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IIporoyog

Me v arlayn tov [Ipoypdppatog Znovddv Tov TUHOTOS TOV TPy LoToTomOnKe 10 £T0g
2012 emABav kamoteg addayég otnv VAN Tov pobnuatog «IIAYS01: Yroloyiotikd Mabn-
patwdy. Idwaitepa, mpootédnkay kdmola otoryeio amd ™ Bewpia TV TPOPANUATOV AP KOV
TGV Yoo Zovneic Atnpopikég EEiomoeic (2.A.E.), ta omoia dev mepLéyovion 6To TPMTO Ke-
@aiato Tov Bipriov [[1]. Ot mapovoec, TpodYEPES, ONUEDTELS Tpoopilovtal wg forfnua yio
TOVG QOTNTEG TOL €V AGY® HOOLLOTOG KO YPAPTNKOAV Y10, VO KAADWOLV, Kotd Kdmolo £vvola,
TO KEVO TTOL TPOAVOPEPULLLE.

®a acyoAnbovue pe teXVIKES EMiAVLONG OPIGUEVOVY atA®V X.A.E. €101KNG Hopeng, Ommg
ot ypoppkés X.AE., ot e&lomaoeig Tov Bernoulli, ot e§lomaoeig Tov Riccati, o1 e€icdoelg e
xop1LouevEG HETAPANTES, Ol OpOYEVEIC EEI0DGELS, OL TANPELS EEICADGELS, KOOMG KOl TOL YPOLLL-
pika cvotpato X.A.E. pe otabepoic cuvtereotéc. Me tov Opo emiAvon €vvoolEe €0M TV
AVATOPACTOON TNG AVOTG GUVAPTHOEL TV OEOOUEVMV TOL TPOPANLOTOG,.

Ot TopovGEg GNUELDCELS ATOTEAOVV ETEKTACT KOl PEATIOON UEPOVG XEPOYPAPW®V ATO
TNV TPOETOLAGIO POV Yia TN dwbackaiio Tov padnpatog “Aneipooticdg Aoyioudc II7 (ue
avtikeipevo tig Xovnoelg Atpopikég E&iomoeig kat ™ Awvoopatikny Avaivon) oto Tunqua
MobOnuoatikov tov IHavemommpuiov Kprtng 1o 1995. Ta ev Adym yepdypapa giyav pe
oelpd toug Paciotel, o€ KATo0 Pabuo, oe YEPIYPAPES CNUEIDMGES ZVVNB®V AloPOPIKMV
E&ichoemv tov cuvadérpov k. Iodvvn ABavacdnoviov, ot omoieg elyav daveunel otovg
QOUTNTEG.

Ola ta Bpra Ocwpiag Z.AE. mpaypatedovion die€odwkd ta O¢pata wov Oa pog amocyo-

AMGoOoVV GE OTEC TIG CNUEIDSELS: PA., @ep’ eumely, ta PiMa [2] kot [6].

TentépuPpioc 2013 I A. Akpifng
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1. X.A.E. e161kiig pop@iig

210 mpdTO KEPAAo Tov PBifAiov []1]] divovion opiopéva otoryeio amd ) Oewpia TV TPo-
PAnuatov apyikov Tinov yuo Z.A.E., £1o1 OcTE Kot 0 U punpévog 6To BERa avayvmoTng va
umopet va katavonoet ta OEpato oplfunTikng enilvong tétolmv TpoPANUatov. AVIIKeipevo
tov []]] efvo o1 péBodot apBuntikng enidvong TpoPANUATOVY ElTE APYIKOV EITE CLVOPLAKDOV
TGV Yoo Xovibeig Atapopikéc EElomoeig (2.A.E.).

[Ipoécpata, mpootébnkay otnv VAN Tov padnuotog «ITAYS501: Yrnoloyiotikd Mobnua-
TIKO» Kdmowo ototyeia amd ™ Bewpia TV TPOPANUATOV 0pYIKOV TIUGV Y10, Zuvi0elg Atapo-
pég EElomaoeig (Z.A.E.), ta onoia dev mepiéyovtal 6To TpmTo KePdAaio Tov BiAiov [[IJ]. Ot
TOPOVCES, TPOYEPES, ONUEUDCELS TPoopilovtal g Bondnua yio Tovg eortnTég ToL £V AGY®
HaOMUOTOG KOl 0ITOCKOTTOUV VAL KAADYOVV, KOTE KATO10 £VVOLa, TO KEVO TOV TPOUVOPEPULLLE.

®a acyoAnbovue pe teXVIKES emiAvong opiopévey aniov X.A.E. 101kNg Hopeng, 6mmg
ot ypappikés X.A.E., ot e€lodoeig Tov Bernoulli, o1 e€iodoeig tov Riccati, ot e€icmoeig pe
Yop1Loueveg LeTAPANTES, Ol OpOYEVEIS EEI0DGELS, OL TANPELS EEICADGELS, KOOMG KOt TOL YPOLLL-
pikd cvotipata X.AE. pe otabepoig cuvieleotéc. Me tov 6po enilvon evvooipe €06 TNV
aVaTOPACTOON TNG AVOTG GUVAPTHCEL TOV OEOOUEVMV TOL TPOPANLOTOG.

H mapovoiaon givor ototyeidddng Kat, 6€ TOALL onueio, CLUPOAKT Kot Ol LGTNPY|, LE
Vv évvola 0Tt divovpe EULPACT) GTO VTOAOYIGTIKO HEPOG TOV BEpaTog TapaPrénovtag {ntm-
pota Vapéng, LovadkdTNTag Kot opaAdTTOS AWce®V. YmoBEtovpe OTL 01 GUVAPTHGELS KO-
vomoloOV KatdAAnies KAOe POPAE GLVONKES, MOTE VO, EMTPETOVTOL 01 TPAEELS TOL KOUVOVLLE.
Av avt6 cvppaivel Ovimg, TOte 00N yoVHOGTE TPAyLaTL 6E AVGELS. Ex Tov votépmv, Tpénet va
eAEYYEL KavElg KaTh TOGOV 01 GLVOPTNGELS OTIS 0TTOiEG 00N YOV HAGTE, LTOBETOVTOG OTL O TPAL-
EE1C TOV KAVOVE EMTPETOVTAL, OTOTEAOVV OVIMG ADGELS 1W0taitepa OTL €ivort KAl OpIoHéEVES

KoL 0PKETA OHOAES, KO G€ TO10 dtdoTna cvpPaivel avtd og Kabe mepintwon.

"o 01e€0d1KT PEAETN TV OEUATOV TOV TPAYLATEVOUACTE GUVOTTIKE £ TOPOUTEUTOVLLE
oe Ppiia Oeopiog X.A.E., 6nwg ta Bifiio tov Coddington kot Levinson [4], Birkhoff kot
Rota [3], Alwdiov ko Kadoyepdmoviov [2], ZpvpAn [6], kor Walter [[7]. (Ot apBpol ava-
eépovtor ot PipAoypagio mov mopatifetal 6To TEAOS TV CNUEIDCEMV.)

‘Eotw a,b € R,a < b, f : [a,b] x R — R ma cvovapmon, kot yo € R. To tomko
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5 1. Z.A.E. e1dtkng popenig

TPOPANUa opyik@V Ty TOV B Lo omaoyoANcEL lval To €ENG: ZnTeital o cuvapToN
y : la,b] = R, této10 dote

Y'(t)=f(t.y(t)), a<t<b,
y(a) = yo.

(1.1)

‘Eoto 6tin f givorovveyng cuvépmon yw (¢, y) € [a, b]xR. (Cpagovpe f € C(|a, b|xR).)
Ké0e cuvapmon y € Clla, b], n onoio tcavomotsi 1660 T Sopopin s&icmon oy ([L.1)
6G0 KoL TNV apytkn SUVONKN y(a) = Yo, Aéyeton Adon Tov TpoPALaTto apyikdv Tipdv ([L.1)).

H yeviky Oswpia tov Z.A.E. peketd to mpopinpa (L.1)), ewducdtepa, .y., 660V 0popd cvv-
Onkeg vy v f ot omoiec e€ac@arilovv dmapén 1/kar povadikdtnta g Avong, Kot eEetalet
KATd TOCOV 1 AMOoT £E0PTATOL GLVEXDS OO TOL OPYIKA OEOOUEVA. ZVVEXNG EEAPTNON ONHAivEL
£d 10 eEAG: Av y 1 Aon tov ([L.1]), ko § 1 Avon tov avTicTorov TPOPARLATOS LE OPYLKH
TN Yo OVTL Yo, TOTE, OTAV 1 S10pOpd | Vo — Yol €lvan pkpr|, OELovpe kot 1 avticToyn duo-
@opb TtV Avoewv ||y — ¥ || va eivon pukpn. (H emdoyn g voppog cuvaptoEmY OpLoUEVMV
oto [a, b|, otnv omoia peTpdpe T SL0POPA, ATOTEREL, YEVIKA, LEPOG TOV TPOPANLOTOC. )

>0 [|1], kaBdg Ko e O A Ta. PiAio Ocwpiog X.A.E., divovtor cuvOnkeg mov eEacpoii-
Covv Vrapén koM povadikdmto Moemv tov mpopAipatog (1)), kot peketdrar n cvveync
eEapnon twv Acemv amd ta apykd dedopéva. H Abon pumopet va 600l oe kAelot popen|
(ocvvnBmg pe T HopeN OAOKANPOUATOV YVOGTOV GUVAPTICEWV) LOVO GE CTAVIEG TEPITTM-
0€1¢ IOV M drapopikn e€icmwon eivart E101KNG LopPNG. TETOoEC £10MOELS B [LOG ATOGYOA GOV
£00.

ToviCovpe 6Tt e TOV OpO ‘emihvon’ eV LTOVOOLUE £0M OTL UTOPOVE TPAYUATL VO VTTO-
Aoyicovpe v Tiun TG AVoNG o€ KAmowo onpeia, aALd amAdg 0Tt ekppalovpe T AOon ov-
vapTNoEL (OAOKANPOUATOV) SEGOUEVOV GLUVOPTNGEDV, 00NYOVUACTE, OTIMG AELLE, GE LLLOL OVOL-

TapAcTOCT) TNG AVONG,.

To xepdroro amoteAeitan and entd cOVIOUES EVOTNTES, KaBepio TOV OTOIMV avaQEPETAL
o€ eE1I0MGELG P0G CLYKEKPLUEVIG LOPPONC.
1.1 Tpoppikéc ov0@opikéc EEI6MOELS

>tV €181k Tepintwon oty omoia 1 f glvar ToAvdvopo TpdTov Pabuod og Tpog y, 1 avti-

otoym Z.A.E. AMyeton ypayyrcii kon to npdPpinua (1.1) ypapetar ot popen

Y'(t)=pt)y(t) +q(t), a<t=b,
y(a) = yo.

(1.2)



1.1. T'pappukég dapopikég e1l0DoELS 3

Av ot p xau g givan cvveyeig cuvaptioeig oto didotua [a, b, p,q € C|a, b], tdte 10 TPO-

Brnua (1.2) éxer pion axcpipdg Aoon, 1 omoia pdAioto Sivetar amd Tov THmo

t ? S
(1.3) y(t) = ef”"(”ds[yo +/ q(s)eJa P ds} a<t<b,

a
oniadn
t
y(t) = eJar@dsy, +/ q(s)eh P4t s g <t <b.
a
X oxéon ([1.3) propovpe va 0dnynodpe mg eéfc: Ty nepintoon p = 0, 10 TpoOPANLLa M-
vetat pe omAn olokAnpwon. Ovtwg, oe avty Vv tepintwon 1 e€icwon AapPdvel T popen

Y'(s) = ¢q(s), omdte ohokANpmo™ Kot TV 800 HELDV 6To ddotnpa [a, ], pea < t < b,
Stver y(t) — y(a) = [} q(s)ds, Snhadn

v =y + [a)ds asiso

Av ToAMoTA0GIAGoVE TN SLPOPIKY| eEIGMON HE KATAAANAO odoxAnpwtiko moapdayovia, M
yevikn mepintmon pnopet va avaydel otnv tponyodpevn. Ipdypatt, propodue va ypdyoope
™ Swpopucn e&icwon o popen ¥’ (s) — p(s)y(s) = q(s) N, wodvvapa,

(7 lir@ey(s)) = e )

OMoKANpGVOVTAC aVTH TN oYéon amd a émg ¢, AapPavovpe tv ([1.3).
TNUELOVOLLLE oKOpLa OTLT YPapLIK] Stagoptin e&icmon oto mpopinpa ([1.2) Aéyeton ouo-
YEVAG, OV 1] GLVAPTNON ¢ givar 1 undevikn, g (1) = 0 SL0QOPETIKG AEYETAL 1un OLOYEVHS

Mapaderypa 1.1 Oélovpe vo Tpocsdlopicovpe T AVOT TOL TPOPANUATOS APYIKAOV TILOV

(1.4) {yl(t) =2y(t)+1, teR,

y(0) = 1.

H A.E. oto npopinpa (1.4) eivan, PéPora, ypoppkh pe p(t) = 2t ko g(t) = t. Enopéva,
ooueova pe tov tomo ([1.3), pe a = 0 kot yo = 1, 1 Aon y(¢) Sivetar amd Tov THmo

t
y(1) :efé%ds[l—ir/ s fo 2r‘“a’s], t eR.
0

Apa, &govue

t
(1.5) y(t) = 6’2[1 —|—/ se’ ds], t €R.
0



4 1. Z.A.E. e1dtkng popenig

Topa, pe v odlayn petapAntic T := —s2, éxovpue

! 2 1 [~ 1, .
/ se’ ds:——[ efdr=—=(c" —1),
0 2 Jo 2
ondte 1 ([1.9) diver

onradn )
y(t) = 5(362 ~-1), reR O

Hapdderypa 1.2 Oélovue va TposdopicovLE TIG ADGELS TG O10POPIKNG EEICMONG
, 1
(1.6) i) =—2y(t) + 31,
Yo, un undevikd ¢. Mpogovag, N A.E. (L6) eivar ypoppukh pe p(t) = —1/t xon q(t) =

3t. Emopévag, Bempmvtag, eep’ eumetv, v i y(1) = ¢, pe wa avbaipetn mpoypotin
otabepd ¢, 1 Abon y (1) diveray, yu Oetikd ¢, amd Tov THTO

1 ! S 1
y(t)=eh ?ds[c +[ 3seh T4t ds], t eR.
1

Apa, Egovue
t 1 P 1
y(t) = e_logt[c +/ 3seloes ds] = ;[c +/ 3ss ds] = ;(c +13—1),
1 1
onradn

(1.7) y(t) =1+

pe o awBaipetn Tpaypatikn otabepd ¢ = ¢ — 1.
Evkolo Slomotdvovpe 6Tt 1) cuvaptnon mov diveton oty ([1.7) amotelei Moon g Sto-
popuhc e&icmonc ([1.6) kat yio opvnTikd ¢ O

1.2 E&wonoecis Tov Bernoulli

Ot diapopixés eCiomaels tov Bernoulli givon mg popeng

(1.8) V't)=pt)y@)+q@)y)]°, a<t=<bh,



1.2. E&icmaoeig tov Bernoulli 5

OmoL 0 ekB€TNG o givon Lo Tpaypatikn otabepd, o € R, didpopn tov UndevOg Kal TG Ho-
vadag. (Enpetdvovpe 6Tt oTIC Teputtdoelc o = 0 koo = 1 1 Stopopuct} eéicoon (L.§) eivar
YPOLLUKT], OTOTE UTOPOVLLE VO TNV EMADGOVE OTMG GTNV TPOTNYOVUEVY EVOTNTO.) ZNUELD-
ote akdpa OtL 1 cuvapton y = 0 eivar Tavto Avon e eéiowone (1.8), av 1 otadepd o
elvar OeTikn. Lt ovvéyetla Oa ETIKEVTPDOCOVLE TNV TPOGOYN LG O U TETPLUUEVEG AVCELS.

O¢étovtag v(t) = [y(1)]'~7, n ekicwon tov Bernoulli ([L.§) avéystot og ypoppuen popeny.
[pdypartt, £xovpe

v'(t) = (1 =0)y(®)] 7y (1)

KoL GUVENMG popodpe va ypayovope v ([1.8) ot popen

YOIV = Py + a0 OF,

<

oniadn
(1.9) V(t)=(1—o)pt)v(t)+ (1—0)q(t), a<t<bh.

H Swpopich e&icwon ([1.9) sivar BePaioc ypapph: emtidovag ™y ([1.9) oc mpoc v, pmo-
povLE £V cuveyeia va Tpocdiopicovpe v y amd ) oxéon v(t) = [y (1)]* 7.

Toviloupe, téhog, 0Tt Ta TpoavapepBEvTa £xouv vonua Lovo av ot cuvaptnoels [y (z)]°
wan [y (2)]'79 eivan kaAd opiopéveg oto didotnua [a, b], yia to 1Mo amotéheopa y (1) Tov

VTOAOYIGUAOV LOG.
HMoapdadsrypa 1.3 O&lovpe va Tpocdiopicovpe Tig Avoelg g A.E.
(1.10) Y(t)==y)+[y@)* a=t=b

ot éva katdhnio diompa [a, b]. H A.E. (1.10) sivan, BéParo, sicmon tov Bernoulli pe

o = 2. [Ipogovdc, N TavToTikd pndevikn cvvaptnon vy, ¥(t) = 0y kdBe ¢ € [a, b, givon

Mon ¢ eélowong ([1.10). Zm cvvéxeto avalntodpe, Aowmdv, un TeTppéve AGELG.
Toupwva pe 6ca mpoavapipape, 0¢toous v(t) = [y(¢)]'"? = 1/y(¢), vrobétovtac,

BePaimg, 6Tin (1) dev undeviletan o€ Kavéva onpeio tov daotuatog [a, b], kot Exovpe




6 1. Z.A.E. e1dtkng popenig

oniaon
(1.11) v'(t)=v(t)—1, a=<t=<bh.

Ot Moeig g ([L.11)) sivar tng popeiic v(z) = ce’ + 1, pue owoipe otabepd ¢ € R, omdte
ot Moeig g apyiknc eéiowong ([1.10) eivar g popeiic

(1.12) y(t) a<t<bh,

vrd TV Tpoinodeon, PePaing, 6TL N oTadepd ¢ givon téTown dote 1 ce’ + 1 va punv undevi-
Leton og kavéva onpeio tov dweotipartog [a, b, ce’ + 1 # 0, yio k6be t € [a, b]. (Apod 1
ocvvaptnon ce’ + 1 givar, Tpogavadg, povotovr, av Aaufavel gite OeTikég eite apvnTikég TYHES
Kot 6T 600 AKpa a Kot b, cuyypovmg, T0Te dev undeviletal oe Kavéva oNeEio Tov dl0oTNH-
natog [a, b]. Aentopepéotepa, oty nepintwon ¢ > 0 n cuvdptnon givor av&ovoa, Kot dev
undeviCetar o€ Kavéva onueio Tov dtotnpatog [a, b], av givar Betik) oto a, onotE, TPOPO-
v, Oa glvar Oetikn kot oto b, 1§ av givan apyntikn 610 b, omodTe Ha Eivar opyNTIKN Kot 6TO
a. Avtiotoya, oty mepintmon ¢ < 0 n cvvaptnon givor eOivovca, kot dev undevileton o
Kavéva onpeio Tov dwotnpatog [@, b|, av ivar apvntikn oto a, ondte Oa eivar apyn Tk Kot
010 b, N} av givan Oetikn 610 b, omdte O elvon OeTikn KoL 6TO @)

o TpoPMjpata apykdv Tindv yuo ) dtopopiky eéiowon ([1.10) mopomépmovpe oy
Aocknon [1.3. O

1.3 E&womoeic Tov Riccati

Or diapopirés eCiomaels tov Riccati etvon TG LOPpONG

(1.13) V() =rt)+p@)y() +q)y@)], a<t<b.

Inuewwote 0TL oty €0KN mepintwon g = 0 n e&icmon tov Riccati ivon ypappkn| kot 6Tt
oV mepintoon r = 0 1 e&lowomn tov Riccati eivar kot e€icwon tov Bernoulli pe o = 2.

Agv glvar yevikd iKtOg 0 TPOGOI0PICHOG TNG YEVIKNG Ao eElomaemVy Tov Riccati. Av
opmg yvopilovpe o sidi Avon e eéiowong (1.13)), tote N ev Aoy eficoon pmopei va
avayOel o YPOUUIKY] LOPON, YEYOVOS TTOV LOG EMTPEMEL VO TPOGOLOPIGOVLLE KOL T YEVIKT
Aoon g (L.13).

Hpdypott, €6t v, po ewduch Aon ™ ([1.13). Tpagovpe tdpo ) yevikh Won g ([1.13)
GTN HOPON

(1.14) y(t) =yet) + —



1.3. E&iomaoeig tov Riccati 7

pe dyvwotn Tn cuvaptnon z, Kot Bo TpocmadcoviE Vo TPOGOIOPICOVLLE TN YEVIKT LOPON
™G GLVAPTNONG Z £T61 DoTe 1 Y Va amotedel dvrog Won g (1.13). Mapaywyilovtog kot To
dvo uén ™ (1.14), g mpog ¢, AapPévovpe

(1.15) y'(t) = yilt) -

Avtikofiotdvag Tig ¥ (1) ko y' (¢) oty (L13) pe g exppéoeig otig ([L14) kon (1.15), ovri-
GO0, 1 OPYIKY] HOG Oapopikn eElowaon YpApeTaL 6T LOPPN

/ 1 / o 1 1 72 e
YO = e O = 0+ [y + 5] a0 )+ 5] ==,
i
0= (6) = ple)yule) = aO0)] = =) =
1

p<z>z(1—t) +2q<r>ya<r>$ q(1)

AopBavovtag e8d v’ Gytv To yeyovog OtL 1 v, amotekei Aon g ([1.13), ondte o mpdrog
OpOG GE AYKVAEG GTO 0PLoTEPO HEAOG UNdEVILETOL, YpAPOovE TV TTPOTYOLUEVT £&iCMON GTN
Hope

LI L L ! <t <
_[Z(l)]2z (t) - p<[)Z<I> + Qq(t)y£<t)z(t) +Q<t) [Z(t)]g’ a=t=b,
1], moAamAaciélovrag pe [z(1)]?,
(1.16) —2(0) = [p(t) + 2q(0)u(0)]2(0) + q(r), a=t=b.

H Sopopucty eéicwon ([1.16) sivon ypapptkn ¢ mpog v dyveootn cuvaptnon z (1 cuvap-
™o Yy, vrotifetan Ot elvar yvooTY]), OTOTE UTOPOVUE VO TPOGOIOPICOVILE TN YEVIKT TNG
Mon. Avtikadiotdvag o anotéleopa oty ([1.14), odnyodpacte ot yevikh Aon y e

apykig e&lowong (L13).
Hapaderypa 1.4 Oéhovpe va mpocsdlopicovpe Tig Avoelg e AE.
(1.17) Y()=5-—=-DO)P 1=<t=<2

yvopifovtag 10n 6t 1 cuvaptnon y.(¢) = 1/t amotelei Aoon g ev Adyo e&icwong. (En-
HELDGTE OTLN 101K AVGN Y, €lvon KOAG OPIGUEVT] GE OTOLOONTTOTE SLAGTNLLO TOV OEV TEPLEYEL



3 1. Z.A.E. e1dtkng popenig

10 undév.) H A.E. ([1.17) eivar, mpogavac, e&icmon tov Riccati. Zoppovo pe 6ca Tpoavapsé-
pope, Bétovue

L1
z(t)’

~ | =

(1.18) y(1) =

He ayvwot ) cvvaptnon z, vrobétovtag, PePaing, 6t N z(¢) dev undeviletan og Kavéva

onpeio Tov draothparog [1, 2], kat Exovpe

(1.19) y'(t) = —%2 — [z(i)PZ,(t)'

Avtikadiotdvtog Tic avetépon ekepdoels ([L.18) kot (1.19) tov y (1) xar y'(¢) omyv (L.17),
YPAPOVUE TNV OPYIKN LOG SPOPIKY| EEICMOT GTI LOPON|

R S S 1(1+ 1) (1+ 1)2 1<r<2
- 5 z = 5 — -\~ N - - N ’ — — ’
12 [z(1)]? 2 t\t  z(1) t o z(1)
1N 160dvvapa
1 3 1
52 () =— — 1<t<2,

(1.20) Z'(t)—-z(t) =1, 1=<t<2.

(Inuewbote 6T Y1 vor odnyndovpe oy ([1.20) ypnoonomoaue o yeyovoc Ot 1 cuvép-
™mon y:(t) = 1/t amotekei Mvon g (L.17)- avtdg eivar 0 0vo106TIKOS AdYOS Yia TOV 0moio
dpopot 6pot GTNV TPONYOLUEVT S10dKOGTH AAANAO0VOLPOVVTOL. )

Tdpa, 1 Srapopikn eéicwon ([1.20) eivor ypappkh og Tpog TV dyveoT cuvaptnon z,
OTOTE UTOPOVE VO TPOGOIOPIGOVLE T YEVIKT TNG AVGT GOUP®VO. LE OCA EIOAUE GTNV TTALPd-
ypago [L.1]. Ag mpocdiopicovpe £3é Tig Moelc, enavalapBdvovtag ovctaoTikd T Stodikacio
mov akoAovOnoape oty evotnta [L.1].

