAE OVEEAPTNTO YEVIKELUEVOL
wWiodovdopata x, ..., x™ tov mivaka A. Tote, k6 apyuch T y @ ypdpetan kotd po-
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VOSIKO TPOTO (O YPALLIIKOG SVVIVAGHOS Tov Stovvopdtov x| .. x (),

omdte n o y (1) Tov mpoPpipatog apyikdv tudv ([L.76) 6o sivor

(1.94) y(t) =1y = x4 4 e, ex™ )t eR.

ZOUPOVO LE OGO OVOPEPULLE OTIG TEPUTTAOGELS 12 e 22 yvopilovpe Tdg vo vToloyicovpe
1o x| apod ta x) givon (Yevikevpéva) 181081avcpOTe TOV TVaK A, GUVETAOC YVOpi-
{ovpe Kou g va vrodoyicovpe ™ Mon y (1) = ey,

2TV TEPITTMOT OV 1 apyikn cuvOnKn divetal og éva onpeio a, ol amapaitnTES TPOTO-
O GELS EIVOL TPOPAVELS.

Znueiwon. Me tov coppoitopd g (1.94), sivor tpogovég 6Tt ot Stavvcpotikég cuvapTHcelg
eW(t) ==ex® t e R,i = 1,...,n, anoTEAOVY YPOUUIKE 0vEEAPTNTEG AVGELS TOV YPOLLLL-
KoV ovotnpotog A.E. y'(t) = Ay(t). Mdhota, o1 ypoppkoi GuVELAGHOT aVTOV TV AVGEDVY
amOTEAOVV TN YeVIKN Abom Tov /(1) = Ay(t), 0pod yia ovboipen apyuch Tiuy ¥ 1 Avon
YpapeTal S Ypapkos cvvdvacudc tov ¢ i =1,.. ., n. H onpaviiky 10t ta edd eivon
n ypappiky avefapmoia tov x i = 1,...,n. Hemhoym tov x¥,i = 1,...,n, og yevi-
KELUEVOV 1010010VOGLATOV TOV Tivako A YIveTal Yo TPOKTIKOUG AOYOLS: LG O1EVKOADVEL
otov vohoyiopd tov ¢ i =1,... n. O

B0 OAOKANPMOGCOVLE OVTY| TH GLUVOTTIKT TOPOVGIOGT HE OVO TOPUSELYLOTOL.

Hoapdadsrypa 1.11 @£hovpe va TPOGOIOPICOVLE TN YEVIKT] ADCT] TOV YPOUUKOD GUGTHLOTOG
SPOPIKAV EEICMGEMV

1 -1 4
(1.95) y'(t)=Ay(t), t€eR, pemivaokad:=|3 2 -1
2 1 -1

To xapaxPIoTIKO TOALGOVVLO p Tov Tivaka A givar p(A) = —A3 + 2% + 54 — 6.
AoV ot dtupéteg tov 6 givar ot 1, 2, 3, av vapyovv axépaieg pileg Tov p, 10TE AWTEG Hal
elvan kdmoleg amod tig =1, 2, +3. Aokipudlovtog, S1omIoTOVOVE OTL 01 IOIOTIHEG TOV A elvan
Ay = 1,49 = 3, A3 = —2. (Enpeidote akdpa 0T, apov T0 AOPOIGHA TOV GUVIEAEGTMV TOL
p eivar undév, n povada givar piCo tov p. Atupdvtoag to p pe 10 A — 1 001 yOOHOGTE OE
éva TPLdVL RO Kot Tpoodtopilovpie kat Tig AAleg 000 pileg Tov p.) Ot dtoTipég elvat, Sniadn,
OVIMG TPUYHOTIKES KO Ve 00O SUPOPETIKEG LETAED TOVG,.
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®o TpocdlopicovUE, TP, AVTIGTOLO 1O10IOVOCLATA.

a) Ay = 1: Znrodue &va un tetpippévo didvoouo v € R3 tét010 dote (4 — A 13)v = 01
(A—I)v =07

_1 4 U1 — VU9 + 4U3 = O
3 1 =1]lve| =0, Mlady 3v;+ve— v3=0,.
2 1 =2 U3 21)1 + Vg — 2U3 =0

Apapavtog Kotd pEAN TG dvo tedevtaieg eElomoelg Aapupdvoope vi + vy = 0, dNhadn
V1 = —V3, EVO M TPOTN divel vy = 4vs. Emopévmg, emAéyovtag avbaipeta puo un pndevikn
TN Yo T0 V3, Tpocdtopilovpe ta v kot vy. Eva avtictoryo wiodidvuoua etvat, ep’ ety

TO

(1.96) oW()y=¢]| 4], teR.

B) Ay = 3: Zntodpue éva un tetpupévo didvoopa v € R této10 wote (A — Aal3)v = 01
(A — 3[3)1) =0 ﬁ

-2 —1 4\ (v —2v; —v2 +4v3 =0
3 =1 —=1]lve]| =0, omladn 3vy —vy— v3 =0y,
2 1 —4) \vs 201 + vy —4v3 =0

N v1 = v3, V2 = 2v3. Emopévog, éva avtictoryo oddvucpa gival to

(1.97) eP(t)y=¢"[2], teR.
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Y) A3 = —2: Znrodpe éva un teTpippévo didvooua v € R3 této10 dote (4 — Asl3)v = 07
(A+2I;)v =07

3 —1 4 U1 3U1— UQ—|—4U3:O
3 4 —1|lve] =0, oMmradn 3Bv;+4vy— v3=0,,
2 1 1) \vs 201+ vo+ v3=0
N vy = —v3, Vo = v3. Emopévoc, éva avtictoryo dtodidvocua givat to
-1
V= 11,
1

(1.98) e®Pt)y=e*]| 1], teR.

An6 1ig (1.96), ([1.97) ko (1.98) mpoxvntet, copeova pe v (1.80), 61t 1 yevicer Avon
y(t) Tov suoTUATOC Slagopikdv eéichoenv (1.95) sivor

—1 1 -1 —cie! 4 cye3 — g™
(1.99) y(t)=cie'| 4| +ce® |2 +ese® | 1] =|4cie" + 2c08% + c5e7 |,
1 1 1 c1e! + coe + c5e

t € R, pe avBaipeteg mpoypotikés otadepés ¢, Co KOL C3.

LHpofinua apyrav tyuamy. Agvmobécovpe tdpa 6tL BELoVLE Vo TPOGOI0piGoLLE TN ADGT) TOL
TPOPMaTOg apyikdy TiudY Y10, to svotnuo A.E. ([L.93), ue apyuch tiwq y(2) = (1,2,3)7 €
R3.

TOUQMVA [IE TO TPONYOVUEVE, T YEVIKH Abon Tov cvostipatog A.E. (1.93) eivar

—cie! + cpe® — cge

y(1) = | 4ere! + 2006 + c3e7 |,

c1e! + coe® + cqe™?

UE €1, €2, c3 a0OaipeTEG TPOYLOTIKEG OTAOEPEC.
Tdpa, Yo vo EMAVGOVE TO AVTIGTOLYO TPOPANLA APYIKOV IOV, OpKEL VO TPOGII0pi-
GOVLE TIC 6TADEPEG €1, 2, €3 ETOLMDGTE VOL tkavoToteiTan 1 apyiky cuvOikm v (2) = (1,2,3)T.
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Av1o 1oy0EL, oV Ko LOVO av

—c1e? 4 b —cet =1
(%) 4cre? 4+ 2¢0€8 + c3e7 = 2).
e’ + coe®+ et =3
[Tpocbétovtag v mpdt pe Vv tpit e€icwon tov (%), dmoTdvovpe auécms OTL
2¢5e5 = 4, omdte ¢o = 2e7%. Emopévag, n mpd ko 1 devtepn eEicwon (%) divovv, avti-
GToY0,

—cqie? —c3e_4 =1l—ce’=1-2=-1

Kat

dere? 436t =2—200e% =2 -4 = -2,

Enopévmg, éxoope

—c1e? — et = —1

4cie? 4 cge = =2
9 I4 7 4 ’ r 2 J4 o —2
Kat’ apyds, mpocsBétovrog avtég Tic e€lodoelc, maipvovue 3cie” = —3, omodte ¢ = —e ™ °.

AvtikafiotdvTag, Tdp, aVTd TO ATOTEAECU GTNV TPMTY Ao TIG OVO TPOTYOVLEVES EEIGM-
oL, Aopfavovpe

4

1—636_ =-1 = 636_4

=2 = c¢3 =2

AVTIKOOIGTOVTOG TIC TIHES TV GTAOEPAV €1, €2, C3 TTOV HOAG TPOGOIOPICANE GTN YEVIKN
Aon tov cvothpatog A.E. odnyovpacte otn Adon

ef=2 | 9ed—6 _ 9e—21+4

TOV AVTIGTOLYOL TPOPANLOTOC OPYIKAV TULDV. O

Hapaderypa 1.12 Oélovpe va TpocdOPIGOVLLE TN YEVIKT ADGT TOL GUGTHLULATOG SLUPOPIKADOV

eflomoemv
1 10
(1.100) y'(t)=Ay(t), teR, pemivaka A:=|0 1 0
0 0 2
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To yopoxP1oTIKO TOAV®OVVLO p ToL Tivaka A gtvor p(A) = (2 — A)(1 — )2, cuvendg
ot Wotpég Tov A givar A = 2 (amkn) kot Ao = 1 (dumhn)). (ENUEIDOTE OTL O WOLOTIUEG AVED
N KATO TPLYOVIKOV TIVAK®V Elval, TPOQavAS, To dloydvio, 6TotyElo TOVG.)

o) A; = 2: Znrodpe &va un tetpiupévo Sivoouo v € R3 této10 dote (4 — A l3)v = 01
(A—2I3)v =07

-1 1 0 U1
0 =1 0]]v2| =0,
0 0 0/ \vs

onAadn v; = ve = 0 kot v3 awBaipetog, un UNdeVIKOS TPy UATIKOS aptBpoc. Emdéyovtag mg
v3 T povada, vs = 1, 0dnyovpacte, ooppova pe ™y ([1.77), ot Avon

(1.101) eWit)y=e¥10]|, teR,

TOV GLGTHUOTOG SraPopkAY eEtcdcenv ([L.100).
B) Ay = 1: Zntovue Kat’ apyas avtiotoyo 1010dtavicpata, dSnAadn Eva un TeETPUUEVO did-
voopo v € R? 161010 dote (A — A l3)v =01 (A — I3)v =01

010 U1
00 Of]va]| =0,
0 0 1) \vs

ONAadn vy = v3 = 0 ko v; awBAipeTOC, PN UNOEVIKOG TPy UATIKOS aptBpds. Emidéyovtag mg
vy T povada, v, = 1, odnyovpacte, cvppava pe ™V (1.77), ot Avon

1
(1.102) eP)y=¢ 0|, teR,
0

TOV GUGTHLOTOG SL0POPIKAY eElcmoemV ([L.100).
Topa, N akyefpikn ToAATAOTNTO TG WOLOTIUAG A €ival 600 evd, Onmg idope OGS,
VILAPYEL LOVO EVOL YPOUUKE aveEAPTNTO aVTIGTOL(O 1010d1AVVCHO: e BALD AOYLD, 1 YEMLLE-

TPIKT TOALOTAOTNTO TNG A2 €lvarl éva. 'Etot, avalntovue otn cuvErELn YEVIKELUEVD, 1010010~

voopata v € R? tétown dote (A — I3)*v = 0 kar (A—I3)v # 0. Topa, (A—13)* = (§ § ?lJ),
omdte 10 Ypopukd cvotnue (A — I3)?v = 0 ypaeetar 6T popen

0 0 0\ /fv

00 0flva] =0,

0 0 1) \vs
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amo v omoia mwpokHITEL V3 = 0 EVD 01 GLVIGTAOCESG V1 KO Vo etvan awBaipetotl apBpoi, oyt
Kot ot dVo ioot pe undév. Pep’ ewmetv, yo v1 = 0 ko vy = 1 0dnyoduacTE GE pa Aon, M
omoia dev givat, Omwg yvopilovpe, 11001GVLGHO TOV AVTIGTOLKEL GTNV 10T As. AVTA N
emA0YN 0dNYel ot Ao

0 0 1 0\/0 0 1
eW(t)=¢[v+t(A—DLw]=¢|1]|+te"|0 0 of]1|=¢|1]|+2te|0].
0 0 0 1/\O 0 0
oniaon
t
(1.103) e¥)y=¢ 1|, teR,

TOV GLOTANLATOG SraPopkdV eEtodaemv (1.100)- Pr. v (L.89).
Ano tig ([.101)), (1.102) xau (.103) mpoxdmrer 6t1 1 yevikh Aoon y(¢) 1oL GLGTAHATOS
Sapopikav eéichoemv ([1.100) eivar

0 1 t
y(t)=cre® |0 +coe’ |O| +cse’ | 1],

1 0 0
onradn

(CQ + c;»,t)e’
(1.104) y(t) = cze’ , tER,

cle?

pe avBaipeteg Tpaypatikég otabepés ¢, Co Kot C3. O

1.7.2 H ek0eT1K1] GOVAPTN G TETPUYDVIKOV TIVAKOV

"Yotepa amd T GUVORTIKN TOPoLGioeT Tov BERATOC TG ETTAVOTG YPOUUIKDOV GCLUGTUAT®OV
SPOPIKAOV EI0MGEMV GTNV TPONYoLEVT evotnTa, apyilovpe T o1e£od1Kn| pehétn Tov 0é-
potog enekteivovtag Tov oplopd g ekBeTIKNG cuvhptnong e, x € R, yia terpaymvikois
n X n mivoakesg, opiovpe Ao v eKOETIKY GLVAPTNON TETPAYOVIKOV TIVAK®V MG

A? At = At
(1.105) =L+ A+ =4+ +... =) —

2! £! 14

£=0
v A € R™". O mivakag e sivot Kohd opiGHEVOS 0 EVIIAPEPOLEVOS AVAYVAGTNG 0G ALGYO-
o0&t pe v Aoknon 1.17 tov [[1].
Ot ivakeg e &yovv Tic axdrovBeg 1816Teg: T A, B € R™" o t, s € R 1oydovv
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) (e"“)_1 —e 74,
B) e(),‘+s)A _ etAesA‘

(A+B) _ tAetB

y) € , av ot wivaxeg A ko B avtipetatifevior, AB = BA.

