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Abstract We consider the discretization of differential equations satisfying the max-
imal parabolic LP-regularity property in Banach spaces by Radau IIA methods. We
establish a posteriori error estimators via the maximal parabolic regularity of the
differential equation. To complete the picture, we utilize the maximal parabolic reg-
ularity of the numerical methods to prove that the estimators are of optimal order.
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1 Introduction

We consider the discretization of differential equations satisfying the maximal pa-
rabolic LP-regularity property in Banach spaces by Radau ITA methods. We utilize
the collocation approximation in combination with the maximal regularity of the
differential equation to establish a posteriori error estimates. To complete the picture,
using the maximal regularity of the methods, recently established by Kovacs, Li, and
Lubich, [11], and pointwise formulations of the numerical methods, we prove that the
a posteriori estimators are of asymptotic optimal order of convergence. We are not
aware of any previous a posteriori error analysis via maximal parabolic LP-regularity.
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1.1 An initial value problem

We consider an initial value problem for a linear parabolic equation,

(1.1) {u/(t)+AU(t)=f(t), 0<t<T,
u(0) =0,

in a Banach space X. Our structural assumption is that the operator A is the gen-
erator of an analytic semigroup on X having mazimal LP-regularity, i.e., the solution
uw of (1.1) satisfies the stability estimate

(1.2) N llLe o,y x) + 1Al Lo 0,1):x) < o x Iflleco,1yx)  Vf € LP((0,T); X)

for some, or, as it turns out, for all p € (1,00), with a constant ¢, x independent of
T, depending only on p and X. In other words, v’ and Au are well defined and have
the same regularity as their sum u’ 4+ Au, that is, the given forcing term f.

It is known that every generator of a bounded analytic semigroup on a Hilbert
space has maximal LP-regularity and that a Banach space with an unconditional
basis satisfying this property is a Hilbert space; see [3] and [10], respectively. We refer
to [21] for a fundamental characterization of the maximal LP-regularity property on
X = L*(R2), with arbitrary 1 < s < oo and 2 a domain in R? and, more generally,
on unconditional martingale differences (UMD) spaces, and to the lecture notes
[13] for an excellent account of the theory. Coercive elliptic differential operators
on L°(2),1 < s < oo, with general boundary conditions possess the maximal LP-
regularity property; see [13] and references therein. Throughout the paper, X is a
UMD space.

Notice that an initial value problem with not necessarily vanishing initial value
v € 9(A) :={veX:Ave X},

(1.3)

V' (t) + Av(t) = g(t), 0<t<T,
v(0) = v,

can be reduced to the form (1.1) with u:=v —vg and f := g — Avo.

1.2 The numerical methods

Let N € N,k =T/N be the constant time step, ¢t := nk,n =0,..., N, be a uniform
partition of the time interval [0,T], and Jp := (tn,tn+1]. For ¢ € N, with 0 < ¢; <
.-+ < ¢g = 1 the Radau nodes in the interval [0, 1], let t,,; :=tn + c;k,a=1,...,¢q, be
the intermediate nodes; we shall also use the notation tng := tn.

The ¢-stage Radau ITA method is specified by the coefficients

C; 1
(14)  ay= /O G(r)dr, b= /0 G dr (Zag), Bi=1,...q
here, {1,...,¢4 € Pq_1 are the Lagrange polynomials for the Radau nodes c1,...,cq,
Zi(Cj) = (513
Relations (1.4) reflect the fact that the Radau ITA method is of collocation type,
i.e., its stage order is q. It is well known that the order p of the g¢-stage Radau
ITA method is 2¢ — 1,p = 2¢ — 1, the weights b1, ...,bq are positive, and the ¢ x ¢
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symmetric matrix M with entries m;; := b;a;; +bjaj; —b;b;, 4,5 =1,...,¢, is positive
semidefinite. In particular, the Radau IIA methods are algebraically stable. These
methods are also strongly A-stable; more precisely, the stability function r,

r(z):=1 —l—sz(I - 20)711 with 1:=(1,..., 1)T € RY,

with the invertible coefficient matrix @ = (a;5);,j=1,...,4 € R?%, of the ¢-stage Radau
ITA method vanishes at infinity, 7(cc) = 1 — 7@ 711 = 0. The first member of this
family, for ¢ = 1, is the implicit Euler method.

With starting value Uy = 0, we consider the discretization of the initial value
problem (1.1) by the g-stage Radau ITA method: we recursively define approxi-
mations Uy € P(A) to the nodal values u(tp), as well as internal approximations
Uy € Z2(A) to the intermediate values u(ty;), by

q
Uni =Un =k Y _ aij(AUnj = f(tnj)), i=1,....q,
(1.5) =t

q
Unt1=Un — kZbi (AUni = f(tni)),
i=1

n=0,...,N — 1. Notice that, as a consequence of the fact that a,; = b;,i =1,...,4q,
we have Up41 = Unq. Here, we assumed that f(t) € X for ¢t € (0, 7).

Notice also that adding vg to both sides of (1.5) and replacing f by g — Avg, we
see that the Radau ITA approximations V,,; and V;, for the initial value problem (1.3)
are Vy; = Up; +vo and Vy, = Up, + vo, which is the discrete analogue of v = u + vg.
Therefore, without loss of generality, we may consider the discretization of (1.1).

For s € No, we denote by P(s) the space of polynomials of degree at most s with
coefficients in 2(A), i.e., the elements g of P(s) are of the form

g(t) = thwj, wj € 2(A), j=0,...,s.

Jj=0

With this notation, let V§(s) and V{(s) be the spaces of continuous and possibly
discontinuous, respectively, piecewise elements of P(s),

Vi(s):={ve C([O,T];.@(A)) tvly, €P(s), n=0,...,N —1},
Vil(s) :={v: [0, T] = 2(A), v|;, €P(s), n=0,...,N —1}.
The spaces X¢(s) and X (s) are defined analogously, with coefficients w; € X.
Since its stage order is at least g, it is known that the ¢g-stage Radau ITA method is
equivalent to the collocation method with the Radau nodes ¢y, .. ., ¢q in the following

sense: Seek a function U € V§(q) satisfying the initial condition U(0) = 0 as well as
the collocation conditions

(1.6) U'(tni) + AU(tni) = f(tni), i=1,...,q, n=0,...,N—1.

Then, ﬁ(tni) = Upi,i = 1,...,q,mn = 0,...,N — 1; in particular, ﬁ(tnq) = Up41-
Thus, [3] and [1], if we let I,—1 : C([0,7]; X) — X'(g — 1) denote the interpolation
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operator at the collocation nodes t,;,i =1,...,¢,n =0,..., N — 1, and use the fact
that U’ € V(¢ — 1), we can write (1.6) in pointwise form as

(1.7) U'(t) 4+ I, 1 AU(t) = I;—1f(t), t€ (tn,tnt1], n=0,...,N—1.