HoMomactalovpe, oo, T A.E. oty (1.20) pe évav ohoxinpmtikd mapayova e? ),
pe cuvapmnomn ¢ mov Ba emdeyel KatdAANAo 0T GLVEYELD, KOl TaipvOvpE

e?)2/(1) ?emz(t) _ o)

Av 1 ¢ emkeyei £to1 dote @' (1) = —3/t, Yo Oetkd ¢, pep’ eumeiv wg ¢ (1) = —3logt, omdTe
e?) = 1/13, n avotépo eicmon ypheetol 6T Hopen

([%Z(l‘))/ - ti?’



1.4. E&ioooeig pe yopiopeves petafAntég 9

OloxkAnpdvovtag avtn ™ oxéon (Yo Oetikd ¢), Aappdvoovpe

1 1 1
t—32(l) = l_3dt =53 +c,
onAaon
4
(1.21) Z(t)=ct?—=, 1<t<2,

2 b
e avdaipetn mpaypatiky otadepd ¢, ¢ € R. Aviikadiotdvrac to anotéieoua ([1.21)) otnv
(L.18) happavovus

(1.22) y(t)=-+

, 1=1=<2,

N~

pe avbaipetn mpaypotiky otabepd c. [Hapatmpodpe 6tTL N gv AOY® cuvhptnon eivor KoAd
opopévn oto drdotnua [1, 2], av kot povo av

1
o(t) = ct® — 5 #0 yukabe t € [1,2].

Topa, 1 covapmnon ¢ givar povotovn: cvykekpyéva, ywo ¢ > 0 gival avéovca evad yo
¢ < 0 givon pBivovoa. Akdpa, oty mepintoon ¢ < 0, ot tipég ¢(1) ko ¢(2) g ¢ ota
akpo Tov daotnpatog [1, 2] eivor apyntikée, omdte ot dev undeviletar 6e KavEva onpeio
oV [1, 2]. Zmv mepintwon ¢ > 0, yo va unv undeviletor 1 ¢ o€ kavéva onpeio tov [1, 2],
apov givar avéovoa, mpénel kot opkel gite t0 ¢ (1) va givar Oetikd, dnhadn ¢ > 1/2, gite
10 ¢(2) vo givar apvntikd, nradn ¢ < 1/8. Avakepaiodvovtag, 1 ¢ dev undeviletat oe
Kavéva onueio tov [1, 2], omdte n ([1.22) eivon Moom ¢ e&icwong ([1.17), av kar pdvo av eite
c<1/8¢itec > 1/2.

Téhoc, onueldvovpe 6TL 1 cuvaptnon y mov divetot oty ([1.22)) amotekei Mon g Sto-
popkng e&iomong ([1.17) oe kG0 Srdotnua mov dev mepiéyet To PNdév (oTo PMdév dev Exet
évvota 1 €101k Aon v (1) = 1/t) apkein otabepd ¢ vo emtheyel Katd TpOTOV M®OTE 6TO d14-
OTNUO OV pag evOlpépeL va woydet ct? # 1/2, dnhadi, pe GAlo Adyla, ot Kabe didotnuo
670 0Toio M y €lval KoAd opiopévn.

o TpoPAipata apykdv Tiwdv yuo ) dtopopiky eéiowon ([1.17) mopomépmovpe oty
Aociknon [1.3. O

1.4 Elwoosig pe yoprlopeves petofantég

Ot drapopikég e€16ADGEIS VTOL TOV £100VG Efvat TG LOPETS

(1.23) y'(t) =
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Yuyva akoAovbeitar 1 e€ng “owadikacia enihvong” tétolwv elomoemv: [lapaleinovrag tnv

avelhptntn petafAnt ¢ oy e€optnuévn pHetafinty| v, YpAQOLLE TV ££i0MON TN LOPON

, gty , dy g(t)

YTy VoA T Foy

‘Etot épovpe

(1.24) f(y)dy =g(t)dt.

OlokAnpdvovpe Tdpo to §0o puédn g ([1.24) kon maipvovye

(1.25) ff(y)dy =/g(t)dt,

0mOTE, LIOBETOVTOG OTL WTOPOVLLE VO VTTOAOYICOVLLE TO, OAOKANPDLOTO, KATOUAYOVLE GE LU0

aAyeBpuc e€icmon g pHopeng

pe o otafepd oAokAnpwong c. Tédog, Movovtag avtiv v adyefpikn e&icmon, ekppdlovpie
T0 Y ®G GLVAPTNON TOL ¢, omdTE POAVOLLE GTO EMBLUNTO omoTéENEG A Y (1 ).

H dwdikacio ovtn elvar TtovAdyiotov mpoPAnpatik yio tovg akdAovovg Adyovg:

o) T vo odnynBovpe oty ([1.24) yepomkape v mapdywyo % ®¢ TAiko tov dy dw
dx. Avto PePaing dev emiTpénetal, EKTOG oV ival KOVEIS 1010iTEPA KOAOTPOOIPETOG Kt
Bempnoet 0Tt TPOKEITOL OTAMG Yo U1 avoTNPO GLUPOAMGHO Kot OTL 1) aAnOvi Evvola TG
(1.24) dev givan G amd v Y’ = %’y)).

B) Ev cuveysio ohoxAnpodcaye to dvo pén g (1.24)), to apiotepd g mpog y kot 1o de&16
®G TPOG t. AVT0O, SuoTLYMDG, dEV PTOPEl vaL Yivel amodekTd, 660 KaAr d1dfeon Kot va dei&et

KOVELS.

H avotépo dwdikacia eniivong e€lodcewv yopllopévov petafAntav dev Ba yivetot
OmOOEKTN 6TO TANIG1O0 TOV Lo ILATOG.

[Mopapévovtag og eninedo GLUBOAMK®Y VTOAOYICUMV, APOD dev amodeIKVOoLIE VTTapEn
Moegov ovte e€etalovpe Katd nocov o mapovopaothic f (¥ (1)) undevileton oe kdmowa on-
peia, Ba akoAovOncove TOPA L0 VTTOAOYIOTIKY] J100IKAGT0 TOV UTOPEl Vo TEKUNPLmOEel ek
TOV VOTEPMV, AV 01 AVGELS oL B Tpocdtopicovle givat KaAd OPIGUEVES, OLOAES KoL TETOLEG
®ote 0 mapovopootic f(y(¢)) va unv undevileton og kavéva onpeio evog dwwotpatog 1,
670 0moio Bewpodpe OTL avalnTodue Aoelg e eicmong (1.23).
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Ipaeovpe, Aowdv, m dragopikny e&icwon (1.23) otn popen

otabepomolovpe £vo onpeio a 6to ddotnua I Kot OAOKANPOVOVLE Old a €mG ¢ Yol Vo, 001)-

ynbovue ot oyéon

(1.26) /t f(y(s)y'(s)ds = /tg(s)a’s, tel.

YmoBétovpe, Tpa, OTL 1| cuvdptnon y gival yvnolwg povotovn oto dtotnpa I Kot xpn-
GLOTTO0VLE 6T0 OAoKMipmpa 610 aptotepd péroc ™ ([1.26) v odhayq petapinmic © =
y(s). Enueidote 011 ta Opra. OAOKANpwoNG yivovtar tdpa y(a) kot y(t), omdte, apod d T =
y'(s) ds, n ([L.26) ypapetan 16080vapa og

(1) t
(1.27) /(y) f(‘[)d‘[:/ g(s)ds, tel.
y(a a

‘Ecto topa F kot G mopdyovses (dnhadn, adpiote OAOKANPOUATE) TOV GUVAPTNCEDY f
Ko g, avtiototya (VToBETOLLE HTL PIopody va Tpocdtoptotovv). Tote n (1.27) ypaopetar o
Hoper

(1.28) F(y(1)) = F(y(a)) = G(t) = G(a), tel

Av éyovpie Tpokabopicet TV T ¢ y 6to onueio a, tote 1 ([1.28) sivon por ahyePpucty e&i-
ocwon pe yvootég g G(t), G(a), F(y(a)) xa F kot dyvoot v y. H e&icwon avt pog
dtver ) Aom y o memheypévn (EUIEST)) LOPOT: OV LTOPOVUE VO TNV EMAVGOLLE, 01 Y0V-
LOGTE GTNV V.

Xmv mepinton wov 0ev emBupovpe va tpokafopicovpe TV TN TG ¥ 610 onueio a,
avtcafiotodpe oy (L.28) v i F(y(a)) pe wo ovbaipem) mpaypatiky otabepd ¢ kot
Aappavoope

(1.29) F(y(t))=G(t)—G(a)+c, tel,

oV pog divel Tig Moelg oe memheypuévn popety. Av pmopovpe va emtwcovpe ™V ([1.29) oc
mpog ¥, hopPavovye Tig Woelg og dpeon poper. (Bepaing, oty (1.29) pmopovue vo mopa-
Letyoope tov 6po G (a), apod owtds propet va eveopatmdel ot otabepd c.)

Hapaderypa 1.5 Oélovpe va tpocsdiopicovpe ) yevikn Avom g A.E.

(1.30) ey (t) =t + 13,
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0T0 UEYIOTO SUVATO SLUGTILLOL.

OrokAnpdvovtag kot ta §vo péin g (1.30) and a éog ¢ (ue vo oTodepomompévo a, To
omoio, gvdeyopnévag, Ba ypelootel va emAEEOVIE KOTAAANAO GTY| GUVEXELD MGTE VO OVIKEL
070 O1doTNH 6TO 0moio 1 Avon Ba eivan kaAd opiopévn), AapBdvovpe

t t
/ey(s)y’(s)ds:/ (s + %) ds,

y(1) t
/ e’dr:/ (s +s%)ds,
y(a) a

" @ 2 2 4
e\ —e? W = — 4 :

2 4 2 4

Topa, apov dev B ovpe va Tpokabopicovpe v Tl ¢ y oto onueio a, cvpporilovpe

oniaon

ondte

pe pa avBaipetn otabepd ¢ v Ekppaon

KOl 1] TPONYOVUEVT] GYECT YPAPETAL GTT LOPPT

2 4
(1.31) o0
2 4

H e&lowon avt pog diver mn Aon y og EUpecn Lopen, 6€ OUGTHHOTO OTOV TO JeE0 Mé-
Aog etvan BeTikd (otnVv mepintwon Betcod ¢, e 6A0 0 R), 0ol 10 aplotepd pPEAOG etvar
npogavag Oeticd. H ([1.31)) emleton gvkolo og mpog (1), ov mépovue Aoyopibuovg, kot

dtvel
2 44
(1.32) y(t) zlog(§+z+c),
o€ Ol0oTHTA OOV TO OPIGHA TOV AoyapiBuov etvar BeTid. O

Hapaderypa 1.6 Oéhovpe va TposdlopicovpLe T ADGT TOL TPOPALUTOS APYIKOV TILOV

/(t)—3t2+4t+2 -
(1.33) T TS ST
y(0) = -1,

oV VITAPYEL TETOLOL AVOT.
[Ipv Tpoy®pNGOVUE LLE TOVG VTOAOYIGHOVS TAPATNPOVUE OTL, OV VITAPYEL AVOT|, OVTH
TPEMEL VO TAIPVEL TIEG OAPOPETIKES TNG Hovadac: dedopévou Ot 1 apyikn T —1 etvon
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UIKPOTEPT TNG LOVADAGS, CUUTEPOIVOVLE OTL 1] AVOT| TPEMEL VO TOUPVEL TIEG WIKPOTEPEG TNG
povadac. Tote Opmg 1o de&10 puéLog g drapopikng eEiowong eival apvnTikd, omote 1 y Oa
elvar yvnoing ebivovsa kat, Wwitepa, Oo maipvel dviog Tipég pkpdtepeg Tou 1, yio Oetikd
t.

I'pagpovpe ™ drapopikn e€locwon ot popen
2[y(s) —1]y'(s) = 3s* + 4s + 2

Kot OAOKANPOVOLLE Kol Ta 000 pEAN amd 0 mg ¢, yia BeTikd ¢, omodTe AapPfdvovpe

/Ot 2[y(s) —1]y'(s)ds = /Ot(3s2 +4s +2)ds,

dniadn, pe mv aAroyn petofAnme T = y(s),

y() t
/ 2(1—1)dr:/(3s2—|—4s+2)ds,
¥(0) 0

omoTE
[y () = 2y(0)] = [y (0)]* = 2y(0)] = £* + 2¢* + 2.
Agob y(0) = —1, cvumepaivovpe Ot

(1.34) ()] =2y(t) =1+ 2t + 2t + 3.

H e&lowon avt) umopel va emivdel mold evkola Kot divel

(135) yi()=1—=VB+22+20+4, yo(t) =1+ V3 +22+2+4, >0,

H y,(t) dev wavomotei Tnv apyikn ouvOnkn (aeov y,(0) = 3), omdte amoppintetat. LOVETdG
N povn Avon tov mpoPanpatdc pog givarn y(¢) = yi(t), ¢t > 0. O

Mopaderypa 1.7 Oélovpe vo Tpocdlopicovpe T AVGELS TNG dlapoptkng eElowong

(1.36) y'(t) =ty()[y(t) - 2]

Kot T S10oTHOTO 6To 0Ttoia avTég opilovtat.

Kat’ apydg mapatnpodue 6t ot cuvaptioeig y(¢) = 0 kot y(¢) = 2 anotehodv, TpoQa-
v, Moetc e (1.36), ko péhota e OA TV TporypaTiky vbeia.

Ymobétoupe, Tdpa, 0tin y (1) dev Aappaver tig tipég 0 Kot 2 og Kavéva onpeio Tov Tediov
optopod e, Kot ypapovpe ™V (1.36) ot popei

y'(s)

Y -2
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Ytabepomolovpe Eva owBaipeTo a Kot OAOKANP®VOVUE OO a £MG ¢, OTOTE TAIPVOLE

/c;t%d‘g:/atsds,

dnhadn, pe mv aAroyn petofAnmg T == y(s),

y() 1 t
/ ——drt :/ sds.
y(a) T(T _2) a

['o va vroAoyicovpe T0 OAOKAN PO GTO APLOTEPO LEAOG, OVOADOVLLE TPMTO TNV TPOS OAO-

KAMpmon cuvapTnon o€ anAd KAdouaTo,

1 _1( 1 1)
t(t—2) 2\t—2 o/
1 ¥(2) 1 J’(l‘)l t
—[/ dr—/ —dt]:/sds,
2Ly -2 va) T a

2 q?

%[logw(z) —2| = log|y(1)[] - %[logw(a) —2—logly(a)l] = 5 - 5

oTOTE £XOVUE

oniaon

[MoAlamhactdlovtag avth T oxéon eni 300 kat Bewpdvtag Ty Tun log |y (a)—2|—log |y (a)|
—a® ¢ o awdaipetn mTpaypatikn otadepd ¢, apov ovte T0 a &xovpe Tpokadopicel odre,
KLPlOS, TNV TN TG Y 070 a, AAUPAvoupLe

log |y(1) — 2| —log|y(r)| = * +c,

omoTE )
l —
log‘y” ):t2+c,
(1)
" 2
log‘l—— =t +c
(1)
Yvumepaivovpe, Aomov, 0T
2 ~
i ee
(1)
pe o Betikn otabepd C, onote
2
1—— =cCe",
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pe o pn undevikn otabepd C, dniadm|

2

pe C # 0. BePaimg, yia dedopévo C, avt 1 y amoterei Avon g e&iomong ota SloeTHIT
Omov 0 TAPOVOLAGTHS Eivat 1apopog Tov undevag, 1 + Ce' ’ # 0.

T'o vo katadiovpe oty (1.37), vroBéoape 611 y Sev Aapfavet tig Tyuég 0 kar 2. Toapd
tovta, mapotnpodpe 6tLyie C = 0, 1 ([.37) pog Siver mét Aoon, mv y(¢) = 2.

H Aon y(t) = 0 dev mpokdntet amd ™y ([1.37) ya kémota Ty g otadepéc C, ko
Koetton idialovea Avon e Stopopuciic eéicmong (1.36). O

1.5 Opoyeveic or0Qopikéc EE16MOELS
Alopopikég eEIGMGELS TNG LOPPTG

(1.38) (1) =g(=—)

Aéyovion ouoyevsz'g.
Mia cuvaptnon 600 petafintodv f Adyetar ouoyevig fabuod v, av IKOVOTOoLEL T oyéon

(1.39) f(At,Ay) =AY f(t,y) VA, t,y eR.

Av M xor N givar dHo opoyeveis cuvaptioets tov idiov Babuo, tote n cuvapton f, f (¢, v)
=—M(t,y)/N(t,y), eivar opoyevig undevikod Babpov. Xe avtv v nepintwon 1 Stopo-
pwn e&iowon

Y1) = f(t.y(1)),

1 omoia TOAAEG POPES YPAPETOL KATAYPNOTIKE KOl (G
(1.40) M(t,y)dt + N(t,y)dy =0,

umopet va ypagei ot popen ([L38) pe g(s) := f(1.5). agod, Tpogava,

Fley) =f(L7) = F(1L7).

'H évvoio avti] TG opoyévetog sivor evishdg S10popeTIKn Kol TPETEL Vo, StokpiveTon omd Ty avticTory yio
ypoppkég Stopopiicéc séiomoeic: A, v evomra [ H ypyon tov 18iov 6pov yior §00 eviehdc dtapopetiicd
Tpdypata givat LAALoV atuyng, aALd £xel emkpotnost. Ag avaeepel emiong 6Tt oto PiPAio [(] StatvrmdveTor n
amoym 0T 0 6pog “opoyevis” dev etvan doKog kat 0Tt Oa Empene va avtikaTaotadel and Tov 6po “opoloyevig”.
TTapd to yeyovodg 6T Ta emyelpfpata Tov mopatifevror oto [(] ivarl ToAD meloTKd, Bo ¥PNOLOTO0VLE E6M
TOV TTPAOTO OPO, ALPOV 1) ¥P1oN TV €xel TAEoV kabiepmBbei otn BiAoypapia TV SloQopIK®V eEIGMOGEDY.
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o TpocmodRcovpEe TP va emhdcovpe ™ dapopikt) e&icwon ([1.38). Ewsdyovpe ™
cuvaptnon v(t) := y(1)/t, yio pn undevika. ¢, kou £xovpe y (1) = tv(t), cuVERdS

y'(t) =tv'(t) + v(t),
ondte M (L.38) ypagetar om popen
(1.41) t'(t) = g(v(t)) —v(),

mov glval pa dlapopikn e€lowon pe yopldpeves HeTafAnTéC.
o va emcovpe ™y ([L.41), vrobétovpe 6t n cvvaptnon g(v(z)) — v(z) hapBdaver
Tipéc S1épopeg Tov uNdevog, Yo ke ¢, kar ypdgovpe v (IL.41)) ot popen
/
1
(1.42) vi) 1
g(v(s)) —vls) s

Ytafepomolovpe topa £va avbaipeto onueio a Kot oAokAnpaovovpe and a £wg ¢t (to Oud-

onuo oAokANpmaong dev pénel, BePaimg, vo meptéyel To UNOLVY, Yo va elvatl OLOKANPOGIUN
N cvvdptnon oto 010 HEAOC, OTTOTE Tl a KoL ¢ TPETEL VoL £fvort opdomnua), omdTe TOiPVOLLE

t v'(s) B tl
(1.43) /a c(00) —v(5) ds = [a g ds,

IAodn|, pe v oAlayn petofAntic T = v(s),

v(t) 1
(1.44) / ———dt =log|t| —log|al.
v(a) g(f) -7
Av tdpa G givon po mapdyovoa g cuvaptmong 1/[g(7) — 7], tdte 1 Tponyoduevn oyéon
dtvet
(1.45) G(v(t)) —G(v(a)) =loglt| —logla|, tel.

Av éyovpe Tpokadopicel TV T TG ¥ 6t0 onueio a, tote N ([1.49) sivon o akyePpixn e&i-
ocwon pe yvoot m G kot dyvootn v v. H elcmon avtr pog ditver tn Abon v og memdeypévn
(éupeon) pope1): ov UTOPOVLLE VO, TNV ETAVGOVIE 00N YOVLOCTE GTNV V.

2V TEPIMTOOT OV OV EMOLUOVUE Vo TPOKABOPIGOLLLE TNV TN TNG ¥ GTO oNUEio a,
avtcoOiotovpe oty ([L.43) mv tiun G (v(a))—log |a| pe pio avbaipetn mporypotich otadepd
¢ kot Aappdvovpe

(1.46) G(v(t)) =loglt| +¢c, tel,
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oV pog divel Tig Moelg oe memheypuévn popet). Av pmopovpe va emtwcovpe ™V ([1.46) oc
TPOG v, AUPAVOLLLE TIG AGELS G AUEST] LOPPN. AV yvopilove TN v, 031 YOVUOCTE OUECOG
oV y pécm g oxéong y(t) = tv(t).

Tta mponyovpeva vrodicape dtin cuvapmon g(v(1)) — v(t) AapPaver Tipég diapopeg
TOV UNdevAC. Av, Tdpa, viTdpyovv otabepd onueio v* € R g ovvaptnong g, dNradn Avoelg
™¢ Pabumg eéicoong g(v) = v, ot 1 eéicwon ([L.41) ypdpeton ot popey

(1.47) tv'(t) =0,

omote N v givan otabepd v(t) = v*. Avtég ou Mogig Aéyovtan 1d1d{ovoeg Kot 0dNyovV oTIg
W16ovoeg Moelg ¥ (1) = v*t g apyikig pag dtagopikic eéicmong ([L.38).

Mapaderypa 1.8 Oélovpe va Ttpocdiopicovpe T AVGELS TNG dlapoptkng eElowong

()7 +2ty(2)

(1.48) (1) = -

Kot To SloTHHOTO 6To ool avTég opilovrat.

Kat’ apydg mapatnpovpe 6t 1660 0 aptBuntig 660 Kol 0 TapOoVOUAGTNG 6TO 010 HEAOG
™e dragopikic eéicmong (1.48) sivon opoyeveig cuvapticelg devtépov Poadbpod. Exopévac,
1 (1.48) eivar dvroc opoyevic.

Zoupova pe 6ca avapépape otn Osopio, Otovps v(t) = y(z)/t xou n dropopky e&i-
CMOT YPAPETAL GTN LOPOT|

v(t) +tv'(t) = [v(t)]* + 2u(t)
!
(1.49) ' (1) = [v()]* + v(2).

Topa, N Babuwth eéicwon v2 + v = 0 &xel Tpopavag 0o Avcelg, Tigv = 0 ko v = —1.
Enopévag, cbppwva e 6ca gidape otn oyeTikn Bempio, o1 GLVOPTNGELS

(1.50) y()=0 o y(t)=—t

amoteLoVy 116lovoec Moelg g dtapopiknc eéiowong (1.48).
Ymobétovpe, todpa, 0ti 1 v(t) dev Aapfaver tig Tywég 0 kar —1 og kavéva onpeio tov
nediov optopod g, ko ypapovpe v (1.49) ot popen

v'(s) 1

v(s)v(s)+1] s’
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Ytabepomolovpe Eva owBaipeTo a Kot OAOKANP®VOVUE OO a £MG ¢, OTOTE TAIPVOLE

[ = o

dnhadn, pe mv aAhoyn petofAnmg T = v(s),

v(t) 1 t 1
/ L - / Las.
v(a) ‘E(‘E + 1) a S

[No vo vroAoyicovpe T0 OAOKAN PO GTO APLETEPO HUEAOG, AVOADOVLE TPMTO TNV TPOS OAO-
KM pwoN cuvdptnon o€ amid KAAGHoT,
1 1 1

tc+1) t© T+
U(t)l v(?) 1 ll
/ —d‘[—/ dr:/ —ds,
v(a) T U(a) T+1 a S

[10g|v(l)| —log|v(z) + 1|] - [10g|v(a)| —log|v(a) + 1|] = log |t| — log|a].

oTOTE EYOVUE

onradn

Ozwpdvrag v TN log [v(a)| —log |v(a) + 1] —log |a| og o avbaipet mpaypotikn oto-
Oepd, mov €6® dlevkoAVVEL Vo, T Bewpnoovpe wg — log |c|, pe pa un undevikn otobepd ¢,
apov oVTE T0 a &yovpe tpokabopicel ovte, Kupiwg, TNV TN TG ¥ 0T0 @, AapPavovue

log|v(t)| —log|v(t) + 1| = log |t| + log|c]|,

omoTE 0)
v(t
0 = log|ct],
g‘v(l)+1‘ glet]
1
v(r)
v(t)+1
HE po un undevikn otabepd c. Xvumepaivoope, Aowmodv, apéowns Ot
ct
t) = ,
v(t) 1—ct
omote o1 {nrovpeves Moeig y (1) = tv(t) eivan
ct?
1.51 1) =
(1.51) Y =1

pe o pun undevikn otabepd c. BePaimg, yio dedopévo ¢, avt 1 y amotelel Avon g e&i-
GMONG GTO SILCTALATO OOV O TAPOVOUAOTAS efvat S1dpopog Tov pundevog, ¢ # 1/c. O
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1.6 IIMpeis o10.QopikéS EELCAMGELS

Bewpovpe pia dtapopikn e&icmon ot Hopen

Mz, y(t
N(t, y(t))
Avti Aéyetan Thijprg, av vdpyetl cuvaptnon dvo petaPfintadv f(z, y) tétown dote
af df
(1.53) o (LY)=M(t.y) wa @mw:wa

(Zto Biprio [6] ypnoyromoteitar o 6pog ‘axpipng’ ot Béon Tov ‘TANPNG’.)
Inuedvovpe 61t 1 Sapopi eéicoon ([1.52) ypapetar ToAéC @opéc KaTaypnoTikd Kat
O

(1.54) M(t,y)dt + N(t,y)dy = 0.