[ToAd ebkola damioTdVEL Kaveig OTL ot 1310TNTES 0) Kot B) €movion amd T v). Emiong,
1 1310tTa ) sivar 1codvvopn pe my 4t = ede? av ot mivaxeg 4 xon B avtetorife-
vtot. YroBétovpe, Aoumdv, ot ot mivakeg A kot B avtipetatifevron kot Oo ypnoipomotcovpe
t0 ywopuevo Cauchy yio 1ov TOAATAAGIAGUO GEPDV (O£O0UEVOL OTL O1 EV AOY® GEPEG G-
YKAvouV amdAvTa) Yo va amodeiEovpe ™ ), XOpIg TEPLOPIGUO TG YevikKdTTaG Yo f = 1:

"Exovpe

Emiongc, amodeikvietat edkola 6Tt | Topaydyton g e pumopel va yiver 6po mpog 6po
(BA. [L, Aoxnon 1.17]), omdte Exovpe
L+1 A€
it = Al A ),

tAy/ 2 1
() =A+1A+-- +1 7
ONAadn, evteAds avtictoryo mpog ) fobumtn mepintmon,

(1.106) (e') = e

Avt 1 oxéon pag 0dnyel TOAD €VKOAO GE IO TPAOTN TOPACTACGT TNG AVONG TOV TPO-
BANUOTOC 0pYIKOV TYLOV Y10 TO OHOYEVES GUGTNLO YPOUUUIKAOV SOPOPIKAOV EI0DCEDV e

0100ePOVG CLUVTEAECTEC,

y'(t)=Ay(t), a<t<b,
y(a)=y",

pe A = (ai j) € R™" évav otafepo (Onradn aveEaptnro tov ) mivaxa. loyvpilopa-

.....

oTE OTL M M)cm y ) tov ([1.107) etvon

(1.107)

(1.108) y(t) =e94yO 4 <t <b.

A

péypatt, copemvo pe v (IL.106), Slomotdvovpe auécng 6Tl 0VTA 1) Y IKOVOTOLEL TO GV-

oo Srapopikdv eétcmcemv oty (|L.107), agpod

V(1) = (e(z—a)A)/y(o) _ (etA)/e—aAy(O) — ActAemaAy©0) — felt=@A )00 — gy (7).
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Eni m\éov, ikavomotel kot thv apytkny cuvOnkn, apod e = I,, ondte y(a) = ¥4y =
[,y = y©,
Mukpn akopa Tpocmddeia, oG 0dnyel kot 6T A6 TOV TPOPANLATOS APYIKDV TULDV Y10,
TO 1] ORLOYEVEG GUGTNLOL YPOULK®V OPOPIK®OV EEIGMCENMV LE 6TOOEPOVS GUVTEAEGTEG,
/
y(t)=Ay(t) + f(1)., a=<t=b,
(1.109) {

y(a)=y©.

Ioyvpilopacte 6t Mon y(z) tov ([1.109) etvon

t
(1.110) y(t) = e(t_“)A[y(O) +/ e~ A4 £ (5) ds], a<t<bh,

1 100VVALLOL

t

(1.111) y(t) = eli=a4y© +/ ™4 f(s)ds, a<t<bh.

a

Inuewdote v mApn avaroyio tov ([1.108) kar ([1.110) pe Tic avrictoes mapactd-
OEIG TV AGEMV TOV TPOPANUATOV OPYIKOV TILOV Yo TIG POOUOTES YPOUMKES d1apOopL-
KéG eElodoelg pe otabepovg cLVTEAEGTES, TV opoyev) V' (1) = ay(t) kou T pn opoyevn
y'(t) =ay(t)+ f(t), avtictoyo.

Ty ([1.110) 6o 0dynBodpe pe v texvikn e uetafolic twv otabspdv: Exoviag og
kivntpo v mopdotaon ([1.108) tne Mvong tov opoyevodg TpoPAiatog, Oo TposTadRcovLE
Tdpo. va Tpocdlopicovpie pio Ao tov pn opoyevodg (1.109) tg popeng

(1.112) y(t) =e "D y(t), a<t<b,

LE [10L KATEAANAN Stovuspatiky cuvaptnon v(t). Inpetdote ) Sagopd petal&d tov ([L.108)
ko ([L.112): otv mpd 0 Sidvuopa y© eivar otadepd, otn devtepn 1 v(t) eivar Sravoopa-
TIKN] GLVAPTNON, LETAPAALETOL SNAOOTN LE TO . X€ AT TO YEYOVOS OPEILEL TNV OVOUOGT TNG
N &V AOY® TEYVIKN.

Mo va 0dnynBovue topa ot Adom, apkel va Tpocdlopicovpe Tn SOVUGHLOTIKY GUVAP-
mon v(t). Kat’ apydc, égovue y(a) = v(a), cvvendg v(a) = y©. Eniong, 10 chomua
Srapopikdv eéiodoenv Tov Tpopaquatoc (1.109) ypaeetar, xpnoporordvrag v (1.112),
ot HopeN

Ae ™Dy (1) + TN (1) = AV u(t) + f(1),

Snhadn et~ 4v!(r) = f(1) 7

(1.113) V() =eTDAF(t), a<t<b.



1.7. Tpappkd cvotipoto Z.A.E. pe otafepoig cuvieleotég 43

H onpooio g avikatdotoong (1.112) cvvictatar akppdc 6to yeyovoc 6t odnyel oty
oA oA Srapopikn e&icwon ([1.113)) yio ) v, mov propei vo emivbei amhovotata pe oho-
KAMpmoT, 0o 1 v dev epgaviletar oo de&1d péhoc. Mpdypatt, Oempdvrag ™y (1.113), pe
s ot Béom tov ¢, OAOKANP®VOVTOG 6TO dtdoTnua [a, t], pea <t < b, Kol YPNCLOTOIDOVTOG
mv apyuer cuvdikn v(a) = (O, Aappéavovue

t
(1.114) v(t) = y© +/ e A f(s)ds, a<t<bh.

Ot ([1.112) xon ([1.114)) Sivovy apéomg Ty em@opunt mapdotaon ([L.110).
To pévo petovéxtnuo g mapdotacnc (1.108) g AMong tov TpoPARIaTog optkdv Ti-
uév ([1.107) Y10 To OUOYEVES YPOUUIKO GOOTNIA S1apOopIKAV EEIGOGENMY He 6TadEPOVS GV-

VIEAEOTEC £lval OTL dev givan Wiaitepo edypNOTN, APOD 0 VTOAOYIGHOS Tov Tivaka el ~4)4
amottel Tov VITOAOYIGUO TV SVVAUE®Y TOV Tivaka A.

®a TpooTadCOVLLE, GTN CLVEYELD, VO ATAOVGTEVGOVE ALYO VTV TV TOPACTOCN " TE-
p1ocdTeEPO O SOVUE GTNV EMOUEVT] LTOEVOTNTO. ZVYKEKPIUEVA, O dOVUE LLE TTOLOV TPOTO
OMAOTOLEITON 0 VTOAOYIGHOG €ite Tov Tivaka e? (1), 16odvvaya, Tov mivaka e ~4)4) gite Tov
ywvopévov ev, yia dedopévo divoopa v, oe PiKpOTEPO 1 peyaldTepo Padud. BeBoing, Oa
YPEWGTOVV KATOLEG TANPOPOpieS Yio ToV Ttivaka A, Tov oyetilovtol LE TIG WO10TIHEG KOl TOL
10100100VOGOTA TOV, Y10 VOL TO EMLTUYOVUE OVTO.

Oupilovpe mpdTa OTL adyefpirn mollamAdTnro oG WOTIUAG A evog mivaka A Koleitaimn
ToAaTAOTNTA TOV A MG Pilag TOL XUPAKTNPLETIKOD TOAVOVOHOVL p, p(A) := det(A — A1),
tov mivaka A. lewuetpikn molloardotnro G O0TIUAG A KaAgitol T0 péyioto TAN00C ypayL-
KA aveldptnToVv avtioTorywv 1010dtovucudtoy. H yeopetpikn morlomlotnta dev vrepPai-
VEL TTOTE TNV OAYEPPIKN TOAAATAOTNTOL.

2 nepintoon: O A elval diaywvioromoyog TvoKog.

®a acyoAnbolpe TPMOTO e Hi EWOIKT VTOTEPINTOOT: GLYKEKPLUEVA Bo vToBécovLe OTL
0 A stvan draycdviog wivaxog.

YrevOopilovpe 01t évag TeTpay®vIKOC mivakag A AEyeTal Slory®dVIOg, av T 1N dlydvia
otoeio Tov a;;,1 # j, elvon Oho umdév. Ag ovpporicovpe t0te T Srarymdvia oTolyEla a;;
0V A pe A; xou og tov ypayoovpe ot popen A = diag(Ay, ..., A,). (Enuewore, Tavtog,
OTL G€ [0, TETOLOL TEPITTMON OV EYOVIE OVGLUCTIKE VoL KAVOLLLE LLE £V GOOTILLO SLLPOPTIKAOV
eElomoenv oto Tpopinua ([1.107) oAlé pe n omocvvdedepévec S10popikés eE16HGELS, 0poD
70 gV AOy® cvotpa Stoomdtol oe eEIGMOELS TG HOpeNG Vi (1) = A;y;(t), o omoieg emhv-
ovtal Tohd evkoha.) Tote, 6nwg Prémovpe apéong, wwydel A* = diag(A%, ... ,)Lf;), v k6O

£ € Ny, ondte amd tov opiopd ([1.103) mpordntel apéowng n oyéon

(1.115) e = diag (e*, ..., eM).
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Ty ev Aoy mepintwon N napdotoon ((1.108) g Avong y (1) Tov poPfAMjpatog apyikdv
Tipdv ([1.107) Aappdver v ankovotatn popen

exl(;—a)yp)
Ao (t—a) ., (0)
(1.116) yo)y=1°" " | as=i<p,
ehn(t—a) y ’(10)
dToL (0) (0 (0) , , , (0)
Y1 2 V3 revrYn  OLOOVIOT®OOEG TNG aPykAG Tng (Y.

[Ipoywpovpe TP 6TN YEVIKOTEPT TEPIMTMOOT) TOL O TETPAYMVIKOG Tivakag A givat dto-
YOVIOTOMoHos. Ag Bempnoovpie kat’ apydg 600 OLOLOVG TETPAYMVIKOVG TTivakeg A kot B,
ONA0OTN TETO0VG MOTE VO LITAPYEL AVTIGTPEYILOGS (LLYOOTKOC, YEVIKE) TTivakag S TETO0C OGTE
A = S7'BS (ondte, mpopavac, kat SAS™! = B), kot a¢ S0VLE TOWL GYEGT VIAPYEL JLE-
10 Tov mvikov e ka e?. Tipogavae, A2 = (ST'BS)(ST'BS) = ST1B%S a1, yevikd,
At = ST'BYS, yia kébe £ € Ny. Emopévac, odpeava pe tov optopd (1.103), éxovpe

ZLAY & STIBES /. Bt
A=y Ly IS ey B,

=0 £=0 ’ £=0

onradn
(1.117) el = S571eBs.

YnrevOupilovpe tdpa OTL VoG TETPAYOVIKOS Tivakag A AEyeTal S10y®MVIOTOWGLULOG, OV
elvatl Opo1og pe évav dlaydvio mivako, dnAadr| av vdpyet (Lyadtkoc, YEVIKA) dloy®viog mi-
vakag A = diag(Aq, ..., A,) Kot avtiotpéyog (Lyadikds, yevikd) mivakag S €100t Mote
STIAS = A. Inuedote 611 N tEAEvTOi0 0T GYéon YphpeTar ot popeny AS = SA,
a0 TNV 0Toi0 GLUTEPAIVOLLE AUECMG OTL T dtoydvio atoryeio Tov A glvat ol 110TIHES TOV
nivaka A kot ol otnAeg Tov mivaka S avtictoya wiodavocuata. Idwaitepa, Evag n X n wiva-
KaG A elval S0y ®VIOTOGHOG, OV KO LOVO OV EYEL 1 YPOLLKA 0veEAPTNTO 1010010VOGLLOLTOL.
A1 1oy0el axkpPdg TOTE, av N AAYERPIKT KO 1] YEOUETPIKT TOALOTAOTNTO, KAOE 1010TIUNG
10V A ovunintovv. (Ikavn, oA oyt avaykaio, cuvONKN Yo va givat 0 A 10 y®VIOTOMGLOG,
etvar va €xet dtopopeticég avd 6vo wiotipés. Ta avtiotowya n Wdodavicuata gival TOTe,
OTMG SOMGTAOVEL KAVEIG EDKOAN, YPOUUIKA OVEEAPTNTA.) ZNUEIDCTE OKOUO OTL O EAEYYOC
Katd mocov €vag mivakag A givol 1 y®VIOTOMGILOS Kot 0 TPOGIOPIGUOS TOV TIVAK®V A
Kot S 0ev elval EDKOAOG, EIOIKA Y100 LEYAAO 71, 0OV OalTel AP EXIAVOT TOV TPOPANLOTOG
WOTIHOV Yo ToV A. Yhpyovv mhvimg katnyopieg mvaKmv, OTms 0l GUUUETPIKOL, OV givat
YVOOTO OTL €lval S10YOVIOTOMGIUOL.
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Ye quTiv TV Tepintoon, copeava pe tic (1.115) kon (1.117), éxovpe
(1.118) e? = Sdiag (e, ..., eM) S
"Etot, n mapdotoon (L.108) e Avong y (¢ ) Tov mpopiipatog apyikédv tipdv (L. 107) LopBdvet
™ popen)
(1.119) y(t) = S diag (eh(’_“), .. .,eA”(’_“))S_ly(O), a<t<bh.

