4. THolvBnpotikéc nébodot

Aocknfoeig
4.1 Ilpocdiopiote Tt o, 01, 0o, MOTE M) OPNUOATIKY LEOOOOC
)" e y" T gy = hf"

va €yel Taén axpipelag dvo. Eivar n pébodog mov mpokvmtel evoTobng;

4.2 Anodeilte ) oyéon

1 . .
Cj = ,—(051 + QJOZQ + .- +k]O(k)

I Br+ 27 By KT B, G > 2,

1
(J —1>!(

7oV dtvetal Atyo mpv v (4.49).

4.4 Eoto y° := 0,y! = 1, xau y"*? 1= y"H 4 y" n € Ny. Adote 68 KAEIGTH HOPPT|
10V 1—0610 Opo ™G axkorovdiog (¥"),en,. H axorovdia avty eivar yvooth wg axolovbio tov
Fibonacci.

4.5 Av ypnoonomcovpe oG pEBodo mpdPreyng ™ néBodo tov Euler kot w¢ pnébBodo dop-
Bwong ™ pébodo Tov Tpameliov, onAadn To (evyog (i) ™ mapaypdeov 4.5, kot kdvovue pia
uévo dopbwon oe kabe Pripoa, odnyovpacte otV €ENG LEB0SO

yo =Yo

h
yn+1 — yn 4 5[f(l‘n’yn) + f(thrl’yn —|—hf(ln,yn))], n > 0.

[Ipocdiopiote v 14EN akpifetag avtig g Lebddov Kot amodei&te evotdbeia Kot GUYKAON.
4.6 T1pocd10picTe TOVG GUVTEAEGTES (U1, X, P2, B1, Bo TG YEVIKNG SMuatikng nebodov pe
Prina

Va4 agy” = h(ﬁan+2 + B S+ ,Bofn)

€101 doTe M TAEN aKkpifeldc g p va elvar TovAdyiotov 600, TOLAGYIGTOV TPia, KOl TOLAGYL-
oToV T€00Epa, avtiotoyo. Ymapyet pébodoc pe p = 4; Yrapyet pébodog pe p = 5; Eivat ot

19



20 4. MorvPnpotikég péBodot

TpokLITOVCEG PEHOJOL EVoTADELS;

4.14 Amnodei&te 611 o1 k—Pnpatikég pébodotl avadpopmv dapopmdv yio k = 1,2, 3, 4 givan
evotabeic. (Etvar yvwotd 6t ot pébodot autég eivan evotabdeic, av kot povovav 1 < k < 6.)
[Yrooeién: Eot® pg TO YOPOKTNPIOTIKO TOAVMVOLO TG kK —Pnpotikhg pebodov. Tote, 6mmg
avaQEPUE GTNV Tapdypao 4.1,

k

pr(f) =Y S8 (k-1

i=1
Bepowbeite 6T

Le— ),

po(§) = (= Dld). puld) = 15

ue ro(¢) = 1182 = 7¢ + 2 xon r3(¢) = 2583 — 2362 + 13¢ — 3. Ipocdiopicte T1¢ pileg TOL
ry. Mpogavag r3(1) # 0. Xpnowomowote gite ) Bewpio tov Schur gite 10 KprTnplo TV

Routh—Hurwitz ywo va dtamotmoete 01t 10 13 €ivon omAd moAvdvopo von Neumann. |

4.15 Eivor n tpipotikn pébodog mov meptypdoetat and Tig oTodepEc

11

1 1 1 7
fry 1, = ——, fry 1, = ——, = —, ey = ——, = —
(05! (0% 6 041 Qo 6 ,33 12 ,32 ,31 5 Bo

1
6’ 12
€VoTOONG KO YloTi;

4.16 Eivan n tpinpoatikn pébodog g Aoknong 4.15 cuvenng kot yori,

4.21 Oewpodpe pia k—Pnpotikn pébodo, mov meptypdpetar amod T oTodePES U, - . . , 0y KoL
Bk, ..., Bo- Avn néBodog ivor evotadng kot cuVETNc, amodei&te 0Tt
B+ o £ 0.