Tdpo, vrobétovtag 6L drapopikh e&icwon ([1.52) ivar TARpng Kot 6Tt yvopilovpe pio
ouvépton f mov woavorotel v ([1.53), mopatnpodpe 61t

%NJW:%@WW%%JWWW

=M (2, y(1)) + N(t.y(1) y'(t) =0,

6mov 1 televtaio. 16oTNTA TPOKVTTEL apécmg ard ™V (1.52). Odnyodpaote étot 6T0 GupE-
pacpa otLn f (¢, y(t)) eivar otabepn ocvvaptnon

(1.55) Fley(t) =c.

pe o avBaipetn Tpoypatiky) otafepd c. Avti 1 oxéomn pag Sivel Tig AVGELS Y TG O10POPIKNG
ekiowong ([1.52) oe memheypévn popen. Av HTopovLLE VoL ETADGOVLE TNV oAYEPPIKT e&icwon
(1.53) ¢ mpoc y, odnyodpacte oe Moeic mc ((1.52) oe dueon popeny.

To puooroyikd epdTnua givar Tdpa, Befaing, mote avoroeitat n (1.53) yo kdmowa
ouvapton f Kal, 6€ KATAPATIKT TEPITTMGT, LE TOL0V TPOTO UTOPOVLE Vo 00N yndovue o
po Tétola cuvaptnon f.

Kat’ apyds, oty nepintwon mov ot cuvaptioeic M ko N glval cuvexmg mopoy®yioUES,
1 AIAVINGT GTO TPATO EPAOTNUA Eivar dpeon: e avty v Tepintowon n f givol Vo Qopég

GLVEYDG TAPAYWYIGIUN Kot 16YDEL

02 f B 0% f
otdy  dyot’
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yeYOovOG TTOL £ival 1IGOSVVAO LLE TN GYEoN

oM  oON
1.56 —_— =
(1.56) dy at

Avtictpoga, vrodétovpe 6Tt oyvet N ([1.56) kat Oa TpocTadiGovLE VoL TPOGSI0picoL|LE

Hiw suvapTon f g Hopeng
(1.57) flty)= /M(t,y)dt +g(»),

LLE GyvooTn T cvvapton g, mov vo ikavorotel T ([1.53). Ao v ([1.57) mpokdntet apéong
ot % = M. Eniong, mopayoyilovtac v (1.57) oc mpoc y, BAémovpe 6tin g—y = N ypaopetol
GTN HopeN

[0 di+g/0) = Nie )

Avtikabistdvtag og avtf ) oxéon v M, pe Ny, BA. v (1.56), happévovpe

/Nt(t,y)dt +g'(y)=N(ty)

g(y)=N(ty) - /N,(t,y)dt.

[Topatnpovue, Topa, 6Tl T0 deE10 PELOG elvar cuvdpTnoTn HOVO TOV y, OTOTE 001 YOOLOGTE

o1 GYEoN

(1.58) gw:/ngw—/M@ym4@+c,

ue po avbaipetn otabepd C. OdnynOMkape, ETOUEVOC, GE Lo GLVAPTNON f TOV IKavoTolEl
mv ([1.57), ondte 1 ([1.52)) eivon dvrog tipne, otav woydet 1 (1.56).

Enopévac, tévta oty epintmon opoidv ovvapticeov M kot N, ([1.52) eivar mhipnc,
av Kat povo av ot M kat N wavomotovv v ([1.56).

INUELOVOLLLE, OKOUO, OTL GE QLTIV TNV TEPITTMGT 001 YOVLAOTE KOl GE L0l GLVAPTNON

£, mov wavomotel v ([1.53), svvdvaovrag tic (1.57) xar (1.58),
(1.59) f@w:/mem+/M@w—/M@wm}w+c

Hoapdderypa 1.9 Oélovue va TposdlopicovLE TIg ADGELS TG O10POPIKNG EEICMONG

ey ()

(1.60) Y0 = ST
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Ewdyovpe 115 cuvaptioeig M (¢, y) := e’ kou N (¢, y) := te” + 2y, Kot mapatnpovue
on

oM N
o tv = t’ == y7
5 (ty)=—5-(ty)=e¢
ondte 1 dragopikn eéiowon ([1.60) eivan mhipnc. Apa, vdpyel cvvaptnon f (t,y) térown
MOTE of 5f
—_ l" — y _— t, =1 Y 2 .
ap Y)=¢ wa ay( y) =1e” +2y
INa va tpocdlopicovpe pia T€To1o GLVAPTNON, TAPATPOVUE OTL
af y ¥
o y)=¢ = flty) =1’ +g(y),
pe poe ovbaipetn ocvvapmon g(y). Hapaywyifovtag mv televtaio oyéon og Tpog y Kot

af

YPNGLOTOIDVTOG TO YEYOVOS OTL ﬁ(l, y) = te? + 2y KotaAnyovpe oty 1lodTTOL

te’ +g'(y) =te¥ + 2y,
dniadn g'(y) = 2y, ondte g(y) = y* + ¢, pe o ovbaipetn otabepd c. Ot oyéoels avtég
poG 001nyodv 6T0 GuuUTEPACHO OTL
(1.61) fy)=te +y*+e,
1e o avdaipet mporypatiky otadepd c. Emopévog, ot Moeig e ([1.60) dtvovtar og memhey-
HEVT] LOpON amd TNV
(1.62) e’ 4+ [y)? =c,

pe o avbaipetn otabepd c. O

1.6.1 Aw@opikéc eEI6MGEIS TOV AVAYOVTOL GE TANPELS

Av 1 Srapopiky e&icmon ([1.52) Sev eivon TAqpNG, Propel Ge 0pIopEVES TEPITTAOGELS VOL YPOPEi
10000VOUA OC TANPNG JLPOPIKY| e&ICMON, AV TOAAATANGIACOVLE aPlOUNTH KOt TOPOVOLLO-
o711 670 0e&10 PELOG e KATAAANAN cuvapTnon U, dONAadn evoéyetar | dapopikn e&icmon
(e, y (1)) M (1, y(1))
(e, y ()N, y (1))
va givot IANPNG. L& QLTHY TNV TEPIMTMOOT 1) AVTIGTOLYN GLVAPTNON U AEYETOL OAoKANPWTIKOS
Toapdyoviac ™G apykig dtapopikhg eéiowong (1.52). Zopewvoa pe doa eidape TponyoLpE-
V@G, [ GLVapToN 1 givon ohokANpeTKdS mopdyovtag TG (1.52), av ko povo av

d(uM) _ d(uN)

(1.63) Y(t) =~

ady at
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1 100VVALLOL
oM o oN I
o ME - =+ NE
oy tMoy = T V%
1 100VVALLOL
1 0 0 oM ON
(N_V“ M—M) _

1.64 — — _——
(1.64) I at dy

9y ot

To B0 Tdpa. £ivorn OTL 0 TPOGIIOPIGHAC PO GLVAPTNENG i TOL va tkavorotei tnv ([1.64)
etvat, yevikd, mpdPAnpa ToAD duokoAdTEPO amd TV am’ €vBeing EMIAVON TG JLLPOPIKNG
ekiowong ([1.52). To Betiid, dpme, eivar OTL GTNV TEPITTOGCT TOV VIAPYEL GUVAPTNON [ LIS
HOVo LETaPANTAC, TG ¢ M TG ¥, mov wkavomotel ™V ([1.64), avti pmopel va tpocdiopiotei
oYETIKA e0KoAO. Atakpivovpe, AOUTOV, dVO TEPIMTMOELS:
12 nepintoon: u = wu(z).

Tote, 1 (L.64) AopPaver m popen

M _ 3N
Ldw Gy~
wdt N
Av 10 8e£16 péhoc ¢ ([1.63) efaptdrar povo omd To ¢, SnAady eivor oveEdpTnTo TOL Y, TOTE

(1.65)

n (1.63) sivon ypappxy X.A.E. kot o1 Woeig g i1 = (1) eivon otafepd moAAATAGG10, TNG

(1.66) )y =e/ “w 4t
Pl nepintoon: w = u(y).
Tote, n (L.64) AapPaver  popen
M _ N
1d B " o
(1.67) SRy o
udy M

Av 10 8e£16 péhog ™ ([1.67) eoptéron pévo omd to v, Snhady eivar aveEapTnTo oV £, TOTE,
OT®G SMOTOVOVLE OUECMS, VIEApYEL Avon g 1w = (),

OM _ ON

(1.68) uly)=e ardr,

AVOKEQPOANLDVOVTOG, GTNV TEPITTMOT TOL TO TNAIKO

M _ N
dy ot

N
givan ave&aptnTo Tov y, VIapPYEL OMOKANPWOTIKOG mapdyovTag i = (1), ko diveton amd v

(1.66), ka1 oV mepinton TOL TO TNAKO
M _ ON

dy ot
M
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gtvan ave&aptnTo ToL £, VIAPYEL OAOKANPOTIKOG Tapdryovtag i = w(y), Ko diveton omd v
(L.68).
Mopadetypa 1.10 O&lovpe va TpoGdopicovE TIG AVGELS TNG dLpOPIKNG e&lomong

(@)
2y(t)—t

Eisdyovpe 11¢ suvaptioceig M (¢, y) := y xou N (¢, y) := 1%y — t, Ko1 mopatnpovpe Ot

(1.69) y(t) =

oM N oM N
) =1, —(t.y) =2ty —1. e —— (1, iy
8y( ) az( y) y onoTE 8y( y) # Y

ouvendg 1 Stapoptic eéicoon ([1.69) dev eivor mAipnc.
Topa, 1 cuvaptnon

M  ON
W—W(I y):—2ty+2

M y y
dev glvan aveEAPTNTN TOV £, GUVETMG SEV VILAPYEL OLOKANPOTIKOG TTapdyovtog b = () mov
va glval cuvapTnon Povo Tov y.
Opwg, n svvaptnon
M _ N

By T ot _—2ty—|—2_ 2

at
t,y) = ————=—-
N (t.7) 12y —t t

givar aveEapTnTn oV Y, omdTE VIAPYEL OAOKANPWTIKOG Ttapdyovtag i = () mov givon
ouvaptnon poévo tov ¢. I va tpocsdiopicovpe Evav TETOOV OAOKANP®TIKO TOpAyovTa., To-
patnpovpe 611, sOpeova pe v ([1.69),

1du 2, W) 2

par =T Ly T

OTOTE, LUE UNOEVIKN 0TAOEPE OAOKAN PG G, apOD apKEl VOL TPOGOIOPIGOVLE EVOLV OAOKATP®-

TIKO Tapdyovra,
1 , 1
log|u(t)] = —2log|t| = logt—2 onote  u(t) = it_Q'
To mpdonuo dev mailel, TPOPAVAOCS, Kavéva pOAO, apod ToAlamiactdlovpe aptOuntn Kot
TOPOVOUOGTY HE TOV 1810 Tapdyovra, omdte g emhéEovpe () = 1/12. TloAhamhaciblovag

ap1OUN T Kot TapovopacTh oto dsé16 péhog e ([L.69) emi 1/¢2, ) ypdgovpe ot popen

(1.70) V() = ——
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1 0moia, GOLPOVOL e TO TPONYoVLEVa, ivon TApnC. To va emihboovpe v ([1.70), Oa mpoc-
dopicovpe mpmto e cvvapmon f = f(t, y) tétoa dote

aof Y aof oty —1
at (t’y>_t2 Kat ay(t’y)_ t .
Topa,
q
Tien=% = sun=[Larer)=-L g0

Yvumepaivovpe, Aourov, 0Tt

af 1
2o (ty) =——+g'),
y t
0TOTE, GOULPOVO. [LE TO TPOTYOVUEVOL
1 ty —1
—— 4 ! —
C e .

Mg (y) =y apag(y) = 3»? + c, pe pa avbaipetn mpaypotiky otabepd c. Enopévac,

y 1
f(t,y):—?+§y2+c,

Kot ot AWoelg y (1) g dropopucng eéicoong (.69) dtvovron memleypéva amd ) oyéon

pe avBaipetn mpaypotiky otadepd c. O

Mopatipnon 1.1 (H ypappiki A.E. avayerai og nAnpn.) [pagovpe m ypoppkh A.E. y' (1)
p(t)y (1) +q(1) om popen

: Mt y(t))
y(r) = s
N(t, (1))
ue
M(t,y) =—p(t)y —q(t) wou N(t,y)=1
[Mapatnpodpe xkat’ apydg Ott, yio un UndEVIKN cuvaptnon p,

0 0
~plt) = G (t.3) # Gt ) =0

omote N A.E. dev givon minpng. (INa p = 0 n e€lowon glvat, Tpo@avadc, TANpng Kot ETAVETOL
ToAD g0KoAa.) Opwmg, 1 cuvaptnon

1 [ oM IN

m W(f,y) - 5@)’)] =—p(t)
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gtvan aveEaptnon tov ¢, omdTe £vag oAokANpwTIKOG Tapdyovtag ((t) eivar ) cuvaptnon

’

Br. v (L.66). H ypappxn A.E. avéyetor Snhody 6viog oe TAnpn.
[Tpoywpovpe TOPO TNV ETTAVOT TG, XPNCLOTOLOVTIOS OVTHY TNV 10TNTA TNS. ME ToVv
GLYKEKPIUEVO OAOKANPOTIKO TOPAYOVTO T1 YPUPOLLE TPATO GTN LOPPN

(. y(t))
(. (1))

HE TPOPOVT CUUPBOMGO Yl TIC GUVAPTNOELG M xa N. Avalntobpe Tdpo po cuvaptnon

o e POA —p()y —q(r)] M
i) =- e/ p()dt Y

f = f(t,y) tét010. doTE

%(t,y) = M(t.y) = —[p(t)y +q(1)]e” 7D xa %(z, y)=N(t,y)=er00dr

Ao 1™ devTEPN OYEoT SLUTEPAIVOLUE OUECWHS OTL

fty)=elP0dly 4 o(r)

pe pa owBaipetn, cuveydg mapaywyioun covaptnon g. [Hopaywyilovtag avtn ) oyéon wg
TPOG ¢ KOl GLYKPIVOVTOG e TNV TPOTY 0o TIG TOPATAVED dVO GYEGELS, CLUTEPAIVOVLE OTL

g'(t) = —q(t)e—fp(t)dt’ onote, my., g(t) = —/q(t)e_fat p(s)ds ;.

pe o avBaipetn otabepd a (010 TEGIO OPIGHOV TV GLUVAPTNCEWDY p Kot ¢ ). Emopévag, o
emhoyn yio v f (Lovadikn, av mapoafréyel Kaveic Tpochetikés otabepéc) sivor n

flt,y) =e /P0dry _fq(t)e—f,ﬁp(s)ds dr.

Katd ta yvootd, ot Aoeig g A.E. divovtal 101e 68 memAeypévn Lopen omd T GYEGEIS
S (2, y(1)) = C, dnhadn

P00 [ gl et ar —c.

pe po ovbaipetn tpaypotikny otabepd C. H ev AMdyom e&icmwon givol yYpoppiky g Tpog TV

Gyvootn cuviptnon y () Kot ETOUEVMS EMADETAL EDKOAA KO 00N YEL 6T o)Eon

y([) — efl’(t)dt [C + [ C[(f)e_f‘i p(s)ds dt:l’
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ONAadN 61OV YVOOTO HaG TOTO Y10 TIG ADGEIS YPOUUK®V S10poptkav eElomcemv. Befaiwg,
vt M dwdwkacio eniivong ypapukdv A.E. givor modd mo moAdmiokn and Tig dvo dadt-
K0oieg oV 1dape 6TV TAPAYPUPO Kot 6TIg AGKNGELG kon [1.2, avtictora. O pévog
OVLGLUGTIKOG AOYOG TTOV OVOPEPONKALE KO GTN) GUYKEKPIUEVT SAIKAGTO ETIAVGONG YPOLLLL-
kdv AE. givar yio va S1KooAoyocovE T ¥p1on Tov 0pov “OAOKANPOTIKOS TapAyovTaS
1060 Y10 TANPES OGO KO Y10 YPOUUKES O0POPIKES EIGMTES: OGS eldaE, Ol YPOUUKES

avdyoviol o€ TANPELS. O

1.7 T'popuikd cvetquota X.AE. pe 6t00gpoig cvvrereotéc

Oa LEAETNOOVLE TOPA TO TPOPANLA APYIKAOV TILDV Y10 YPOUUKE GUCTHUATO 71 SLOLPOPIKAOV
eE1I0MGE®V e 1 AYVOGTEG GLVAPTICELS, ONANOT|

V() =A()y(t)+ f(t), a<t=bh,
y(a)=y

(1.71)

Ed® y : [a,b] = R" xau f : [a,b] — R” givor S1avuopatikég GUVOPTNOELS, LE GLVIOTM-

oeg ¥1(t), ..., yu(t) ko f1(2), ..., fu(2), aviictoya, N TPOTN cLVEXDG TOPAYOYIGIUN KOL T
devtepn cvveyne, kot A : [a, b] — R™" givan pio 6uveyng TVoKOGLVAPTH O,

yi(t) fi(t) an(t) ap(t) ... an(t)
172 0= | 2O s =[O ap = [l o],

yal0) ful0) an(t) am(t) .. annlt)
t €la,b].

To mpdPAnuo apyikdv Tipdv ([1.71)) anotelei yevikevon tov TpoPARUOTOG APYIKDV TILDV
(L2,

(1.73) {y/(”:l?(l)y(t)JrQ(t), a<t<b,

y(a) = yo,
v Ypopukég BabumTéc Stapopikég eE1I6MoELS. Av 01 p kol g gival cuveXElg GUVOPTNGELS GTO

Sdotnpa [a, b], tote, dTOG Yvopilovpe, To mpofinuo ([L.73) éxet pio axpiBdg Moo, 1 omoio
pdota dlvetor amd Tov TOmo

t t t
(1.74) y(1) = elaPO)ds g +/ q(s)es P@dTgs a <t <b.

Eivar moAd gvkolo va det kaveic 0Tt to mpdPAnua apyicdv Ty ([1.71]) éxet oxpiog plo
Adom, apod kavomoteital 1 olkn cuvOnkn tov Lipschitz: BA. to wpdpinua (1.21) oto [[1].



1.7. T'pappukd cvetipota Z.A.E. pe otafepoig cuvieleotég 27

"Evo. Tp@TO GUGIOAOYIKO epOTNHO givar, Aowdv, Kotd mocov 1 Aven tov ([1.71)) diverat
amd évay TOTo avtiototyo Tov ([1.74) ot Pabpwt nepintwon. Befaing, npv Sboovpe omota-
ONTOTE OMAVTNON GE AVTO TO EPMTN LA, TPETEL VAL TTOVLLE TLEVVOOVLE UE EKPPATELS TNG LOPPTG
e Y1 terpaymvikod mivakeg A. H amdvTnon 61o avetépm spdTnia sivol yevike apviTiky.
Eivon kotapoatikh povo oty mepintwon mov ot ivakes A(t) kot A(s) avtetatifevror, yo
omowdNToTE ¢ Kot § 610 |a, b|, mapadeiypatog xapwv av givor g popeng A(z) = p(t)A, pe
pa Babpot cvvaptnon p kot évav wivako A € R™". Qo acyoinBode ot cuvéyelo pe
[ €101KH mepintmon oty onoio avtd Tpoeavas cupfaivet, 6tav A(t) = A, pe mivoxa A
ave&apnro tov 7,

(1.75)

"Evo dAho evdlagépov (itnuo eivar katd mocsov tomot avtiototyot tov ([1.74), oty nepintoon
oV 1Yoy 1o, To TPpdPANpa ([1.73), eivar edypnotor 1 amotteitol tepattépm TpooTadeLa yia

VO TOVG HETATPEYOVUE GE €0YPNOTOVG. TéTola BEpata Ba Log amacyOAGOVY GTN GUVEXELO.

1.7.1 Xvvomtiki Topovciocn

g autnv TV evotnTo B apkecBolilE GE 10 GUVOTTIKY AVTHETMOMION ToL Bépatog. Atefo-
O avdmruén tov BEpaTog dlvetarl oTIg EMOUEVES TTOPAYPAPOVC.

To opoyevés oveTnua. Apyilovpe T HEAETN HOG HE TO TPOPANLA OPYIKOV TYLDV

y'(t) = Ay(r), teR,

1.76
(170 y(0) = y©,

ONAOdN Y10 TO OHOYEVEG GUGTNIO YPUUUIKDV SLOPOPIKOV EEICHGEMYV, AVTIGTOLYO TOV G-
otiportog oo ([1.73). YroBéoaye, Yo amAdTTo 6Toug cupBolopons, 0Tt 1 apylki cuvenkn
dtvetarl oto onpeio undév: avtd dev OmOTEAEL TEPLOPICUO TNG YEVIKOTNTOC, OPOV 1| YEVIKN
nepinToon, pe TV opylky cuvOiKn oe éva onueio a, avayetat otnv ([1.76) pe v alhoyn
peTaPANTg t = s + a. ZNUEIDOOTE OTL TO TPOPAN L TOPOVGLALEL EVOLAPEPOV LOVO VIO LN
imdeviky apyuch T ¥(©, apov Stapopeticd n Ao eivat 1 IMSeVIKY SLOVOGHATIKY GUVEP-
mon, y(t) = 0.
Me kivntpo 10 Yeyovac 0Tt 1 AHGT TOL TPOPANOTOC

Y1) =ay(t), teR,
¥(0) = yo,
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ot PBabuot nepintoon, sivar y(1) = e yq, ag eEetdoovpue Kat® apyds katd OGOV, o8

KATO1EC MEPMTMGELS, 10 SLOVUCUATIKY] GUVAPTNGT TS LOPPNS
y(t)=eMy® 1 eR,

Le KoTdANAN otabepd A € C, amoteel Mon Tov mpofafuarog ([1.76).

Kat’ apyds, mpopavdc, n apyikn cuvOnkn tKavomoleital, Yo, OTOldNTOTE ETILOYT TOV
A.

Ag dovpe, Aomdv, TOTE L TETOL0 SLOVUGHOTIKY GUVAPTNGOT IKOVOTOLEL KOl TO GOGTN O

Srapopkdv oto ([1.76). ‘Exovpe
y(0) =y = y(1) = 2eMy,

GLVERMOG M &V AOY® y kavomotel To chotpa drapopikdv eElodoewv y' (1) = Ay(t), av Kot
puovo av
)Le“y(o) _ Ae/\ty(o) _ e)LlAy(O)’

1, 10000V,

OdnymOKkape £T6t 610 cupmépacua 6t oty mepintoon y(© # 0 (apod N nepintmon
y(©) = 0 dev mopovcialel evolopépov, OO avapépaps 19M) 1 Do Tov TPOPANHTOC op-
yikdv Tipdv ([1.76) sivor me popeig

(1.77) y(t)=eMy® 1 eR,

v Ko povo ov To A givon oty Tov mivaka A kar o y(©) avrictoro 8odiGvoca.
Ag dolpe TdpoL TL YiveTar otV YeVIKOTEPT TEpinTon mov 1 apyiki T y (@ eivon ypap-
KOS GLVOLAGHOG 1310010VUGHAT®V TOV Tivaka A: 'Eotm, Aowmov, Aq, ..., A, 1010TIHEG TOV

mivaxo A kar x| x) gqvtictoyo 18108vdopata, Ko

O = x® 4o g x ™,
LE OTAOEPES C1, . . . , Cm. ToyVPIOOOTE, TOTE, OTL M Aon ¥ Tov ([1.76) eivon
(1.78) y(t) = cieM'xW 4o e etix™M e R,

[Mpdypatt, Kat’ apyds, n v Ady® GuvAPTNON IKAVOTOLEL, TPOPOVDS, TNV OPYIKN GLVONK.
Oocov apopd, Tdpa, TO CLSTNUO SUPOPIKAOV EEIGDCEWV, EXOVUE 0P’ EVOG

V() = cideM x4 e et x (M)
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KoL’ €TEPOV, OUPOV AxD = 1,xD i =1,....m,

Ay(t) = c;e™ T AxD 4. 4 cpetm? Ax ™)

=M A x4 et A, x )

dnhadn, dvtog, y'(t) = Ay(t),t € R.

Inueidote 6t evéd kamota amd to wrodavospoto x D, ... x™) pmopei va sivon pryadikd
Kol KOO0l atd TOVG GUVTEAECTEG C1, - - . , Cpy MLYOOTKOL 0p1OpOL, O YPAUUIKOS GUVIVAGIOG
tovg ([1.78) diver mporypatiky Stovuopotikh cuvdptnon, oy mepintoon mov y© e R” ko
A e R"",

YrnoOeon. YnoBétovpe tpa 6t 0 Tivaxog A £xetn ypappikd avedptnTta 1010010vOGLLOTO
xM, ., xM e C". (Avtd cvpPoivet, av Kot HOVO av 1) YEOUETPIKY KoL 1) GAYEPPIKN TOA-
AamAotnta ke WroTung tov A cvumintovv: Wwitepa, OTav OAES Ot WO0TIHES TOL A givat
amAéc.)