YNUEWDOTE, TAVIMOC, OTL KOl GTNV TEPITTMOT S10yMVIOTO GOV Tivaka A T0 cOGTNUA
Sropopikdv eélodoemv oto mpdfanua ([1.107) Sracmdron, Hotepa omd KotdAnio petacyn-
LaTIoUO, GE TPOPANUATO APYIKAOV TYLMV Y10 71 TOCLVOESEUEVES DLAPOPIKES EELGMGELS, TOV
emADOVTOL TOAD EVKOA Kot 081 y00V méh oty mopdotaon (L.119). ITpaypatt, ypnoyLonotd-
vtac m oyéon STIAS = A, pmopodue vo YpAYOuHE TO GUGTNIO SLUPOPIKDOV EEIGHOGEDY

(L.107) o popen
Y(t)=Ay(t) <= y'(t) =SASTy(1) <= STy'(t) = ASTy(1),
omote, pe z(t) := S~y (¢),z/(t) = Az(t). Ocov apopd v apyiky cuvOnKn, xovue
z(a) = S7'y(a) = STy = O,
"Etot, to apykd mpopinpa (1.107) ypapeton 1codvvapa ot popen

Z'(t) = Az(t), a<t<bh,

1.120
( : z(a) =z,

To cvompa avtd SacTaTaL G 1 SPOPIKES EEICMOELS TG MOPPNG Zi (1) = A;zi(t), pe

avtioTtouyes apykés TWés z;(a) = Zl-(o), Tov Avvovton amhovotata, z; (1) = et _a)Zl-(O) Ji=
1,...,n, ondte &ovue
(1.121) z(t) = diag (M), ... M=) 00 g <t <b.

Avtikafictdvtog og avti ) oyéon ™ z (1) ue Sy (1) xarto 2 pe ST1y(@ | odnyodpacte
néa oy (L.119). O
24 nepintowon: I'evikn, o A dev givor Kot™ avdykn 510y ®VIOTOMGLOG,.

Q¢ mpoepyacia ylo T YEVIKT TEPIMTOGT, 0G EXIKEVIPOCOVLE TPATA TV TPOGOYN LOG GE
000 E01KEC VTTOTEPMTMOOELG.

Ag vrmobécovpe kot apydg 6tLo A glvar undevoddvauog mivakag.

YrevOupiloope 6t évag teTpaymvikdg mivakag A AEyetar UndevodHVALOG, oV VITAPYEL
QLGOS aplOnog m tétolog dote o mivakag A™ va givor undevikog, A™ = 0. BePaiwg, oe
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ovTV ™V mepintoon oydet kot AL = 0,y k4be uowd apdud £ > m, agod AL =
ALmA™ = A0 = 0. O ukpdTEPOS PUGIKOG APOUOS 7, Y10 ToV omoio woyvel A =
0, Aéyeton fabuog tov pundevodvvapov mivako A. Avagépovpe, yopic anddeiln, ot évag
TETPAYOVIKOG Tivokag A givor undevodivapog, av kot Hovo av to undév elvatl n HOVaOIKY|
wotiun tov. Emiong, o Babudc m evog n x n pundevodvvopov mivaka A givor 1o moAd n,
BA. v Acknon [1.18. Ztnv mepintoon mov o A eivar pndevoddvapog mivaxag odpod m, 1
(L.105) rapBaver ™ popen

(1.122) ed = Z /2—

xou 1 mopdotacn (L.108) g Adong v (1) tov mpoPAjuatog apyikdv Tipdv (1.107) axiov-
OTEVETAL GE

(1.123) y(t) = A 4 <t <b.

21 debTepn vromepinTmaon, vrobETovpe 6TL 0 Tivakag A givar g popeng A = Al + M,
pe évov undevoduvapo ivako M Badpov m.

AL, eAI

An6 tov opiopd ([1.105) éneton apéonc 6tLe ., ME I, TOV povadioio 7 xn mivoa.

YVVETMG, oV o I, avtietotifetan e omolovonTote 1 X n mivako M, égovpe

oA = AntM _ An M _ A oM _ Ao M

omdte, cvppava e Ty ([1.122),

(1.124) ed=e*) —.

Enopévac, n mapdotaon ((L.108) g Mong y(¢) tov mpofinuatog apykdv tiudv (1.107)
YpapeTaL 6TN HOpOT

m1
yO, a<t<b.

b

(1.125) M=)

£=0

Ag oTPaPOVUE TOPA GTY YEVIKN TEPITTOON (oL TTEPIAAUPAVEL Kot TNV TEPITTMOT Sy m-
VIOTOMCLU®V TIVAK®V). Oa, yp1NCIUOTOCOVE Eva amoTéAecpa amd ™ [pappik Alyeppa,
™ Aeyopevn kavovikn popen Jordan evog n x n mivaxa A: O A elvar 6potog pe évav katd
umhok dydvio wivaxa J = diag(Jo, J1, ..., Ji), ue Jo évav dtaydvio mivake Kot Tivokes



1.7. Tpappkd cvotipoto Z.A.E. pe otafepoig cuvieleotég 47

J¢ ¢ popeng

A¢e 1 00 0 O
0 A, 1 0 0 0
(1.126) Je=1|:+ o oot e, 4=1,...,k,
0O 0 00 -~ Ay 1
0O 0 00 -~ 0 Ag

ONAaon, vdpyet Evag (UIYadtKOg YeVIKA) n X n wivokag S T€T010G MoTE
(1.127) A=S"1JS.

(BePaimg, o mivakag A elval day®viomomoog, ov Kot povo av J = Jy, OnAadn av Kot
pévo av dev gppoavitovror ot wivaxeg Jy, . . ., Ji.) Hopepmmntdévrwog, n kavovikn popen Jordan
evOg mivoka TePEXEL OAEG TIC TANPOPOPIEG GYETIKA UE TIG WOLOTIUEG TOV, TNV AYEPPIKN Kot
YEOUETPIKN TOALATAOTNTA TOVG, KOl OVTIOTOYO YPOUKA oveEGpTNTO 1010010vOGHaTa: BA.
TIC AGKNGELS Kol YL AETTOUEPELES. ZNUEIDOTE OTL O1 TTivakeg J¢ €lvot Tng Lope1g
Jo = Aely, + My, pe M, € R*™ gvav ntivaka pe povades otig B€oeig g vepdioywviov
Kot UNOEVIKA o€ OLEG TIG AALEG BEoEL,

0 0 00

0 00
(1.128) M,, = Do

0 0 0

0 0 00

O nivaxag M, AMyetar wivaxag uetardmong yoti, Onmg S10moTAOVEL KAVELG AUESMS, EXEL TNV

eENg woTTa
X1 X2
X X3
(1.129) M,, : =1 : |
Xne—1 Xng
Xn, 0

ONAaon, epapproldpevog oe Eva VOGO X HETATOTILEL TIC CLVIGTMGESG TOV KATA pio 0Eom
. , , . . , ne o
TPOG TOL EMAVO, CLUTANPGOVOVTAG TV Tedevtaio pe pndév. [dwiitepa, wyver M,'ix = 0,
Y. k@B divoopa x € C*, omdte M,/¢ = 0. Zvpmepaivovpe 0Tt 0 TivaKag LETATOTIONG
e , ’ b ny. (¢, 670 1310 CUUTEPAC . ]
M, elvon pndevoddvapog, fadpov n,. BeBaing, 1o 1610 cupnépacpo odnyeitar Koveic kot
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oynpoatilovrog Tig SuVApELg M,f[ o0 M,,:

(0 0 0 0) (00000 0 1)
0001 -- 00 0000 - 00
M2 SR 55,_,,,M”€—1: AR ES,M”@*:O,
" 0000 -~ 0 e 0000 -- 00| ™
0000 -~ 00 0000 - 00
\0000-00) \000 0 0

AwkdémTovpe Yo AMyo T pon| TG ou{NTNoNG Kot TopadETOVLE Lo TOPATHPNON:

Hapoatipnon 1.2 (ZxeTikd pe To yeyovog 6T o nivakag M,, eivar undevoduvapog.) Be-
Baiwg, apod o mivaxag M,, eivol yvica dve TpryovIKOg, £xel G HOVN WB0TIHY TO UNdév.
I'vopilovpe, Aoumodv, 6T eivar Kot undevodOHVaU0G. ADOCOLE E0M TNV ATOSEIEN OLTNE TNG 1010-
mtog Tov My, yioti vt amotelel, OLGLACTIKG, KOt TNV AmOOEEN TOL OTL, YEVIKE, UNOEVOSV-
Voot eiva ot Tivokeg pe povn Wotipn to undév. BA. v Acknon [[.19. Avagépove axdpa
ot N odyeBpikn moAramddtnTa TG WoTng A = 0 tov M, givol, mpopovag, n peyoddtepn
dvvatn, SMAAON 1y, EVO 1] YEOUETPIKT TNG TOAOTAOTNTA 1 LUKPOTEPT dvVOTY], ONANON EVaL.
B\. v Acknon [[.13. O

"Yotepa amd autr| Tn HKpY| 010K07n, oG cuveyicovpe Topa T cvlitnon poc. Onwg otnv
nepinTon SlydVIOV TVAK®V, EXOVLE Kot Yo ToV Katd prhok dtaydvio tivoka J = diag(Jy,
Ji, ..., Jk) 61

JE=diag(JE I T, L eN,,

GLVENHG, SVpPOVA pie Tig (L.127) kou (L.117),
(1.130) e? = S diag (e, e, ..., e’)S.

Thpa, dmog eidape Tponyovpévad, ot mivakee e’0, BA. v (L.113), kowe’i,i =1,... k,
BA. v ([L.124)), vroroyilovton evkora. Etot, n ([L.130) pog emtpénel vo. ypayovpe Vv mo-
péotacn (L.108) g Mong y(¢) tov mpoPfMjpatog apyikdv tiudmv (1.107) otn popen

(1.131) y(t)=B(t)yY, a<t<b,

ue évav mivaka B(t) € C*", a <t < b, pe otoryeia b;; (1) g popeng

(1.132) bi(t) =Y pil(er, a<t<b,
=1
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o6mov Ay ot tov A Ko péi’j )(t) éva ToAV®VLHO, Babpov To TOoAD 16OV e TN O1apopa

™G QAYEPPIKNAG LEIOV TN YEOUETPIKN TOAAATAOGTNTA TNG Ay O

B0 OAOKANPOGOVUE CLTNV TNV VTOEVOTNTO e MY oYOALN GYETIKA LLE TOV VTOAOYIGUO
10V Yvopévou edv (M, 16odvvaua, Tov yvopévov e ~4p) yia Sedopévo Stédvuopa v, Kot oyt

A

TOV 1010V TOL VoK €, GE AVTIOGTOAN LE QLTE TTOL LG ATOGYOAN GOV TPOTYOUUEVAGS. To

kivnpo etvon BéBona n mopdotacn ([L.108) Tng Mong y (1) Tov TpoPARHATOG ApYIKOV TIUDY
(1.107), omv omoia pog evdiopépet to yvopevo el =44
el'=94 BeBaing, 10 TOGO OMAOTO0VVTOL TO TPAYLLOTO EEAPTATOL OO TO dévosua v, N,

YO kou dy1 kaBowtdC 0 TiVOKOC

av Tpotipdre, amd to ddvuopa 0. Inpaviikd poro Ba moifer n mapdotacn Tov ¥ wg
YPAUUIKOD GVVSVLAGHOD KatdAAnAmy Stavoopdtav v, ... v®).
INa omowadnmote £, A € R, €yovpe

t—a)A __

o _ M=) g(1—a)(A=1,)

A(t—a)

e (t=a)(A=Aly) _ oMt=a)g(t—a)(A=ln)

I,.e

0mOTE, Y10 0omotodNToTE dtdvuopo v € C”,
(t—a)A Alt—a) (t—a)t ¢
(1.133) e v=e [v+(t—a)(A—AL)v+--+ 7 (A= ALy)v+---].
Ac vtobéoovpe, Tdpa, OTL T0 A givor 3ot Tov wivake A. Av 10 v gival avticTtolyo
1310dtévoopa, tote (A — A, )v = 0 xaun (L.133) Aappdver v anhodototn popen

(1.134) ey = Hi—a)y,

2ty mepintwon mov o mivakag A glvar dtory@viomomoipog (dniadn otav 1 alyefpikn Kot
N YEOUETPIKN TOAAATAGTNTA KAOE WOIOTUNG TOV GUUTITTOVY) VIAPYOVY 1 YPOLULKE OVE-
Eapnra 110810vdcpatd Tov, omdte 1 apyikh T ¥ yphpeton o¢ ypoppkodg cuvevacpog
10100100VUGLATOV.

2NV TEPIMTOOT TTOV 1) YEOUETPIKT TOAAATAOTITO KATOLOG 1O10TIUNG TOL A elvan puKpo-
TEPN NG OAYEPPIKNG TOALOTAOTNTOS T Wtodtavisuata dev mapdyovv tov C* kot yperale-
Tl Vo GUUTANP®OOVV LE Yevikevpéva dtodtovocuata. ' Eotm w n adkyePpikn morlomdotnta
pag WTung A tov A. 'Eva pun undeviko dtivoopo v € C* Aéyetan yevikevuévo 101001avooua.
00 A ®G TPog TNV 1310TIUN A, av givar té€toto dote (A — Al,) v = 0. Tote Ba wyvEL ko

(A — AI,)* Yy = 0, y10 onotodimote £ € Ny, apov
(A= A1) = (A= AL)Y(A — AL v = (A= AL,)'0 = 0.