4.22 Oempovpe Eva TPOPAN U OPYIKOV TILOV, Y10, TO 0TToio vtodétovpe 6t f eivol cuveng
Kot wkavormotel T ovvOnkn (2.49). Amodei&te 6t o1 Tpoceyyioelg pe ™ Sipnuatiky pébodo
avadpopav Stapopmv, yio dedopéva y© kot yt, efvon kaké opiopévee, yio omorodfmote Pruo
h.

4.23 T1pocdiopiote TG TYWEG TNG TAPOUETPOL &, Y10 TIG OTTOIES 1| TPIPNUATIKY HEBOSOG
yn+3 _ (O{ 4 1)2yn+2 —l—O[(O(2 + 20 + 2)yn+1 —062(06 4 1)yn — hf(ln+3,yn+3)

glvan evotadnc.
4.24 Awokprtomolovpe 1o TpOPANUa apytkdV TGV (4.15) pe po moAvnpotikn pébodo tééEng
p. Av 1 Aon y avtod tov TpofAnpartog ivar moAvmvopo Badpod 1o oA p, amodeiEte 0Tt
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10 6QaApa cuvénelog Ly y unoeviletat. Idwaitepa, av o1 apykég TYES, TOV YPTCLUOTOIOVUE
ot pébodo, sivar axpiPeic, amodeifre 011  nEB0SOG OAOKANPAOVEL TO TPOPANLL aKPPDG,
dnAadn divel wg mpoceyyicels atovg kKOUPovg Tig axpiPeic TIHéS. [Xvykpivete pe To avtioTol o
amotédecpa yo peBodovg Runge—Kutta: BA. tv Aoknon 3.45.]

4.29 (Suvduaopdg nenheypévng kar apeong peBodou Tou Euler.) I'pdpovpe éva mpdpAnua apyt-
KOV TILOV 6T LOpON

v =f(ty)+gt.y), a<t=bh,
)’(a):)’o,

(*)

Bewpovpe dniadn pa dtdomacn tov de&lod pérovg e A.E. og 600 pépn. Me tovg cuvnoi-
opévoug cupPBoMcpovs, Bempolpe v e€ng LEB0SO Yia To TPOPANUA (%)

(*%) Yy =y LB f (e ") g (1", y"), n=0,...,N —1,

omov y° 1= y,. Ilpogavac, N uédodog (x*) TPOKVTTEL e GLVILAGHO THG TEMAEYHEVNG Ka
™G Gueong puebodov tov Euler, ko avdyetat og avtéc, 0tav ¢ = 0 kot f = 0, avtiotowyo.
Amodeite 6t 1 1aén axpifelag g véag pnebdoov sivar éva, 6on kou | TaEN TV peBOd®V
a7to T1G 0moieg TPOKVTTEL Y TOOETOVE TOPO OTL T f IKOVOTOLEL TN LOVOTAELPT GLVON KT TOV
Lipschitz (2.49) ko1 n g T ovvOnkn tov Lipschitz (1.6) pe otabepd L. Amodeilte evotdbdeto,
pe otafepd ave&hpt g £, Kot ovykhon g nebodov.

[ Yrooeién: Xpnowomnomote ) A.E. yia va weicBeite 6T

y(" ) =y (") = hf (" y (") — hg (¢, y (1))
= ) =y ()~ ) 4 RG) — G 0]

ne G(1) = g(r,y(1)).1

[Zx610: Xe OpIGUEVEG TEPITTOGELC, TTOV OL GUVOPTHGELS f KOl g CUUTEPLPEPOVTOL OLOPOPE-
TIKA, N LEB0OOG (x %) umopel va mapovctdlel Ta TAEOVEKTLATO TV HEBGOMV amd TIG 0TOoieg
TPOKVITEL, YOPIC VO KANPOVOUEL ToL LEOVEKTAUATA TOVG. Dep’ eumelv, oV YPMCLLUOTOU|COVE
uévo v dueon péBodo tov Euler, 1 otabepd otnyv evotddeia (Kot oty KTIUNOM TOL GOAA-
patog) e&aptdrol ovaykaoTikd kot amd v f. Av €& dAlov 1 f eivar, mapadeiypatog yé-
PV, YPOLUUIKT], 0 VTOAOYIGUOG TNG Tpocsyyiong y i
YPNOUOTO GOV E HOVO TNV TTemAeyUéVI néBodo tov Euler ko n g etvon pn ypap ik, tote