The interpolants U := qulﬁ and I,_1f are elements of V(g — 1) and XZ(q —
1), respectively, and thus, in general, discontinuous at the nodes to,...,ty_1. The
pointwise form (1.7) of the numerical method is crucial; it will allow us to prove
optimality of the a posteriori error estimator.

To give a Galerkin in time formulation of the method, let X’ be the dual of X
and denote by (-,-) the duality pairing between X and X’. Then, the variational
formulation of the Radau ITA method (1.5), cf. the pointwise form (1.7), is: seek
U € V§(q) such that

(1.8) /J(((/J\/m)—l—(AU,v))dt:/J (Igq—1f,v)dt Vv e Px/(q—1),

n=20,...,N—1 with U = Iq_lﬁ; the elements g of the test space Px/(¢ — 1)
are polynomials of degree at most ¢ — 1 in time with coefficients in X', g(t) =
wo + twy + - + tqflwqfl,wj € X'. The formulation (1.8) is one of the alternative
ways to connect Radau ITA methods and discontinuous or perturbed continuous
Galerkin in time discetizations; see [19] and [4].

1.3 Main results

We denote by R € LP((0,T); X) the residual of the approximate solution U of the
g-stage Radau ITA method,

(1.9) R(t) :=U'(t) + AU(t) — f(t), t€ (tn,tns1], n=0,...,N —1,

i.e., the amount by which U misses being exact solution of the differential equation
in (1.1). Then, due to the fact that the evolution operator is applicable to U, the
error e := u — U satisfies the error equation

(1.10) e'(t) + Ae(t) = —R(t), t€ (tn,tnt1], n=0,...,N —1.

Now, the maximal LP-regularity of the operator A and the triangle inequality, re-
spectively, applied to the error equation (1.10) yield the upper and lower a posteriori
error bounds

(1.11) IR Lo ((0,6):) < €'l Lo (0,6):x) + Il AellLe(0.4):x) < ep X IRI Lr((0,): %)

for all 0 < t < T, for any p € (1,00), with a constant ¢, x depending only on p and
X; see (1.2). Notice that the residual R is a computable quantity, depending only
on the numerical solution U and the given forcing term f.

Our main task in the following is to establish that (1.11) is sharp is the sense
that [|R|lz»((0,¢);x) has the same asymptotic order of convergence as the optimal
convergence rate of the error in the discrete maximal regularity framework, [11,

]. To achieve this goal, we study in detail the behavior of ||R| r((0,);x) using
the following ingredients: (i) an explicit representation of R in terms of U,U, and
the interpolation error involving the right-hand side f, (ii) a detailed consistency
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analysis involving the exact solution wu, (iii) the discrete maximal parabolic regularity
property of the Radau ITA methods, recently established in [11]. Our main result
is stated in Theorem 3.1. Furthermore, we extend the a posteriori analysis to the
case of nonautonomous equations assuming that the operator A = A(t) satisfies a
Lipschitz condition with respect to ¢; see (4.3).

One of the reasons why maximal parabolic regularity is an interesting framework
for stability, is that it allows, in combination with the variation of constants formula
and fixed point arguments, efficient treatment of a large class of nonlinear evolution
equations, [17,13]. Our present work is a first necessary step towards treating time
discretizations of nonlinear parabolic equations in the maximal LP-regularity frame-
work, where a posteriori error control is particularly relevant. We refer to [6] for a
posteriori error analysis for low order time discretizations for nonlinear equations
via C1'* maximal parabolic regularity.

The main results of [11] as well as of this article are transferred to discontinuous
Galerkin (dG) time-discrete methods via a suitable interpretation of dG methods as
modified Radau ITA schemes in [1].

Although we consider time-discrete schemes only, the extension of our approach
to both space and time discretizations of parabolic equations is important; see Re-
mark 3.3. Notice that partial results can be obtained by applying the time-discrete
analysis of the present work to space discrete evolution equations of the form (1.1)
with space discrete operators Ay, resulting from conforming finite element discretiza-
tions of coercive, selfadjoint, second-order elliptic operators A. Such space discrete
operators, on quasi-uniform triangulations of a bounded domain (2, are known to
inherit the maximal LP-regularity property of A on L°(£2),1 < s < oo; see [14,15]
and references therein.

An outline of the paper is as follows. For the reader’s convenience we present
the analysis for the first member of the Radau ITA family, namely the implicit Euler
method, separately in Section 2, and treat high-order Radau ITA methods in Section
3. We extend both the maximal regularity property and the a posteriori error analysis
to nonautonomous equations in Section 4.

2 The implicit Euler method

This section is devoted to both the a priori and a posteriori error analysis of the
implicit Euler method for the initial value problem (1.1). We present a complete
analysis; in particular, we show that the a posteriori estimator is of optimal order.
The a priori error analysis is based on the discrete maximal parabolic regularity
property of the implicit Euler method; cf. (2.6). In contrast, the a posteriori error
analysis is based on the continuous maximal parabolic regularity property (1.2).
We combine both maximal regularity properties to show that the a posteriori error
estimator is of optimal order.

Let kK =T/N be a constant time step and ¢, := nk,n =0,1,..., N, be the nodes
of a uniform partition of the time interval [0,7]. We consider the discretization of
the initial value problem (1.1) by the implicit Euler method, i.e., we define approx-
imations U, € 2(A) to the nodal values uy := u(ty) of the solution u as follows

(21) 8Un+1 + AUn+1 = f(tn+1), n=20,..., N—1,
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with dv,41 the backward difference quotient, dvp41 := (vn41 — vn)/k, and starting
value Ug = 0.

2.1 Residual and a posteriori error estimates

It is well known that the implicit Euler scheme can be viewed as collocation method
with node ¢; = 1. Then, the approximate solution U : [0,T] — 2(A) is the piecewise
linear interpolant of the nodal approximations Uy,

(2.2) Ut) :=Ups1+ (t —tns1)0Unt1, t€Jn, n=0,...,N—1,

with Jp := (¢n,tn+1]. The residual R of U is the amount by which the collocation
approximate solution U misses satisfying the parabolic equation in (1.1),

(2.3) R(t) :==U'(t) + AU(t) — f(t), t€Jn, n=0,...,N—1.

Notice that the residual R is a corEputable a posteriori quantity.
We consider the error e := v —U. Subtracting (2.3) from the differential equation
in (1.1), we obtain the error equation,

(2.4) ¢/ (t) + Ae(t) = —R(t), te(0,T].

Since e(0) vanishes, the maximal LP-regularity (1.2) for the error equation (2.4)
yields the desired a posteriori error estimate

(25)  |IRllLeco,1):x) < ll€'lLeqo,1):x) + 1Al Lo 0,1):x) < . x IRl Lo ((0,1):)-

2.2 Discrete maximal parabolic regularity and a priori error estimates

Fundamental results concerning the discrete maximal parabolic regularity for A-
stable Runge-Kutta methods with invertible coefficient matrices and, under natural
additional conditions, for backward difference formula (BDF) methods were recently
established in [11]; we refer to [11] also for an overview of previous work on this topic.