Emopévoc, kot g authv v nepintwon, N (L.133) anlomoteiton kdmog kot ypdeetar 61
Hoper
(t —a)*!

(1.135) =04y = =9y 4 (t —a)(A— AL)v + - +
[0+ (6~ a)(A— AL e

(A= AL v
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Eivol yvooto and ) pappik’y AAyefpa 0Tt vTdpyovv 1060 YPOUUIKA OVEEAPTNTA YEVL-
KELUEVA 1010010VOG AT OC TTPOG TV O10TIUN A, 001 KoL 1) AAYEPRPIKT TOAAATAOTNTE TNG Ko
OTL YEVIKELUEVD 1010010VOGHLOTO (OG TPOG OLOPOPETIKES 1O10TIUEG TOL A givorl YpopKd ave-
EGptnro. Andaodn, k4be n X n mivakag A €xel n YpouKd aveEApTNTA YEVIKELUEVO 1010010
viopata: cuvendg kade apyuch T ¥ ypdeeton og Ypapko GuvSLAGHOC YEVIKEVIEVMY
1010010VUGLATOV TOV A.

SOpeova pe to mponyovueva, av o A £xel k avd dV0 SPOPETIKES IOIOTIUES A1, . .., Ak
HE aAyePpIkég Kal YEOUETPIKEG TOALATAOTNTEG 1, - - - , bk KOL V1, ..., Vg, OVTIOTOU(O, TOTE

n apywchy T ¥ yphoetot katd povadikd Tpomo 6T Hopen
(1.136) y© =M 4 g k),

pe k6Be v vo givar YpapLIKOS GUVSVAGHOC YEVIKEVIEVOV 11081VOGHATMY ToV A (¢ TPOg
mv Wty A, =1,..., k.

Tuvdvalovrag tig ([1.136), (1.135) xon ([L.108) kotaryovpe otnv oxdAovdn Tapdotoon
g Mong y(t) tov mpoPfMjpatog apyikdv tyumvy ((1.107)
Mk— 1

(1.137) y(t Ze(t“ :Z f“>2 A ALY, a <1 <b.
(=1

ToviCoupe kot AL, OTL Y100 VO EQAPLOGTOVV T TPOTYOVUEVE, OTNV TTPAEN amotteiton
YVOON TOV O10TIUAV, O10010VUGUATOV, YEVIKEDUEVOV 1O10010VUGUATOV 1| TNG KOVOVIKNG
popoeng Jordan tov mivoko A.

1.7.3 Opoyev YpOpMIKGE GUGTIHOTO

H mapovca evotnta, kabmg Ko 1 endpev, givar, o€ TOAD peydio Pabud aveEaptntn g
TPONYOOUEVNC, OTOTE AVOUYKAGTIKG LITAPYOLV KATOLES EMKAAOYELS. 'Eva ouoyevés ypoppuxo
oLOTNUO [E OTAOEPOVG GUVTEAEGTES, 11 OLOPOPIKMOV EEICMOCEMV TPMTNG TAENG UE 1 AYVO-
GTOVG, UTOPEL Vo Ypapel TN Hopen

(1.138) y'(t) = Ay(t),
OOV Y U0l SLOVUGLOTIKT GLVAPTNON LE 11 CUVICTMOES Kl A £VOC 71 X 1 TPOYLOTIKOG TTIVOKOG

yl(l) ail dio ... Adip

(1.139) 1) = yz@ A | a2 am

a(t) dn1 Apo ... dpn
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Onwg yvopilovpe amd To TpdTo kepdrato oto [[1], yio omoedymote £y € R kar y(@ € R”,
TO TPOPAN LA OPYIKAOV TYLDV, TOV OTOTEAEITOL A0 TO YPUUUIKO COGTN LA SLAPOPIKOV EELCH-
oeav ([L.138) ko v apyuch cuvikn y (1) = y(©), éxet axpipodg pio Mo, mov opiletar og
oA TV Tpaypatiky gvbeia.

Etvar mold gdkoro va Stomiotdoet kaveig ot av y (1) xar y @ (¢) eivon Moeig g
([L.138) ko A sivon o mpaypatiky otadepd, tote karn svvapmon Ay (1) + y (1) 3, av
mpotipdre, ot cuvoptioels ¥V (1) + y 3 (¢) kou Ay ™M (1)) amotekei emiong Avon g ([L.138).
Me @iho Aoy, to ovvoro Avcewv ™ ([1.138) eivon évag ypoppkdg ydpog V. Oo omodei-

Eovpe Tdpa 6t M ddotaon tov V ogivonn, dim V = n.

Ozdpnpa 1.1 (AlacTaon Tou xopou Alcswv Tng ([1.138).) H didoracy tov yipov Adoewv
V tov ovotiuarog diapopikadv eciowoewy (1.138) etvou n,dim V = n.

Anodeiln. Oa mpocdiopicovpe po Baon tov V pe n otoyeio. Mo i € {1,...,n}, copPoii-
Covpe pe @) ) AoM TV TPOPANLATOS APYIKOV TIUOV

y'(t) = Ay(t), teR,

(1.140) .
y(0) =e®,
ne {e@, ... e} mv xovovikn Béon tov R”, e}i) = 6.0, ) =1,....n.
[oapatnpodpe kot apyds ot ot Stavuopaticés suvaptioeg @, . . ., o™ eivor ypappxd

ave&dptres. [pdypartt, av
cl(p(]') _|_ “ee + cngo(n) —_= O’

HE TPayHaTIKEG 0TAOEPEG €1, - -« , Cpy, TOTE B 1OYVEL, E101KOTEPOQL,
1M (0) + -+ + c™(0) = 0,

1, 16odvvapua,
c1e(1) _|_ cee _|_ Cne(n) e O’

OmOTE, TPOPAVHS, AOY® TN Ypappikig aveopmaiog tave), ... e™ Baéyovpec; = -+ =
c, = 0.

"Eoto tdpa y pa toxoveo Aon e ([1.138). Oa amodeifovpe 6tim y ypheeton o ypop-
koG ovvdvaopdc v o) L. o kat kot avtdv Tov TpdTo B ohokANpmBEL 1) omdSeEn.
‘Ect, Mooy, ¢y, . . . , ¢y 01 GVVIOTOGEG TOV dtavdopatog y (0). Opilovpe toTe T cuvapTnon

z,

(1.141) 2= 10 4 cpp™,
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Kot Topatnpovue 6Tt M z amotelel o’ evog Mon e ([1.138) kot ag’ etépov tkavomolel v
apYIK GLVONKN

2(0) = c1pM(0) + -+ + €™ (0) = cre® + -+ + ™ = y(0),

omoTE, AOY® TNG HOVASIKOTNTOS TNG AVONG TOL TPOPANUATOS APYIK®OV TIUDV, COUTITTEL IE

™V y. Zoumepaivovyle, £To1, OTL KoL Y eivol ypoupkoe cuvdvacpoc tmv ¢, ... o™ BA.
v ([L.141]), yeyovdg mov oAOKANpOVEL TNV OTAOEIEN). O

Q0 TPOGTAONGOVLE TOPO. VO TPOGIIOPIGOVLE 11 Ypapptkd aveEaptnTec Moelg g (L. 138)-
KkéBe Avon g Ba dlveton TOTE O YPAUUKOS GLVIVACUOG VTOV TV Avcewv. ['vapilovtog

ot o1 Mogig g Pobuwtg e&iowong y' (1) = ay(t) givor g popeng y(t) = ce?, ue v-
Y0VGO TPAYLOTIKN 6TAOEPA ¢, PaiVETOL AOYIKO VO SOKILLAGOVE VO TPOGILOPIGOVLE TOUVES

Mooeig g (L.138) g popeng
(1.142) (1) = e,

v KatdAAnAn otabepd A kot KatdAAnio (un undevikod) ddvoopa v € R”. T'o t€T01€G GL-
VOPTNGELS EXOVUE
y'(t) = AeM,

ondte, avikodiotdvtog oty ([1.138), odnyovpacte ot oyéon
Aery = eM Ap,

onradn

(1.143) Av = Av.

Toumepaivovpe, Aowmdv, Ot o (un undevikn) cvvépmon y g popeng (1.142) omotehet
Mon e ([1.138), av kot pévo av to A givan idrorius tov mivaka A Kol 1o v ovTicToo 1d10-
o16vooo.

BOewpoVLE TOPU TO YAPOKTHPIOTIKO TOADWVOUO P TOL TivoKa A,
p(A) =det(A — Al,).

H gvkoAdtepn mepintmon, yio 10 TPOPANUA pog, eival 6tay oL IOTIHEG A1, . . ., A, gival
OAEC TPAYLOTIKES Kot ové dVo StopopeTikég petaly tovg. ‘Eotm v, ..., v™ avrictoya
wodvdopata. Tote, Onwg eivatl yvootd amd ) [pappkn AlyeBpa, oAld Kot E0KOAO Vo
amodetyBet, ta Stovdopata v, ... v givon ypappd avelaptnra. Idwitepa, Kat ot WoELS

(1.144) D)y =e*v i=1,....n, teR,
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e (|1.138) eivar ypoppicd aveEdpTnTe, Kot GUVETAOG amoTELOVY PAST TOL YMPOL AVGE®VY V
¢ (L.138). Emopévac, N yevicr Aon y g ([1.138) dtvetar wg

pe avBaipeteg mpaypatikés otabepés ey, . . ., Cp.

BAéne to [Mapaderypa otV evotnra [1.7.1].

Oa e£eTACOVE TOPA TNV TEPITTMOON TOL O IIOTIUEG A1, . . . , A, TOV TivaKo A givor pev
Kol TAAL avéL 300 S1POPETIKEG LETAED TOVG, OAAG KATOLEG Ol QTES EVOEYXETAL VO, Elval Ui~
YOOIKEC.

‘Eotw, howmdv, A = a + ib o pryadtkny oty Tov A kot v = u + iw avtictolyo
od1voopa. (Tote, PePaing, katn cviuynic A eivar 1B10T Tov A Kot ¥ = u—iw avticToryo
101001aVVG 0. ) APEGMG SLOMIGTAOVOLLE OTL 1] UIYASIKT] GLVAPTNON

(1.146) y(t) = @0 (y 4 iw)

omotekei (UM teTpypévn) Aon ™e (1.138) (BA. xar tig (1.142) won ([1.143)). Maipvovrag
TPOYHOTIKA Ko QovTaoTkG pépn otn oxéon y' (1) = Ay(t), pAénovpe apéowg 6Tt 1660 T0

TPAYHATIKO OGO KOl TO QOVTOOTIKG PEPOG TG ¥ etvon emiong Moeig g ([L.138). Tohpa, T0
TPOYLOTIKO KOL TO PAVTOGTIKO LEPOG TNG ¥ TPpocdlopilovtat EDKOAA, APOD

y(t) = e[ cos(bt) +isin(br)](u + iw)
= e‘”[[cos(bt)u — sin(bt)w] + i sin(bt )u + cos(bt)w]].

Toumepaivovpe, Aowrdv, 61t ot suvaptioetg ¥ ko y@),
(1.147)  yW (1) = e[ cos(bt)u —sin(bt)w], y@(t) = e[ sin(bt)u + cos(bt)w],

amotehotv Avoelc g ((1.138). (Enpeidote, Tapepmmtévin, ot kot n ot A oTig idieg
AMOGELC 0N YEL, OV YPTOLUOTOCOVUE OC OVTIGTOLYO 1O1001AVUGHA TO U = U — 1W.)

Enriong, Aappavovtag v’ 0wy 1o yeyovog 6t ot 6pot g popeng e’ cos(bt) kare?’ sin(bt)
dev gppaviloviatl oe AMGELG TOL AVTIGTOLYOVV G€ AALEG AMAES 1O10TIUES TOV Tivako A, dlomt-
GTAOVOLLE OTL OAEG 01 AOGELS TTOL TTPOKVTTOLV KOT™ 0VTOV TOV TPOTO, pio Yo kKAOE TPy LOTIKY
010U Ko 300 Yo KaBe (evyog culuy®mv PdayIK®V 1I010TILAV, EIVOIL YPOUUIKA aveEApTNTES.

AVOKEQAAULDOVOVTOG, GTNV TEPITTMON OV 0 TivaKag A £xeln AmAEC IOI0TIUEG Ay, . . ., Ay,
€lte OAEG TPAYUOTIKES EITE KO KATOLEG MIYAOIKES, LE TNV OVOTEP® OLUOIKOGIO TPOGOL0Pi-
ovpe 11 YPaUUIKE aveEGPTNTEC ADGELC TOV GVOTANATOS Stapopikdv eéicdoemv ([1.138), on-
Aadn pia facn Tov xdpov Avcemv tov V, ondte, Befaimg, Kot Tn yeEVIKY| TOL AVOT).
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Mapaderypa 1.13 Oéhovpe va Tpocdtopicovpe 1 AV TOV TPOPANUATOS APYIKDV TILMV

V(6 = Av(e), 1eR. N RSP
(1.148) o peAd:=10 1 —1| xuy®:=1]1
y(0) =y, 01 1 1

To yopaKTNPIETIKO TOAVMOVLLO p TOV Tivaka A etvol
p(A) =1 =11 =21)*+1],

omoTe oL WOTWES Tov A glvar A; = 1, A5 5 = 1 £ i. Ot Wotyés eivat, dnAadn, 6vimg ova
00 SPOPETIKEG LETOED TOVG, pia efvon TpoypoTikn Kot ot GAAEG dVO pryadtkés, ovluyeic
HETOED TOVG,.

