1. IIpofiquota apyk@v TIHOV

AocKnoelg

1.1'Ecto p : [a,b] — R po ovveyng cvvapton. Anodei&te 6t kabe Aoon ™G opoyevodg
ypappkig drpopikic eéicwong y'(1) = p(¢)y (7). t € [a, b], elvar g popenig

pe o otabepa C.
[Yrooeiln: Me mopaydyion SomioTOVEL KOVEIS OUEC®G OTL O GUVAPTNCELS TNG OEOOUEVNG
HOPPNG ATOTEAOVV TPAyUATL AVCELS TNG Ol0popikn¢ e&lowong. [ o avtiotpopo, vmobéote

ot y gival o Avon g e&iowong, Bewpnote T cuvdptnon u,
u(t) = e JaP@dsy (1) ¢ e a,b],
kot Befarwbdeite 6t u’ = 0, dnhadn 6t N u givarl otabepn cvuvaptnon.]
1.2 (H p€Bodog Tng petaBoAng Twv arabepwv.) Eoto p,q : [a,b] — R cvveyeig cvvoap-

oELG. ATodeiEte OTL 01 AGELS TNG (i OpLoYEVODS YPAUUIKNG dapopiknig e&iomong y' (1) =
p(t)y(t) +4(t).t € [a, D], etvon g popeng

¢ t s
y(t) = efal’(”ds[Co +/ q(s)e™Ja P()dT a’S], a<t<bh,

pe o otabepd Cy, PA. v (1.3).

[Yrooeiln: T va BePormbeite Tt dev vdpyovv dideg ADGELS, apKel va Tapatnproete OTL N
S1popd 600 AGEMV TNG U OLOYEVODG £EI0MONG 0moTEAEL ADOT) TNG OLOYEVOVG Ko VoL AGBETE
v’ Oyv v Acknon 1.1. T'ia va Tpocodlopicete ADoELS, SOKILAGTE ADGELS TNG LOPPNG

y(1) = Ce)ele 7,

omwg omnv Acknon 1.1, addd tdpa pe pio cuvaptnon C ot 0éom g otabepdg C - y1’ avtdv
aKkpmg Tov AdYo ot 1 TEXVIKN Aéyetan uéBodog e uetofolng twv arobepwv. Amodeilte
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2 1. IlpofAnuata apyKdv TIHOV

o0t M ovvaptnon C mAnpoi pia amAn dtapopikn| eicmaon, 1 omoia ivot e0KOAO va. emAVOEL. |

1.3 Oswpnote T0 TPOPANLOA OPYIKOV TYLDV

y=+vlIyl, 0=t=2,

y(0) = 1.

Amodei&te 0Tt Yo To TPOPANUA aVTO 1oYHOVY 01 VToBEGELS Tov Pempnpatog 1.2 yio KoTdA-
AnAa ¢ ko L. TIpocdiopiote ™) Aon y pe ™ péBodo Tov Y0pIoHod HETAPANT®V.

1.4 @swpnote 10 TPOPANUa apyikdv Tnov (1.4). EAéyEte 611 10 Ocdpnpua 1.2 e&acparilet
OmopEN Kot LovadtkoTnta T Avong tov (1.4) tovAdyiotov € éva SIOGTNUO TG LOPPNS
[0,b']. Eredn n f wavornoiei tn cuvOkn Tov Lipschitz wg mpog y o€ onolodfmote didotnpo
™mg popens [1 — ¢, 1 + ¢|, pehetiote 10 b’ wg cuvapTnon Tov c.

1.6 Ecto t* € (0, 1). [Ipocdiopiote pia pn pndevikn otabepd ¢ €00 GOTE 1 GLVAPTNON
y:[0,1] => R,

y(t) =

va amotelel Moon Tov mpoPAnpatog apykdv Tipndv (1.5). [Enueidvovpe oty t* = 1/2 po
TéTola Abom d0Onke ot Bewpia.]

*1.8 Ot ekt oetg evotdBetog (1.12) ko (1.13) yevikedovton Kot Yo GUGTHLOTO SLLPOPIKADV
elowoeov: Eoto f : [a,b] x R™ — R™ la cuveynig ouvaptnon mov aAnpoi ) cuvinkn
tov Lipschitz (1.20) og mpog v Evkieideia vopua || - || tov R™.’Eoto y kot z o1 ADoelg tmv
TPOPANUATOV OPYIKOV TILDOV

y'=f(t,y), te€la,b], "= f(t,z), tE€la,b],
Ko

y(a) = yo, z(a) = zo,
avtiotoya. Amodei&te 011, Yo k4O t € [a, b], 10y0et

L

1y () = z()Il < XDy — zo].

[Yroderén: ZopPorilovpe pe (-, -) To Evkheideto ecwtepkd ywvopevo otov R™. Av x : [a, b] —
R™ o mopoaymyiciun cuvaptnon, 1ote £(ovue
d 2 d 2 2 / /
E||x(t)|| = E[(Xl(t)) oo (xm ()] = 2[x1 ()X (2) + -+ + X (1) x,,(1)]
=2(x'(1), x(1)).]
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*1.9 Ocwpodpe ta mpoPfAnuata apyikodv Tov (1.10), vmobétoviag avtn ™ Popd 6TL 1| GL-

veyng ovvaptnon f : [a,b] x R — R wavomoiel tn cuvOnkn

Vi €la,b] Yy, y2 €R (f(t’)ﬁ) - f(l,yz))()h —y2) <v(n —y2)2,

v kamowo otafepd v. (Enpeidvoope 6t yu v = 0 1 mopovoo GVVONKN GUUTITTEL LE TNV
(1.14).) ZvvOnkeg avtg TG LOpPNG avapépovtal otn PipAoypapio o¢ uovorievpes cuvon-
k&g Tov Lipschitz. Amodei&te O11, Y10 kG0 ¢ € [a, b], 10ydet

Iy (1) —z(t)] < €|y — zo].