In particular, the implicit Euler method preserves the maximal parabolic regu-
larity,

(2.6) 10U ) nEller () + I1(AUR)nEller (x) < Cpox | (F (tn) )t llen ()

M =1,...,N, with a method-dependent constant C), x, independent of M, T, and
the time step k. Here, for a sequence (vn)p—o,... n C X and M < N, we used the
notation

M — - P 1/p
[(wn)nzllerx)y == (kY loall% )
n=1

Notice that ||(vn)ﬁ/[:1|\gp(x) is the LP((0,%57); X) norm of the piecewise constant
function v taking the values v(t) = vp41,tn < t < tpy1. For the discrete maximal
parabolic regularity (2.6) of the implicit Euler method, see [5, Remark 5.2] and [11,
Theorem 3.1].

The a priori error estimate is an easy consequence of the stability estimate (2.6);
for the reader’s convenience, we recall the details; we shall use the result to show that
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the a posteriori error estimator in (2.5) is of optimal order. For consistency with the
notation for high order methods, we let the consistency error Ep € X, £ =1,...,N,
of the implicit Euler method for the solution u of (1.1) be given by

(2.7) Eng1 = k[Ouns1 + Aung1 — f(tng1)], n=0,...,N—1;

notice that the consistency error is the amount by which u misses satisfying the
implicit Euler method. Using the differential equation in (1.1), we can write Ep41
in the form

Eny1 = k[aun+l - u/(t’ﬂ*f'l)}v
and, under obvious regularity assumptions, easily infer by the Taylor theorem that

tn+1
Eny1 = —/ (t — tn)u” () dt.
t

n

Then, Holder’s inequality yields the desired consistency estimate

s tnt1 1/p
(2.8) [Entrllx < m(/t llu" ()15 dt) :

with s the dual exponent of p, that is, % + % = 1. Therefore,

M M g1t p N e "
Iy = Yl <R( o) X [ o a
n=1 s+ ) n=0 tn

k}2 P tm
= (m) /0 l[u” ()% dt,

whence

2

k
(2~9) ||(En)nM:1||€P(X) < WHUH||L’)((0¢M)§X)’ M=1,...,N.

Let ey := uy — Up, £ = 0,1,..., N. Subtracting the implicit Euler method (2.1)
from the consistency relation (2.7), we obtain the error equation

(2.10) Oent1 + Aept+1 = %En+1, n=0,...,N—1.

Combining the discrete maximal parabolic regularity stability estimate (2.6) for the
error equation (2.10) with the consistency estimate (2.9), we obtain the desired a
priori error estimate,

(2.11)  [[(@en)mErller(x) + [1(Aen)nEallen(x) < Cpx " | Lo (0,00 ): )

_k
(s+1)1/s

M =1,...,N, with the constant Cp, x of (2.6).
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Remark 2.1 (0°°(X) estimate) In view of eg = 0, we have e, = k>""_| den, and thus

lem|lx < k’ZHaenl\X SRV (K7 0en] x).

n=1

Therefore, the discrete Holder inequality yields

(2.12) lemllx < (tm)™*[[(@en) s llen (x)-

From (2.12) and (2.11) we obtain the ZOO(X) estimate
1/s —
(2.13) lemllx < Cpx (tm)* G 1)1/8 "l Le(0,t0):x), m=1,...,N,

with a mildly growing factor (tm)l/s.

2.3 Optimality of the a posteriori error estimate (2.5)

Using (2.2), for ¢ € Jy, we have

U'(t) + AU(t) = 0Upy1 + AUny1 + (t — tni1)A0Un 41,
and, in view of (2.1), infer that the residual can also be written in the form
(2.14) R(t) = (t — tn+1)AO0Un11 + [f(tnt1) — )], t€Jn, n=0,...,N—1.
Therefore,
(215)  R(t) = (t — tnt1)ADunt1 — (t — tng1)Adenta + [f(tns1) — f()], T E Jn,

n=0,...,N—1.

Let us denote by R1(t), R2(t) and R3(t) the first, second and third terms on the
right-hand side of (2.15), respectively. We shall estimate each one of these terms
separately. First, for Ry, we have

t—tper [T
Ru(t) = (t — tnss) ADupyy = Lottt / A (r)dr, € .
tn

k

Therefore,

tnit

IR (0)x </ |AW (1) x dr, ¢ € Jn,

tn

whence
trny1 tnt1 / tni1 ,
[ imn < k([ 1@ an) < w7 an g an

ie.,

trnt1 trnyt
/ 1Ry ()% dtgkl’/ A (7) 2 dr.

n tn

This yields the desired estimate for Ry,

(2.16) IRl e (0,1 x) < KIIAY || Lo ((0,7);x)-
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Similarly, for R3, we have

tri1
Rs(t) = / F(F)dr, te g,
t

and thus
trnt1 ,
||R3<t)||x</ I (Pllxdr, teJn

tn
Proceeding as in the case of R1, we arrive at the desired estimate for Rg,
(2.17) IR3llLe(0,1y:x) < KILF L (0,7):x)-

Next, we shall use the a priori error estimate (2.11) to bound R2. We have

t—t
Rg(t) = —(t — tn+1)Aaen+1 = —7n+1(Aen+1 — Aen), t e Jn,

k
and thus
1R2(8)x < | Aensallx + | denllx, € Jn.
Therefore,
tnt1 »
/ IR2 (&) di < k(| Aensallx + [ Aen]lx )",
tn
whence
N-1 N
|Ralleqom:x) < (k- (Ientillx + Aeallx)”) "
n=0

Using here the Minkowski inequality for the /% norm on R, we infer that

N
1/p
1Rall i (o,ryi) < 2(k D Idenl% ) " = 2l (Aen)ilallencx).
n=1
In view of the a priori error estimate (2.11), this yields the desired estimate for Ra,
(2.18) | B2l e ((0,1);x) < 2¢ XLHUNHLP((O T):X)-
’ El p’ (8 + 1)1/5 ’ ’

From (2.16), (2.17) and (2.18) we infer that the a posteriori error estimator
|RIle((0,1);x) in (2.5) is of optimal order O(k) in any fixed interval [0, 7], provided
that f', Au’,v” € LP((0,T); X); of course, if two of these functions are elements of
LP((0,T); X), then the third belongs to the same space as a linear combination of
the other two. Notice also that if f(0) vanishes, then u’(0) vanishes as well, and in
view of u” + Au’ = f’, we actually only need to assume that f' € LP((0,7T); X); then,
u”, Au' € LP((0,T); X) by maximal parabolic LP-regularity.

Let us emphasize that the residual estimates (2.16)—(2.18) and (2.5) yield op-
timal order a priori error estimates for the implicit Euler method in the continu-
ous LP((0,T); X)-norm; this complements the corresponding a priori error estimate
(2.11) in the discrete ¢7(X)-norm.
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3 High-order Radau ITA methods

In this section we present our main results. We establish a posteriori as well as a
priori error estimates for Radau IIA methods. Furthermore, we show that the a
posteriori error estimator is of optimal order.