Téte ta Stavdopata x U, ..., x™) amotedovv Baon tov C”, omdte k6be apyun Tiun y©)

YPAPETOL KOTA LOVAOIKO TPOTO MG YPOUUUIKOG GUVOLACUOG TOVG,

LE ¢; Myodkée, yevikd, otabepéc. (Enpetdote ot Yo dedopévo ¥, 1o (1.79) eivar éva
YPOUUIKO cVoTNUO 71 EEIGOCEMV LE 11 YVAOGTOVG, TO C;, KO OVTIGTPEYILO TIVOKO GUVTELE-
otav (xM, ..., x™), ue otiheg ta x).) Ze awtiy v nepintoon, GOUPOVOL LIE To. TPOTYOD-

Leva, 1 Ao tov TpoPMipatoc apykdy tudv (1.76) sivar
(1.80) y(t) = ceM'xW 4o peetix™M 1 eR,

omov A; ot tov A ko x ) avtictoryo 1d1081dvucya.

Znueimon. Ty TEpInTmon TOL 1 opykh cuvONKN TideTan ot éva onpeio a, y(a) = y©,

1 A06N TOL AVTIGTOLYOV TPOPANUATOS APYIKAOV TILMV Elvar

(1.81) y(t) = c1eM W e DM e R,

Tevikn mepintwon. Ag dOVUE TOPA TL LTOPOVLE VO TOVLLE Y10l TV TOPACTACT TNG AVONG
10V TPoPAaToC apykdv TidV ([1.76) ot yevikh Tepintoon KoTd TV omoia 1) apyIKy TIH
YO Sev yphpeTon oC YpoppKdS GuVSLAGHOC 1510810VUGHATOV TOL Tivako A. AvTd Gup-
Baivet, TovddyioTov Yio. kamota apytkc Ty ¥, av 1 yeopeTpikcn moAOmAOTTO KATOW0G
WOTIUNG T0V A givan (Yviown) pikpotepm g avtiotoryng aiyefpikng moAianidotntog. Tote
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n Mon Sev punopel vo mapactadei ot popeny ([1.81)), ondte mpémel vo avalntioovpe kdmota
EVOAAOKTIKY TOPAGTAGT TNG.
[TéA pe kivntpo 10 Yeyovag 6T 1 ADGT TOL TPOPANHOTOS

y'(t) =ay(t), teR,
y(O) = Yo,

ot Babuot mepintoon, ivar y (1) = e yg, givar Aoykd va avapotndei koveis pnmog Kot

1M SLVUCUOTIKT] GLVAPTNON
(1.82) y(t) =1y, 1t eR,

amotelel Moon tov TpoPriparoc ([1.76). BePaing, Tpv amavtioovpe 6e ovtd TO £pOTUA,
TPEMEL VoL TOVLE TL EVVOOVLLE Pe TNV Ekppacn e, yio kamotov TeTpaymvikd mivaka A.
Axpag avtiotorya pe v ekbetikn cvvaptnon e,z € C, opiletan xon n exbetixn ov-
vaptnon mvaxwv A € CH",
A? Al 2 Al
A - —_— — CEEIEY — e e T _—
e ._In—l—A—|—2!+ —l—g!—l— Tk

£=0

Ot oyéoeg e® = I, kaw e*n = e*I,, yio kabe pryodikd apOud A, sivar Gueon amdppoto
T0V opiopov. Emione, amodeucvietan 6Tt 1) mvakoovvapton €4 sivon mapayoyioyn kot n
avtiotoym oelpd TapaywyileTar Opo TPog OPo, OTOTE

(e') = Ae.

Inueibdvovpe akopo 6t eded = edTB

, ov ol tivakeg A ko B avtipetatifevior, AB = BA.

Yotepo amd autiv TV Tpogpyacia, 1oyupllopacTte Tpa 0Tt 1) AVGT TOV TPOPANLLOTOG
apykdv Tdv ([1.76) Sivetar amd v ([1.82). IMpdypatt, Kot’ opydc Kavomotsiton 1| opyIkh
ovvOnkm, apov

y(0) = ey® = e0y® =1,y =y
Eniong,
V() = (4y0) = () y@ = 4y © = Ay(r), 1€eR,
ONAaON IKOVOTTOLEITOL KOl TO CUGTN LA SLAPOPIKMOV EEIGDOCEWMV.

Znueicoon. TV TEPITTOGY TOL 1) 0yt cuVOTKN TideTon o éva onpeio a, y(a) = y©,

1 AV0T TOL OVTIGTOLYOV TPOPANUATOC OPYIKAOV TYLMV SVETOL GTN) LOPON

(1.83) y(t) =940 ¢t e R,
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To evdiapépov TpdPANLo eivar Tdpa pe TOL0V TPOTO VToLoyiovpe TV mapdotaon e 4 y ()
omv ([1.82) (ondte ko TV avtictoym napdotacn oty ([1.83); Apivovpe, Tpog to mopdv, ot
eKKpeROTNTO VT TO BN Y100 va aloyoAnBov e v GuVTOUia LE TO TPOPANLLA OPYIKDV TIUMV

Y10 TO 1] OMOYEVEG YPOLLIKO GOGTIILO OULPOPIKDV EEIGMCEMV LUE 6TADEPOVS GUVTEAEGTEG.

To un opoyevés cvoTnua. Oc®POLLE TOPO TO TPOPANLO APYIKOV TIULDV Y10 TO LT OLOYEVES

YPOUUIKO GUOTNO SLOPOPIKDV EEICHOGEMV e OTADEPOVG GUVTEAEGTEG,
Y(t)=Ay(t)+ f (1), 1€eR,
y(0) =y,

HE TV opykn Tiun 6edopévn 61o onpeio undév, miAt yio EKOALN.

(1.84)

Agdopévou 0TI 1 ADGT) TOL TPOPANLATOG APYIKADV TILAOV Y10 TO AVTIGTOLYO OLOYEVES VPO~
w6 ovompo Sapoptkdv eéiomocnv ([1.76) sivar e4y©, Br. mv ([1.82), 6o npoomady-
GOVIE, L€ TNV TEXVIKN TG HETaBOARC TmV oTadepdv, vo tapacticovpe T Aon tov ([1.84)
Gt HopeN

y(t) =ev(t), teR,
HE KOTAAANAN dtovoouatikn cuvdptnon v. Kat’ apydc, yio vo iKavomoleiton 1 apyikn cuv-
onkn ¥ (0) = y© mpéner kon opxei va 1oyvet v(0) = y©. Eniong,

V(1) = (ev(1)) = () v(t) + e (1) = Ae"Mu(r) + v/ (1) = Ay (1) + V' (1),

onote M y'(¢t) = Ay(t) + f(t) wavomoeitar, av ko povo av e'4v’(t) = f(t). [pagpovpe
ot T oYéon ot popey eS4v’(s) = f(s)fv/(s) = e 4 £ (s), ohoknpdvovpe omd 0 £og
t Ko, xpnoipomolhvtog ™V apyikn cuvinkm v(0) = y©@, LopBdvovpe

o)~y = [(e s () s,

0
oy
onAadn t
v(t) = y© —1—/ e f(s)ds, teR.

0
AVOKEQOAADVOVTAG, GOUTEPAIVOVLE OTL 1) DG Tov TpoPAipaToc apytkdv Tiudv ([1.84) ei-
Vo

t
y(t) =eu(t) =1y 4 e’A/ e f(s)ds.
0

onAaon

t
(1.85) y(t) = ey +/ ™4 f(s)ds, teR,
0
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og TApN avaroyio pe v avtiotoyn Pobuwth dwupopikn e&icwon y' (1) = ay(t) + f(¢).

Znueimon. Ty TEPITTm®ON OV 1 op)ikh GUVONKY TiBeTan oE éva onpeio a, y(a) = y©,

M A6N TOL AVTIGTOLYOV TPOPANUATOS APYIKAOV TILMV SIVETOL TN LOPON
t
(1.86) y(1) = eli=44y©) —1—/ =4 f(s)ds, teR.
a

©) gy ([1.82). Emotpépovpie tdpa 610 O40. TOL a1pri-

GOE GE EKKPELOTNTA, SNAOSY [ motov TpdTo vroioyilovpe v mopdotaon e4y© oy
(L82).

[oodvvapa, Ba acyoAnBodpe pe Tov vVTOAOYIGUO TNG EKPPACNS

Yroloyiouog s napderacys ey

(1.87) ex, vy dedopévo x € C", 7yt € R.

Apyilovpue pe xkamola Tpogpyacia, dtakpivovtog 600 TEPITTOCELS:

n , , . p , ,
1= mepimrwon: To x gival 1310314vVGHA TOV TivaKe A TOV OVTIGTOLXEL GE piol 1G0T A .

Tote, apob ot wivaxeg A — A, xai I, Tpo@avdg, avtiuetatifevtat, EYovE

etAX — eMInet(A—Mn)x _ e)ulnet(A—Mn)x — eMet(A_“”)x

[2
- e)“’[lnx (A= Mp)x + 5 (A= Ap)x + ]

omdte, agod (A — A1, )x = 0 kot cvvendg kot (A — AL, ) x = 0, Y10 KOs Pvo1Kd aptdud £,
cvumepaivovpe Ot

(1.88) ex = eMx.

KatadEoye, €101, 68 o yvooty pog topdotact), cvykekpuéve oty ([1.77), vl v mepi-
ntwon mov 1 apykn Tl ¥ (@ eivon 10dtédvusa Tov Tivako A.

2= mepintwon: To x givon této10 dote (A — Al,)"x = 0, ya kémoto W0t A Tov Tivako
A kot évav Quotko apldud m.
Tote, dmwg Tponyovpévag, £xovue

etAx _ ektet(A—Mn)x

= e“[l,,x +t(A=AL)x + = (A=Al x + -+ ———— (A — AL,)" 'x
2! (m—1)!

m

t m
+ (4= A) x—l—---],
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omdte, agov (A — Al,) x = 0, yia kéOe puokd apdud £ > m, copmepoivovpe 6Tt

2 m—1

tA_ _ At _ [_ _ 2 _ m—1
(1.89) ey = e [znx+z(A M)x+ (A=At s (A= AT) x].

v TEePInTMOOTN TOL VRLAPYOLV 1 YPOUUUIKE aveEdpTnTa 1010010vOGHOTO TOV TTivaKo A
7ov wapdyovv tov C? (dnAadn 0Tav 1 YE®UETPIKN Kot 1 aAyePpikn ToAATASGTNTA KAOE 1510-
TING Tov A cupmintouy), o voAoyiopdg g Aong ey © amontei povo Tig TPALEI oL
avaQEPOVTOL GTNV 12 nepintwon. Avtd woyvel, aitepa, 6tav ot WTIHEG ToL A gival ava
000 J1POPETIKEG HETAED TOVG (OTTOTE 1| YEMUETPIKY Kot 1 aAyefpikn ToALamAdTTO KAOE
W0O0TIUNG elvan €vay).

g SLPOPETIKT TEPITTOAOT, ONAAOT| OTAV 1] YEOUETPIKT TOAAATAOTNTO KATOOG 1OIOTLUNG
o0V A givon pkpdtepn omd v avtictoyn adyefpikn moALaTAOTNTO, OV APKOLV TO 1010010~
viouato Tov A yio Tov oynuatiopo pog Baong tov C” kot ypetdleton va ¥pnoILOTOGOVUE
KoL T0L AEYOUEVO YeVIKEDUEVQ 1010010vDouaTo. TOV Tiivaka A: Eotm A b0t tov wwivaxko A

aryePpucng moAramhdtrag m. Tote Ta un undevikd dwovocpata x € C” té€toa dote
(1.90) (A=ALL)"x =0

Aéyovtal YEVIKELUEVA 101001vOGHATO TOV TTivake A o¢ mpog v wiotynq A. Eivarl yvootd
an6d ™ Ipoppkn Adyefpa 0Tt Yo KaOe 1310t A Tov wivaka A aAyeBPIKNG TOAALATAOTNTOG
m, VLAPYOLV M OVTIGTOLYO YPOLUIKA OVEEAPTNTO YEVIKELUEVO 1O10O0VOCUOTO KOl OTL Ye-
VIKELUEVO 1010310VOCLATO G TPOG OLPOPETIKES O10TIUES fvar Ypoppkd aveEaptnra. Me
aAla Aoyia, vrapyetl Paon tov C” amotelodUeVn OO YEVIKEDUEVA 1G10O10VOGHOTO TOV Ti-
vako A.

[No va vroloyicetl kavelg m ypoppkd aveEdpTnTo YEVIKELUEVO 1010010VOGILOTO, TOV TTi-
voaka A ®¢ Tpog TV 0T A, apkel vo tpocdiopicel m ypoppikd aveEdpmmreg ADGELS TOL
ypappkod cvotiparog ([1.90). Evallakticd, propei va akolovdfcet Koveig To akdiovdo
Brpata yro kéOe 10T A:

1. Emi\ovpe to ypoppikd cuotnuo

(1.91) (A= Al)x =0

Kol Tpocolopifovpe Toca Ypopkd aveEdptnta 1Wiodtavicuate tov A 0on stvat 1 yew|le-
TPIKN TOAAATAOTNTO TNG WO10TINAG A (AVTOG Eival 0 OPIoUOS TNG YEOUETPIKNG TOAAATAOTNTAG
NG 010TIUNAG A).

Av 1 yeoueTpKn Kot 1 oAyePPIKT] TOAAATAOTNTA TNG WIOTIUNG A GUUTITTOVV, GTOLLO-
tovpe £0M. Exovpe oM tpoodiopicel OG0 YEVIKELUEVA 1O10OVOCLLATO 1O TPOS TV OLOTIUN
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A yperolopaote. AlQopeTIKA, dSNAadN av 1 YEOUETPIKN TOAAATAOTNTA TG WO0TIUNG A gival
ppdtepn G avtiotoryng aryefpikng mollamidtrag, cuveyilovpe oto devTEpPO PriuaL:
2. Emi\bovpe to ypoppkd cvotnua

(1.92) (A= AL,)’x =0

Ko TPpocdopilovpie G0 TEPIGGOTEPA YEVIKELUEVA 1O10010VOG LT TOV A UmopoVLLE, ToL OTToiaL
podi pe to 1010810V HaTo ToL BP1KALE GTO TPMTO P VO ATOTEAOVY £V GOVOAO YPOLUULKE
aveEapmraov dtavucudtov. Eival yvootd 0Tt vadpyel TOLAGYIGTOV £Va TETOL0 YEVIKEVUEVO
101001dvucpa tov A, omdteE 0 GLVOAMKOG TANOIKOG aP1OUOG TOV GUVOAOL TWV ADGEMY TOV
mpocolopicape oto Pripata Eva kol oVo €ivol (TOLAGYIGTOV) 1 YEOUETPIKT TOAAATAOTNTO
™G TG A avénuévn Kotd Eva.

Av 0 TAN0BwOG ap1BUdc ToV GLVOAOL TV AVCEMY TOL PBpNKape oTa dVO TPOTE PrpaTo
1600TOL pE TNV OAYERPIKN TOALOTAOTNTO TG WOTUNG A, oTapatovpe e6®. ‘Exovpe non
TPOGIOPIcEL OGN YEVIKEVUEVA 15100100VOCUOTO, MG TPOS TNV 1O10TIUNA A ¥pelalOpaoTe. Ala-
QopeTikd, cuveyilovue oto Tpito Prypas:

3. Em\ovpue to ypappikd cuotnuo

(1.93) (A—AL)*x =0

Ko Tpocdopilovpie G0 TEPIGGOTEPA YEVIKEVUEVA 1O10010VOG LT TOV A UmopoVLLE, ToL OToiaL
poli pe tig Avoelg mov Bprkape oto 60 TPAOTO PRUOTO VAL ATOTEAOVY £VOL GOVOAO YPOLUULKE
aveEapmrov dtavocudtov. Etval yvootd 0Tt vadpyel TOLAGYIGTOV £Va TETOL0 YEVIKEVUEVO
101001dvucpa tov A, omdteE 0 GLVOAMKOG TANOIKOG aP1OUOG TOV GUVOAOL TWV ADGEMY TOV
npoocdtopicape ota frpato va, 0o kot Tpia gival (TOVAYYIGTOV) 0 GUVOAMKOS TANOUKOS ap1B-
LA TOL GLVOLOL TV AVGEMV OV TPOGdlopicape ota Prpata Eva Kot 600 avEnuévog Kotd
éva.

Yvveyilovpe pe Tov 1010 Tpdmo. Ao ta TpoovaPEPHEVTA TPOKVTTTEL OTL apKEl VoL ETIAD-

GOVLE YPOLULKA GUGTHLOTO TO TTOAD £ TNG LOPPNG
(A=Al x =0,

6mov £ (to moAd) 660 1 Sapopd TG aAyeBPIKNG LEIOV TN YEOUETPIKY TOAAATAOTNTO TNG
W0OTNG A, avénuévn katd éva. Me Ao Aoyia, dev €lval TAVTO OTOPAITTO VO EXADGOVUE

ypapukd ovotipata e popeng (1.90), pe m v akyeBpuc ToAAamAOTTA TG 1310TIHAG
A.

YroBétovpe topa 6Tt £ovpe NON TPOGIOPIGEL 1 YPOUUIKA OVEEAPTNTO YEVIKELUEVOL
Wiodtovdopata x, ..., x™ tov mivaka A. Tote, k6 apyuen T y @) ypdpetar kotd po-
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VOO TPOTO O YPALLIIKOG VVIVAGHOS ToV Stovvopdtov x| .. x(),

omdte n e y (1) Tov mpoPpipatog apyikdv tudv ([L.76) o sivor

(1.94) y(t) =y = ciex® 4o 4, ex™ )t eR.

ZOUPOVO LE OGO OVOPEPULLE OTIG TEPUTTAOGELS 12 e 22 yvopilovpe Thg vo vToloyicovpe
1o e 4x® | apod ta x) givon (Yevikevpéva) 181081avcpoTe TOVL TVaK A, GUVETAOC YVOpi-
{ovpe Ko Tdg va vrodoyicovpe ™ Aon y (1) = ey,

2TV TEPITTMOT OV 1 apykn cuvOnKn divetal og éva onpeio a, ol amapaitnTES TPOTO-
TOWGELG EIVOL TPOPAVELS.

Znueiwon. Me tov coppoiopd g (1.94), sivon mpogavég 6Tt ot Stavoopotikég GuvapTHGEL]
eW(t) =ex® t e R,i = 1,...,n, anoteEoVY YPOpUIKE 0vEEAPTNTEG AVGELS TOV YPOILLL-
KoV ovotNpotog A.E. y'(t) = Ay(t). Mdhota, o1 ypoppkoi GuVELAGHOT aVTOV TV AVGEDVY
amOTEAOVV TN YevVIKN Abon Tov /(1) = Ay(t), 0pod yia owboipen apyuch tiuy ¥ 1 Avon
YPapeTal OC YPapkos cvvdvacudc tov ¢ i =1,.. ., n. H onpaviiky 10t ta edd eivon
n ypappky avebapmoia tov x i = 1,...,n. Hemhoym tov x¥,i = 1,...,n, og yevi-
KELUEVOV 1010010VOGLATOV TOV Tivako A YIveTal Yo TPOKTIKOUG AOYOLS: LG O1EVKOADVEL
otov vohoyiopd tov ¢ i =1,... 1. O

B0 OAOKANPMGCOVLE OVTY| TH GLUVOTTIKT TOPOVGIOGT e OVO TOPUSELYLOTOL

Hopdadsrypa 1.11 @£Lovpe va TPoGOI0PIGOVLE TN YEVIKT] AVGT| TOL YPOUUUKOD GUGTHILOTOG
SPOPIKOV EEIGOCEMV

1 -1 4
(1.95) y'(t)=Ay(t), teR, pemivaokad:=|3 2 -1
2 1 -1

To xapaxmPLoTIKO TOALGOVLUO p Tov Tivaka A givar p(A) = —A3 + 2% + 51 — 6.
AoV ot dtupéteg tov 6 givar ot 1, 2, 3, av vdpyovv axépaieg pileg Tov p, 10TE AWTEG Oal
elvan kdmoleg amod tig +1, 2, +3. Aokipudlovtog, S10moTOVOVE OTL 01 IOIOTIUEG TOV A glvan
AL = 1,4y = 3, A3 = —2. (Enuewdote akdpa 0T, apov T0 AOPOIGUA TOV GUVIEAEGTMV TOL
p €ivar unoév, n povada givan pifo tov p. Alapdvtog o p pe 10 A — 1 odnyoduacte o
éva TpLdVL RO Kot Tpoodtopilovpie kat Tig AAleg 000 pileg Tov p.) Ot dloTipég elvat, Sniadn,
OVIMG TPAYHOTIKES KO Ve OVO SLUPOPETIKEG LETAED TOVG,.
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®o Tpocdlopicovue, TOPA, AVTIGTOLO 1010IOVOCLATA.

a) Ay = 1: Znrodue éva un tetpippévo didvoopo v € R3 této10 dote (4 — A 13)v = 01
(A—I)v =07

_1 4 U1 — VU9 + 4U3 = O
3 1 =1]lve| =0, Mlady 3v;+vy— v3=0,.
2 1 =2 U3 21)1 + Vg — 21)3 =0

Apapavtog Kotd pEAN TG dvo tedevtaieg eElomoelg Aapupdvoope vi + vy = 0, dNhadn
V1 = —V3, EVO N TPOTN divel vy = 4vs. Emopévmg, emAéyovtag avbaipeta puo pun pndevikn
TN Y10 TO V3, TPpocdtopilovpe Ta vy kot v2. 'Eva avtiototyo dio0didvocua etvat, gep’ emety,

TO

(1.96) oWy =¢]| 4], teR.

B) Ay = 3: Zntodpue éva un tetpupévo didvoopa v € R tétoto wote (A — Aal3)v = 01
(A — 313)1) =0 ﬁ

-2 —1 4\ (v —2v; —v2 +4v3 =0
3 =1 —=1]lve] =0, Oomladn 3vy —vy— v3 =0y,
2 1 —4) \vs 201 + vy —4v3 =0

N v1 = v3, V2 = 2v3. Emopévmg, éva avtictoryo oddvucua gival To

(1.97) eP(t)y=¢"[2], teR.
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Y) A3 = —2: Znrodpe éva un teTpippévo didvooua v € R3 této10 dote (4 — Asl3)v = 07
(A+2I;)v =07

3 —1 4 U1 3U1— UQ—|—4U3:O
3 4 —1|lve] =0, Mmradq 3Bv;+4vy— v3=0,,
2 1 1) \vs 200+ vo+ v3=0
N vy = —v3, Vo = v3. Emopévac, éva avtictoryo dtodidvocua givat to
-1
V= 11,
1

(1.98) e®t)y=e2] 1], teR.

An6 1ig (1.96), ([1.97) xon (1.98) mpoxvntet, sopeova pe v (1.80), 61t 1 yevicer Avon
y(t) Tov suoTUATOC Slagopikdv eéichoenv ([1.95) sivor

—1 1 -1 —cie! 4 cyed — g™
(1.99) y(t)=cie'"| 4|+ |2 +eze® | 1] =|4cie" + 2c08% + c5e7 |,
1 1 1 c1e! + coe¥ + c5e

t € R, pe avBaipeteg mpaypotikés otabepés ¢, Co KoL C3.

LHpofinua apyirav tyuamy. Agvmobécovpe tdpa 6tL BELoVE Vo TPOGdI0piGovE T ADGT) TOL
TPOPMLaTOS apyikdY TGV Y10, T0 svotnuo A.E. ([L.93), ue apyuchy tip y(2) = (1,2,3)7 €
R3.

TOUQMVA [IE TO TPONYOVUEVE, T YEVIKT ADon Tov cuotipatog A.E. (1.93) eivar

—cie' + cpe® — cge

y(1) = | 4eref 4 2006 + c3e7 |,

c1e! + coe® + cqe™?

HE €1, €2, c3 avOaipeTEG TPOYLOTIKEG OTAOEPEC.
Tdpa, Yo vo EMAVGOVUE TO AVTIGTOLYO TPOPANLA APYIKOV IOV, OpPKEL VO TPOGI10pi-
GoVLE TI 6TADEPEG €1, 2, €3 ETOLDGTE VaL tkavomoteiTan 1 apyky cuvOnfkm v (2) = (1,2,3)T.
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Avto 1oy0EL, av Kol LOVO av

—c1e? 4 b —cet =1
(%) 4ecre? + 2¢0€8 + c3e7 = 2).
e’ + coe®+c5et =3
[Tpocbétovtag v mpdt pe Vv tpit e€icwon tov (%), dwmoTdvovpe auécms OTL
2¢5e5 = 4, omdte ¢o = 2e7°. Emopévag, n mpdt kaw 1 devtepn eEicwon (%) divovv, avri-
GTOYO.,

—c1e? —c3e_4 =1l—ce’=1-2=-1

Kat

4cie? + 636_4 =220 =2—-4=-2,

Enopévmg, éxoope

—c1e? — et = —1

4cie? 4 c3e™ = =2
9 I4 7 4 ’ r 2 J4 o —2
Kat’ apyds, mpocsOétovtog avtég Tic e€lodoelc, maipvovpe 3cie” = —3, onote ¢ = —e™ °.