otV (x*) givol TOAD €0KOAOG, EVA OV

amouteiton 1 exthvon piog pn ypopukng eicmong og kabe Prpa. |

4.30 (Zuvduaopoi nenAeypévwv kal AUecwV NoAUBNUATIKOVY PeBddwv.) Ocmpovpe 600 k—Pnuo-
TIKEG LeBOd0LGE, pia TEmMAeYUEVT] KO piol ALEST), TOV TTEPLYPAPOVTOL 0t oTabepés o, - - . , Uk,
Bo, ..., Br KoL, ..., 0k, Vo,...,Vk—1, 0vTioTO(O. YTOOETOVNE OTL OWTEG O1 PEBODOL EYOVV
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mv 01 Téén akpifelag p. Lovovdlovtog Tig dVo peBOSOVE O1OKPITOTOIOVUE TO TPOPAN LA

aPYIKOV TIU®V TG Acknong 4.29 pe ) puébodo

k k k—1
(*) Doy =Ry By )+ h Yyt ),
j=0 j=0 j=0

n=0,...,N —1, ue dedopévec apyucég mpooeyyioeg y°, ..., y¥~1. Av n memheypévn pé-
00d0¢ £xel KaAég 1010t TEG gVoTABELOG, HEDOJOL TNG AVAOTEP® LOPPNG TAPOVGLALOVY TAEOVE-
KTt avtioToro 0cmv avoeéptnkay otnv Acknon 4.29. Anodei&te 011 TaEN akpifetog
g pebddov (x) eivan p.

[Yrooeiln: Xpnoyomomote ) A.E. yia va fePoarmbeite 61t

k k k—1
Yoy =Y By ) kY vy ("))
j=0 j=0 j=0
k . . k . k—1 '
= 2 Loy (") =y @] B[ S BGE) = 3G |
J=0 j=0 j=0

ne G(t) := g(r, y(1)). O mpdrog 6pog 670 de£16 PéLog eivan Taéng AP, apod n taén g
memAeYIEVN G Lebddov givan p. INa va BePormbeite 6T1 Ko 0 devTEPOG OPOG Elvan TG 10106 TA-
&ng, avamtHéte katd Taylor wg mpog 1o onpeio 1" Kot YpNGLLOTOMNOTE TIG OYEGELS LETAED TV
ouvvtedeotdV B, o Kot yj, o, mov kabopilovv v Taén axpifetag Tov apyikdv pebdddwv.]
4.31 (Suvduacpoi nenheypévwv kar pecwv ueBOdwv avadpopwv diapopav.) Eotw k € N, By =
oo =PBr1 =0,k =1L xare, j =0,...,k, ol 6uVTELEGTEG TOV ¢’/ 610 MoAGVVLO o,

k
ale) = Y1)

Onwg avagépape oM oty Topdypao 4.1, avtéc o1 atabepéc meptypapovy v k — Pruatikn
10080 avadpopmy Stopopdy. Acmpodpe Thpa Kot To ToAvd@VVLO Y, ¥ (L) = &8 — (& — 1)k,
BaOpov k — 1, ko cupuBorilovpe pe y;, j = 0, ...,k —1, 100¢ cuVTEAESTEG TOL £/ AWTO TOV
TOAL®VOLOV. ATodei&te 6Tl 1 Taén axpifelag g dueong k—Pnuotikng peboddov mov mept-
yYpaetal amod T otabepé o, . . ., Ak, Yo, - - - » Vk—1 Eivol k. (Mmopei va amoderydei 6tL yio
Koppio GAAN eMAOYN oTABEPDV Yy, - - . , Yk—1 OEV EMTVYXAVOLLE TAEN axpifelag peyolvtepn
1 ion tov k- BA. ko v Acknon 4.26.)