As already mentioned, the maximal LP-regularity of the operator A applied to
the error equation (1.10) yields the a posteriori error estimate (1.11). Our goal here
is to show that the estimator on the right-hand side of (1.11) is of optimal order.

We first derive an explicit representation of the residual R and subsequently show
that the a posteriori estimator is of optimal order via a priori error analysis.

We refer also to [20,19,2,3,4, 16] and [6] for a posteriori error analyses for parabolic
equations in Hilbert and Banach spaces, respectively.

3.1 Explicit representation of the residual

The residual R of the collocation approximate solution U of the g-stage Radau ITA
method, given in (1.9), is, obviously, a computable quantity. Let us give here an
explicit representation of it; compare to [3, Theorem 2.2].

Notice that, in view of the pointwise form (1.7) of the numerical method, the
residual can also be written in the form

(81) R = A[0(t) ~ [ 0®)] = [f(t) — L1 fB)], ¢ € (tntusal,

n=0,...,N—1.

The residual R of (3.1) seems suitable for a posteriori error estimates in this case;
this is due to the fact that the corresponding a priori error estimates, see (3.18) and
(3.19) in the sequel, are of order O(k9). This is in contrast to [3] and [4], where it
was advantageous to introduce a suitable higher-order reconstruction, an element of
Vi(¢+ 1), of the collocation approximation Ue Vi(q).

Any form of the polynomial interpolation remainder not relying on the mean
value theorem, since our functions are vector-valued, can be used for the represen-
tation of the interpolation errors U(t) — I,_1U(t) and f(t) — I,—1f(t); for instance,
the Kowalewski remainder representation [7, Ex. 1, pp. 71-72] leads to

U(t) — I 1U(t)_kq45( k )U<‘1>

(3.2)
FO) = Ty £(0) = = 3 i) / D () dr
for ¢t € Jn, with
1 ! 1 T—tnj
qi_l;[T*Cz 7 €[0,1], Enz’(T):jl;[lm, 7€ Jn.
J#i
Using (3.2), we can rewrite (3.1) in the form
(3.3)  R(t)=k® ( p )AU(q) i ng(t) )LD (1) dr

tnz
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te Jp,n=0,...,N —1.

Notice that, in the case of the implicit Euler method ¢ = 1, the corresponding
derivative of U is U’ and since we have estimates for Aen, we can show that the
residual R is indeed of (optimal) first order in k.

3.2 Optimality of the estimator via a priori error analysis

We first recall in Lemma 3.1 the discrete maximal parabolic regularity property of the
g-stage Radau ITA method and then prove consistency estimates. Combining these
results we derive a priori error estimates, which will be instrumental to establish
sharp asymptotic upper bounds for the estimator in (1.11).

3.2.1 Discrete maximal parabolic regularity
We first recall the maximal parabolic regularity property for Radau ITA methods.
Lemma 3.1 ([11, Corollary 5.2, Theorem 5.1]; maximal regularity of Radau

ITA methods) The Radau IIA approzimations Uy, ...,Un are well defined by (1.5) and
satisfy the maximal parabolic reqularity stability estimates

q
(3.4) 10U n=1ller(x) + 1(AUR)R=1 llen (x) < Cp,x Z I(f (tni))n=o llen ()
i—1
and
! N ! N
—1 —1
(3.5) Z (AU ) =0 ller(x) < Cp,x Z 1 (f (tni))n=o ller (x)
=1 1=1

with a constant Cy, x independent of N and T, depending on the method, i.e., on q.

The following maximal regularity property of the collocation approximation Uis
an easy consequence of Lemma 3.1.

Corollary 3.1 (Maximal regularity of the collocation approximation) The col-
location approximation U satisfies the maximal reqularity estimates

q q
(%) S W i) =0 ler () < Cpoxiqg DN (Eni) )20 llew(x)

i=1 i=1
and

Ul e 0,7):x) + AU | Lo 0,1):) + AUl Lo (0,1 %)

** q
) <Cpxg), 1(F (tni) =g ller (x0)

i=1

with a constant Cy, x 4 independent of N and T.
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Proof First, according to the collocation equations (1.6), there holds

q

q
N-1
Z (U (tni)) 2= o lev(x) = ZH(—AUm‘Jrf(tm‘))n:o ller(xys
im1

and the triangle inequality and (3.5) yield (x).
Furthermore, the Lagrange form of U,

! t) = Zéniﬁ/(tni): th <t <tn41,

with £,,; the Lagrange polynomials ¢; shifted to the interval .J,,, yields

| wiga= | ||Zem (b I

n

q
~ p
< (D2 llnill o g 10 (i)l x)
1=1
il p
-y
= (D kil 0,010 (tai) 1)
=1

q s p/s q ., »
< (D lallieon) (D HIT @),
i=1

i=1

with s the dual exponent of p. This in combination with (x) leads to the asserted
estimate for U’ in (xx).
Taking (3.5) into account, AU can be estimated analogously. Finally, using the
Lagrange polynomlals for the points ¢ = 0 1 CLy- s Cq, (3.5), and the fact that
U(tno) = U(tn) = Un—1,q, We can also estimate AU in the desired way. O

8.2.2 Consistency
We prove consistency of the Radau ITA methods for the initial value problem (1.1),

assuming existence of a smooth solution. We recall that the stage order of the ¢-stage
Radau ITA method is g, i.e.,

q
_ 1
(B(a)) Shd =1 i=1..4
i=1
q ' Cg
(C(q)) Zaijcj_1:é7 6:17"'7q7i:1>“'7q
j=1

The consistency errors E,; and E,4+1 of the method are determined by

q
u(tni) = u(tn) 7kza‘$] Au tnj f(tnj)) + Eni, i=1,...,q
j=1
q
u(tn+1) = u(tn) - kz bz (Au(tnz) - f(tnz)) + En+1-

i=1

Notice that Epqy1 = Eng,n=0,...,N — 1.