AvtikafiotdvTag, TMP, dVTd TO ATOTEAECU GTNV TPMTY Ao TIG OVO TPOTYOVLEVES EEIGM-
o1, AapPavovpe

4

1—636_ =—-1 = 636_4

=2 = c¢3 =2

AVTIKOOIGTOVTOG TIC TIHES TV GTAOEPAV €1, €2, C3 TTOL HOAG TPOGOIOPICAIE GTN YEVIKN
Aon tov ovotpatog A.E. odnyovpacte otn Avon

et—2 + 2e3t—6 _ 26_2t+4

TOV AVTIGTOLYOL TPOPANLOTOC OPYIKAV TULDV. O

Hapaderypa 1.12 Oélovpe va TpocdOPIGOLLLE TN YEVIKT ADGT TOL GUGTHLLATOG SLUPOPIKADOV

eflomoemv
1 10
(1.100) y'(t)=Ay(t), te€R, pemivake A:=|0 1 0
0 0 2
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To yopoxP1oTIKO TOAV®VVLO p ToL Tivaka A gtvor p(A) = (2 — A)(1 — 1)?, cuvendg
ot WoTég Tov A givar A = 2 (amkn) kot Ao = 1 (dumhn)). (ENUEIDOTE OTL O WOOTIUEG AVED
N KOTO TPLYOVIKOV TIVAK®V Elval, TPOQavAS, To dloydvio 6TotyElo TOVG.)

o) Ay = 2: Zntodue &va un tetpiupévo Sivoouo v € R3 této10 dote (4 — A l3)v = 01
(A—=2I3)v =01

-1 1 0 U1
0 =1 0]]v2| =0,
0 0 0/ \vs

onAadn v; = ve = 0 ko v3 awBaipetog, un UNdeVIKOS POy LATIKOS aptBpoc. Emdéyovtag mg
v3 T povada, vy = 1, 0dnyovpacte, ooppova pe ™y ([1.77), ot Avon

(1.101) oWit)y=e¥10]|, teR,

TOV GLGTAUOTOG SraPoptkAdY eEtcdcewmv ([L.100).
B) As = 1: Zntovue Kat’ apyas avtiotolyo 1010dtavicpata, dSNAadn Eva un TETPUUEVO did-
voopo v € R? 11010 ote (A — A l3)v =01 (A — I3)v =01

010 U1
00 OfJva]| =0,
0 0 1) \vs

oNAadn vy = v3 = 0 ko v; aWBAiPETOC, U UNOEVIKOG TPOYUATIKOS aptBpds. Emidéyovtag mg
vy T povada, vy = 1, odnyovpacte, coppava pe v (1.77), ot Aon

1
(1.102) oP)y=¢ 0|, teR,
0

TOV GLOTHHATOG dLPOPIKAV e€lodoemv (|L.100).
Topa, N akyefpikn ToAATAOTNTO TG WOTIUAG A €ival 600 evd, dnmg idope PO,
VILAPYEL LOVO EVOL YPOUUKE aveEAPTNTO OVTIGTOL(O 1010d1AVVCHA: LE BAAD AOYLO, 1 YEMLLE-

TPIKT TOALOTAOTNTO TNG Ao €lvar éva. 'Etot, avalntovue otn cuverELn YEVIKELUEVD, 1010010~

voopata v € R? tétown dote (A —I3)*v = 0 kan (A—I3)v # 0. Topa, (A—13)* = (§ § ?IJ),
omdte 10 Ypopukd cvotnue (A — I3)?v = 0 ypagetar 6T popen

0 0 0\ /fv

00 Ofjva]| =0,

0 0 1) \vs
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amo v omoia mpokHTTEL V3 = 0 EVD 01 GLVIGTAOCESG V1 KO Vo elvar awbaipetotl apBpoi, oyt
Kot ot 000 ioot pe undév. Dep’ emelv, yo v1 = 0 ka1 vo = 1 0dNyovUAGTE OE P Adon, M
omoia dev eivat, Omg yvopilovpe, 11001GVVGHO TOV AVTIGTOLKEL GTNV 10T As. AVt N
eMA0YN 0dNYel ot Ao

0 0 1 0\/0 0 1
eP(t)=¢[v+t(A—DLw]=¢|[1]|+te"|0 0 of]1|=¢|1]|+2te|0].
0 0 0 1/\O 0 0
oniaon
t
(1.103) e®)y=¢ 1|, teR,

TOV GLOTANLATOG SrPopkdY eEtodcemv ([1.100)- Pr. v (L.89).
Ano tig ([.101)), (1.102) xau (.103) mpoxdmrer 6t 1 yevikh Aoon y(¢) 1oL GLGTAHATOS
Sapopikav eéichoemv ([1.100) etvar

0 1 t
y(t)=cie? |0+ e [0 +ese’ | 1],

1 0 0
onradn

(CQ + c;»,t)e’
(1.104) y(t) = csze’ , tER,

cle?

pe avBaipeteg Tpaypatikég otabepés ¢, Co Kot C3. O

1.7.2 H ek0eT1K1] GUVAPTN G TETPUYDOVIKOV TIVAKOV

"Yotepa amd Tn GUVORTIKN TopoLGioen Tov BEHATOC TG EXIAVONG YPOUUIKOV GCLUGTUAT®OV
SPOPIKAOV EI0MGEMV GTNV TPOoNyoLEVT evotnTa, apyilovpe T d1e€odikn pehétn Tov 0é-
Lotog enekTeivovTag Tov oplopd g ekBeTIKNG cuvaptnong e*, x € R, yia teTrpaymvikoig
n X n mivoakeg, opiovpe Ao v eKOETIKN GLVAPTNON TETPAYOVIKOV TIVAK®V 0O

A? A* gy
(1.105) e =L+ A+ —+ ... =) =

2! £! 14

£=0
v A € R™". O mivakag e sivor Kohd opiGHEVOS 0 EVOIAPEPOLEVOS AVAYVAGTNG 0G ALGYO-
n0et pe v Aoknon 1.17 tov [[1].
Ot mivakeg e &yovv Tic axdrovBec 1516 Teg: T A, B € R™" o t, s € R 1oydovv
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o) (e’A)_1 =4,
B) e(),‘+s)A _ etAesA‘

(A+B) _ tAetB

y) € , av ot wivaxeg A kot B avtipetatifevion, AB = BA.

[ToAd edkola damioTdVeL Kaveig OTL ot 1310TNTES 0) Kot B) €movion amd T v). Emiong,
1 181mTa ) sivar 1codvvopn pe my 4t = ede? av ot mivaxeg 4 xon B avtuetorife-
vtot. YroBétovpe, Aoudv, 0t ot mivakeg A kot B avtipetatifevron kot Oo ypnoiomotcovpe
t0 ywopuevo Cauchy yio 1ov TOAATAAGIAGUO GEPDV (O£O0UEVOL OTL O1 €V AOY® GEPEG G-
YKAvoUV amdAVTA) Yo va amodeiEovpe T ), XOPIg TEPLOPIGUO TNG YeviKOTTAG Yo f = 1:

"‘Exovpe

Emiong, amodeikvietat edkola 6Tt | Toparydyton g €4 umopel va yiver 6po mpog 6po
(BA. [L, Aoxnon 1.17]), omdte Exovpe
L+1 A€
TR = Al A ),

tA\/ 2 1
() =A+1A%+-- +1 7
ONAadn, evteAdg avtictoryo mpog ) fobumtn mepintmon,

(1.106) (e') = e

Avt 1 oxéon pag odnyel TOAD €VKOAN GE U0 TPOTN TOPACTAGT TNG AVONG TOV TPO-
BANUOTOC 0pYIKOV TYLOV Y10 TO OHOYEVES GUGTNIO YPOUUUIKAOV SOPOPIKAOV EEI0DGEDV e

0100ePOVG CLVTEAECTEC,

y'(t)=Ay(t), a<t<b,
y(a) =y,

pe A = (ai j) € R™" évav otafepo (Onradn aveEaptnro tov ¢) mivaxa. loyvpilopa-

.....

oTE OTL M M)cm y ) tov ([1.107) etvon

(1.107)

(1.108) y(t) =e=94yO 4 <t <b.

A

péypatt, copemvo pe v (L.106), Slomotdvovps auécng 6Tl 0VTA 1 Y IKOVOTOLEL TO GV-

oo Srapopikdv eétcmcemv oty (L.107), apod

V(1) = (e(z—a)A)/y(o) _ (etA)/e—aAy(O) — ActAecmaAyO0) — felt=aA )00 — gy (p).
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Eni m\éov, ikavomotei kot thv apytkny cuvOnikn, apod e = I,, ondte y(a) = ¥4y =
I,y = y©,
Mukpn akopa TpocmddeLa, Lag 0dnyel kot 6T ADGT TOV TPOPANLATOS APYIKDV TILDV Y10,
TO 1] ORLOYEVEG GUGTILO YPOULK®V OPOPIK®OV EEIGMCENMV LE 6TAOEPOVS GUVTEAEGTEG,
/
Y1) =Ay(t)+ f(1)., a=t=<b,
(1.109) {

y(a)=y©.

Ioyvpildpacte 6t Mo y(z) tov ([1.109) eivon

t
(1.110) y(t) = e(t_“)A[y(O) +[ e =4 £ (5) ds], a<t<bh,

1 1603VVapLAL

t

(1.111) y(t) = eli=44y ) —|—/ ™4 f(s)ds, a<t<bh.

a

Inuewdote v mApn avaroyio tov ([1.108) kot ([1.110) pe Tic avrictoes mapactd-
OEIG TOV AGEMV TOV TPOPANUATOV OpYIKOV TILOV Yo TIG POOUOTES YPOUUMKES d10pOopL-
KéG eElodoelg pe otabepovg cuvTeAeoTé, TV opoyevy V' (1) = ay(t) kou ) pn opoyevn
y'(t) =ay(t)+ f(t), avtictoyo.

Ty ([1.110) 6o 0dynBodpe pe tv tevikn e uetafoliic twv otabspdv: Exoviag og
kivntpo v mopdotaon ([1.108) the Avong tov opoyevodg TpoPAiatog, Oo TPocTudRGOvLLE
Tdpo. va Tpocdlopicovpie pio Aven tov pn opoyevodg (1.109) tg popeng

(1.112) y(t) =e " y(1), a<t<b,

LLE [10L KATEAANAN Stovuspatiky cuvaptnon v(2). Inpetdote ) Sagopd petal&d tov ([L.108)
ko ([L.112): otv mpd 0 Stévuopa y© givar otabepd, ot devtepn 1 v (1) eivor Stavoopo-
TIKN] GLVAPTNON, LETAPAALETOL SNAOOTN UE TO . X€ AT TO YEYOVOS OPEILEL TNV OVOUOGI TNG
N &V AOy® TEYVIKN.

INo va 0dnynBovue topa ot Adom, apkel va Tpocdlopicovpe Tn SOVUGLOTIKY GUVAP-
mon v(t). Kat’ apydc, égovue y(a) = v(a), cvvendg v(a) = y©. Eniong, 10 chomua
Srapopikdv eéiodoenv Tov Tpopaquatog (1.109) ypaeetar, xpnopomordvrag v (1.112),
ot HopeN

Ae ™Dy (1) + TN (1) = AV u(1) + f(1),

Snhadn et~y (r) = £(1) 7

(1.113) V() =eUTDAF(1), a<t<b.
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H onpooio g avrkatdotoong (1.112) cvvictatar akppdc 6o yeyovoc 6t odnyel oty
oA oA Srapopikn e&icwon ([1.113)) yio ) v, mov propei vo emdvbei amhovotata pe oho-
KAMgpmoT, 0pod 1 v dev epgaviletar oo de&1d péhoc. Mpdypatt, Oempdvrag ™y (1.113), pe
s ot Béom tov ¢, OAOKANP®OVOVTAG 6TO dtdoTnua [a, t], pea <t < b, KoL YPNCILOTOIDOVTOG
mv apyue cuvdnikn v(a) = y(©, Aappéavovue

t
(1.114) v(t) = y© +/ e A f(s)ds, a<t<h.

Ot ([L.112) xon ([1.114)) Sivovy apéomg Tv em@opunt mapdotoon ((L.110).
To pévo petovéxtnuo g mapdotacnc ([1.108) g AMong tov TpoPARpIaTog apytkdv Ti-
uév ([1.107) y10. To OHOYEVES YPOUMIKO GOOTNIA S1apoptkdV EEIGOGENMY HE 6TadEPOVS GV-

VIEAEOTEC elvat OTL dev givan Wiaitepo edypNOTN, APOD 0 VTOAOYIGHOS Tov Tivaka el ~4)4
amottel ToV VTOAOYIGUO TV SVVAUE®Y TOV Tivaka A.

®ao TpooTadCOVLLE, GTN CLVEXELD, VO ATAOVGTEVGOVE ALYO LTIV TV TOPACTOCN " TE-
p1ecdtepa B SOVUE GTNV EMOUEVT] LTOEVOTNTO. ZVYKEKPIUEVA, O dOVE e TTOLOV TPOTO
OMAOTOLEITON 0 VTOAOYIGHOG ite Tov mivaka e? (1), 16odvvaya, Tov mivaka e ~4)4) gite Tov
ywvopévoy e v, yio dedopévo Sdvuopa v, oe pKkpoTePo 1 peyardtepo Badud. Befaime, Ho
YPELLGTOVV KATOLEG TANPOPOpiES Yio ToV Ttivaka A, Tov oyetilovtol LE TIG WO10TIHEG KOl TOL
1010010VOGOTA TOV, Y10 VOL TO EMLTUYOVUE OVTO.

Oupilovpe mpdTa OTL adyefpirn mollamAdTnro, oG WOTIUAG A evog ivaka A Koleitaimn
TOAAATAOTNTA TOV A ®C Pileg TOL YAPAKTNPLETIKOV TOAVOVOHOVL p, p(A) := det(A — A1),
tov mivoka A. I'ewuetpixn moilarAonra ™G WO0TUNG A Kodgiton To péyloto TAN00G YpopL-
KA aveldptnTov avtiotorywv 1odtavucudtoy. H yeopetpikn morlomlotnta dev vepPai-
VEL TOTE TNV OAYEPPIKN TOAAATAOTNTOL.

124 nepintoon: O A sivon daywviomonaiog nivakag.

Ba acyoAnbolpe TPMOTO e Hid EOIKT VTOTEPINTOOT: GLYKEKPLUEVA Bo vIToBEcovLE OTL
0 A gtvan draydviog wivaxag.

YrevOopilovpe 0Tt évag TeTpay®viKOg mivakag A AEyeTal Slory®dVIog, av T 1N dlydvia
otoeia Tov a;;,1 # j, elvon Oho umdév. Ag ovpporicovpe t0te T Sraymdvio oTolyEla a;;
0V A pe A; xou oG tov ypayoope ot popen A = diag(Ay, ..., A,). (Enuewore, Tavtog,
OTL G€ [0 TETOLOL TEPITTMON OEV EYOVIE OVGIUCTIKA VoL KAVOLLLE LLE £V GOOTI LA SLULPOPTIKAOV
eiomoenv oto Tpopinua ([1.107) oAlé pe n omocvvdedepévec S10popikés eE16HGELS, apoD
70 gV AOy® oot Stoomdtol oe eEIGMOELS TG HopeNG Vi (1) = A;y;(t), o omoieg emhv-
ovtal Tohd evkoha.) Tote, 6nog Prémovpe apéong, wyder A¢ = diag(Af, ... ,)Lf;), Yo KaOe

£ € Ny, ondte omd tov opiopd ([L.103) mpordntel apéowng n oxéon

(1.115) e = diag (e*, ..., eM).
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Ty ev Aoy mepintwon N napéotoon (1.108) g Avong y (1) Tov mpoPfMjpatog apyikdv
Tipdv ([1.107) Aappdver v ankodotatn popen

e/ll(t—a)yg))
Ao (t—a) ., (0)
(1.116) yioy=1°" " | as=i<»p
ehn(t—a) y ’(10)
OToL (0) (0 (0) , , , (0)
Y1 2 V3 reeerYn  OLOOVIOT®OOEG TNG aPYKAG TnG V.

[Ipoywpovpe TP GTN YEVIKOTEPT TEPIMTMOOT) TOL O TETPAYMVIKOG Tivakag A givat dto-
YOVIOTOMo1HoG. Ag Bempnoovpie kat’ apydg 600 OLOIOVG TETPAYMVIKOVG TTivakeg A kol B,
ONA0OTN TETO0VG MOTE VO LITAPYEL AVTIOTPEYILOGS (LYOOTKOC, YEVIKE) TTivakag S TETO0C DOTE
A = S7'BS (ondte, mpopavac, kat SAS™! = B), kot a¢ SoVLE TOWL GYEGT VIAPYEL JLE-
10 Tov mvikov e ka e?. Tipogavae, A2 = (ST'BS)(S™'BS) = S™!B%S a1, yevikd,
At = ST'BYS, yua kébe £ € Ny. Emopévac, odppava pe tov optopd (1.103), éxovpe

> At K STIBES Iy L
YTl s ()

£=0 £=0 £=0

onradn
(1.117) el = S57teBs.

YrevOupilovpe tdpa 0T Evog TETPAYOVIKOS Tivakag A AEyeTal S10yMVIOTOWGLUOG, OV
elvatl Opo1og pe évav dlaydvio mivako, dnAaodr| av vdpyet (Lyadtkoc, YEVIKA) dlory®dviog mi-
vakag A = diag(Aq, ..., A,) Kot avTiotpéyog (Lryadikds, yevika) mivakag S 1€Tolot dote
STIAS = A. Inuedote 611 N tElEvTOi0 oWTH GYéom YphpeTal ot popeny AS = SA,
a0 TNV OTOi0, GLUTEPAIVOLLLE AUECMG OTL T dtoydVio atoryeio Tov A glvat ot 110TIHES TOV
mivaka A Kot ot 6THAEG Tov Tivaka S avtictolya Wiodavocpata. [daitepa, Evagn X n miva-
KaG A elval S0y ®VIOTOU GG, OV KO LOVO OV EYEL M YPOLLKA 0veEEAPTNTO 1010010VOGLLOLTOL.
A1 1oy0el axkpPdg TOTE, av N AAYERPIK KO 1] YEOUETPIKT TOAALOTAOTNTO KAOE 1010TIUNG
0V A ovunintovv. (Ikoavn, oA oyt avaykaio, cuvONKN Yo va givat 0 A 1 y®VIOTOMGLOG,
etvar va €xet dtopopeticég avd dvo wiotipés. Ta avtiotolya n dodavicuata gival TOTe,
OTMG JOMGTAOVEL KAVEIG EDKOAN, YPOUUIKA OVEEAPTNTA.) ZNUEIDCTE OKOUO OTL O EAEYYOC
Katd mocov €vag mivakag A givol 1 y®VIOTOMGILOS Kot O TPOGIOPIGUOS TOV TIVAK®V A
Kol S 0ev elval EDKOAOG, EIOIKA Y10 LEYAAO 71, 0OV OTonTEL TAPT EXTIAVOT TOV TPOPANLOTOG
WOTIHOV Yo Tov A. Yhpyovv mhvimg katnyopieg mvaK®mv, OTmS 0l GUUUETPIKOL, OV givat
YVOOTO OTL €lval S10YWVIOTOMGIUOL.
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Ye qutiv TV Tepintoon, copeava pe tic (1.115) kou (1.117), éxovpe
(1.118) e? = S diag (e,...,eM) S
"Etot, n mapdotoon (L.10§) e Avong y (¢ ) Tov mpopiipatog apyikédv tipdv (L. 107) AopBdvet
™ Hopen
(1.119) y(t) = S diag (eh(’_“), .. .,eA”(’_“))S_ly(O), a<t<bh.

YNUEUDOTE, TAVIMOGC, OTL KOl OTNV TEPITTMOT S10y®VIOTO GOV Tivaka A To cOGTHUO
Sropopikdv e&lodoemv oto mpdfanua ([1.107) Sracmdron, Hotepa omd KotdAnho peTacyn-
LOTIoUO, GE TPOPANUATO APYIKAOV TYLMV Y10 71 ATOCLVOESEUEVES DUPOPIKES EELGMGELS, TOV
emADOVTOL TOAD EVKOA Kot 081 y0OV méh oty mopdotaon (L.119). ITpaypatt, ypnoyLonotd-
vtac m oyéon STLAS = A, pmopodue vo YpAYOuHE TO GUGTNIN SLUPOPIKDOV EEIGOGEDY

(L.107) o popen
Y(t)=Ay(t) <= y'(t) =SASTy(1) <= STy'(t) = ASTy(1),
omote, pe z(t) := S~y (1), z/(t) = Az(t). Ocov apopd Vv apyiky cuvOnKn, xovue
z(a) = S y(a) = STy = O,
"Etot, to apykd mpopinpa (1.107) ypaoetor 1codvvapa ot popen

Z'(t) = Az(t), a<t<bh,

1.120
( : z(a) =z,

To cvomua avtd SacTATAL GE 1 SLPOPIKES EEICMOELS TG MOPPNG Z; (1) = A;zi(t), pe

avtiotoyes apykés TWés z;(a) = Zl-(o), Tov AvvovTon amhovotata, z; (1) = et _a)Zi(O) =
1,...,n, ondte &ovue
(1.121) z(t) = diag (M), ... M) 00 g <t <b.

Avtikafictdvtog og avt ) oyéon ™ z (1) ue Sy (1) xarto 2 pe STHy@ odnyodpacte
mé oty (L.119). O
24 nepintowon: I'evikn, o A dev givor KoT™ avdykn 510y ®VIOTOWGLOG,.

Q¢ mpoepyacia o T YEVIKT TEPIMTOGT, 0G EXIKEVIPOCOVLLE TPATA TV TPOGOYN LOG GE
000 E01KEC VTTOTEPMTMOCELG.

Ag vmoBécovpe kat’ apydg 0t o A glvar undevoddvouog mivokag.

YrevOopiloope 6t évag teTpaymvikdg mivakag A AEyetatr UndevodHVALOG, oV VITAPYEL
QLGOS aplOnog m tétolog dote o mivakag A™ va givor unodevikog, A™ = 0. BePaiwg, ot



46 1. Z.A.E. e1dtkng popenig

otV ™V mepintoon oydet kot AL = 0,y kdbe uowd apdud £ > m, agov AL =
A A = A0 = 0. O pkpdTepog PLGIKOS aptdpdg M1, Yol Tov omoio woydel A™ =
0, Aéyeton fabuog tov pundevodvvapov mivako A. Avagépovpe, yopic anddeiln, ott vag
TETPAYOVIKOG TTivakag A givor undevodhlvapog, av kot Hovo av to undév eivatl n HOVaOIKY|
wotiun tov. Emiong, o Babudc m evog n x n undevodvvopov mivaka A givor 1o moAd n,
BL. v Acknon [L.18. Zmv nepintoon mov o 4 sivar undevodvvapog mivakag Bodpod m,
(.103) rapBéver ™ popen

(1.122) ed = Z /2—

xou 1 mopdotacn (L.108) g Adong v (1) tov mpoPAiuatog apyikdv Tipdv (1.107) axiov-
OTEVETAL GE

A0 4

A
A
>

(1.123) y(1) =

31 debTepT vromepinTmaon, vrobETovpe 6TL 0 Tivakag A givar g popeng A = Al + M,
pe évov undevoduvapo mivako M Badupov m.
A6 tov optopd ([1.109) énetan apéong dter” = eI, e I, Tov povadiaio n xn wivako.

YVVETMG, AoV o I, avtetotifetan e omoovonmTote n X n mivaka M, égovpe

A _ eAI,,-&—M — e)LI,,eM — eAIneM A M

e =ete™,

omdte, cvppava e Ty ([1.122),

(1.124) mz J‘Z_

=0

Enopévac, n mapdotoaon ((L.108) g Mong y(¢) tov mpofinuatog apyikdv tiudv (1.107)
YpapeTaL 6TN HOpON

m1
yO, a<t<b.

b

(1.125) =)

£=0

Ag oTPaPOVE TOPA GTY YEVIKN TEPITTOON (TOL TTEPIAAUPAVEL Kot TNV TTEPITTMOT Sy ®-
VIOTOW SOV TVAK®OV). Oa ¥pNGLoTo|covue évo anotédespa amd ™ Ipappkn AlyeBpa,
™ Aeyopevn kavovikn popen Jordan evog n x n mivaxa A: O A glvar 6potog pe évav katd
umhok dydvio wivaxa J = diag(Jo, J1, ..., Ji), ne Jo évav dtoaydvio mivake Kot Tivokes
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J¢ g popeng

Ae 1 00 0 O
0 A 1 0 0 0
(1.126) Je=1|+ o oot e, 4=1,...,k,
0O 0 00 -~ Ay 1
0O 0 00 -~ 0 Ag

ONAaon, vdpyet Evag (UIYadtKog YeEVIKA) n X n wivokag S T€T0106 MoTE
(1.127) A=S"1JS.