Oa Tpocdlopicove, TOPO, AVTIGTOLE WO0SLVIGHLOTOL.
a) Ay = 1: Znrodue &va un tetpippévo didvoopo v € R3 této10 dote (4 — A 13)v = 01
(A—1I3)v=0n

00 O0\/fvy
00 —=1]|jv2]=0,
01 0 VU3

oAadn vy = vz = 0 kot v; awBaipeToc, un UNdevikds TparyUaTikog apdpnog. Emiéyoviag wg
v, T povéda, v, = 1, 0dnyovuacte, copgmvo pe v ([1.142), otn Avon

1

o

(1.149) eW(t) =¢ , teR,

(e}

™ Stapopikig e&icmang oto ([1.148).
B) Aoz = 1 £ i: Oa gpyacBodue pe v W0TWA A2 = 1+ i, ot A3 = 1 —1 = Ao
odnyel ot1g id1eg Moelc ¢ Stapopiknc eticoonc oto ([1.148).

Znrovpe éva pn teTpupévo dtvuopo v € C? této10 dote (A — Ao l3)v = 07 (A —(1+
i)I5)v =01

oniaodn v; = 0 ko vy = iv3. EmAéyovtag vs := 1, £ovpe vy = 1, Kot 00N YOOUOGTE GTN UN
TETPYUEVT] LYOdTKT| Ao

0
(1.150) y()=eMi], teR,

1
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e Srapopiknc eElcmonc oto ([1.148). Ao ot T pryodikn Aon mpokvmtovy dHo Tporypo-
Tcég Moelg g Srapopikng eEicmong oto ([1.148), av Tépovpe TO TPAyUATIK KOl TO QUVTO-
6TIKO TG HEPOS. 'Exovpe

0 0
y(t) =l | :et(cost—l—isint)|: Ol +i|1 j|
1 1 0
0 0 0 0
:et|:cost 0| —sinz |1 i|+ie’[sint 0| +cost|1 :|,
1 0 1 0
onAadn
0 0
y(t) =¢' | —sint | +ie’ | cost
cost sint
‘Eto1, odnyobuaocte otig Avoelg
0 0
(1.151) ePt)=¢"|—sint | wm ¢o®@)=¢"|cost |, reR,
cos? sint

¢ Srapopiknig eéicoong oto ([1.148)- PA. v ([1.147).
An6 ¢ ([1.149) ko ([1.151]) mpokdmtet 6t yevikn Aoon y (1) TOV GLOTAUATOG FLOUPOPIKOV
géionosnv ([1.148) stvon

1 0 0
(1.152) y(t)=cie' | 0| +coe’ | —sint | +cse’ | cost |, t€R,
0 cost sin ¢t

pe avbaipeteg Tpaypatikég otabepés ¢, co Kot C3.

Amopével topa va emAEEOVE TIG 6TABEPES €1, €2 KO €3 KOTAAANAL OGTE VOL IKOVOTTOIEITOL
ko apycry cuvOnkn oty ([1.148). Me ¢ = 0 omv ([1.152)), BAémovpe 6T 1 apyiky cuvoRKn
IKOVOTOLELTOL, OV KOl LOVO OV

1 0 0 1 c1 1
1|0 +c]0]l+ces)1]=1]1 ﬁ Ccsy | = 1],
0 1 0 1 Co 1
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MAad ¢; = ¢a = ¢35 = 1. Me owtég TI¢ Tég Tov mapapétpav, N (1.152) Siver mn (ntodpevn
Adon

1 0 0 1
(1.153)  y(t)=¢ |0+ | —sint | +€ |cost | =€ |cost —sint |, t€R. O
0 cost sint cost + sint
Méypttdpo vrobETape OTLOLOOTIUEG A1, . . . , A, TOV TTiVOKO A TOV GUGTARATOG SLOPOPT-

kv eélodoenv ([1.138) sivon amhéc, eite HOVO TPayHLATIKEC £iTe KATOEG OO QVTEC UIYOISTICEC.
o ohokAnphoovpe ) perém tov ([1.138) pe v mepintwon kamoteg amd Tig 1310TIHES TOV
A va gtvon rollarméc.

2V mepintwon mov o wivoakag A £xeln YPORUIKA aveEAPTNTO 10100100VOGLOTO, 0L AVGELG
TOV GUGTALATOG YPALIIKDY dtopopikdv eétodoenv ([1.138) mpocdiopiloviar pe Sadikasio
akpPdg avticToryn avTng Tov aKkolovdnocape pExpL Tdpa. Xe kKaOe 101001dvucpa Tov A avti-
otoyel pia Avon tov ([1.138) xor ot ev Adym Aoelc eivon ypopipikd ove&apmntes, omdte M
yeviky Aon tov ([1.138) eivar ypoppikdg suvdvacudc avtdv tov Moeov. ‘Ectm, topa, 0Tt
0 A &gl k ypappukd aveEaptnta wodovocpata, pe k < n. TOte T0 GVGTNUO YPOUUIKDV
ebiomoeov (1.138) éxer uovo k ypoppukd ave&apmreg Moeg e popenic e v, pe v € C”.
To wpoPANHa TOpO givar va. TPosdlopicovpe 1 — k AGELS, £TOL DOTE Ol TPOKVITOVGEG 1
Moegig va elval ypopkd aveEdptntec.

[MopaBétovpe Tdpa, yopig amdoelln, éva amotérecpa I'pappkng Alyefpag, Tov avoes-
PETOL 6TO TANOOG TOV YPOUUIKA aveEAPTNTOV YEVIKEDUEVMV 1O1001AVOGUAT®V U EVOC VKL
A ©¢ Tpog o 1010t A adyefpikng TOAAATAOGTNTOG (U, OSNAAON UN UNSEVIKOV ADGEDV TOV
ypappkov cvotnpatog (A — AL, ) v = 0.

Ozopnuo 1.2 (MAARBOG ypappikd aveEapTnTwV YeVIKEUPEVWY 1IB1081avUOpaTwV.) Eotw A+,
.., Ak 01 avd 0V0 drapopetikég HeTald Tovg 1010tes evog mivaka A € R™" | ue adyefpixéc
KOl YEWUETPIKEG TOINOTAOTHTEG A1, - . ., Pk (1 + -+ + Uk = 1) ka1 vy, ..., vk (v; < @),
avtiororya. Tote, av v; < W;, 10 ypoguuréd cvornua (A — Ajl,)*v = 0 éyer tovidyiorov
Vi + 1 ypogqurd avelopnres Avoeis. evikotepa, av to ypopuird ovotnuo. (A — Aj1,)"v =
0,m < uj, germj (mj < v;j) ypouuird, aveloptnreg Adoeig, 10te 10 ypoyyuro ovotnuo (A —
AjL)™ v = 0 éper tovddyuotov mj + 1 ypopyura avelopnreg Aboeig. Exouévag, vrapyovy
AKPIPOS Ui YPOUUIKG OVESOPTHTA YEVIKEDUEVA 101001VDOUATO TOV A WS TPOg THY 1010TIUN
Aj. Eni wléov, yevikevuévo 1010010vOouata S TPOg O10POPETIKES 1OLOTIUES EIVOL YPOUUIKG
aveéaptnta, OmOTE, GOVOLIKG DIOPYOVY N YPOUULKC, QVECOPTHTO YEVIKEDUEVO, LOI00I0VOGILATO
700 A. O

ZOUQOVO LE TO AVOTEP®, 0ONYOVUACTE 6TV €E1G O1001KAGIN Y10 TOV TPOGOIOPIGUO 1
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YPOUUIKE aveEdpTnToV AVGE®V (dNAOT, OLGLOGTIKA, TNG YEVIKNG ADONG) TOL GUOGTNHOTOG
Sropopikdv efiodoenv ([1.138):

12 prpa: IIpocdiopilovpe OAeg TIC WOOTHES TOVL Tivaka A. Av 0 A €xel n YPOLLIKA Ove-
EaptnTal 110d1vdopaTa, TOTE T0 oot Stpopkdv eétodoenv ([1.138) éxet n ypappicd
ave&apTTES MGES TS Hopehg e v, 6mov A WloTi Tov A Kat v avTioToyo 181081GvL-
opa. (Inpetdvovpe OTL, 6€ VTHY TNV TepinToon, dGhot ot dpot g oetpds oty ([1.133) extoc
amd tov Tpdto undevitovral.) Emiong, oty mepintwon pryadikng OoTune, pmopel kaveig
va 001 yn0el og TpayuaTiKég AVGELG TAIPVOVTOG TO TPOUYUATIKO KOl TO QAVTOCTIKO LEPOG TNG

e*v, avticToyo.

22 pnua: ‘Eoto 6tio A éxetk, k < n, ypoppukd aveEaptnta diodavocpata. Tote, vrdp-
YOOV OVO k POk aveEaptnTeg MGELS TOV GLOTHRATOS dlapopikdv eéichosnv ([1.138)
™mg nopehg e*v. T kabe Wt A Tov A, pe alyeBpuc TOAATAOTTO HEYOADTEPT TNC
YEOUETPIKNG, (NTOVLE VO TPOGOIOPICOVUE YEVIKEVUEVD 1O10S1AVOGLOTO v, GE TPMTN PAoN
této10 dote o’ evog (A — A,)%v = 0 ko 0’ gtépov (A — Al,)v # 0. T kéBe tétot0
dtvoopa v, PA. o Oedpnua [1.2, ot suvaptioerg

(1.154) v =eMv+1(A—Al,)v]

OOTELOVY ADGELS TOL GVGTAUATOC Stapoptkdy efiodcenv ([1.138). (Enueidote 611, 68 0VTHY
mv wepintoon, 6hot ot dpot ¢ oepdc oty ([1.133) ekt amd Tovg dHo mpdtovg undevico-
vToLt.)

32 Brpa: Av yio kdmota 1810t A dev €yovpe akdpa Tpocdiopiost mAinboc Avcewv ico pe
™V aAYePPIKN TG TOALATAOTNTA, OTN OEVTEPT PAOT (NTOVUE YEVIKELUEVO 10100100VOGLLOTOL
tétow dote a@’ evog (A — Al,)%v = 0 kot 0@’ etépov (A — Al,)%v # 0. INa kabe té€t010

diévuopa v, Pr. 10 Oedpnpa [1.2, ot cuvapticerg
Z2
(1.155) e’ :eA’[v%—t(A—)LIn)v—i—E(A—)LI,,)%]

OmOTEAODY ADGEL TOV GLGTHLATOC S1aPopikdV eéichoemv ((1.138).

0 ., . . o , . .
4= BMpa: Xvveyilovpe avaroyo Emg 6Tov TPocdlopicove To emBLUNTO TAN00G 1 YPOUUIKE
aveapnTOv AWoemv. Ao KAOE 1O10TIUN TPOKVLTTOVV TOCEG AVGELS 00N ivan I aAyefpikn
NG TOAAUTAOTNTAL.

BAéne to Hapaderypo otnv evotnto [1.7.1.

Mopdadsrypa 1.14 Ofhovpe vo Tpocdiopicovpe T AVGT TOV TPOPANUATOG OPYIKDV TIUOV

Y = Ay(e). 1eR 213 o |2
© peA:=10 2 -1 Katy():: 2

(1.156)
y(0) =7, 00 2 1
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To xapakTnPIeTIKO TOAVGVLLO p TOL Ttivaka A gtvar p, p(A) = (2—1)3, ondte n 1oty
A = 2100 A givon Tpurhn, dNAadn €xet akyePpixn moAramdiotnta tpia. (O wivakag ivat dve
TPLYOVIKOS Kot O 110 TILES TOV vt TO dlaydvia, GTotyEia ToV.)

ZnTtovuE KAt apyic ovTioTorya 101001vVOGHOTO, ONAON UN TETPIUUEVE SIOVOGHOTO U €
R? této10 dote (A — Alz)v =01 (A —213)v =07

01 3\[/un
—1 Vo = O,
0 U3

omote PAEmOVUE OTL V2 = v3 = (0 kot vy aBaipeTog, un UNdEVIKOS TPayUATIKOS aplOUdC.
Emiléyovtag og v, T povéda, v, = 1, odnyodpaocte, copupavo pe mv ([1.142), otn Aon

1
(1.157) oWy =e*0|, teR,
0

TOV GLGTANATOC SAPOPIKAY EEIGOGEMY Tov TpofAfuatoc ([1.156).

Ao, YPOUUKE aveEapTnTo TPOS TO TPOTYOVUEVO, O100VOGLOTO TOV A, TPOPAVAG,
dev vITapyovy: e AAAL AOYLa, 1 YEOUETPIKN TOAAOTAOTN T TG O10TIUAG A givan éva. ‘Etot,
ava{NTOVLE GTN GUVEYELL, GE TPMTH PACT, YeviKevpéva 1d1odtavicpata v € R? tétowa dote
(A —2I3)%v = 0 xon (A — 2I3)v # 0. Topa, (A — 213)* = (§ § _é), OTOTE TO YPOLLUIKO
ovompa (A — 213)%v = 0 ypleetar 6Tn popen

00 =1\ (v
00 Of]v2]|=0,
0 0 0/ \vs

amo v omoia mwpokHTeEL V3 = 0 EVD 01 GLVIGTAOGCESG V1 KO Vo elvar awBaipetotl apBpoi, oyt
Kot ot 000 ioot pe undév. Dep’ emelv, yo v1 = 0 koL vo = 1 0dNyovUAGTE GE P Adon, M

omoia dgev gival, Onwg yvopilovpe, 101001dvucua Tov wivako A. Avti 1 emloyn odnyel ot

Adon
0 01 3\/0 0 1
(0(2)(t> _ te[U—|—t(A_2I3)U] — e2t 1 +t62t O O _1 1 — th 1 +t62l O ,
0 0 0 0/\O 0 0
oniaon
t
(1.158) Pty =e*[1|, teR,
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TOV GLOTANATOS SAPOPIKOV eElcDEMY Tov TpoPAiparoc (1.156)- PA. v ([1.154).