(3.6)
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Lemma 3.2 (Consistency estimate) If the solution u of (1.1) is sufficiently smooth,
namely u € WITLP((0,T); X), then the following consistency estimate holds

tn41
(3.7) ||Em|\X<C’“q/ [ul ()| xdr, i=1,...,¢ n=0,...,N-1,

tn

with a method-dependent constant C.
Proof In view of the differential equation in (1.1), (3.6) yields
q
(3.8) u(tni) = ultn) +k Y i (tnj) + Eni, i=1,...,q.
j=1

Notice that E,; is the quadrature error over the interval [tn,t,;] of the quadrature
formula with weights a;;jk and nodes t,,; = tn +c;jk,j = 1,..., ¢, for the function o',
Taylor expansion about ¢, yields

Bt =3 (5~ sl + 4 [ = )
ni — (Z — 1)' 7 : lalJCj u n q' \ ni T) U T T
J:

n

In view of the stage order conditions (C(q)), leading terms of order up to ¢ vanish,
and FE,; can be represented in the form

— 14 e T —tny (g+1) I
(3.9) E,,=k mi(T)u (r)ydr, i=1,...,q,
t

n

with the bounded Peano kernels
1 q R g—1
(3.10) ki(t) == a((ci —t)4)" — G- > ai((e;—t)4+)", 0<t<,
j=1

t=1,...,q, where we used the standard notation 7+ = 7 for > 0 and 7+ = 0 for
7 < 0. We thus obtain the asserted consistency estimate (3.7). O

3.2.3 A priori error estimates in the discrete (P(X)-norm

Let en := u(tn) — Un,n=0,...,N, and en; := u(tp;) — Uns,n =0,..., N — 1, denote
the nodal and the intermediate errors, respectively, of the ¢g-stage Radau ITA method
(1.5). Of course, ent+1 = eng,n=0,...,N — 1.

First, we rewrite (3.8) in a suitable for our purposes form, which will allow us to
directly apply the discrete maximal parabolic regularity stability estimate of Lemma
3.1 to our error equations; see also [12, §4.1]. With Enii=1,...,q, defined by

q
(3.11) kY aijBnj=Eni, i=1,...,q,
Jj=1
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it is easily seen that (3.8) reads

q
(312) U(tni) = u(tn) —k Z Qij [Au(tn]) — f(tnj) — Enj]v 1= 1, .oy q.
Jj=1

Subtracting the first relation of (1.5) from (3.12), we obtain the error equations

q
(313) eni:en_kzaij(Aenj_Enj)v ’L':L...,q,

j=1
n=20,..., N — 1. Now, the discrete maximal parabolic regularity stability estimates

of Lemma 3.1 applied to (3.13) yield

q
(3.14) [(@en)n=1ller(x) + (Aen)n=t1ller(xy < Cpx Z I(Eni)h=o llew ()
=1
and
< N L N
—1 - -1
(3.15) > I (Aeni)nZo llerx) < Cp.x 1 (Eni)n=o ller(x)
=1 =1

with a constant C}, x (depending also on the specific method) independent of N and
the time step k; compare (3.13) to [11, (5.1)]. The notation dv, and H(vn)fy:lﬂgp(x)
was introduced immediately after (2.1) and in section 2.2, respectively; the notation
||('Un),{-LM:0H£p(X) is completely analogous.

The estimate

- tn41
(3.16) [Enillx < qu—l/ [V () xdr, i=1,....q,
tn
n=0,...,N—1,is an immediate consequence of (3.11) and the consistency estimate

(3.7). Now, Holder’s inequality for integrals yields

N-1 tnt1 P
(3.17) E:O (/t 1) ()] dT) <R,
= M

n

with s the dual exponent of p. Inserting (3.16) into (3.14) and (3.15), and using
(3.17), we obtain the a priori error estimates

(3.18) 1(@en)n=tller(x) + (Aen)nziller(x) < ép,X,qquu((H_l)”LP((O,T);X)
and
(3.19) [(Aeni) N =g 1w (x) < 5p,X,qquu(q+l)HLP((O,T);X)u i=1,...,q,

respectively, with a constant @,7 X,q» independent of T, N, the time step k, and the
solution w.

Compare the a priori error estimates (3.18) and (3.19) with [12, (2.9a), (2.9b)],
where a much more involved initial value problem is discretized.
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3.2.4 Optimality of the a posteriori error estimate (1.11)

Assuming that the forcing term f and the solution u are sufficiently smooth, namely
feWeP((0,7); X) and w € WITHP((0,T); X), and using the explicit representation
(3.3) of the residual R, we shall show here that the a posteriori error estimator for
the g-stage Radau ITA method on the right-hand side of (1.11) is also of order ¢, in
analogy to the a priori error estimates (3.18) and (3.19). We mention that, as in the
case of the implicit Euler method, this analysis leads to optimal order a priori error
estimates for the collocation approximation U in the continuous LP((0,T); X)-norm,
thus complementing the corresponding estimates (3.18) and (3.19) in the discrete
#P(X)-norm.
Let us first consider the second term,

Rf(t) = )| Zé'm (tni - T)q_lf(q) (T) dr, te (tnytn—i-l),

tni

on the right-hand side of (3.3) of the residual R(¢). Obviously,

- tnt1
1R (1)1 < Gak?™? / 1FD@) x dr, ¢ € (tntnga):

tn

Therefore, using the analogue of (3.17) for 19 we easily see that

(3.20) IRslLr0,1);x) < < Cak| £ )||sz((o T):X)

It thus remains to estimate the first term on the right-hand side of (3.3), that
is, to show that ||AU(?)| x is bounded, uniformly in the time step k.

Recall that co = 0,tn0 = tn, and let I; be the mterpolatlon operator by elements
of X;(q) at the nodes t,;,7 =0,1,...,q. Furthermore, let Uni € Pg,i=0,1,...,q, be
the Lagrange polynomials for the nodes t,;,% = 0,1,...,q. Then, since the approxi-
mate solution U is an element of Vi (¢), it can be written in the form

q

Ut) = lni()U(tni), t € [tn,tns1].
=0

Therefore, with e, = en, we have

q q
Ut) == lniteni + Y lni(®)ultns), t€ [tn,tnt1],
=0 =0

whence
(3.21) 0(t) = Ze Deni + Ze Putni), 1€ (tn,tns).
‘We have

z.(t)_ﬁﬂ t € [tn,tni)

ni - i tn'L — th7 n,tn+1j,
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and thus the (constant) derivative Zn(iq) of order ¢ of Zm is

q
~ 1
En(iQ)(t):q!IIt._t =gk~ qllc_C
j=0 '™ nj i 7l

J#i ]751
Let
oo
Cq := max .
0<1<q |C7; — le
j=
j#i
Then, obviously,
(3.22) 0D 1) < Cog'k™, i=0,1,...,q, t€ (tn,tns1).