*1.10 To amotéheopa evotadetog (1.15) kabmg ko Acknon 1.9 yevikevovtot Kot yio GGt -
pota cvvRBmv dtapopikdv eéiomoewv. H yevikevon g (1.15) eivar:'Eoto f : [a, b]xR™ —
R™ mor cuveyng cuvaptnom Tov KAVOTOLEL T LoVOTAEVPN cuvONKN Tov Lipschitz mg mpog
) 0gvTEPN peTOPANTY| TNG,

Vi € a,b] Yy, ya €R™ (f(t.y1) = f(t,y2), y1 = y2) <0.

‘Eocto y kot z 01 Moelg Tov TpofANUATeV apyikdv TYmV

y' = f(t,y), t€la,b], z'= f(t,z), tE€la,b],
Ko
y(a) = yo. z(a) = zo,

avtiotoya. Amodei&te 0t1, Yo k4O ¢ € [a, b], 10)0et

[y(¢) = z() < llyo — zoll-

ZvpPolricope €6 pe (-, ) kot || - || o EvkAeideio ecwtepkd yvopevo kar v Evkieideio
vopua, avtiotorya, otov R™.

*1.12 (H aviodTnTa Tou Gronwall og oAokAnpwTIKN pHop®n).) Eotm ¢ pia cuveyng cuvdptnon
oto didotnpa [0, 7], kon e, B € R pe B > 0. Av 1o)0et

p(t) < oz—f—,B/olga(s)ds vVt €0, T],

amodei&te 0Tl
o(t) <aef’ Vvielo,T).

Yr6deién: @smphote éva BeTicd & kot amodeifte otim cuvaptnon ¥, v (t) = (a+e)ef?, ¢ €
[ n pn n pmon

[0, T'], wovomoiei Tnv oAokAnpwtiky e&icmon

W(t):oe+8+ﬂ/011/f(s)ds Vi e [0, 7).
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[Tpopavag ¢ (0) < ¥ (0). Ecto ty 0 pkpdtepog apbudg oo ddotpa [0, T yio tov omoiov
@(ty) = ¥ (ty). Amodei&re T owTO dev givar duvatov, yuati odnyei otn oyxéon ¢ (f) < ¥ (to).]
*1.14 (H aviooTnTa Tou Gronwall o€ diagopikn pop®r.) YToBETove 0TI 1| GLVAPTNOT @ TNG
Aocknong 1.12 givan cuveydg mapaymyicun oto ddomua [0, 7] Kot ikavomotel TV avico-
o

¢'(1) = Po(t) Vi e€[0,T].
Amodeite 0T

o(t) < p(0)e" Vi elo,T].

[Yrooeiln: Anodei&te 6Tt

o(t) < (0) + B / o(s)ds Vi e[0.T)

Ko ypnoponomote v Acknon 1.12. EvaAlaxtikog tpdmog anddeiéng: I'pdyte m dwapo-
PIKT aVic®O™ 6T LOPOT
(e g(s) <0

Kol oAokAnpwote amd O péypt . ]
*1.26 Eoto M € R™™ évag un Oetika opiopévog mivakag, (M x, x) < 0y kdBe x € R™.
OewpoVLE TO TPOPANLA APYIKOV TILOV

y'(t)=My(t). t=0,

y(0) = yo.
Amnodei&te 6t1m Evkeideia voppa ||y (+)|| eivon bivovsa cuvapton: BA. Acknon 1.10.
*1.27 Oewpovpe 10 TPOPANUO APYIKOV TIUOV

x'(t)=—=2x(t)+ y(t), t>0,
) Y(t) =2x(1) = 2y(1), =0,

x(0) = xo.

y(0) = yo

Amodei&te 6mim cuvaptnon [x ()2 + [y (+)]? etvon pBivovoa.

[Yrddeiln: O mivaxag (73 _1) eivon apvntikd opiopévog. BA. v Acknon 1.26.]

*1.28 Eoto M € R™™ évog avrioouustpixoc mivakag, Snhadn tétotog dote MT = —M,
ondte Yo Ta oToLKElD Tov woyvel M;j = —Mj;, i, j = 1,...,m. Oewpodue T0 TPOPANLQ

APYIKDOV TILDV
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Amnodei&te 6Tt 1 Evkheideio vopua ||y (+)|| eivan otabepn cuvaptmon, ||y (¢)] = ||y (0)]], ya
KGOe t > 0.

[Yrddeiln: Apov MT = —M, yia x,y € R™ Qo woyder (Mx,y) = —(x, My). 18wi-
tepa, Aowmdv, (Mx,x) = 0 yo kGbe x € R™. TIGpte TOPO GTO GLOTNUO TOV SLOPOPL-
KOV e£loMoE®V TO €6MTEPIKO YvOUEVO e Y (1) Kou ypnoluomoote TV mpoavapepheico
1010t Te. MdAwota, n wwmta (Mx,x) = 0 yo kGbe x € R™ yoapakmpilel Toug avti-
GUUUETPIKOVG 1 X M TPALYLLOTIKOVS TIVOKES, OTMG SIOMIGTAOVEL KAVELG EDKOA O TN GYEON
(M(x+y),x+y)=(Mx,x)+ (My,y)+ (Mx,y)+ (x, My) yia xébe x, y € R™.]