(Ag onuelwdel oe 0wTd 1O oNueio dTL GAkeg Moelg tov cvetuatog (A — 213)*v = 0,
TETOLEG MOTE OVTEG, 1) AVGOT TTOL BpriKapLe ON KoL T 1010010vOG AT TOL A Vol lvat ypopLpkd
ave&dptnra dtoavocpata, SV VITEPYOVV.)

210 emduevo, ko televtaio, P, avalntovue yevikevuéve, odtavocpate v € R3 4-
1010 dote (A — 213)%v = 0 xou (A — 213)*v # 0. Topa, (A — 213)3 = 0, ondte ki
divuopa v € R amotelei Moo tov ypauukod cvotipatog (A — 213)3v = 0. To dibvocpa
v = (0,0,1)7 wavomotet, ent Théov, kar Ty (A — 213)%v # 0 (aQod AVTO KoL Ot N TETPIY-
uéveg Moeig ov (A — 213)%v = 0 etvor ypoppid aveEdptnra dtovocpata). Odnyovuaocte,
€101, 0T Abon

e (1) =e*[v+1(A—2L)v + E(A —213)%v]
01 3\/0 2 00 —1\/0
= [|lo]l+¢t]0 0 —1 0+500 ojjo] |, teR,
1 00 0o/\1 00 o/\1
onAaon
3t — 4r?
(1.159) Pty =e*| -t |. teR,
1

TOV GLGTHUOTOG S1APOPIKAV EEIGOGEMY TOL TpoPfAuartog ([1.156)- PA. tv ([1.155).
Amo g (1.157), (1.158) xar ([1.159) mpoxdmter 611 1 yevikh Aoon y(¢) Tov GLGTARATOG
Srapopkdv eélodoenv Tov Tpofiiuatog ([L.157) stvon

1 ! 3t — 312
(1.160) yit)=e*[ci |0 +ca| 1] +cs —t :
0 0 1

pe ovBaipeteg TPayHaTIKES 6TAOEPES €1, Co KOL C3.

Aoppavovtog dm v YV Kot TIG apyLKES TILEG 00N YOVUAGTE GT ADOT

1+ 5t — 21
(1.161) PP (1) = e* 2—1¢ , teR,
1

TOV TPOPAYATOG apytcdV TV ([1.156). O
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1.7.4 Mn opoyevn] YPORMIKA GUOTHROTO — OEUEMMDOELS TIVOKES

"Eoto y (1), ..., y™(t) ypappxd aveEdpmreg MOGES TOL GLGTAUATOC SLAPOPIKOV EEIGEH-
ogov y'(t) = Ay(t), omov A € R™" BL. v ([L.13§). Tote, ot &v AOyw A0GELS amotelodv
Bdon Tov YOPOL AGEMY TOL CLGTHUATOC SLUPOPIKOV EEICDOGEWV, OTOTE KAOE AVGT TOV Y

YpageTaL 6T popen

(1.162) y(1) =cryM @)+ + cay™(1),

pe avbaipeteg Tpaypatikég otalepés ¢y, . . . , Cp, 1 1GOOVVOLOL

(1.163) y(t)=Y(t)c,

6mov Y () o n x n mivaxag pe otireg yM, ...,y kare = (cp,...,c,)T € R",

Opwopog 1.1 (OgpeMiwdng nivakag.) 'Evag n x n mivaxag Y () Aéyeton Osuelicdnong wivaxog
TOL GVOTANATOC Stapoptkdv eélcdoenv ([L.138), av ot oThrec ToL elvar ypoputké ovelapTn-

8¢ Moelg Tov ([1.138). O
Y10 endpevo Bempnua Oo dovpe e Towov Tpdmo Evag Hepemdng mivakog Y (1) tov ov-

otAnatoc Srapopikdv eéicmoemv ([1.138) oyetiletar pe v ekbetikn cvvaptnon e,

Ozdpnpa 1.3 (Ogpehindng nivakag kai ekBeTikn ouvaptnon.) Eotw Y (t) évag Ogucticdong
-1

Tivaxag Tov cLoTHUaTOS Stapopikdy eéiomoewy (1138). Tote 1oyver €4 = Y (¢)Y (0)

Arboeiln. Kat’ apyds, woyvpildpocte 6t o mivakag Y (1) eivor oviioTpEWipos, yio 0molodn-
mote mpaypatikd ¢. Ipdyupatt, av otabepomomaoovpe Eva avbaipeto s kot Bewpnoovpe To
TPOPANLA apykdV TIH®V Yo To cvotua V' (1) = Ay(t),t € R, pe apykn tipn y(s) = v,
pe avBaipeto aArd otabeportompévo v € R” | tote, Ommg yvopilovpe, ovto €xel akpPog pio
Mon. Topa, yua t = s, 1 (1.163) ypaeeton ot popen

Y(s)c =v.

Onwg Tpoava@épape, To YPappKd avtd cuotnua xel akpPac pio Ao, Yo 0rolodnmote
v € R, BA. xan v ([L.162). I8waitepa, o mivaxag Y (s) eivar aviiotpéyiuoc. Agov 1o s eivon
avbaipeto, o mivakag Y (1) givol OVIOG avVTIGTPEYILOG, Y10 OTOLOONTOTE TPOYUOTIKO 7.

Ent TtAdov,

Y'(6) = (yV(0), ...y (@) = (Ay (@), Ay™ (1)) = AY (1),

GUVET(MG

(1.164) Y'(t) = AY (¢).
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Emiong, o mivakag e’ eivon Ospuehddng mivaxag tov ([L.13§), apov (e4) = Ae'.

Ioyvpilopacte thpa 61, av Y (1) kon Z (1) Bepelddeig mivakeg tov ([L.13§), 618 vIdpyet
otabepdc mivakag C € R™", tétowog wote Z(t) = Y (¢)C. Mpaypartt, €€ optopol ot 6THAES
YD), ..., y™(t) tov Y (¢) xaw zD(2),..., 2z (¢) tov Z(t) eivan ypoppkd aveldpmeg
aoeig tov (1L13§). Enouévog, ke otiln tov Z (1) Ypagetol ¢ ypapukos GuvavacHog
TV 6TNAGV oV Y (1), dnhadn

@) =i yV(0) + -+ ey ™), j=1.....n,

onAaon
Z(t)=Y()C pe C = (cij)ij=t,..n-

[dwitepa, Aowmdv, 1oydel
et =Y (1)C.

lat = 0, n oxéon ot divet C = Y (0)7!, omdte tehid éxovpe dvimg
et =Y ()Y (0) O
OewpoVLE TOPA TO LT OLOYEVES YPOUUKO GVGTNLO OL0POPIKDV EEICHOCEMY

(1.165) y'(t) = Ay(t) + f (1),

e mivaka A € R™", énog omv ([1.138), kon dedopévn, cuvey SLavVOGHATIKY GVVApTHOT
f R —R".

Kat’ apyég, av y, eivar n yevikr AOGM 1OV 0vTiGTOTXO0V OLOYEVOVG GUGTHHATOG J10POpPL-
KoV eélodoemv ([1.138) ko y, ivon po e1dtcry Avom Tov pn opoyevoic svotipotog ([1.163),
T0TE, ONOC SLUMETAOVEL Koveic ToAD gdkolo Dempdvtog T Stapopd §Ho Moemv tov ([1.163),
1 yevih Aon tov ([1.163) Sivetot mwg Yy + Ye. A@oD, ooy, Exovue fiON HEAETNGEL TO, OHLO-
YEVI] GLGTALOTO SPOPIKAV eEIGOGEMY e 6T00epovs ovviereotéc ([1.138), yio ) perén
o0 ([1.163) apkei va emkevIpOGOVLLE TNV TPOGOYH LOC GTOV TPOGIOPIGHO Mo EWSIKNAG AD-
OMG TOV Y.

"Eoto thpa y (1), ..., y™ (1) ypoppud ave&aptnreg Moeig tov ([1.138). Onog yvopi-
Covpe RO, N yevik Ao y(¢) tov ([L.138) divetar mg

(1.166) y(t)=ciyWt) + -+ y™(t), teR,

LECl,. .., Cp avBaipetec mpaypatikéc otadepéc. Aviikadiotovpe tdpa oV (|1.166) Tic ota-
Oepés ¢; pe Babumtéc cuvaptoelg v; Kot {NTOVUE VoL TPOGOLOPICOVLE Lol E101KT) ADGT Ve TOL
Hn opoyevovg cuoTuatog ([L.163) mg popeiig

ye(t) = vi(t)yD (1) + -+ va(0)y (1),
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1, 10000V,

(1.167) ye(t) =Y (1)v(1),

pe Y (1) = (y(r),....y"™ (1)) xaw v(r) = (vi(1). ..., vn(t))T. AvtikofioTdVvTog TV £K-
ppoon 610 de€16 péroc g ([1.167) omv ([1.169), maipvovue

Y'(t)v(e) + Y (0)v'(t) = AY ()v(t) + f (1),

omote, Aopfdvovtag v Gyv o yeyovog 6t o Y (1) sivon Oepelmdng nivaxag tov ([1.138),
Ko GLVETDG tkavomotel v e&icmon ((L.164), &xyovpe

oniaon
(1.168) V(i)=Y () £ (1),

Av16 10 GOGTNHA O1OPOPIKDOV EEICHOGEMY ETAVETAL ATAOVCTATA, L€ OAOKANPWOT, ALPOV 1 U

epnpovifetor povo 6to aploTePd TOL UEAOG, OTTOTE EXOVE

(1.169) v(t) = / Y ()" f(t)dt.

Tovdvalovrag Tig ([L.169) xou (L.167), 0dnyovpocte oty axdiovdn ek Avon v,

(1.170) %mzmeYm*ﬂww

TOV [ opoyevodg cvothiuatog ([L.165).
Téhoc, suvdvatovtag tig ([1.166) o ([1.170), 0dnyodpacte ot yeviky Aon y,

(L171) vy =y | : +nm/yw*ﬂmm,

Cn

TOV 1 opoyevog cvotiuatog ([1.169), pe ¢, . . ., ¢, owBaipetec TpaypoTikés oTadepéc.
Av 1Opa Exovpe Eva TPOPANLO APYIKOV TIUOV
"(t)y=Ay(t)+ f(t), teR,
) Y() y(e) + £(0)

y(to) =y,

totE, ovpemva pe v ([L.171]), n Aon tov divetarl otn Lopen|

(1.173) y() =Y ()Y (1) Ly + ¥ (1) /t Y (s)7t f(s)ds.

o
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Ewdwotepa, oty mepintwon ty = 0, Egovue Y(I)Y(O)_l — o4, B\ T0 @chpnua 3, ko
Y([)Y(S)_l — Y(t)Y(O)—lY(O)Y(S>_1
= Y(t)Y(())_l(Y(S)Y(O)_l)_l _ otAg—sA _ e(t_s)A,

ométe N ([L.173) yphipeton ko 6t popen

t
(1.174) y(t) = ey 4 / =4 £ (s5) ds.
0

Hapaderypa 1.15 Oéhovpe va TpocdtopicovpE T ADGT TOV TPOPANUATOS OPYIKDV TV
y(t) = Ay(1) + [ (1),

10 0 0
(1.175) 0 uedi=|2 1 2| xu f(r):= o |
y(0) = 1 ’ 32 1 e’ cos(2t)
t eR.

Toppmva pe tov tomo ([1.174) apkei va mposdiopicovpe tov mivako ef4. To yopoxpt-
GTIKO TOAVOVLUO p TOL Tivoka A givat

p(A) = (1—=21)(A* =21 +5),

onoTE 01 W0TIHEG ToV A givan A1 = 1 kot Ay 3 = 1 £ 2i.

®a TPOGOIOPIGOLLLE, TP, OVTIGTOLYO 1O10010VOGLOTAL.
o) A1 = 1: Znrodue éva un tetpiupévo Sivoouo v € R3 této10 dote (4 — A l3)v = 01
(A—1I3)v =01

00 O0\[fv
2 0 =2|lv| =0,
3 2 0 U3
Mmiadn v; = vz kau v2 = 3vz/2. Exmdéyovtag vy = 2, odnyoduoote, cOUP®VE pE TV
(L.142), o Moo
2
M) = ef
(1.176) yH(i)=¢e|-3]| teR,
2

™G avTioToyng opoyevoug duapopikhc eEicmong y'(1) = Ay(t) g dagoping eEicwong
oto (L173).