We now use (3.21) and split the first term, Ry, say, on the right-hand side of
(3.3) of the residual R in the form Ry (t) = Ri(t) + Ra(t) with

q
Ri(t) := Ko ( ZZ D Au(tni)
(3.23) =°q
Ro(t) == — ko, (1212 )N 0D Ay
1=0

Obviously, &4 is bounded, |®4(s)| < ¢/q!, uniformly in the time step k.
We shall first estimate R;. With r € P(¢ — 1) the Taylor polynomial of u about
tn = tno, we have Iyr = r and 7@ =0, whence

q ni
ZZJZ / T)qilu(q)(’T) dr
i=0 t

This relation, in combination with (3.22) and the analogue of (3.17) for Au(?, leads
to the desired estimate

IRllLe(0,1);x) < quqHAu(q)HLp((o T):X)

for R1, whence to

(3.24) IR Lo (0.1):x) < Eak? (1 o o,my:x) + I1F D oo,y )-
Next, we estimate Ro(t). Utilizing (3.22), we obtain from (3.23)

ot q »
[ IRl de < @073 Ienlx )

tn =0

whence
q

N
p\1/
IRl (o,rysx) < <Ca(k Y (D IMenillx))

n=1 =0
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Using here the triangle inequality for the /% norm on R for ¢ + 1 vectors, we infer
that

q

N q

1/p

1Rl ((0,:x) < Cq (’f > HAemH’;g) =cCy Y l(Aens)n=tller(x)-
1=0 n=1 =0

In view of the a priori error estimates (3.18) and (3.19), this yields the desired
optimal order estimate for Ra,

(3.25) | Rell e (0,1);x) < ap,X,qkq”u((H_l)”LP((O,T);X)-

The optimality of the a posteriori error estimate (1.11) is now an obvious conse-
quence of (3.3), (3.20), (3.24) and (3.25). Summarizing, we have proved the following:

Theorem 3.1 (A posteriori error estimate) Consider the Radau ITA approzimations
defined in (1.5). Let Ue Vi(q) be the continuous piecewise polynomial function such that
ﬁ(tni) =Up,i=1,...,¢,n=0,...,N — 1, where, in particular, ﬁ(tn+1) = ﬁ(tnq) =
Unt+1 = ﬁ(t;t_,’_l). With u being the solution of (1.1), the following mazimal regularity a
posteriort error estimate holds

(3.26) l(w = 0) Ml Lo 0,0:x) + 1AW = D)o 0.69:x) < px IR Lo ((0,0):)
for 0 <t < T, where the a posteriori estimator is given by
(327)  R(t) =U'(t) + AU(t) — f(t) = (I = I;—1))(AU(t) = f(8), t € (tn,tnta].

Furthermore, the estimator is of optimal asymptotic order of accuracy in the sense that, if
the forcing term f and the solution u are sufficiently smooth, namely f € WTP((0,T); X)
and uw € WITHP((0,T); X), there exists a constant Cy, x4 such that

(3.28) IRz 0,7y;x) < 5p,X,qkq(”u(q+1)HLP((O,T);X) + Hf(q)HLP((O,T);X))-

Remark 8.1 (Order of convergence) In the case of a triple of Hilbert spaces V C H C
V*, the standard order of convergence for the nodal errors en = u(tn) — Un as well
as for the errors e,; = u(tn;) — Up; at the intermediate nodes of the g-stage Radau
ITA method, ¢ > 2, is ¢ + 1, i.e., the minimum of the stage order plus 1 and of the
order p = 2q — 1 of the method; the errors are measured in the discrete maximum
norm in time and in the Hilbert space norm in space, i.e., in the discrete L (H)
norm. The a posteriori bounds in the L°°(H)- and L?(V)-norms, established via the
energy technique, are also of order ¢+ 1, provided the exact solution w is sufficiently
smooth; cf. [3], [4], [19].

However, the order ¢q of the a posteriori estimator in (3.26), as well as of the a
priori error estimates (3.18) and (3.19), is optimal. This is due to the fact that our
estimates are in stronger norms in time. More precisely, the error is measured in the
WLP(X) (semi)norm in the first term on the left-hand side of (3.26), rather than
in the standard L°°(H)-norm in the case of Hilbert spaces. Since the collocation
approximation Uisa piecewise polynomial of degree at most ¢ in time, its derivative
U'is a piecewise polynomial of degree at most ¢ — 1 in time; therefore, the highest
possible attainable order of convergence of the derivative ¢’ = v/ — U’ of the error is q,
even if U’ were the best approximation to u’ from the space of piecewise polynomials
of degree at most ¢ — 1.
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Remark 3.2 (Regularity requirements) To establish optimal order O(k?) a priori error
estimates in the discrete ¢P(X)-norm, we assumed that « € WIt1P((0,7T); X). To
show that the a posteriori error estimator is of optimal order O(k?), and thus to
obtain optimal order a priori error estimates in the continuous L?((0,T'); X )-norm, we
furthermore assumed that f € W%P((0,T); X) or equivalently Au € W?P((0,T); X).
The additional regularity requirement f € W%P((0,T); X) for the optimality of the
a posteriori error estimator is due to the explicit appearance of the interpolation
error f — I4—1f of the forcing term in the residual R; see (3.27). In contrast, the
consistency errors E,; can be expressed in terms of the solution u only; see (3.9).

Remark 8.3 (A posteriori estimates for fully discrete methods) In actual computations
for parabolic equations, time stepping methods, such as the Radau ITA methods, are
combined with space discretization, for instance by the finite element method. The
finite element solutions wuy, are, in general, not in the domain 2(A) of the continuous
operator. Among other technical challenges, this fact is quite important since our
approach is based on the maximal regularity properties of A. Hence, the derivation
of a posteriori error estimates for fully discrete methods is not straightforward. One
possibility to bypass this issue and to extend the present analysis is to use the elliptic
reconstruction U € Z(A) of the finite element solutions wuy. By construction, uy is
then the finite element approximation of the corresponding elliptic problem with
solution U; see [18]. Roughly speaking, the errors u — U and U — uy, are estimated
separately. The spatial error U — uy, is controlled by elliptic estimators, while u — U
satisfies an error equation of a form similar to (1.10), where maximal regularity a
posteriori estimates are applicable. The derivation of a posteriori error estimates for
fully discrete methods will be addressed in a forthcoming work.

4 Extension to nonautonomous equations

In this section, we extend the maximal parabolic regularity stability estimates for
Radau ITA methods to nonautonomous parabolic equations by a perturbation argu-
ment; for similar ideas and results, we refer to [12, §3.6]. Furthermore, we establish
optimal order a posteriori error estimates.

We consider an initial value problem for a nonautonomous linear parabolic equa-
tion,

(41) {u’(t) +A@Mu(t) = (1), 0<t<T,

u(0) =0,

in a Banach space X.

Our structural assumptions on A(t) are that all operators A(t),t € [0, 7], share
the same domain Z(A), A(t) is the generator of an analytic semigroup on X having
maximal LP-regularity, for every ¢ € [0,T], A(t) induce equivalent norms on 2(A),

(4.2) lA®)v||x < cl|lA@)vllx Vit € [0,T] Yo € 2(A),
and A(t) : 2(A) — X satisfies a Lipschitz condition with respect to ¢, i.e.,
(4.3) I(A(®) — AD)vllx < LIt = [A(T)vllx V€ [0,T] Vo € 2(A),

for all 7 € [0, T).
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4.1 Maximal parabolic regularity

With our notation, and starting value Uy = 0, the g-stage Radau IIA method for
the initial value problem (4.1) yields approximations U, € 2(A) to the nodal values
u(ty), as well as internal approximations Uy; € Z(A) to the intermediate values u(ty; ),
by

q
Uni = Un — kzaij(A(tnj)Unj - f(tnj))7 i=1,...,q
(4.4) J =1q

Unt1=Un — kzbi (A(tni)Uni - f(tnz))a

=1

n=20,...,N — 1. Notice that Uy+1 = Ung.
Proposition 4.1 (Maximal parabolic regularity for nonautonomous equations)
Assume that the operator A(t) is the generator of an analytic semigroup on X having
maximal LP-regularity, for every t € [0,T], and satisfies the structural conditions (4.2)

and (4.3). Then, the Radau II approzimations Un, Uy; for the initial value problem (4.1),
gwen in (4.4), satisfy the mazimal parabolic regularity stability estimates

q

q
(4.5) S A Uni)nZo lev(x) < Cpx,1 >N (F (i) o ller (x)
i=1 i=1

and

q
(4.6)  [[(0Un)n=1ller(x) + 1(A(tm)Un)n=1ller(x) < Cp,x,T Z 1(f (tni))mo lew (x0),
=1

m=1,..., N, with a constant C), x T independent of m and k.