(BePaimg, o mivakag A elval day®viomomoog, ov Kot povo av J = Jy, OnAadn av Kot
pévo av dev gpeavitovror orwivaxeg Jy, . . ., Jx.) Hopgpummntdévroc, n kavovikn popen Jordan
evog mivoka TePEXeL OAEG TIC TANPOPOPIEG GYETIKA LE TIG WOLOTIUEG TOV, TNV OAYEPPIKN Kot
YEOUETPIKN TOALUTAOTNTA TOVG, KOl OVTIOTOYO YPOUUKA oveEGPTNTO 1010010vOGHOTL: BA.
TIC AGKNGELS Kol Yol AETTOUEPELES. ZNUEIDOTE OTL Ol Tivakeg Jy ivat Tng Hopeng
Jo = Aedy, + My, pe M, € R*™ gvav ntivaka pe povades otig B€oeig g vepdioywviov
Kot UNOEVIKA o€ OLEG TIG AALEG BEoEL,

0 0 00

0 00
(1.128) M,, = Do

0 0 0

0 0 00

O nivaxag M, Ayetan wivaxag uetardmong yoti, Onmg SlomoTAOVEL KAVELG AUESMS, EXEL TNV

eENg woTTa
X1 X2
X X3
(1.129) M,, : =1 : |
Xnp—1 Xng
Xn, 0

ONAadn, epapprolopevog oe Eva SIAVLGLLOL X LETATOTILEL TIC CLVIGTAOGCES TOL KOTA Lo B¢om
. , , . . , ne o
TPOG TOL EMAVO, SLUTANPGOVOVTAG TV Tedevtaio pe undév. [dwiitepa, wyver M,'ix = 0,
Yo kabe divoopa x € C*, omdte Myt = 0. Zopnepaivovpe 6Tt 0 mivokog Hetatdmong
M, elvon pmdevodvvapog, adpov n,. BeBaing, oto 1610 cupnépacpo odnyeitar Koveig kot
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oynpatilovrog Tig SuVApELS M,fZ Tov M,,:

(0 0 0 0) (000 0 0 1)
0001 .- 00 0000 - 00
M2 — SR 55’__.,Mne—1: RN ES,M”@*:O.
" 0000 --- 0 e 0000 -- 00| ™
0000 - 00 0000 - 00
\0000-00) \0000 0 0

AwokdémTovpe Yo AMyo T pon| TG ou{NTNoNG Kot TopadETOVLE Lo TOPOTHPNON:

Hapotipnon 1.2 (ZxeTikd pe 1o yeyovog 6T o nivakag M,, eivar undevoduvapog.) Be-
Baiwg, apod o mivaxag M,, eivor yvica dve TpryovIKOg, £Yet G HOVN 0TI TO UNdév.
I'vopilovpe, Aoumov, 6T eivar kot undevodHVaU0G. ADOCOLE E0M TNV ATOSEIEN OLTHE TNG 1010-
mtog tov My, yuoti vt amotelel, OLGLAGTIKE, KOt TNV AmOSEEN TOL OTL, YEVIKE, UNOEVOSV-
Voot eiva ot Tivokeg pe povn Wotipn to undév. BA. v Acknon [[.19. Avagépove axdpa
ot N odyeBpikn moAramAdtnTa TG WoTng A = 0 tov M, gival, Tpopovag, n peyodldtepn
dvvatn, SNAAON 7y, EVO 1] YEOUETPIKT TNG TOAAONTAOTNTA 1 LUKPOTEPT dvVOTH], ONANON EVal.
B\. v Acknon [[.13. O

"Yotepa amd autr| T HKpY| 010K07mn, oG cvuveyicovpe Topa ) cvlntnon poc. Onwg otnv
nepinTon SlydVIOV TVAK®V, EXOVLE Kot Yo ToV Katd prhok dtaydvio ivaxka J = diag(Jy,
Ji, ..., Jk) 61

JE=diag(JE I T, L eN,,

GLVENHG, SVpPMVA pe Tig (L.127) kou (L.117),
(1.130) e? = S diag (e”0,e”1, ..., e’)S.

Thpa, 6mog idape Tponyovpévad, ot tivakee e’0, BA. v (L.113), kowe’i,i =1,... k,
BA. v ([L.124)), vroroyilovtot evkora. Etot, n ([L.130) pog emtpénet vo yplyovpe Ty mo-
paotacn ([L.108) g Mong y(¢) tov mpopMjpatog apyikdv tiumv (1.107) otn popen

(1.131) y(t)=B(t)yY, a<t<b,

ue évav mivaka B(t) € C*", a <t < b, pe otoryeia b;; (1) g popeng

(1.132) bi(t) =Y pil(er, a<t<b,
=1
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o6mov Ay ot tov A Ko péi’j )(t) éva ToAV®VLHO, Babpov To ToAD 16OV e TN O10popa

™G AAYEPPIKNAG LEIOV TN YEOUETPIKN TOAAATAOTITA TNG Ay. O

B0 OAOKANPDOGOVUE CLTNV TNV VITOEVOTNTO HE MY OYOALN GYETIKA LLE TOV VTOAOYIGUO
10V Yvopévov edv (M, 16odvvaua, Tov yvopévov e ~4p) yia Sedopévo Stédvuopa v, Kot oyt

A

ToV {510V TOL Tivaka €7, G€ OVTIOOGTOAN LE QLT TTOV [OG amacyOANcav Tponyovpévec. To

kivnpo etvon BéBona n mopdotacn ([L.108) Tng Mong y (1) Tov TpoPARHATOG ApYIKOV TIUDY
(1.107), omv omoia pog evdiopépet to yvopevo el =44
¢4 BeBaing, 10 TOGO OMAOTO0VVTOL TO TPAYLOTO EEUPTATOL OO TO diévusua v, N,

O kou dyt kaBowtdC 0 TIVOKOC

av mpotipdre, amd to ddvuopa 0. Inpaviikd poro Ba moifer n mapdotacn Tov ¥ wg
YPARUKOH GVVSLAGHOD KatdAAnAmv Stavoopdtav v, ... v&),
[Na omowadnmote £, A € R, €yovpe

t—a)A __

o _ M=) g(1—a)(A=1,)

A(t—a)

—c (1=a)(A=Aly) _ Mi-a)gt—a)(A=ALy)

I,.e

0mOTE, Y10, 0omotodNToTE dtdvuopo v € C”,
(t—a)A Alt—a) (t—a)t ¢
(1.133) e v=e [v+(t—a)(A—AL)v+--+ 7 (A= ALy)v+---].
Ac vobéoovpe, Tdpa, OTL T0 A givor 30T Tov Tivaka A. Av 10 v gival avticTolyo
1310dtévoopa, tote (A — A, )v = 0 xaun (L.133) Aappaver v andodototn popen

(1.134) ey = Ai—a)y,

XV mepintmon mov o mivakog A gival day®viomomaoog (dnAadn otav 1 aAyefpikn Kot
N YEOUETPIKN TOAAATAOTNTO KAOE WOIOTIUNG TOV GLUTITTOVV) VIAPYOVY 1 YPOLULIKE OVE-
Eapnra 1810810vHopatd Tov, omdte 1 apykh T ¥ yphpetor o¢ ypoppkodg cuvevacpog
10100100V UATOV.

2NV TEPIMTOOT TTOV 1) YEOUETPIKT TOAAATAOTITO KATOLOG 1O10TUNG TOL A lvan pukpo-
TEPN NG OAYEPPIKNG TOALOTAOTNTOG Ta Wtodtavispata dev mapdyovv tov C* kot yperale-
TOL VoL CUUTANP®OOVV pe yevikevpéva 1d1odtavocpata. Eotm 1 n akyeBpikn moAlomAdtnto
pog 1Tung A tov A. 'Eva pun undeviko dtdvoopo v € C* Aéyetan yevikevuévo 101001avooua.
00 A ®G TPog TNV 1B310TIUN A, av givar té€toto dote (A — Al,) v = 0. Tote Ba wydEL ko

(A —AL)*+ = 0, yia omoodnmots £ € Ny, agov
(A= AL = (4= AL)Y(A — AL v = (A= AL,)'0 = 0.

Emopévac, kot g authv v nepintwon, N (L.133) amlomoteiton kdmog kot ypdeetar 61
Hopei
(t —a)*!

(1.135) =04y = =9y 4 (t —a) (A= AL)v + - +
[0+ (6~ a)(A— AL e

(A= AL)"* Mo
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Etvol yvooto and ) pappikny AAyefpa 0Tt vTdpyovv 1060 YPOUUIKA ovEEAPTNTA YEVL-
KELUEVA 1010010VOG AT OC TTPOG TV O10TIUN A, 001 KoL 1) AAYEPRPIKT TOAAATAOTNTA TNG Ko
OTL YEVIKELUEVO 1010010VOGHLOTA (O TTPOG OLOPOPETIKES 1O10TIUEG TOL A givorl Ypopkd ave-
EGptnra. Andadn, kabe n X n mivakag A €xel n YpOUUKE aveEApTNTA YEVIKELUEVO 1010010
viopata: cuvendg kade apyuch T ¥ ypdeeton o¢ Ypapko GuVELAGHOC YEVIKEVHEVMY
1010010VVG LATOV TOV A.

SOpeova pe ta mponyovueva, av o A £xel k avd d00 SoPOPETIKES IOIOTIUES A1, . .., Ak
HE aAyePPIKég Kal YEOUETPIKEG TOANATAOTNTEG (1, - - . , bk KOL V1, ..., Vg, OVTIOTOU(O, TOTE

n apychy T ¥ yphoeton katd povadikd Tpomo 6T HopeN
(1.136) y© =M p g k)

pe k6Be v vo givar YpapLIKOS GUVSVAGHOC YEVIKEVIEVOV 11081VOGHATMY ToV A (¢ TPOG
mv Wty A, =1,..., k.

Tuvdvaovrag tig ([1.136), (1.135) xon ([L.108) kotaryovpe otnv oxdAovdn mapdctoon
g Mong y(t) tov mpoPfMjpatog apyikdv tumv ((1.107)
Wk— 1

(1.137) y(t Ze(t“ :Z f“>2 A ALY, a<1<b.
(=1

ToviCoupe kot AL, OTL Y100 VO EPAPLOGTOVY T TPOTNYOVUEVE, GTNV TTPAEN amotteiton
YVOON TOV O10TIUAV, O10010VUGUATOV, YEVIKEDUEVOV 1O10010VOGUATOV 1| TNG KOVOVIKNG
popoeng Jordan tov mivoko A.

1.7.3 Opoyev YpOpMIKA GUGTIHOTO

H mapovca evotnta, kabmg Ko 1 enOuev, eivar, 6€ TOAD peydio Boabud aveEaptntn g
TPONYOOUEVNC, OTOTE AVOUYKAGTIKG DITAPYOLV KATTOLES EMKAAOYELS. 'Eva ouoyevés ypoappuxo
oLOTNUO [E OTAOEPOVG GUVTEAEGTES, 11 OLOLPOPIKMOV EEICMOCEMV TPMTNG TAENG LUE 1 AYVO-
OTOVG, UTOPEL Vo Ypapel TN HOpOn

(1.138) y'(t) = Ay(t),
OOV Y U0, SLOVUGLOTIKT GLVAPTNON LE 11 CUVICTMOESG Kl A £VOG 71 X 1 TPOYLOTIKOG TTIVOKOG

yl(l) ail dio AT

(1.139) i) = yz@ A | a2 am

a(t) dn1 Apo ... dpn
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Onwg yvopilovpe amd To TpdTo kepdrato oto [[1], yio omoedymote £y € R kar y(@ € R”,
T0 TPOPAN LA OPYIKDV TYLDV, TOL ATOTEAEITOL OO TO YPOLUKO GUGTNLLO SAPOPIKADV EEIGMD-
oeav ([L.138) ko v apyuch covBikn y (1) = (), éxet axpipodg pio Mo, mov opiletar og
O TV Tpaypatiky gvbeia.

Etvar mold gdkoro va Somotdoet kaveig ot av v (1) xar y 3 (1) eivor Moeig g
([L.138) ko A sivon o mpaypatiky otadepd, tote karn svvapmon Ay (1) + y@ (1) (3, av
mpotipdre, ot cuvoptioels ¥V (1) + y 3 (¢) kou Ay ™M (1)) amotekei emiong Avon g ([L.138).
Me @iho Aoy, to ovvoro Avcewv ™ ([1.138) eivon évag ypoppkdg ydpog V. Oo omodei-
Eovpe Tdpa 6t N ddotaon tov V ogivonn, dim V = n.

Ozdpnpa 1.1 (AlaoTaon Tou xopou Alcswv Tng ([1.138).) H didotacy tov yipov Adoewv
V tov ovotiuarog diapopikav eciowoewy (1.138) eivor n, dim V = n.

Anodeiln. Oa mpocdiopicovpe o Baon tov V pe n otoyeio. Mo i € {1,...,n}, copPoii-
Covpe pe @@ T Aon TV TPOPANLATOS APYIKOV TIUOV

y'(t) = Ay(t), teR,

(1.140) .
y(0) =e®,
pe {e(l), e e(”)} ™V Kavovikn Baon tov R”, e}i) = 6.0, ) =1,....n.
[oapatnpodpe kot apyds ot ot Stavuopaticés suvaptioes ¢, . . ., o™ eivor ypappucd

ave&dptnres. [pdypartt, av
cl(p(]') _|_ “ee + cngo(n) —= O’

HE TPAYUATIKEG OTAOEPEG €1, - - -, Cpy, TOTE B 1OYVEL, E10IKOTEPOQL,
1M (0) + -+ + crp™(0) = 0,

1, 16odvvapa,
C]_e(l) _|_ coe _|_ Cne(n) e O’

0mOTE, TPOPAVAOS, AOY® TS YpapLkig ave&apmoiog tove ), ... e™ Baéyovpec; = -+ =
c, = 0.

"Eoto tdpa y e toxovea Avon e ([1.138). Oa amodeifovpe 6tim y ypheeton o ypap-
koG ovvdvaopoc v o) L. o kat kot avtdv Tov TpdTo B ohokANpmBE 1) omdSeEn.
‘Ect®, Moo, ¢y, . . ., ¢y 01 GVVIOTOGEG TOV dtavdopatog y (0). Opilovpe toTe T cLvapToN

z,

(1.141) 2= 10 4 4 cap™,
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Kot Topatnpodue 6Tt M z amotelel ap’ evog Mon e ([1.138) kot ag’ etépov tkavomolsl v
APy cLVONKN

2(0) = c1pM(0) + -+ + €™ (0) = cre® + - + ™ = y(0),

omOTE, AOY® TNG HOVASIKOTNTOS TNG AVONG TOL TPOPANUATOS APYIK®OV TIUDV, CUUTITTEL IE

™V y. Soumepaivovyle, £To1, OTL KoL Y eivot ypoppkoc cuvdvacpoc tov ¢, .. o™ BA.
v ([L.141]), yeyovdg mov oAOKANpOVEL TNV OTAOEIEN). O

Q0 TPOGTAONGOVLE TOPO. VO TPOGIIOPIGOVLE 11 Ypapptkd oveEaptnTec Moelg g (L. 138)-
KkdBe Avon g Ba dlveton TOTE O YPAUUKOS GLVIVACUOG VTOV TV Avcewv. ['vopilovtag

611 o1 Mogig g Pobuwtg e&iowong y' (1) = ay(t) givor g popoeng y(t) = ce?, ue -
X000 TPAYUATIKY oTafepd ¢, eaiveror Aoykd va SOKIUAGOVUE VA TPOGIOPIGOVLE TOOVEG

Moeig g (L.138) g popeng
(1.142) (1) =e*v,

v KatdAAnAn otabepd A kot KatdAAnio (un undevikod) ddvoopa v € R”. T'o té€T01€G GL-
VOPTNGELG £XOVUE
y'(t) = e,

ondte, avikodiotdvtog oty ([1.138), 0dnyovpacte ot oyéon
Aery = eM Ap,

onradn

(1.143) Av = Av.

Toumepaivovpe, Aowmdv, Ot o (un undevikn) cvvépmon y g popeng (1.142) omotehet
Mon e ([1.138), av kot pévo av to A givan idrotius tov mivaka A Kot 1o v ovTicToo 1d10-
o16voopo.

BOewpoVE TOPU TO YAPOKTHPIOTIKO TOADWVOUO P TOL TivoKa A,
p(A) =det(A — Al,).

H evkolotepn mepintmon, yio to TpoPANUd pog, eivat 0tav ot 180TIES A, . .., A, givan
OAEC TPAYLOTIKES Kot ové dVo StopopeTiké petaly tovg. ‘Eotm v, ..., v™ avrictoya
wodvvopata. Tote, Onwg eivatl yvootd amd ) [pappkn AlyeBpa, oAld Kot E0KOAO va
amodetyBet, ta Stoviopata v, ... v givon ypappd aveEdaptnra. Idwitepa, Kat ot WGELS

(1.144) D)y =erv i=1,....n, teR,
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e ([1.138) eivar ypopLpicd aveEdpTnTe, Kot GUVETAOG amoTELOVY PAcT TOL YHPOL AVGewV V
¢ (L.138). Emopévac, n yevucr Aon y g ([1.138) dtvetar wg

pe awBaipeteg mpaypatikés otabepés ey, . . ., Cp.

BAéne to [Mapaderypa oty evotnra [1.7.1].

Ba e£eTACOVE TOPA TNV TEPITTMOON TOL O WOIOTIUEG A1, . . . , A, TOV TivaKo A ivorl pev
Kol TAAL avéL dV0 S1POPETIKEG LETOED TOVG, OAAG KATOLEG Ol QTEC EVOEYXETAL VO, Elval Ui~
YOOIKEC.

‘Eotw, howmdv, A = a + ib o pryadtkny oty ov A kot v = u + iw avticTtolyo
od1voopa. (Tote, PePaing, katn cviuynic A ivar 180T Tov A Kot ¥ = u—iw avticToryo
101001aVVo O ) APECMG OLOMIGTAOVOLLE OTL 1] UIYASIKT] GLVAPTNON

(1.146) y(t) = @0 (y 4 jw)

omotekei (UM teTpypévn) Aon ™e (1.138) (BA. xar tig (1.142) won ([1.143). Maipvovrag
TPOYHOTIKG Kot QOvTaoTIKG pépn otn oxéon y' (1) = Ay(t), prénovpe apéowg 61t 1660 T0

TPAYHATIKO OGO KOl TO QOVTOOTIKG PEPOG TG Y etvon emiong Moeig g ([L.138). Topa, T0
TPOYLOTIKO KOL TO PAVTIOGTIKO LEPOG TNG ¥ TPocdtopilovtal EDKOAN, ApOv

y(t) = e[ cos(bt) + isin(br)](u + iw)
= e‘”[[cos(bt)u — sin(bt)w] + i sin(bt )u + cos(bt)w]].

Toumepaivovpe, Aowrdv, 61t ot suvaptioetg Y ko y @),
(1.147)  yW (1) = e[ cos(bt)u —sin(bt)w], y@(t) = e[ sin(bt)u + cos(bt)w],

amotehotv Avoelg g ([1.138). (Enpeidote, Tapepumatoviad, 6Tt kot 1 oty A oTig idieg
AOGELC 0N YEL, OV YPNOLUOTOCOVUE OC OVTIGTOLYO 1O1001VUGHA TO U = U — 1W.)

Eniong, Aappavovtag v’ 0wy 1o yeyovog 6tLot 6pot g popeng e’ cos(bt) kare?! sin(bt)
dev gppaviloviatl og AMGELG TOL AVTIGTOLYOVV G€ GALEG AMAES O10TIUES TOV Tivako A, dlomt-
GTAOVOLLE OTL OAEG 01 AOGELS TTOL TPOKVTTOLV KOT™ AVTOV TOV TPOTO, Lo Yo kOO TPy LoTIKY
010U Ko 300 Y1 KaBe (evyog ouluy®mv PdayIK®V 1010TILAV, EIVOL YPAUUIKA aveEapTNTES.

AVOKEQUANLDOVOVTOG, GTNV TEPITTMSN OV 0 TivaKag A £xeln AmAEC IOIOTIUEG Ay, . . ., Ay,
elte Ohec mPayHATIKEG €iTe Ko KATOLES IYOOIKES, e TV avOTEP® dadikacio Tpocdiopi-
Covpe 11 YPaUUIKE aveEGPTNTEC ADGELC TOV GVOTANATOS dtapopikdv eéicdoemv ([1.138), on-
Aadn pia facn Tov xdpov Avcemv tov V, ondte, Pefaimg, Kat Tn yeEVIKY] TOL AVoT).



54 1. Z.A.E. e1dtkng popenig

Moapaderypa 1.13 Oéhovpe va Tpocdlopicove T AVGT TOV TPOPANLLOTOG APYIKDV TIUMV

V(0 = Av(r), teR, N NP
(1.148) 0 ped:=10 1 —1| kuy®:=1]1
y(0) =y, 01 1 1

To xopaKTNPIETIKO TOAVMOVLHO p TOV Tivaka A etvol
p(A) =1 =2)[(1=21)*+1],

omdte oL WOTWES Tov A glvar A = 1,453 = 1 £ i. Ot Wotyég givar, dnhadn, 6viwg avd
00 SPOPETIKEG LETOED TOVG, pio efvat TporypoTikn Kot ot GAAEG dVO pryadtkés, cvluyeic
HETOED TOVG,.

Oa Tpocdlopicove, TP, AVTIGTOLO WO0SLVIGHLOTAL.
a) Ay = 1: Znrodue &va un tetpippévo didvoopo v € R3 této10 dote (4 — A 13)v = 01
(A—1I3)v=0n

00 O0\/fvn
00 =1]jv2]=0,
01 0 VU3

oradn vy = vz = 0 kot v; awBaipeTog, un UNdevikds TparyUaTikog apdpnog. Emiéyoviag wg
v, T povéda, vy = 1, odnyovuacte, copgmvo pe v ([1.142), otn Avon

1
(1.149) eWit)y=¢l0|, teR,
0

™ Stapopikig e&icmang oto ([1.148).
B) Aoz = 1 £ i: Oa gpyacBodue pe v W0TWA A2 = 1+ i, ot A3 = 1 —1 = Ao
odnyel ot1g id1eg Moeic ¢ Stapopiknc eticoonc oto ([1.148).

Znrtovpe éva pn teTpupévo dtvuopo v € C? této10 dote (A — Ao l3)v = 07 (A — (14
i)I5)v =01

—1 0 0 U1
0 —1 =1||ve| =0,
0 1 —i U3

oniaodn v; = 0 ko vy = iv3. EmAéyovtag vs := 1, £ovpe vy = 1, Kot 00N YOOUOGTE GTN UN
TETPYUEVT] LYadTKT| Ao

0
(1.150) y()=eMi], teR,

1
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e Srapopikng eElcmonc 6to ([1.148). Ao ot T pryadikn Adon mpokvmtovy dHo Tporypo-
Tcég Moelg e Srapopikng e&icmong oto ([1.148), av Tépovpe TO TPAYUATIKS KOl TO QUVTO-
6TIKO ™G HEPOS. 'Exovpe

0 0
y(t) = | :et(cost+isint)|: 0l +i|1 i|
1 1 0
0 0 0 0
:et|:cost 0] —sinz |1 i|+ie’[sint 0| +cost|1 :|,
1 0 1 0
oniadn
0 0
y(t) =¢€' | —sint | +ie’ | cost
cost sint
‘Eto1, odnyodpaocte otig Aboelg
0 0
(1.151) eP(t)=¢"|—sint | wm ¢o®@)=¢"|cost|. eR,
cos? sint

¢ Srapopiknig eéicoong oto ([1.148)- PA. v ([1.147).
An6 ¢ ([1.149) ko ([1.151]) mpokdmtet 6t yevikn Aoon y (1) TOV GLOTNUATOG FLUPOPIKOV
g&ionosnv ([1.148) stvon

1 0 0
(1.152) y()=cie' | 0| +coe’ | —sint | +cse’ | cost |, t€R,
0 cost sin ¢

pe avbaipeteg mpaypatikég otabepés ¢, co Kot C3.

Amopéver topa va emAEEOVE TIG 6TABEPES €1, €2 KO €3 KOTAAANAL OGTE VOL IKOVOTTOIEITOL
Ko apytchy suvOnkn oty ([1.148). Me ¢ = 0 omv ([1.152)), BAémovpe 6T 1 apyiky cuvoRKn
KOVOTTOLELTOL, OV KOl LOVO OV

1 0 0 1 1 1
1|0 +c]0]l+ces)1]=1]1 f] Ccy | = 1],
0 1 0 1 Co 1
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MAad ¢1 = ¢a = ¢35 = 1. Mg owtéc T1¢ Tég Tov mapapétpov, N (1.152) diver tn (ntodpevn
Aoon

1 0 0 1
(1.153) y(t)=¢ |0 +€ | —sint | +€e |cost | =€ |cost —sint |, reR. O
0 cost sint cost + sint
Méyprtdpo vobéTape OTLOLIOOTIUEG A1, . . . , A, TOV TiVOKO A TOV GUGTARATOG SLOPOPT-

kv eélodoenv ([1.138) sivon amhéc, eite HOVO TPAYUATIKEC EiTe KATOIEG OO OVTEG PIYOISUKEC.
o ohokAnphoovpe ) perém tov ([L.138) pe ™y mepintwon kamoteg amd Tig 1310TIHES TOV
A va gtvon rollarmAéc.