B) a3 = 1 £ 2i: Oo epyacOodpue pe v WOTWA A2 = 1 + 21, ot A3 = 1 —2i = Ao
odnyei oTiC 1d1eg MoElg TG avTicToryng opoyevolc ¢ dtapoptkic eéicmong oto (1.175).
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Znrodpe éva pn teTpppévo dtdvuoua v € C? tétoto dote (A — Ay l3)v = 01 (A —(1+

3 2 —2i) \vs
onradn vy = 0 kan v3 = —ivy. EmAéyovtag vy = 1, égovpe v3 = —i, kol 0dNyoOUACTE GTN

Un TETPUUEVT ADOT Hyadikn Avom

1.177 ) =elT20 1 1] ¢eR,
( y

—i

¢ avticToymg opoyevodg g dtopopikig eéicmong oto (L.175). And avth T pryadikr
AOon TpokOTTTOLY 0V0 TPAYUATIKEG AVCELS, OV TTOPOVUE TO TPOYLOATIKO KOl TO POVTOGTIKO

™ népog. ‘Exovpe

0 (0 (0
y(t) =ed 2 1 :e’[cos(2t)—|—isin(2t)]|: 1|+i| o i|

\0/ \-1

0 0 - (0 0
:e’|:cos(2t) 1]—sin(2t)| 0 i|—i—iet sin(2t) | 1| +cos(2¢)| 0 :|

—1

0 -1 - \0 -1

oniaon
0 0
y(t)=¢"|cos(2t) | +ie’ | sin(2¢)
sin(2t) —cos(2t)
"Eto1, odnyodpaocte oTig mpaypatikég AVCELG
0 0
(1.178) y& @) =¢"|cos(2r)| wu y®(t)=¢e'| sin2r) |, teR,
sin(2¢) —cos(2t)

™G avTioToLMG OpOYEVODC TG Stopopikng eéicmong oo ([L.175)- L. v ([L.147).
Amo 116 ([L.176) ko ([L.178) mpoxidmret 6T évag Opeliddng Tivakag Tov avTicTor o opo-
yevolg cvothuatog y'(t) = Ay(t) Tov cLETARATOG JLOPOPIKOV EEIGMCEDY TOV TPOPAT -

1o ([L.179) eivar o
2 0 0
(1.179) Y(t)=¢"|—3 cos(2t) sin(2t)

2 sin(2t) —cos(2¢)
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Topa,
20 0\ (Lo o0
Yo7 =1-31 of =21 of.
2 0 -1 1 0 -1
omdte, GOUPOVE pe To Oedpnpa [1.3,
1 0 0

(1.180) e =Y()Y(0)"' =e' | =3 + 2cos(2¢) +sin(2¢) cos(2t) —sin(2¢)
1+ 2sin(2¢) —cos(2t)  sin(27)  cos(2t)

Toumepaivovpe, Aoutdv, coupmvo pe tov tono (1.174), 611 n AMon y tov TpoPAHaTOC
apykav Tnav ([1.179) etvon

O t

yit)=e4 |1+ etA/ e f(s)ds
0

1
t 1 0 0 0
=1+ etA/ e | =2 + 3 cos(2s) —sin(2s) cos(2s) sin(2s) 0 ds

1 ° 1 — 3sin(2s) —cos(2s) —sin(2s) cos(2s)/ \e* cos(2s)

; 0
=¢' | cos(2t) —sin(2¢) | + ¢4 / e | sin(2s) cos(2s) | ds
\cos(2t) + sin(2t)) ’ cos?(2s)
( 0 \ 0
= ¢ | cos(2t) —sin(2r) | 44| et

8. ’
\cos(2t) + sin(2t)) Ly %

—
[a]
—

ondte
0

y(t)=¢"| cos(2t) — (1+ %)sin(2t) |. 0
(14 %) cos(2t) + 2 sin(21)

AGKNOGELS

1.1 'Eoto p : [a, b] — R ma ovveyng cuvaptmon. Amodei&te 6t KOs ADoM ™G 0poyevois YPOKNG
Stupopukiic e&iowong y'(¢) = p(t)y(1). t € [a,b], etvar g popeng

y(1) = Celar) s

pe po otabepd C.
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[Yrodeiln: Me mapoydylon SOmIGTOVEL KOVEIG OUESHOE OTL Ol GLVOPTHOELS TNG OEOOUEVIG LOPPNG
OTOTEAOVV TTPAYUATL AVGELS TNG daPOPIknG e&iowong. o o avtioTpopo, vTtobéote OTL y ivarn pia
Mo ¢ e€lomong, Bewpnote ™ cuvdptnon u,

u(t) = e JaPOdsy ) 1 efa,bl,
kot BeParmdeite 611 u’ = 0, Snhadn 6t1 N u sivan otadepr cvvaptnon.]

1.2 (H peBodog Tng peraBoAng Twv arabepav.) ‘Eotw p,q : [a,b] — R ovveyeig cuvopthoeis.
Amodeifre 0TL 01 MWOOELS TG 11y opoyevoids ypappkng dtapopikhg e&icwong v/ (1) = p(t)y(t) +q(1),
t € [a, b], eivar Tng popenig

t t S
a

pe o otofepd Co, Pr. v ([1.3).

[Yrooeiln: T vo Beforwbeite 0T1 dev vdpyovv dAleg ADGELS, 0pKel va TapaTPHGETE OTL T dLopopd

V0 ADoemV TNG Un opoyevovg e€icmong amotelel Aon g opoyevols Kot vo AdPete v’ oy v

Acknon [L.1. T vo posdiopicete Moelc, SokdoTe AGES TG LOPPNC
y(1) = C(t)ea?®)ds,

omog oty Acknon [L1, aAAé tdpa pe po suvapmon C ot Béon ¢ otadepdc C - Y1 avtdy akpipdg
TOV AOYO VTN 1) TEYVIKT A&yeTon uébodog ¢ retoforng twv arobepwv. Anodei&te 0TI 1 GLVAPTHON

C minpol o amAn dtapopikn| e€iocwon, 1 oroia etvor e0koAo va emiAvbet. ]

1.3 Oswpolpe T0 TPOPAN LA APYIKOV TIUDV

a) Amodei&te 6TL oTnV TEPinT®ON TTOVL TO drdoTNUA (@, b] glvar To [1, 2], 1 cVVAPTNON Y TOL diveTan
omv ([1.12) amoterei Moon e dwagopikig eéiowone ([1.10), av kot pévo av ite ¢ < —1 /e gite
c>—1/e’.

B) Amodei&re 0Tt yioo TNV apyik Ty Yo = /€/(/€ — 1) 10 &v Aoy mpdPinua dev éxet Aon.
Axpipéotepa, amodei&e OTL 1) LOVAdIKT ADOT TOL TPOPANUATOG OPYIKAOV TILOV TEWVEL GTO ATELPO

KaOdG 10 ¢ owEaver Tpog To 3/2.

[Yrodertn: H yevuer Mon tng Stopopikig eéicmong 860nke omv ([1.12). H apyikn cvverin to-
vomoteitat ywo ¢ = —1/(e /e).]

v) Ilpocdiopicte T Abon ToL TPOPANLOTOG OPYIKAV MV Y10 TNV Py LK) TN yo = —1.
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1.4 Emi\vote 1o mpdfAnUa apytkov TmV

Y(t) = y(t) = [y(®)]%
y(0) =2,

Kol TPOGdl0pioTe TO HeYaADTEPO duvatd avoikTd dtdotnuo I, oto omoio opileTar | Adon y.

1.5 Ozwpodue 10 TPOPANLA APYIKDOV TIULDOV

v =5 -2 pep =02
y(1) = yo

o) Amodeifte OTL yio TV apyIkn T Yo = —3 10 &v Aoy® TpdPAnpa dev €xel Aoon. Akpiéotepa,
omodei&Te OTL 1 povadik AOoT ToL TPOPALOTOC APYIKADV TIUOV TEWVEL GTO HElOV AmEPO KAOMG
70 t 0EQVEL TPOC TO /2.

[Yroderln: H yevien Moon g Stapoptinc eéiocmong 800nke omv (1.22). H apyy cuvoiin tko-
vomoteiton yio ¢ = 1/4.]

B) IIpocdiopicte T AN TOV TPOPANUATOG APYIKAOV TILDVY YLoL TNV OPYIKT TN Yo = 3.

1.6 TIpocdiopiote T yevikn Aon g dapopikng e&icmong

1+

y'(t) 2y ()

o€ EUPEDT) (TEMAEYIEVT]) LOPOT.
1.7 TIpocdiopiote T yevikn Aon g dapopikng e&icmaong

O p———
(@) = y()
o€ €upeon (memAeyuévn) LOPOT.
1.8 ®ewpolpe v opoyev dropopikn| e€icman
R 0 s
29(t)

a) IIpocdiopiote Tn yevikni Aon TS aveTépm dapopikng eEICWOONG, 08 EUUEST) (TETAEYLEVT) LOPOT.
B) Ipocdiopicte T AVOT TOL TPOPANLUTOC OPYLIKDY TILMV Y10 TNV OVOTEP® dtapoptkn e€lcwon pe

apyn T ¥ (1) = 1, kabdg Kot o péyoto avoktd St 6to onoio avti 1 Avon opiletat.
1.9 IIpocdiopiote T yevikn Avon g (TANpovg) dtapopikng e&icmaong

2t + y(t)

Y =- +2y(1)
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1.10 IIpocdiopicte TN yeVIKT ADom TG dLopopikng eElcwong

, 1+ [y())?
yi(t) = o

o€ €upeot) (TeEmAeyUEVT])) LOPOT.
[H ev Aoym e&icmon dev givat mANpNG aAAd avayetal o€ TANPT dopopikn e&icmon pe KatdAAnAo

olokAnpoTiKS Tapdyovta w = u(t).]

1.11 TIpoodiopicte T AVGT TOL TPOPANUOTOC OPYIKDV TILOV

{y/(t) = Ay(1), teR,

210 1

— 0) ._
5(0) = y(O) neAd:=10 2 0| xauy'’/ :=|2
’ 0 01 1

1.12 TIpocdiopicte TN AVOT TOL TPOPANUATOS UPYIKAV TILAV

V() = Ay(1), 1€R, b= .
pe 4 = 1 -3 2 Kouy():: 2

y(0) =y
’ 1 -1 0 1

1.13 'Eoto I C R éva ddomnpa, p : I — R o cvveydg mapaymyiciun cuvaptnon kot A évagn X n
TivoKog.
a) Bepawbdeite 611 (ep(’)A)/ = p'(t)Ae?DA yot € I.

[Yrooeiln: "Exovue

Kol 1 TOpaydy1on ot oelpd puropel va yiver 6po mpog 6po, ondte
{—1

0o L >
P01) = Y e Ol g = 04 Y T
=1 ' =1 .

a3 AL iy geron

B) Bepaiwbeite 6T1m Abon ¥ ToL TPOPALOTOC OPYIKDY TIUOV

V()= pt)Ay(), tel,

y(a) =y,

ue a €vo onueio tov dwotpatog 7, ivar y(t) = el/a P(T)dt)Ay(O),t el



Aocknoelg 69

v) Ilpocdiopicte T AOoN ¥ TOL TPOPALOTOC OPYIKDY TLUOV
Yi(t) =pt)Ay(t) + f(t), tel,
y(a) =y,

ue a éva onpeio tov dwotiuatog I kot f: I — R”™ po cuveyn Slavoouatiky cuvaptnon.

1.14 'Eoto A évag n X n wivakag, A1, ..., Ar avd 000 S10popeTikés HeTa&h TOVG 1IS10TIES TOV A Kot
v v avtioToryo 1odavdopota. AToddeitte, enayoyikd, ottta v, ..., v &) givon YPOLLLLIKA
aveEaptnTa.

[Yr6deién: To v givarypoppcd aveEaptito, ago eivat Sipopo tov undevoc. Eoto ottta v . . .
v € < k, eivan ypappkd aveEdptnra. Tote, av wydet

oM 4o 4 C£+1U(e+1) =0,
Oa &yovpe
crAvW 4.4 c@HAv(“l) =0, dnrady e 4o+ czH/\gHv(“l) =0.
IMoAlamhactélovag TV apyikn oxEon ent Ay Kol AQUIPAOVTOG and TNV TEAELTAIN GYECT, TOiPVOLLE
c1(Aerr — A0 M 4ot g (A — A0 = 0.

Zoppavo pe v enoyoykn veodeon cvpnepaivovpe 0t ¢ (Agyr — A;) = 0,i = 1,..., £, dnhadn

otLcy = -+- = ¢¢ = 0. H apywn pag vmodeon divel tote Cg+1v(e+1)

£+1)

= 0, omdte xau ¢y = 0. Apa

Ko tor Sravoopaza v, L vl glvan ypappikd avegaptnro.]

1.15 Ozwpovue tov n X n mivaka petatomiong M, onaadn Tov mivaka e povadeg otig BEcelg g
VIEPSIOYVIOL Ko IMdevikd o Oheg TIC dAkeg Béoerg, PA. ™V (.128). TIpopavdc, To undév sivon
N Hovadikn WTn tov M kot 1 adyefpikn g molhamAdtnta eivar 1 p€yiotn dvvoatn, Snaadn 7.
Befowwbeite, eite kbvovtag Tpdéelg ite ypnoILOTOUOVTOS TO YEYOVOS OTL 0 &V AOY® Ttivakog glval
nivokag petatomone, Pr. mv (L129), 6t o1 pdvec MGEIC TOL OPOYEVODG YPAUUIKOD GUGTALOTOG
Mx = 0 eivor ot (x1,0, ..., O)T (omdte tor pova Wiodtovoopata tov M givar 1o (1,0, ..., O)T Kol
To TOAAOTTAGGLE TOV), Kol 00N YN 0eite 6TO GLUTEPAGLLO OTL 1] YEWUETPIKN TOAAATAOTNTA TNG WOLOTIUNG
A = 0 givae n ehdyiotn dvvarn, dnradn éva.

Avtictoryo, BeBonmbeite 6TL 01 POVEG MGEIS TOL OLOYEVODC Ypapuukod cuotiuatog M2x = 0
gtvan ot (x1, x2, ..., O)T, dNAadN OTL 0 YDOPOG AVCEMV Eivol S181AGTOTOG, K.AT., Kot TEAOG OTL 1) d1di-
GTOOT TOV YMPOL ADGEDY TOV OLOYEVOVG YpouukoD cvotiuatog M x = 0 givar n. 1dwitepa, kébe
dtdvoopo x € C" givon yevikevpévo 181081avoopa tov M.