Proof We fix an m, and, for n =0,...,m — 1, rewrite (4.4) in the form

q
Uni =Un — kzaij (A(tm)Unj —9nj — f(tnj))v i=1...,q
j=1

(4.7) .
Unt1=Un — kZ bi (A(tm)Uni = gni — f(tni)),
i=1
with
(48) 9ni ‘= (A(tm) 7A(tni))Uni7 i=1,...,q.

Since the time ¢ is frozen at i, in the operator A(ty,) in (4.7), we can apply
the known maximal parabolic regularity estimates (3.4) and (3.5) for Radau IIA
methods for autonomous equations, and obtain

q
1(0Un)n=1ller (x) + I(A(tm)Un)n=1ller(x) < Cp,x Z 1(gni)m=o ller(x)
(4.9) =1

q
+ Cpx DN tni) e len )

i=1
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and

q
Z I(Atm)Uni)m=o len(x) < Cp,x Z 1(gni)m= ller(x)
=1 1=1

(4.10)
+ Cp X Z ” tm )n 0 ”ZP(X)

with a constant C), x independent of m and T’; notice that to choose C), x indepen-
dently of m we resort to the equivalence of the norms in (4.2).

To obtain the asserted result, it remains to estimate the first term on the right-
hand sides of (4.9) and (4.10) in a suitable way. Let

q m—1 ¢
Zm = Z 1(9ni)n=o ||2P(X) =k Z Z ” A(tm) N A(t&))Uth
i=1 £=0 i=1
and
-1 gq
Bpi=k» Y Atm)Usl%, €=1,...,m, Eo:=0.
j=0i=1

Now, according to estimate (4.10), we have

(4'11) CZH tm ”[p(X) +CZm.

Furthermore, in view of the Lipschitz condition (4.3),

m—1 q m
m KLY (tm —t)? > [Atm) Uil = LY (tm — te)? (Be = By 1),
=0

i=1 (=1

whence, by summation by parts, we have
m
(4.12) Zm < LY agBy,
/=1

with ag := (tm — tg_1)? — (tm — tp)?, and (4.11) yields

q

(4-13) Em < Z I (f(tm)) Hzn(x) + CZ agEy.

i=1 =1

Since the sum 2?21 ay is uniformly bounded,

m
Zaé = (tm - tO)p < Tp’

{=1

a discrete Gronwall-type argument applied to (4.13) leads to

(4.14) Em < CZ [[(f (tni)) e KP(X)

=1

Combining (4.10) with (4.12) and (4.14), we obtain the asserted maximal parabolic
regularity stability estimate (4.5) with a constant C), x r independent of m and k.
Analogously, from (4.9), we obtain (4.6). O
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Remark 4.1 (Bounded variation condition) The Lipschitz condition (4.3) in Proposi-
tion 4.1 can be relaxed to a bounded variation condition, namely,

(4.15)  [I(A(t) = A®)vlx < [o(t) o] Al(T)v]x, O0<SE<EST, Vo€ 2(A),

for all 7 € [0, 7], with an increasing function o : [0,T] — R; cf., e.g., [9].
Indeed, in this case, we have

m—1 q m
I <k [0(tm) = 0 (te)P S [AGm)Usill = S lo(tm) — o(te— )P (Be — Ey—y),
/=0 =1 =1

whence, by summation by parts,

m
(4.16) Zm < agEy,
=1

with ap := [o(tm) — o (tg_1)]” — [o(tm) — o(tr)]” = 0, and (4.11) yields
q m
(4.17) Em < CZ H(f(tm))?:_olﬂgp(x) + CzaeEz-
i=1 =1

Since the sum ;" | a, is uniformly bounded by a constant independent of m and
the time step k,

m
> ag = [o(tm) — o(t0)]” < [o(T) = 0(0)]",
=1
a discrete Gronwall-type argument applied to (4.17) leads to
q
-1
(4.18) Em < C Y I(f(tni))nzo 15 x)

i=1

and the proof can be completed as in the case of the Lipschitz condition.

4.2 A posteriori error estimates

Let R be the residual of the collocation approximate solution U ,
(4.19) R(t) :=U'(t) + A()U(t) — f(t), t€ (tn,tny1], n=0,...,N—1,

cf. (1.9), i.e., the amount by which U misses being an exact solution of the differential
equation in (4.1). Then, the error e := u — U satisfies the error equation

(4.20) e'(t) + A(t)e(t) = —R(t), t€ (tn,tnt1], n=0,...,N —1.

Let us now fix a 7 € (0,T). To apply the maximal LP-regularity of the operator A(7),
for a frozen 7, we rewrite (4.20) in the form

(4.21) e'(t) + A(r)e(t) = [A(T) — A(t)]e(t) — R(t), t € (0,7].
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Then, the maximal LP-regularity of A(7), applied to (4.21) yields the preliminary
estimate

(4.22) le" | e 0,7):x) + TA(T)ellLe(0,m):x) < ep,x I[A(T) — A()]ellLr 0,7 x)

+ e, x IR e ((0,7);%)

for all 0 < 7 < T, for any p € (1, 00), with a constant ¢, x independent of 7, depending
only on p and X.
With

t
n(t) = 1AL (0.0x) :/O IA()e(s) % ds, 0<t<m,
estimate (4.22) yields
(4.23) n(r) < CI[A(T) - A(')]e”ip((o,q-);x) + CHRHip((Oﬂ-);X)’ 0<7<T.

Now, in view of the Lipschitz condition (4.3),
IEAG) = ACEl 0.y = | 114() = AWIe(o) I
0

<1 [ (= tpIAEe0 i ar
IAG) = ACNel ) <27 [ (7= 1P 00,

and integration by parts yields
.
(4.24) IAG) = AOM N 00 < P [ (7 =07 n(0) .
From (4.23) and (4.24), we obtain
T
n(r) < C/o (r = 0t dt + CIRIG o my ) 0<T<T.
whence, via a Gronwall inequality,
(4.25) (1) IR 0.ryxy OSTST,

with a constant ¢’ depending also on L and T.
Now, (4.24) and (4.25) yield

IA(T) = A()]ell e 0,7);x) < ellBllLr((0,7);x)

and, in combination with (4.22), the desired a posteriori error estimate

(4.26) €'l e (0,r);x) + IAT)ellLr((0,7):x) < el RlLr(0,r)ix), 0<T<T,

for any p € (1,00), with a constant ¢ depending on p, X, L, and T. Notice that,
in view of the equivalence of the norms ||A(t) - ||x, the constant ¢ can be chosen
independently of 7.