XV mepintwon mov o wivoakag A £xeln YPOUUIKA aveEApTNTO 10100100VOCUOTO, 01 AVCELG
TOV GUGTALATOG YPALIIKDY dtopopikdv e&todcenv ([1.138) mpocdiopiloviar pe Sadikacio
aKpPdg avTicToryn avTnS ToL aKolovdncape LEXPL TOPa. Xe KAOE 1010014vucpra Tov A avTi-
otoel pia Aon tov ([1.138) xor ot v Adym Aoelc eivon ypopipiké ave&apmntes, omdte M
yevik Aon tov ([1.138) eivar ypoppikdg suvdvacpoc avtdv tov Moeov. ‘Ectm, topa, 0Tt
0 A &gl k ypappukd aveEaptnta wodavocpata, pe k < n. TOte T0 GVGTNUO YPOUUIKDV
eiomoeov ([.138) éxet uovo k ypoppukd ave&apnteg Moeig e popenic e v, pe v € C”.
To wpoPANpa TOpO givar va Tpocsdlopicovpe n — k AGELS, £T0L DOTE Ol TPOKVITOVGEG 1
Moegig va elval ypoppkd aveEdptntec.

[MopaBétovpe Tdpa, yopig amdoelln, éva amotérecua I'pappkng Alyefpag, Tov avoes-
PETOL 6TO TANOOG TV YPOUUIKA aveEAPTNTOV YEVIKEDUEV®V 1O10S1AVOGUAT®V U EVOS VKL
A ©¢ Tpog o 1010t A adyefpikng TOAAATAOTNTOG (U4, OSNAOON UN UNSEVIKOV ADGEDV TOV
ypappkov cvotipatog (A — AL, ) v = 0.

Ocopnuo 1.2 (MAARBOG ypapuikd aveEapTnTwV YeEVIKEUPEVWY 1IB1081aVUOPATwWV.) Eotw A+,
..., Ak 01 avd 000 drapopetikég HeTald Tovg 1010tes evog mivaka A € R™" | ue adyefpixéc
KOl YEWUETPIKEG TOINOTAOTHTEG A1, - . ., Pk (1 + ==+ + gk = 1) ka1 vy, ..., vk (v; < @),
avtiotorya. Tote, av v; < W;, 10 ypoguréd cvorqua (A — Ajl,)?v = 0 éyer tovidyiorov
Vi + 1 ypogqurd avelopnres Avoeis. evikotepa, av to ypopuiroé ovotnuo. (A — Aj1,)"v =
0,m < uj, germj (mj < vj) ypouuird avelaptnreg Aboeig, 10te 1o ypoyyuro ovotnuo (A —
A L)™ v = 0 éper rovddyuotov mj + 1 ypapyura avelopnreg Aboeig. Exouévag, vrapyovy
AKPIPOS Ui YPOUUIKG OVESOPTHTA PEVIKEDUEVA 101001OVDOUATO TOV A S TPOS THY 1010TIUN
Aj. Eri wléov, yevikevuévo 1010010vDouate G TPOg O10QOPETIKES 1OL0TIUES EIVOL YPOUUIKG
aveéaptnta, OmoTE, GOVOLIKG DIOPYOVY N YPOUULKC, QVECOPTHTO YEVIKEDUEVO, LOI0OI0VOGIUATO
700 A. O

ZOUQOVO PE TO AVOTEP®, 0ONYOVUACTE 0TV €E1G O1001IKAGIN Y10l TOV TPOGOIOPIGUO 1
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YPOUUIKE aveEdpTnTOV AVGE®V (dNAOT, OLGLOGTIKA, TNG YEVIKNG ADONG) TOL GUGTNLOTOG
Sropopikdv eéiodoenv ([1.138):

12 prpa: IIpocdiopilovpe OAeg TIC WOOTHESG TOL Tiivaka A. Av 0 A €xel n YPOLLIKA ove-
Eaptnal 110d1vdopaTa, TOTE T0 oot Stopopkdv eétodcenv ([1.138) éxet n ypappicd
ave&apTTES MGES TS Hopehg e v, 6mov A Wt Tov A Kat v avtioToyo 181081GvL-
opa. (Enpetdvovpe OTL, 6€ VTHY TNV Tepintoon, dGhot ot dpot g oetpds ot ([1.133) extoc
amd tov Tpdto undevitovral.) Emiong, oty mepintwon pryadikng OoTune, pmopel kaveig
va 001 yn0el og TpoypaTIKEG ADGELG TAIPVOVTOG TO TPOUYUATIKO KOl TO QAVTOCTIKO LEPOG TNG

e*v, avticTouyo.

22 fnua: ‘Eoto 6tio A éxetk, k < n, ypoppukd aveEaptnta diodavocpata. Tote, vrap-
YOOV OVO k YOk aveEaptnTeg MGELS TOV GLOTHRATOS Slapopkdv eéichosnv ([1.138)
™mg nopeng e*v. T kabe Wrotiun A Tov A, pe alyeBpuc ToAATAOTTO PEYOADTEPT TG
YEOUETPIKNG, (NTOVE VO TPOGHIOPICOVUE YEVIKEVUEVD 1O103IAVOGLOTO v, GE TPMTN PAoN
té1010 dote o’ evog (A — Al,)%v = 0 ko 0@’ etépov (A — Al,)v # 0. T k60e éT010
dtvoopa v, PA. o Oedpnua [1.2, ot suvapticerg

(1.154) v =eMv+1(A—AL)v]

OOTELOVY ADGELS TOL GVGTAUATOC Stapoptkdy eéiodcenv ([1.138). (Enusidote 611, 68 0VTHY
mv wepintoon, 6Aot ot dpot ¢ oetpdc otV ([1.133) ekt amd Tovg dHo mpdtovg undevito-
vToL.)

32 Brua: Av yuo kdmota 1010t A dev €yovpe akdpa Tpocdiopicet minboc Acewv ico pe
™V aAYEPPIKN TG TOALATAGTNTA, OTN O€VTEPT PAOT (NTOVUE YEVIKELUEVO 10100100V LLOTOL
tétow dote @’ evog (A — Al,)%v = 0 kot 0@’ etépov (A — A1,)%v # 0. INa kabe této10

diévuopa v, Pr. 10 Osdpnpa [1.2, ot cuvapticerg
Z2
(1.155) e’ :eA’[v%—t(A—)Lln)v—i—E(A—)LI,,)%]

OOTEAODY ADGELG TOV GLGTHLATOC S1aPopikdV eEichoemv ([1.138).

0 ., , . o , C A .
4= BMpa: Xvveyilovpe avaroyo Emg 6Tov TPocdlopicovpe To entBuunTd TAN00G 1 YPOUUIKE
aveapnTov AWoemv. Ao KAOe 1O10TIUN TPOKVLTTOVYV TOCEG AVGELS 00N ivan I aAyefpikn
NG TOAAATAOTNTAL.

BAéne to Hapaderypo otnv evotnto [L.7.1.

Mopdadsrypa 1.14 Oéhovpe va Tpocdiopicovpe T AVGT TOV TPOPANLUATOSG OPYLIKDY TIUDV

Y = Ay(e). 1eR 213 o |2
© peA:=10 2 -1 Kouy():: 2

(1.156)
y(0) =, 00 2 1
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To xapakTnPIoTIKO TOAVGVLHO p TOL Ttivaka A gtvar p, p(A) = (2—1)3, ondte n 1oty
A = 2100 A givon Tpurhn, dnAadn €xel akyePpikn moAlamiotnto tpia. (O wivakag ivat dve
TPLYOVIKOS Kot 01 1O10TIES TOV Eivar To dlaydvia aTotyEia Tov.)

ZnTovuE KAt apyis ovTioTorya 1010010vVOGHOTO, ONAON UN TETPIUUEVE SOIOVOGHLOTO U €
R? této1a dote (A — Alz)v =01 (A —213)v =07

01 3\[n
—1 Vo = O,
0 U3

omote PAEmOVUE OTL V2 = v3 = (0 kol v, aBaipeTog, Un UNdEVIKOS TPayUATIKOG aplOdC.
Emiléyovtac og v, T povéda, v, = 1, odnyodpaocte, copupavo pe mv ([1.142), otn Aon

1
(1.157) oWy =e*l0|, teR,
0

TOV GLGTANATOC SAPOPIKAOY EEIGOGEMY Tov Tpofifuartoc ([1.156).

AlAa, YPOUUKE aveEapTnTo TPOS TO TPOTYOVUEVO, WO10VOGHOTO TOV A, TPOPAVAG,
dev vITapyovy: e AAA AOYLa, 1 YEOUETPIKN TOAAOTAOT T TG O10TIUNG A glvan éva. ‘Etot,
ava{nTOVLE GTN GUVEYEL, GE TPMTH PACT, YeViKevpéva 1d1odtavicpata v € R? tétowa dote
(A —2I3)%v = O xon (A — 2I3)v # 0. Topa, (A — 213)* = (§ § _é), OTOTE TO YPOLUIKO
ovompa (A — 213)%v = 0 ypleetar 6Tn popen

00 =1\ (v
00 Of]v2]|=0,
0 0 0/ \vs

amo v omoia wpokHITEL V3 = 0 EVD 01 GLVIGTAOGCESG V1 KO Vo elvan awBaipetotl apBpoi, oyt
Kot ot 000 ioot pe undév. Dep’ emelv, yio v1 = 0 ka1 vo = 1 0dNyovUAGTE GE P Adon, M

omoia dgev gival, Onwc yvopilovpe, 101001dvucua Tov wivako A. Avti 1 emloyn odnyel ot

Adonm
0 01 3\/0 0 1
(0(2)(1‘) — th[U—|—I(A_2I3)U] — e2t 1 +t62t O O _1 1 — th 1 +t62l O ,
0 0 0 0/\O 0 0
oniaon
t
(1.158) ePt)y=e*[1|, teR,
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TOV GLOTANATOS SLAPOPIKOV eElGDGEMY Tov TpoPAiparog (1.156)- PA. v ([1.154).

(Ag onuelwdel oe 0wTd TO oNueio dTL GAkeg Aoelg Tov cvoetuatog (A4 — 213)*v = 0,
TETOLEC DOTE OVTEG, 1) AVOT TTOL Bp1iKapLe O KoL T 1010010vOG AT TOL A Vol tvot ypopLpikd
ave&dptnra dtoavocpata, OV VITAPYOVV.)

210 emduevo, kot televtaio, P, avalntovue yevikevuéve, Wodtavocpate v € R3 4-
1010 dote (A — 213)%v = 0 xou (A — 213)*v # 0. Topa, (A — 213)3 = 0, ondte k&b
divuopa v € R amotelei Moo tov ypauukod cvotipatog (A — 213)3v = 0. To dibvocpa
v = (0,0,1)7 wavomotei, eni Théov, kar Ty (A — 213)%v # 0 (aQod AVTO KoL Ot pN TETPIY-
uéveg Moeig ov (A — 213)%v = 0 eivor ypoppid aveEdptnra dtavocpoata). Odnyovuaocte,
€101, 611 AboN

e (1) =e*[v+1(A—2L)v + E(A —213)%v]
01 3\/0 2 00 —1\/0
= [|lo]l+¢t]0 0 —1 0+500 ojjo]|. teR,
1 00 0o/\1 00 o0o/\1
onAaon
3t — 4r?
(1.159) P t)y=e*| -t |. teR,
1

TOV GLGTHUOTOG S1APOPIKAV EEIGOGEMY TOL TpoPfAuartog ([1.156)- BA. Tv ([1.155).
Amo g (1.157), (1.158) xar ([1.159) mpoxdrter 611 1 yevikh Aoon y(¢) Tov GLGTARATOG
Srapopkdv eélodoenv Tov Tpofiiuatog ([L.157) sivon

1 ! 3t — 312
(1.160) yit)=e*[ci |0 +ca|1]+cs —t ,
0 0 1

pe avBaipeteg TPayRaTIKES 6TAOEPES €1, Co KOL C3.

Aoppavovtog edm v YV Kot TIG Py LKES TILES 00N YOVUAGTE OT ADOT

1+ 5t — 21
(1.161) PP (1) = e* 2—1t , teR,
1

1OV TPOPAYTOG apytdV TV ([1.156). O
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1.7.4 Mn opoyevn] YPORMIKGE GUCTHRATO — OEPEMDOELS TIVOKES

"Eoto y D (t), ..., y™(t) ypapuxd aveEdpmreg MOGES TOL GLGTAUATOC SLAPOPIKGOV EEIGEH-
osov y'(t) = Ay(t), omov A € R™" BL v ([L.13§). Tote, ot &v AOy® ADGELS amotelodv
Bdon Tov YOPOL AGEMY TOL GLGTHUATOC SLUPOPIKOV EEICDOGEDV, OTOTE KAOE ADGT TOV Y

YpapeTaL 6T popen

(1.162) y(1) =iy @)+ + cay™(1),

pe avBaipeteg mpaypatikég otabepés ¢y, . . . , Cp, N 1IGOOVVOLOL

(1.163) y(t)=Y(t)c,

6mov Y (1) o n x n mivaxag pe otireg y 1, ...,y ke = (c1,....c,)T € R",

Opwopog 1.1 (OgpeMiwdng nivakag.) 'Evag n x n mivaxag Y () Aéyeton Osuelicdndng wivaxog
TOL GVOTAUATOC Stapoptkdv eélcdcemv ([L.138), av ot oTHLEC TOL eivar Ypopptkd oveldpTn-

8¢ Moelg Tov ([1.138). O
Y10 endpevo Bempnua Oo dovpe e Towov Tpdmo Evag Bepemdng mivakog Y (1) tov ov-

otAnatoc Srapopikdv eéicmoemv ([1.138) oyetiletar pe v ekbetikn cvvaptnon e,

Ozdpnpa 1.3 (Ogpehindng nivakag kai ekBeTikn ouvaptnon.) Eotw Y (t) évag Ogucticdong
-1

Tivaxag Tov cLeTHUaTOS Stapopikady eéiomoewy (1138). Tote 1oyver €4 = Y (¢)Y (0)

Arboeiln. Kat’ apyds, woyvpildpocte 6t o mivakag Y (1) eivor oviioTpEWipos, yio 0molodn-
note mpaypatikd ¢. Ipdypatt, av otabepomomoovpe Eva avbaipeto s kot Bewpnoovpe To
TPOPANLL apykdV TIHdV Yo To cvotua V' (1) = Ay(t),t € R, pe apykn ©ipn y(s) = v,
pe avBaipeto aArd otabeportompévo v € R” | tote, Ommg yvopilovpe, ovto €xel akpPog pio
Mon. Topa, yua t = s, 1 (1.163) ypaeeton ot popen

Y(s)c =v.

Onwg Tpoava@épape, To YPappKd avtd cuotnua £xel akplPdc pio Ao, Yo 0rolodnmote
v € R, BA. xon v ([L.162). I8waitepa, o mivaxag Y (s) eivar aviiotpéyiuoc. Apov 1o s eivon
avBaipeto, o mivakag Y (1) ivol OVIOG aVTIGTPEYILOG, Y10 OTOLOONTOTE TPUYUOTIKO 7.

Eni TAdov,

Y'(6) = (yV(0), ...y (@) = (Ay (@), Ay™ (1)) = AY (1),

GUVET(MG

(1.164) Y'(t) = AY (¢).
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Emiong, o mivakag e’ eivon Ospushddng mivaxag tov ([L.13§), apov (e4) = Ae'.

Ioyvpilopacte thpa 61, av Y (1) kon Z (1) Bepelddeig mivakeg tov ([L.13§), 618 vIdpyet
otabepdc mivakag C € R™", tétowog wote Z (1) = Y (¢)C. Mpdypartt, €€ optopol ot 6THAES
YD), ..., y™(t) tov Y (¢) xaw zV(2),..., 2z (¢) tov Z(t) eivan ypoppkd aveldpmeg
woeig tov (LL13§). Enopévac, ke othin tov Z (1) ypaeetal ¢ yPOLUKos GOVSVOGHOC
TV 6TNA®V oV Y (1), dnhadn

Z0@) =iy V() + -+ ey ™), j=1.....n,

onAaon
Z(t)=Y()C pe C = (cij)ij=t1,..n-

[dwitepa, Aowmdv, 1oydet
et =Y (1)C.

I = 0, n oxéon avth divet C = Y (0)7!, omdte tehKd éxovpe dvimg
et =Y ()Y (0) O
OewpoVLE TOPA TO UT) OLOYEVES YPOUUKO GVGTNLLO OL0POPIKDV EEICHOCEMY

(1.165) y'(t) = Ay(t) + f(1),

e mivaka A € R™", énog omv ([1.138), kon dedopévn, cuvey SLAVOGHATIKY GuvapTHOT
f:R—R".

Kat’ apydg, av y, eivar n yevikr AOGM TOV 0vTiGTOTXO0V OLOYEVOVG GUGTHHATOG S10POPL-
KoV eélodoemv ([1.138) ko v, ivon po e1dtcry Avom Tov pn opoyevoic suotipotog ([1.163),
T0TE, ONOS SLUMETAOVEL Koveic ToAd gdkolo Dempdvtog T Stapopd §vo Moemv tov ([1.163),
1 yevih Aon tov ([1.163) Sivetat wg Yy + Ye. AQoD, ooy, Exovue NN PEAETHGEL TO, OpLO-
Yevii GLGTAHpOTO Stapoptkdy eéichoenv e 6Tafepovg cuvteheotéc ([1.138), yio ™ pedém
o0 ([1.163) apkei va emkevIpOOOVLLE TNV TPOGOYH LOC GTOV TPOGIOPIGHS Mo EWSIKNAG AD-
OMG TOV Y.

"Eoto thpa y (1), ..., y™ (1) ypoppucd ave&aptnreg Moeig tov ([1.138). Onog yvopi-
Covpe RO, N yevik Avon y(¢) tov ([L.138) divetar mg

(1.166) y(#)=cyP )+ +ey™(t), teR,

LECl,. .., Cp avBaipetec mpaypatikéc otadepéc. Aviikadictodpe tdpa oV ([1.166) Tic ota-
Oepég ¢; pe Babumtéc cuvaptoelg v; Kot {NTOVUE VoL TPOGOLOPICOVLE Lol EO01KT ADGT Ve TOL
Hn opoyevovg cuotuatog ([L.165) g popeiig

ye(t) = vi(t)yD (1) + -+ va(0)y (1),
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1, 10000VaLa,

(1.167) ye(t) =Y (1)v(1),

pe Y (1) = (y(1),....y"™ (1)) xaw v(t) = (vi(1). ..., vn(t))T. AvtikofioTdVTog TV £K-
ppoon 610 de&16 péroc g ([1.167) omv ([1.169), maipvovue

Y'(t)v(e) + Y (0)'(r) = AY () (1) + f (1),

onote, Aopfdvovtag v Gyv o yeyovog 6t o Y (1) eivon Oepelmdng nivaxag tov ([1.138),
Ko GLVETDG tkavomotel v e&icmon ([L.164), &xyovpe

oniaon
(1.168) V() =Y () f(t).

Av16 10 GOGTNHA O10POPIKDV EEICHOGEMY EMAVETAL ATAOVCTATA, LLE OAOKANPWOT, ALPOV 1) U

epneovifetor povo 6to aplotePd TOL UEAOG, OTTOTE EXOVLE

(1.169) v(t) = / Y ()" f(t)dt.

Tovdvalovrag Tig ([L.169) xou ([L.167), 0dnyovpocte oty axdAovdn etk Avon v,

(1.170) %mzmeYm*ﬂww

TOV [ opoyevovg cvosthiuatog ([L.165).
Téhoc, suvdvatovtag Tig ([1.166) o ([1.170), 0dnyodpacte ot yeviky Aon y,

(1L171) vy =y | : +nm/Ym*ﬂmm,

Cn

TOV U1 opoyevolg cvotiuatog ([1.169), pe ¢, . . ., ¢, ovbaipetec TpaypoTiKég oTadepéc.
Av topa Exovpe Eva TPOPANLUL OPYIKOV TILOV
"(t)y=Ay()+ f(t), teR,
) Y() y(e) + £(0)

y(to) =y,

totE, ovpemva pe v ([L.171]), n Aon tov divetatl otn Lopen|

(1.173) y() =Y ()Y (1) "y + ¥ (1) /t Y (s)7t f(s)ds.

o
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Edwcdtepa, oty mepintwon fo = 0, éxovpe Y (1)Y (0)~F = e, BL. 10 @edpnua 1.3, ko

Y(OY ()™ =Y (Y (07 (0)Y ()
=YY (O (Y ()Y (0)7) 7 = e = ol

ométe M ([L.173) ypipeton ko 6t popen

t

(1.174) y(t) = ey 4 / =4 £ (s5) ds.
0

Hapaderypa 1.15 Oélovpe va Tpocdtopicovpe T ADGT TOV TPORANUATOS OPYIKDV TLDY
y(t) = Ay(1) + [ (1),

10 0 0
(1.175) 0 wed:i=|2 1 2| xu f(r):= o |
y(0) = 1 ’ 3 2 1 e’ cos(2t)
t eR.

Toppmva pe tov tomo ([1.174) apkei va mposdiopicovpe tov mivako ef4. To yopoxmpt-
OTIKO TOAVOVLUO p TOL Tivoka A givat

p(A) = (1 —-21)(A* =21 +5),

onoTE 01 W0TIHEG TOV A givan A = 1 kot Ay 3 = 1 £ 2i.

®a TPOGOOPIGOLLLE, TP, OVTIGTOLYO 1O10010VOGLOTAL.
o) A; = 1: Zntodpe éva un tetpiupévo Sivoouo v € R3 tét010 dote (4 — A l3)v = 01
(A—1I3)v =01

00 O0\/[fv
2 0 =2jv2| =0,
3 2 0/ \vs
Mmiadn v; = vz kau v2 = 3v3/2. Emdéyovtag vy = 2, odnyoduoote, cOUPmvV pE TV
(.142), o Mbon
2
(1.176) yHi)y=¢e|-3]. teR,
2

™G avTioToyng opoyevous duapopikic eEicmong y'(1) = Ay(t) g dagopikng e&icwong
oto (L173).

B) a3 = 1 £ 2i: Oo epyacOodue pe v WOTWUA Ax = 1 + 21, ot A3 =1 —2i = Ao
odnyei oTiC 1d1eg MoEIg TG avTioTorNg Opoyevole Te Stapoptkic eticmong oto (1.175).
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Znrodpe éva pn teTppévo dtdvuoua v € C? tétoto dote (A4 — Ay l3)v = 01 (A —(1+

3 2 —2i)\w
onradn vy = 0 kon v3 = —ivy. EmAéyovtog vy == 1, éyovpe v3 = —i, kol 00N yoOUACTE GTN

Un TETPLUUEVT ADOT Hyadikn Avom

1.177 H=elT20 1 1] feR,
( y

—i

¢ avticToymg opoyevodg g dtagopikig eéicmong oto (L.175). And avth T pryadikr
Aoon mpoxdTTTOLY 0V0 TPAYUATIKEG AVCELS, OV TTOPOVUE TO TPOYLOTIKO KOl TO POVTOGTIKO

™G népog. ‘Exovpe

0 (0 (0
y(t) =eI 2| 1 :e’[cos(2t)—|—isin(2t)]|: 1|+i| o i|

\0/ \-1

0 0 - (0 0
:e’|:cos(2t) 1]—sin(2t)| 0 i|+iet sin(2¢) | 1| +cos(2¢)| 0 }

—1

0 —1 - \0 -1

oniaon
0 0
y(t)=¢"|cos(2t) | +ie’ | sin(2¢)
sin(2t) — cos(2t)
"Eto1, odnyodpaote oTig mpayaTikég AVCELG
0 0
(1.178) y& @) =¢"|cos(2r)| wu y®(t)=¢e'| sin2r) |, teR,
sin(2¢) —cos(2t)

™G avTioTormg OpoYEVODC TG Stapopikng eéicmong oo ([L.175)- L. v ([L.147).
Am6 116 (L.176) ko ([L.178) mpoxidmtet 6Tt évag Opeliddng Tivakag Tov avTicTor o opo-
yevolg cvothuatog y'(t) = Ay(t) Tov cLETARATOG JLOPOPIKOV EEIGMCEDY TOV TPOPAT -

to¢ (|1.175) sivar o
2 0 0
(1.179) Y(t)=¢"| -3 cos(2t) sin(2t)

2 sin(2t) —cos(2¢)
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Topa,
20 0\ (Lo o0
yo—7=1-31 of =21 of.
2 0 -1 1 0 -1
omdTe, GOUPOVE pe To Oedpnpa [1.3,
1 0 0

(1.180) e =Y()Y(0)"' =e' [ =3 + 2cos(2¢) +sin(2¢) cos(2t) —sin(2¢)
1+ 2sin(2¢) —cos(2t)  sin(27)  cos(2t)

Toumepaivovpe, Aoutdv, coupmvo pe tov tono (1.174), 611 n Aon y tov TpoPAHaTOC
apykav Tnav ([1.179) etvon

O t
yt)=e4| 1|+ / e f(s)ds
] 0
t 1 0 0 0
=1 |+ etA/O e | =2 + 3 cos(2s) —sin(2s) cos(2s) sin(2s) 0 ds
1 1 — 3sin(2s) —cos(2s) —sin(2s) cos(2s) ) \e* cos(2s)

( 0 \ . 0

=¢' | cos(2¢) —sin(2¢) | + e’A/ e | sin(2s) cos(2s) | ds
\cos(2t) + sin(2t)} ’ cos?(2s)

( 0 \ 0

=¢' | cos(2¢) — sin(2¢) 4 et 1—c085(4t) ’

\cos(2t) + sin(2t)} Ly @
onoTE
0
y(l) = et COS(ZI) — (1 + é) Sln(zt) . O
(14 %) cos(2t) + 2 sin(2r)
AocKnoeig

1.1 'Eoto p : [a, b] — R mo ovveyng cuvaptnon. Amodei&te 6t kKOs ADoM TG 0poyevois YPOKNG
Stupopkiic e&iowong y'(¢) = p(t)y(1). t € [a,b], etvar g popeng

y() = Celar)es

pe po otabepd C.
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[Yrodeiln: Me mapoydylon SOmIGTOVEL KOVEIG OUESHOE OTL Ol GLVOPTHOELS TNG OEOOUEVIG LOPPNS
OTOTEAOVV TTPAYUATL AVGELS TG daPOPIknG e&iowong. o To avtioTpopo, vTtobéote OTL y eivar pia
Mon ¢ e€lomong, Bewpnote ™ cvvdptnon u,

u(t) = e JaPOdsy (1) 1 efa,bl,
ko BePonmOeite 6t u’ = 0, dnhadf étLn u eivon otadepn cuvaptnon.]