1.16 (AAyeBpIKR Kal YEWHETPIKA MOAAGNAOTNTA 1IB10TIHWY €vOG nivaka Jordan.) ®ewpodpe Evay 1 Xn
nivaka Jordan, dniad kotd pmhok daydvio wivaxe J = diag(Jo, J1, ..., Jx ), ne Jy évav daydvio
nivaxo, Jo = diag(A1. .. .. Am), kon Jg mivoxeg ™ popehc (L126), yio £ = 1, .. ., k. Apov o mivakag
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gtval Gvo TPIY®VIKOG, TO XOPaKTNPLETIKO Tov Tolvdvupo p(A) = det(J — Al,) ivar o yvopevo

1OV SydVIov ototyginv tov mivaka J — Al,, Sniadn, pe tov copfolopd g (L.126),

p(A) = (A= A) - (Am — A) (A — A)™ - (A — M)

Yvumepaivovpe, Aomdv, apécws 0Tt ot WOTHES Tov J gival Ta dtaydvia ototygia Tov, Xl, cesAm
Kot Aq, ..., A (KGmowo omd o Xi Ko Aj pmopovv KEAMGTO Vo GUUTITTOVY), Kot 0Tt 1| aAyeBpikn
ToAAamAOTNTO KGOE piag 10T g Tov J elvat 1o ovvodiko minBog twv popwv Tov oty epeaviletan
¢ dtaydvio otoyeio tov J. Ocov agopd TN YEMUETPIKT TOVC TOALUTAOTNTA, TOPATPNOTE OTL KAOE
OVTIGTOLYO WO101EVUGHLO TTPOG LI IO1OTIUN TOV J emTpEmETOL VOl EXEL L] LNOEVIKA GTOLXELD LOVO OTIC
GUVIGTMGEG TTOL AVTIOTOLYOVV GTiG BEGEIC TG 110TIUNG ™G dlay@viov ototyeiov Tov Jy kaun og Béon
ot dwydvio tov J oty omoia gueavifeTarl 1 ev AOY® W10TIUN ®G TP@TO GTOLYEID KATooL and Ta
umAox Ji, ..., Ji, ONAadn cuvolkd o€ tOcec BEoelg 600 gival To GuVoMKd TANB0G TV UTAOK T
omoia ot epeoaviletar og dymdvio otoryeio, Bewpdvtag to Kabe daydvio ototyeio Tov Jy 0¢ Eexm-
p1oT6 pmhok- PA. kar v Acknon [L.15. Odnyn0site 610 cupuméEPasO OTL T YEOUETPUKT TOAAATAGTITOL
QoG totipng tov J glval to ovvolikd minbog twv urlok ot onoio ovT EREOVICETOL O dydVIO

ototyelo, Bewpdvtag To kde daydvio otoyeio Tov Jy MG EEY®PLoTd UTAOK.

1.17 Oswpovpe v kavoviky poper Jordan evog n x n mivaka A, A = ST1JS, BAr. mv ([L.127).
[Moteg elvan ot 1310TIRES TOL A Kot TL UTOPEiTE VoL TEITE Yol TNV OAYEPPIKN KoL TN YEMUETPIKT TOVG

noMamhdta; ot eivar ta avtiotoya Wodoviopota ke Wotiunc; (BA. v Acknon [1.16.)
1.18 (Na kaBe n x n undevodlvapo nivaka A 1oxter A" = 0.)
o) Eotw A, B, C tpeicn x n mivokeg kot £6t® 1L ot A kot C givar aviiotpéyol. Av woyvet ABC =
0, amodeilte 6TL 0 B €lvar o undevikog mivakag, B = 0.
[Yréderln: Tlodamhacidote ) oyéon ABC = 0 and apiotepd pe A~ kot omd defid pe C 1]

B) Ocwpolpe vav 11X n Kotd prhok Staydvio Tivaka J, dnwg oty Acknon [L.16, kat vrobétovpe o1t
o0 Ta SloydVie GTotKELD TOV ivarl undév. Amodei&te 6tL o J eivar undevodvvapog, akpipéotepa
om J" =0.

[Yrodeiln: Befoiwbeite Ot1, yio. omorodnmote didvocpo x € R”, 1o yvopevo y := J x givat éva
davvopa pe tekevtaio cuviotdoa undév, y;i = Xji1, av 10 otoyeio tov J ot Béon (i,i + 1)
gtvan povada, ko y; = 0, av to otoyeio tov J ot Béom (i,i + 1) givor undév. Lynporiote tdpa

o J2x,. .., J"x xou Beforwbeite 611 J*x = 0, yuo kabe x € R”, omote J* = 0.]

v) 'Eoto A évagn x n undevodiuvapog mivakag. (EnUeidote 0Tl 0 A pmopel KAAAIGTA vaL ivol TANPNG

) 5 -3 2
A:( ) A=|15 =9 6|, «an]

2 =2
10 —6 4

mivakog, OTMG ot

Amodei&te oT1 A" = 0.
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[Yrédeiln: Oswpriots ™V kovovikh popen Jordan tov 4, S~ LAS = J. A@ob o A sivor undevo-
SOvVapog, OAEC Ol IOLOTES TOV glvar pundév, dSNAadn Ola Ta dtuymvia otoryeio Tov J givarl undév.
Tdpa, Tpopovde, STLAS = J". Toueova pe 1o B) woydel J* = 0, ondte, GOUPOVA [IE TO 0),
woyvet ko A” = 0.]
1.19 'Eoto A évag n x n mivaxog. Amodei&te 011 0 A givan undevodivapog, ov Kot Hovo ov 1 povn
1310TIN TOL €ival To pNdév.
[Yrodeiln: To yeyovdg 6t ot mivakeg e povn 10T T0 PNV etvar undevoduVaotl ETETOL OO TO
y) otV Tponyoduevn Acknon. To aviictpo@o ival Todd dkoro: Av A puo P UndeviKn 10T TOV
A xat x avtiotoryo Wodiavospa, tote Afx = Afx. To Sebrepo LELOG aLTAG TG oYéomg eivan Thvta
816.popo T0 NdEVOC, Gpa kat To TpdTo. Enopévac, AL # 0, yio kébe £ € N.]
1.20 (Tevikeupéva 1810d1avuopaTa evog nivaka Jordan.) ®ewpovue évav 1 X 1 KOTE WTAOK dloyd-
vio mivaka J = diag(Jo, J1, ..., Jr), ne Jo évav doydvio wivaka, Jo = diag(zl, ey Xm) Ko Jy
nivokeg g popeng (1.126), yua £ = 1, ..., k. SvpPolilovpe pe ng ™ didotaon Tov Jo Kot pe 7y T
didotaon tov mivaka Jg, £ =1,... k.

‘Eoto A, i dotipn tov wwivaxa J, dnradn éva doydvio otoyeio tov J (to omoio pmopei va
epooviletar oe ToAAEG BEaelg TOv daydviov Tivaka Jy /Kol 6TIg dtay@viovg ToAADY UTAoK Jy).
Yrofétovpe 6Tt 1 aAYEBPIKT KO 1) YEOUETPIKT TOAMATAGTNTO TG Ak EIVOL [l KOL Vi, OVTIOTOLYOL.
Ocwpovpe Tdpa tov Tivaka (J — ALy )<Vt Apob kavéva amd to pmhok Jy pe Sydvio 6Tot-
¥€lo 10 A, dev €xel didoTtaoT oV VIEPPAIVEL TO Uy — Vi + 1 cvumepaivovpe OTL Y10 TOVG TIVOKEG
uetatomong Jy — Ay I, woyoet (Jg — A I, )PVt = 0. Tapopora, undevilovrat, mpopavadg, to
daydvia otoyeia Tov mivaka Jo — Ay I, 0TIC BéceElg TV omoimv epeavioTay T0 6ToyElo A, GTOV
droydvio mivako Jo. Tvpmepaivovpe, Aowdv, 61t o mivakag (J — ALy )AL givon katd pmhok
SydVIOC Kot Exel UNdeviKd oTig B€oe1g 0mov epeovi{OTay T0 A, 6TOV doydvio Tivako Jo Kabmg kat
oT1g 0éoe1g O @V TV UTAOK (OAGKANP@V, O)L LOVO TOV Sy®VIMY TOVG) UE SLOYDVIO GTOLXEID TO A .
Te Oheg TIc AAeg Baelc Tng Staywviov Tov mivaka (J — AL, )AL gppavifovron pn undeviké
ototyeio. Emopévag, ot uoveg MGelS Tov ypapukod cuotiuatog (J — A I, ) Aty = 0, Snladn
TOL YEVIKELUEVA 101031vOo LT TOV J M TPOC TNV 10T Ay Ko TO pundevikd didvocpa, gival Keiva
oL £YouV UNdeVIKA otoryeia oTig BE6E1C TOVg TOV OTIG avTioTol e B€oelg TG dywviov Tov J dev
gLEOVILOTOV TO Ay, SNAAON GUVOMKA 6€ 1 — i BéoELC.

Tdpa, TPOPUVAC, YEVIKELHEVO 1O10310VIGLOTO TTOV CVTIGTOL(OVV GE S10POPETIKEG IOIOTIUEG Efvat
YPOUULIKA oveEAPTNTO (0O OTIC BEGELG TOV £XOVV U UNOEVIKE OTOTYELN YEVIKEVEVH 1010010VOC LLOLTOL
OV OVTIGTOLYOVV GE KATOL0L IOLOTIUN €00V Undevikd atotyeion OAL TO YEVIKELIEVA 1010010V LOTO TOV
avTIGTOLYOUV OTIC GAAES 1O1OTIUEG).

Emopévacg, vapyovv n ypoppikd ovedptnra yevikevpéva 1dtodtavocuata tov J (mov arotelodv
Baon tov C*, av o J givor pyadikog, kot Baon tov R”, av o J eivon mpaypotikog).

1.21 (NARBoGg yevikeupévwy 151031aVUCHATWOV ONOIOUSHANOTE 71 X 1 NivaKd.)

o) ‘Eoto S évac n x n avriotpéyipoc mivakag kon v ... v®) e C" ypappd aveEaptnro dtovi-
opota. Anodeifte 6t kat ta Stavoopata Sv .S v &) givon YPOLUIKA aveEdpTnTa.



- 1. Z.A.E. e1d1kn¢ popenic

B) 'Eotm A évagn xn nivaxoc. Amodei&te 6TLVTAPYOLV 11 YPOUUUIKE avepEATNTA YEVIKELUEVA 10100101
viopata tov A, Kot 0Tl 6€ KAOE 1010TIUT TOV A, aVTIGTOLOVY TOGO 0Tto aVTH OGN Eivorl ) aAyeBpikn
NG TOAAATAGTTO.

[Yréderln: Xpnoomowote Vv Kavovikn popen Jordan S™1AS = J tov A. TIpogavag ot A kot
J éyovv 11g idieg 1r0tipég. Eniong, apod S ™ (A—A1,)S = J—Al,, woyoerkon S L (A—AI, )¢S =
(J — ALp)E, dnhadn (A — AL,)ES = S(J — Aly)t. Enopévag, av v, ... v e C" givor
ypappkd oveEaptnro dodiavicpata tov J, PA. v Acknon [L.20, tote ta Sv @, ..., sv™ ecn
glvar ypappukd ave&dptnra diodovoouato tov A, PA. To pépog a).]
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Ag&iko Baoikov Opov

A
aAyePpikn| ToAAOTAOT T

r

YEVIKEVLEVO 10100184VLG L

YEDQUETPIKN TOAAATAOTNTO

ypoappikn dtopopikn e&icmon
A

SLOYOVIOTOGLUOG TIVOKOG
L ydV10G TTVOKOG
dpopikn e&icmon

S

OepeMmong wivakag

I

w1alovca Avon
110d1dvucpo
00T

K

Kovovikn popen Jordan

M

petafoin Tov otabepmdv
UNoEVOSHVALOG TIVOIKOG
povadikdtnTa

Q)

OAOKANPOTIKOG TOPAY®DV

algebraic multipliticity

generalized eigenvector
geometric multipliticity

linear differential equation

diagonalizable matrix
diagonal matrix
differential equation

fundamental matrix

singular solution
eigenvector
eigenvalue

Jordan normal form
Jordan canonical form

variation of constants
nilpotent matrix

uniqueness

integrating factor
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Aekikd Pacikdv Opmv

opoyevig dtapopikn e&icmon
OLLOYEVTG GLVAPTNON
opotot mivokeg

I

Tivokog

TIVOKOG LETATOTIONG

TN PNG dStapopikn e&icmon
TPOPAN U APYIKOV TIUDV

Y
omopén
X

YOPOAKTNPLOTIKO TOAVDVULO

homogeneous differential equation
homogeneous function
similar matrices

matrix

shift matrix

exact differential equation
initial value problem

existence

characteristic polynomial



Evpemipro Opov

A
oyePpuch morkamhot T, B3

r

yevikevpévo Wodivospa, B3, B9
yeopeTpikh morhomhdmra, B3
YPOUUIKY dtapopikn e€lowon,

A
Srayovioromotpog mivokac, 43
draydvioc mivaac, ¢3
dtapopikn e&icmon
YpoLpc,
Le yoprlopeves petapintés, b
opoyevig,
mhfipng, [L9,
tov Bernoulli, 4
tov Riccati, [

E

ekOeTicr GLVapTNON TIVAK®V, B0

(0]
Bepelmong wivokag, @

I

Wialovoa Avon, [13,
1010d1avouca,

0101,
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K
Kovoviky popeny Jordan, 46

M
uetafoln tov otadepdv, B,
umdevodvvapog mivokag, 43

o

0AOKANPOTIKOG TOPAY®V, , , @
opoyevig dtopopiky eéicmon, B,
OHOYEVNG GLUVAPTNON,

1
TivoKog LETATOTIONG, @
mpNg Sropopucy e&icwon, 19,
TOAAATAOTI T
oyeppuch, |3
YEMUETPIKT,
TpOPAN O
APYIKDOV TILAV,

X
YOPOKTNPLOTIKO TOAVMDVVLO,
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K
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)
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B
Bernoulli, 46
Birkhoff,

C
Coddington,

J
Jordan, #{
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W
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