As in the case of autonomous equations, we can see that the a posteriori error
estimator on the right-hand side of (4.26) is of optimal order.



A posteriori estimates via maximal regularity 23

References

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

G. Akrivis and Ch. Makridakis, On mazimal regularity estimates for discontinuous Galerkin
time-discrete methods, STAM J. Numer. Anal. 60 (2022) 180-194. doi: 10.1137/20M1383781
G. Akrivis, Ch. Makridakis, and R. H. Nochetto, A posteriori error estimates for the
Crank—Nicolson method for parabolic equations, Math. Comp. 75 (2006) 511-531. doi:
10.1090/50025-5718-05-01800-4

. G. Akrivis, Ch. Makridakis, and R. H. Nochetto, Optimal order a posteriori error estimates

for a class of Runge—Kutta and Galerkin methods, Numer. Math. 114 (2009) 133-160. doi:
10.1007/s00211-009-0254-2

. G. Akrivis, Ch. Makridakis, and R. H. Nochetto, Galerkin and Runge—Kutta methods: unified

formulation, a posteriori error estimates and nodal superconvergence, Numer. Math. 118
(2011) 429-456. doi: 10.1007/s00211-011-0363-6

. A. Ashyralyev, S. Piskarev, and L. Weis, On well-posedness of difference schemes for abstract

parabolic equations in Ly([0,T]; E) spaces, Numer. Funct. Anal. Optim. 23 (2002) 669-693.
doi: 10.1081/NFA-120016264

. E. Cuesta and Ch. Makridakis, A posteriori error estimates and mazimal regqularity for

approximations of fully nonlinear parabolic problems in Banach spaces, Numer. Math. 110
(2008) 257-275. doi: 10.1007/s00211-008-0165-7

. P. J. Davis, Interpolation and Approzimation, Dover, New York, 1975.
. L. de Simon, Un’applicazione della teoria degli integrali singolari allo studio delle equazioni

differenziali lineari astratte del primo ordine, Rend. Sem. Mat. Univ. Padova 34 (1964)
205-223.

. C. Gonzéilez and C. Palencia, Stability of time-stepping methods for abstract time-

dependent parabolic problems, SIAM J. Numer. Anal. 35 (1998) 973-989. doi:
10.1137/S0036142995283412

N. J. Kalton and G. Lancien, A solution to the problem of LP-maximal reqularity, Math. Z.
235 (2000) 559-568. doi: 10.1007/PL00004816

B. Kovécs, B. Li, and C. Lubich, A-stable time discretizations preserve mazimal parabolic
regularity, STAM J. Numer. Anal. 54 (2016) 3600-3624. doi: 10.1137/15M1040918

P. C. Kunstmann, B. Li, and C. Lubich, Runge—Kutta time discretization of nonlinear
parabolic equations studied via discrete maximal parabolic regularity, Found. Comput. Math.
18 (2018) 1109-1130. doi: 10.1007/s10208-017-9364-x

P. C. Kunstmann and L. Weis, Maximal Ly-regularity for Parabolic Equations, Fourier Mul-
tiplier Theorems and H°-functional Calculus. Functional Analytic Methods for Evolution
Equations, Lecture Notes in Mathematics 1855 (2004) 65-311. doi: 10.1007/978-3-540-
44653-8-2

B. Li, Analyticity, mazimal regularity and mazximum-norm stability of semi-discrete finite
element solutions of parabolic equations in nonconvex polyhedra, Math. Comp. 88 (2019)
1-44. doi: 10.1090/mcom /3316

B. Li, Maximal regularity of multistep fully discrete finite element methods for parabolic
equations, IMA J. Numer. Anal. (2021). doi: 10.1093/imanum/drab019

A. Lozinski, M. Picasso, and V. Prachittham, An anisotropic error estimator for the Crank-
Nicolson method: Application to a parabolic problem, STAM J. Sci. Comp. 31 (2009) 2757—
2783. doi: 10.1137/080715135

A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems, Modern
Birkh&user Classics, Basel, 1995.

Ch. Makridakis and R. H. Nochetto, Elliptic reconstruction and a posteriori error
estimates for parabolic problems, SIAM J. Numer. Anal. 41 (2003) 1585-1594 doi:
10.1137/50036142902406314

Ch. Makridakis and R. H. Nochetto, A posteriori error analysis for higher order dissipative
methods for evolution problems, Numer. Math. 104 (2006) 489-514. doi: 10.1007/s00211-
006-0013-6

R. H. Nochetto, G. Savaré, and C. Verdi, A posteriori error estimates for variable time—
step discretizations of monlinear evolution equations, Comm. Pure Appl. Math. 53 (2000)
525-589. doi: 10.1002/(SICI)1097-0312(200005)53:5i525:: AID-CPA1;3.0.CO;2-M

L. Weis, Operator-valued Fourier multiplier theorems and mazimal Ly-regularity, Math.
Anal. 319 (2001) 735-758. doi: 10.1007/PL00004457


https://doi.org/10.1137/20M1383781
https://doi.org/10.1090/S0025-5718-05-01800-4
https://doi.org/10.1090/S0025-5718-05-01800-4
https://doi.org/10.1007/s00211-009-0254-2
https://doi.org/10.1007/s00211-009-0254-2
https://doi.org/10.1007/s00211-011-0363-6
https://doi.org/10.1081/NFA-120016264
https://doi.org/10.1007/s00211-008-0165-7
https://doi.org/10.1137/S0036142995283412
https://doi.org/10.1137/S0036142995283412
https://doi.org/10.1007/PL00004816
https://doi.org/10.1137/15M1040918
https://doi.org/10.1007/s10208-017-9364-x
https://doi.org/10.1007/978-3-540-44653-8_2
https://doi.org/10.1007/978-3-540-44653-8_2
https://doi.org/10.1090/mcom/3316
https://doi.org/10.1093/imanum/drab019
https://doi.org/10.1137/080715135
https://doi.org/10.1137/S0036142902406314
https://doi.org/10.1137/S0036142902406314
https://doi.org/10.1007/s00211-006-0013-6
https://doi.org/10.1007/s00211-006-0013-6
https://doi.org/10.1002/(SICI)1097-0312(200005)53:5<525::AID-CPA1>3.0.CO;2-M
https://doi.org/10.1007/PL00004457

	Introduction
	The implicit Euler method
	High-order Radau IIA methods
	Extension to nonautonomous equations