1.2 (H peBodog Tng peraBohng Twv arabepav.) ‘Eotw p,q : [a,b] — R ovveyeig cuvopthoeis.
Amodeifre 0TL 01 AWOGELS TNG 11y opoyevoids ypappkng dtapopikig e&icwong v/ (1) = p(t)y(t) +q(1),
t € [a, b], eivar Tng popenig

t t S
a

pe pa otafepd Co, Pr. v ([1.3).

[Yrooeiln: T vo. Befoiwbeite 0T1 dev vdpyovv dAleg ADGELS, OpKeL v TOPATPHGETE OTL T dLopopd

V0 ADoemV TNG Un opoyevovg eEicmong amotelel Aon g opoyevols Kot vo AdPete v’ oy v

Acknon [L.1. T vo mposdiopicete Moelc, SokiudoTe AGES TG LOPPNS
y(1) = C(t)efa?®) s,

omog oty Acknon [L1, aAé tdpa pe po suvapmon C ot Béon ¢ otadepdc C - Y1 avtdy akpipdg
TOV AOYO VTN 1) TEYVIKN AdyeTon uébodog ¢ retaforng twv arobepwv. Anodei&te 0TL 1 GLVAPTHON

C minpoi o amAn dagopikn| e€iocwon, 1 oroia etvor e0koAo va emidvbet. ]

1.3 Ozwpolpe T0 TPOPAN LA APYIKOV TIUDV

a) Amodei&te 6TL oTnV TEpinT®ON MOV TO drdoTNu [a, b] givar To [1, 2], 1 cvvapTNoN Y TOL diveTan
omv ([1.12) amotekei Moon e dwagopikig eéicwone ([1.10), av kot pévo av ite ¢ < —1 /e gite
c>—1/e’.

B) Amodei&re 0Tt yioo TNV apyik Ty Yo = /€/(/e — 1) 10 &v Aoy mpdPinua dev éxet Aon.
Axpipéotepa, amodei&te OTL 1) LOVASIKT ADOT TOL TPOPANUATOS OPYIKAOV TILOV TEWVEL GTO ATELPO

KaOdG 10 ¢ owEhver Tpog To 3/2.

[Yrodertn: H yevuer Mon tng Stopopikiig eéicmong 860nke omv ([1.12). H apyin cvverin to-
voroweiton yio ¢ = —1/(e/e).]

v) Ilpocdiopicte T Abon Tov TPOPANLOTOG PYIKAV TILMV Y10 TNV apyLkn TN yo = —1.
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1.4 Emi\vote 1o mpdfAnUa apytkov TmV

Y(t) = y(t) = [y(®)]%
y(0) =2,

Kol TPOGO0pioTE TO HEYAADTEPO duvaTd avolkTd dtdotno I, oto omoio opileTan | Adon y.

1.5 Ozwpodue 10 TPOPANLA OPYIKOV TIULDOV

V=52 pep =2
y(1) = yo

o) Amodei&te OTL o TV apyIkn T Yo = —1 10 &v AOYm mpoPAnua dev £xel Avomn. Akpipéotepa,
omodei&te OTL 1 povadiky) ADoT TOL TPOPALOTOC APYIKAOV TIUDV TEWVEL GTO HElOV AmEPO KAOMDG
70 t 0EQVEL TPOC TO /2.

[Yoderln: H yevien Moon g Stapoprinc eéiocwonc 800nke omv (1.22). H apyxy cuvoikn tko-
vomoteiton ylo ¢ = 1/4.]

B) IIpocdiopicte T AN TOL TPOPANUATOG APYIKAOV TILDVY YLl TNV OPYIKT TN Yo = 3.

1.6 TIpoodiopiote T yevikn Abon g dapopikng e&icmaong

1P

y'(2) 2y ()

o€ EUEDT (TEMAEYUEVT]) LOPOT.
1.7 TIpocdiopiote T yevikn Aon g dapopikng e&icmaong

Y =
(@) =y()
o€ €upeon) (TeEmAEYHEVT]) LOPOT].
1.8 ®ewpolpe v opoyev dapopikn| e&icman
R 0 s
2p(t)

a) IIpocdiopiote Tn yevikn Ao TS aveTEP® dAPOPIKNG EEICWOONG, O EUUEST) (TETAEYLEVT) LOPOT.
B) IIpocdiopicte T AVOT TOL TPOPALOTOC OPYLIKDY TILMV YO TNV VOTEP® dtapoptkn e€lcwon Le

apywn T ¥ (1) = 1, kabdg Kot o péyioto avoktd didotna 6to onoio avth 1 Avon opiletat.
1.9 IIpoodiopiote T Yevikn Adon g (TANpovg) drapopikng e&icmong

2t + y(t)

Y =- +2y(1)
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1.10 IIpocdiopicte TN yeVIKT ADom TG dLopopikng eElowong

, 1+ [y()?
yi(t) = o)

o€ €upeot) (TemAeyUEVT])) LOPOT.
[H ev Aoym e&icmon dev givat mANpNg aAAd avayetal o€ TANPT dlopopikn e&icmon pe KATAAANAO
olokANpOTIKO Tapdyovta u = wu(t).]

1.11 TIpoodiopicte T AVOT TOV TPOPANUOTOC OPYIKDV TLLOV

{y/(t) = Ay(1), teR,

210 1

— 0) ._
5(0) = y(O) neAd: =10 2 0| xauy'’/ :=1|2
’ 0 0 1 1

1.12 TIpocdiopicte 0 ADGT TOV TPOPANUATOG OPYIKOV TYDV

V() = Ay(t), 1€eR, -t - .
pe 4 = 1 -3 2 Kouy():: 2

y(0) =y
’ 1 -1 0 1

1.13 'Eoto I C R éva dbdompa, p : I — R o cvveydg mapaymyiciun cvvaptnon kot A évagn X n
TivVaKoG.
a) Befawbdeite 6Tt (ep(’)A)/ =p'(1)Ae?PD4 yat e I.

[Yrooeiln: "Exovue

Kol 1 TOpaydylon ot oelpd pmopel va yiver 6po mpog 6po, ondte
{—1

0o £ s
©P01) = Y e O g = 04y T
=1 ' =1 .

a3 AL iy geron

B) Bepaiwbeite 6T1m Abon ¥ ToL TPOPALOTOC OPYIKDY TIUOV

V') =p@t)Ay(), tel,
y(a) =y,

ue a €vo onueio tov dwotpatog 7, ivar y(t) = el/a P(T)dt)Ay(O),t el
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v) Ilpocdiopicte T AOoN ¥ TOL TPOPALOTOC OPYIKDY TLUOV
Yi(t) =p0)Ay(t) + f(t), tel,
y(a) =y,

ue a éva onpeio tov daotiuatog I kou f: I — R po cuveyn S1avucuatiKyg cuvaptnon.

1.14 'Eoto A évagn X n wivakag, A1, ..., Ar avd 000 S10popeTikés HeETa&D TOVE IO10TIES TOV A Kot
DL N1 avtictotya Wiodtvicparta. Anodsitte, enayoyd, ottta v, ... v (k) givon YPOUHLKE
aveEaptnTa.

[Yr6deién: To v givarypoppucd ave&aptnto, ago eivat Sipopo tov undevoc. Eoto ottta v . . .
v € < k, givan ypappkd aveEaptnra. Tote, av woydet

v 44 CZHU(ZH) =0,
Oa &yovpe
crAvW 4.4 CnglAv(e—H) =0, dnrady e 4.+ c@H/\gHv(“l) =0.
IMoAlamhactélovag TV apyikn oxEon ent Ay Kol AQUPOVTOG o TNV TEAELTAIN GYECT, TAiPVOLIE
c1(Agsr — AW 4+ ep(Agn =A@ = 0.

Zoppavo pe Vv enoy®ykn veodeon copnepaivovpe 0t ¢ (Agyry — A;) = 0,i = 1,..., £, dnhodn

otLcy = -+- = ¢y = 0. H apywn pag vmodeon divel tote Cg+1v(e+1)

£+1)

= 0, ondte ko cpy1 = 0. Apa

Ko to. Sravoopaza v, vl glvan ypappikd avelaptnro.]

1.15 Ozwpovue tov n X n mivaka petatomiong M, onaadn Tov mivaka pe Hovadeg otig BEcelg Tng
VIEPSIOYOVIOL Ko pMdevikd o Oheg TIC dAkeg Béoerg, PA. ™V (.128). TIpopavdc, To undév sivon
N Hovadkn WTn tov M Kot 1 adyefpikn g moAhamAdtnta eivar 1 p€yiotn dvvoatn, dnAadn 7.
Befowwbeite, eite kbvovtag Tpaéelg ite ypnoILOTOUOVTOS TO YEYOVOS OTL 0 &V AOY® Ttivakog elval
mivakog petatémong, Pr. v ([L.129), 61t o1 poveg AWGEIS TOL OLOYEVODE YPOULIKOD GUGTAHLOTOS
Mx = 0 eivor ot (x1,0, ..., O)T (omdte tor pova Wiodtovoopata tov M eivar to (1,0, ..., O)T Kol
To TOAOTAGG1E TOV), Kol 00N YN 0€ite 6TO GLUTEPAGLLA OTL ] YEWUETPIKN TOAAATAOTNTA TNG WOLOTIUNG
A = 0 givan n eEldyrotn dvvarn, dnrodn Eva.

Avtictoryo, BeBonmbeite 6TL 01 POVEG MGEI TOL OLOYEVODC Ypapuukod custiuatog M2x = 0
gtvan ot (x1, x2,. .., O)T, dNAadN OTL 0 YDOPOG AVCEMV Eivol S1O1AGTOTOG, K.AT., Kot TEAOG OTL 1) d1di-
OTOOT TOV YMPOV ADGEWDY TOV OLOYEVOVG YpapukoD cvotiuatog M x = 0 givaw n. Idwitepa, kébe
dtdvoopo x € C" givon yevikevpévo 1810814voopa tov M.

1.16 (AAyeBpIkn Kal YEWHETPIKA MOAAGNAOTNTA 1IB10TIHWY €vOG nivaka Jordan.) ®ewpodpe Evay n xXn
nivoka Jordan, dniadn kotd pmhok daydvio wivaxe J = diag(Jo, J1, .. ., Jx ), ue Jo évav daydvio
nivaxo, Jo = diag(A1. .. .. Am), kon Jg mivaxeg ™ popehc (L126), yio £ = 1, .. ., k. Apov o Tivakag
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glvar Gvo TPIY®VIKOG, TO XOPAKTNPLOTIKO ToVL Tolvdvupo p(A) := det(J — Al,) eivar To yvopevo

1OV SydVIoV ototyginv tov mivaka J — Al,, Sniady, pe tov copfolopd g (L.126),

pA) = (A= A) -+ (Am — A) (A — A)™ - (A — M)

Yvumepaivovpe, Aomdv, apécws 0Tt ot WOTHES Tov J gival Ta dtaydvia ototygia Tov, Xl, cesAm
Kot Aq, ..., Ak (kKGmowo omd o Xi Kavf Aj propovv KGAMGTO Vo GUUTITTOVY), Kat 6Tt 1| aAyeBpikn
ToAAATAOTNTO KGOE piag 10T g Tov J elvat 1o ovvodiko mlnBog twv popwv Tov ot epeaviletan
¢ dtaydvio otoyeio tov J. Ocov apopd TN YEMUETPIKT TOVC TOALUTAOTNTA, TAPATPNOTE OTL KAOE
OVTIGTOLYO WO101AVUGHLO TTPOG LI IO10TIUN TOV J emTPEMETOL VOl EXEL L] LNOEVIKA GTOLXELD LOVO OTIC
GUVIGTMGEG TTOL AVTIOTOLYOVV GTiG BEGEIC TG 110TIUNG ™G doy@viov ototyeiov Tov Jy kaun og Béon
ot dwydvio tov J otnv omoia gueavifeTal 1 ev AOY® W10TIUN MG TP@TO GTOLYEID KATooL and Ta
umAok Ji, ..., Ji, ONAadn cuvolkd o€ tOcec BEoelg 600 gival To GuvoMkd TANB0G TV UTAOK T
omoia avth epeoaviletar og dydvio otoryeio, Bewpdvtag to Kabe daydvio ototyeio Tov Jy w¢ Eexm-
p1o76 pmhok- PA. kar v Acknon [L.15. Odnyn0site 610 cupTEPGHO OTL T YEOUETPUCT TOAAATAGTITOL
pog otipng tov J gival to ovvolikd minbog twv urlok ot onoio ovT EREOVICETOL O daydVIO

otolyelo, Bewpdvtag To khbe daydvio otoyeio Tov Jy oG EEYmPLoTd UTAOK.

1.17 Oswpovpe TV kavoviky poper Jordan evog n x n mivaka A, A = STL1JS, BAr. mv ([L.127).
[Moteg elvan ot 1310TIHES TOL A Kot TL UTOPEiTE VoL TEITE Yo TNV OAYEPPIKN KoL TN YEMUETPIKT TOVG

noMamhdta; ot eivar ta avtiotoya Wodoviopota kéde Wotiunc; (BA. v Acknon [1.16.)
1.18 (Na kaBe n x n pundevodUvapo nivaka A 1oxter A" = 0.)
o) Eotw A, B, C tpeicn x n mivokeg kot £6t® 0t ot A kot C givar aviiotpéyiol. Av woyvet ABC =
0, amodei&te 6TL 0 B glvar o undevikog mivakag, B = 0.
[Yréderln: Tlodamhacidote ) oyéon ABC = 0 and apiotepd pe AL kot omd defid pe C 1]

B) Ocwpodpe Evav 1 xn kotd prhok Staydvio Tivaka J, dnwg oty Acknon [L.16, kat vrobétovpe o1t
o0 Ta SloydVIK GTOLKELD TOV ivarl undév. Amodei&te 6tL o J eivar undevodvvapog, akpipéotepa
om J" =0.

[Yrodeiln: Befoaiwbeite Ot1, yio. omorodnmote didvocpo x € R”, 1o yivopevo y := J x givat éva
davvopa pe tekevtaio cvuvictdoa undév, y;i = Xji1, av 10 otoyeio tov J ot Béon (i,i + 1)
gtvan povada, ko y; = 0, av to otoyeio tov J ot Béom (i, + 1) givor undév. Lynporiote tdpa

o J2x, ..., J"x xou Beforwbeite 611 J'x = 0, yuo kabe x € R”, omote J" = 0.]

v) 'Eoto A évagn x n undevodiuvapog tivakas. (EnUeidote 0Tl 0 A pmopel KAAAGTA VoL ivol TANPNG

) 5 -3 2
A:( ) A=|15 =9 6|, «an]

2 =2
10 —6 4

mivakog, OTMG ot

Amodei&te ot1 A" = 0.
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[Yr6deiln: Oswpriots ™V kovovikh popen Jordan tov 4, S~LAS = J. Agob o A sivor undevo-
SOvapog, OAEC Ol IOLOTEG TOV elvar pundév, dNAadn Ola Ta dtymvia otoyyeio Tov J givarl undév.
Tdpa, Tpogovae, STLAS = J". Toueova pe 1o B) woydet J* = 0, ondte, GOUPOVA [IE TO 0),
woyvet kot A” = 0.]
1.19 'Eocto A évag n x n mivakag. Amodeilte 0t 0 A givar undevodivvapog, av Kot povo ov 1 povn
1310TIN TOL gival To pNdév.
[Yrddeiln: To yeyovdg 6t o1 mivakeg pe poévn 10T T0 UNdEV etvar undevoduVaoL ETETOL OO TO
v) otV Tponyovpevn Acknon. To avtiotpopo £ivor modd e0koro: Av A pio pun pndevikn 1810Tiun Tov
A xat x avtiotoryo Wdtavuspa, tote Afx = Afx. To Sebrepo LELOG OVTNG TG oYéong eivon Thvta
8164.popo T0 INdEVOC, Gpa kat To TpdTo. Enopévac, AL # 0, yio kébe £ € N.]
1.20 (Tevikeupéva 1810d1avuopaTa evog nivaka Jordan.) ®e@povue Evav 1 X 1 KOTG UWTAOK dloyd-
vio mivake J = diag(Jo, J1, ..., Jr), ne Jo évav doydvio wivaka, Jo = diag(zl, ey Xm) Ko Jy
nivokeg g popeng (1.126), yua £ = 1, ..., k. SvpPolilovpe pe ng ™ didotaon Tov Jo Kat pe 7y T
didotaon tov wivaka Jg, £ =1,... k.
‘Eoto A, pia dotipn tov wwivaxa J, dnradn éva doydvio otoyeio tov J (to omoio pmopei va
epooviletar oe ToAAEG BEaelg TOV daydviov ivaka Jo /Kol 6TIg Stay@viovg TOAADY UTAoK Jy).
Yrofétovpe OtL 1 aAYEBPIKT KOl 1) YEOUETPIKT TOAMATAGTNTO TG Ak EIVOL [l KOL Vg, OVTIOTOLYOL.

Ocwpovpe TOpa Tov Tivaka (J — Ay Ly, )Hx Vet

. A@ov xavéva amo to uTAoK Jy e d10yMVIO GTOL-
¥€lo 10 A, dev €xel didoTtaoT oV VIEPPAIVEL TO Uy — Vi + 1 cuumepaivovpe OTL Y10 TOVG TIVOKEG
uetatomong Jy — Ay Iy, woyoer (Jg — A I, A<V = 0. THapopora, undevilovrar, mpopavadg, to
daydvia otoyyeia Tov mivaka Jo — Ay Iy, 0TS Bécelg TV omoimv epeavioTay T0 6ToyElo A, GTOV
daydvio mivake Jy. Zvprepaivoope, Aowmdv, 6tt o mivakag (J — A, 1, ,,)”"‘"KJrl glval kTl UTAoK
SydVIOC Kot EYel UNdeVIKG oTig B£0e1g 0oV epEOVIOTAY TO A, 0TOV dloydVIo TTivako Jo Kabmg kat
oT1g 0é0e1g OA@V TV UTAOK (OAGKAN PV, O)L LOVO TOV Sy®VIMY TOVG) UE SLOYDVIO GTOLXEID TO A .
Te Oheg Tic AAeg Bécelc Tng Staywviov Tov mivaka (J — AL, )4V L gppavifovron pn undeviké
ototygio. Emopévame, ot uoveg MGEeLS Tov Ypapkod cuetiuatog (J — A I, ) Aty = 0, dnladn
TOL YEVIKELUEVA 101031vOo LT TOV J M TPOC TNV 1810TIN Aj Kot TO pundevikd didvocpa, gival keiva
oL £YoVV UNdEVIKA otoryeia oTig BE6E1C TOVG TOV OTIG avTioTol e B€oelg TG daywviov Tov J dev
gLPOVICOTOV TO Ay, SNAAON GUVOMKA 6 1 — U BéoELC.

Tdpa, TPOPAVAC, YEVIKELHEVO 1O10S10VIGLOTO TTOV CVTIGTOL(OVV G S10POPETIKEG IOIOTIHEG Efvat
YPOUUKA oveEAPTNTO (0O OTIC BEGELG TOV £XOVV U UNOEVIKE OTOTYELN YEVIKEVILEV 1010010VOGLLOTOL
IOV AVTIOTOLYOVV GE KATTOL0 IOLOTIUN Y00V UNdeVIKE aToryeio OAL TO YEVIKELUEVA 1100100VOG LLATO TOV
avTIGTOLYOUV OTIC AALES 1OIOTLUEG).

Emopévag, vapyovv n ypopikd ovedptnra yevikevpéva 1dtodtavocpata tov J (mov arotelovv
Baon tov C*, av o J ivor pyadikog, kot Baon tov R”, av o J eivon mpaypotikog).

1.21 (NARB0oG yevikeupévwY 151031AVUCHATWV ONOIOUSHANOTE 71 X 1 NivaKd.)

o) ‘Eoto S évac n x n avriotpéyipoc mivakag kot v ... v®) e C" ypappid aveEaptnro dtovi-
opota. Anodeifte 6t kot ta Stavoopara Sv .S v &) givon YPOLUIKG aveEdptnTa.



- 1. Z.A.E. e1dtkng popenig

B) 'Eotm A évagn xn nivaxoc. Amodei&te OTLVTAPYOLV 11 YPOUUUIKE avepEATNTA YEVIKEVUEVA 10100101
viopata Tov A, Kot 0Tt 6€ KGOE 10T TOV A, VTIGTOL(OVY TOGO 0t0 aVTH OGN eivolm ahyeBpikn
NG TOAAATAOTITO.

[Yréderén: Xpnopomowote ™V Kavovikn popen Jordan S™1AS = J tov A. IIpogavag ot A kot
J éyovv 11g idieg 1r0tipég. Eniong, apod S (A—A1,)S = J—Al,, woyoetkon S L (A—AT, )¢S =
(J — ALp)E, dnhadn (A — AL,)ES = S(J — Aly)t. Enopévag, av v, ... v e C" givor
ypapké oveEaptnro dodtavospata tov J, PA. v Acknon [L.20, tote T Sv M, ..., sv™ ecn
glvar ypappukd ave&dptnra diodioavoouato tov A, PA. To pépog a).]
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Ag&iko Baoikov Opov

A
aAyePpikn ToAAOTAOTTO

r

YEVIKEVEVO 1010018VLG L

YEDQUETPIKN TOAAATAOTNTO

ypoppikn dtopopikn e&icmon
A

SLOYOVIOTOGLUOG TIVOKOG
dLydV10¢ TTivaKOG
dpopikn e&icmon

S

OepehMmong wivakag

I

W1alovca Avon
110d1dvocpo
W010TIUn

K

Kovovikn popen Jordan

M

petafoin tov otabepmdv
UNOEVOSVVALOG TIVOKOG
povadikdtnTa

Q)

OAOKANPOTIKOG TOPAY®DV

algebraic multipliticity

generalized eigenvector
geometric multipliticity

linear differential equation

diagonalizable matrix
diagonal matrix
differential equation

fundamental matrix

singular solution
eigenvector
eigenvalue

Jordan normal form
Jordan canonical form

variation of constants
nilpotent matrix

uniqueness

integrating factor
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Ae&ikd Pacikav Opmv

opoyevig dtapopikn e&icmon
OLLOYEVTG CLVAPTNON
opotot mivokeg

11

TivoKog

TIVOKOG LETATOTIONG

TN PNG dtapopikn e&icmon
TPOPAN U APYIKOV TIUDV

Y
omopén
X

YOPOAKTNPLOTIKO TOAVDVULO

homogeneous differential equation
homogeneous function
similar matrices

matrix

shift matrix

exact differential equation
initial value problem

existence

characteristic polynomial



Evpemipro Opov

A
oyePpucr morkamhot T, B3

r

yevikevpévo odivospa, B3, B9
yeopeTpkh morhomhdtnta, B3
YPOUUIKY dtapopikn e€lowon,

A
Srayovioromotpog mivokac, 43
draydvioc mivaac, ¢3
dlapopikn e&icmon
YpoLLpc,
Le yoprlopeveg petapintés, b
opoyevig,
mhiipng, L9,
tov Bernoulli, 4
tov Riccati, [

E

ekOeTicr GuVapTNON TIVaK®V, B0

(0]
BepeAmong wivokag, @

I

Wialovoa Avon, [13,
101001avuc L,

0101,
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K
Kovoviky popeny Jordan, 46

M
uetafoln tov otadepdv, B,
undevodvvapog mivoxag, 43

0]

0AOKANPOTIKOG TOPAY®V, , , @
opoyevig dopopiky e&icmon, B,
OLLOYEVTG GLVAPTN O,

11
TIVOKOG LETOTOTIONG, @
mpNg Sropopucy eicoon, 19,
TOALOTTAO TN TOL
oyeppuch, |3
YEMUETPIKT,
TpOPAN O
APYIKOV TILAV,

X
YOPOKTNPLOTIKO TOAVMVVLO,






Evpemipro Ovopdtov

A
Alkdikog,

K
Kaloyepoémoviog,

>
Zpophii,

B
Bernoulli, -6
Birkhoff,

C
Coddington,

J
Jordan, #q

L
Levinson,

R
Riccati, 6, §
Rota,

W
Walter,
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