BACKWARD DIFFERENCE FORMULAE: NEW MULTIPLIERS
AND STABILITY PROPERTIES FOR PARABOLIC EQUATIONS

GEORGIOS AKRIVIS AND EMMANUIL KATSOPRINAKIS

ABSTRACT. We determine new, more favourable, and in a sense optimal, multipli-
ers for the three- and five-step backward difference formula (BDF) methods. We
apply the new multipliers to establish stability of these methods as well as of their
implicit—explicit counterparts for parabolic equations by energy techniques, under
milder conditions than the ones recently imposed in [4, [].

1. INTRODUCTION

The aims of this paper are twofold: the determination of multipliers for the three- and
five-step BDF methods that are more favourable than the Nevanlinna—Odeh multipliers,
and their use in the derivation of stability estimates for parabolic equations under
relaxed stability conditions.

We first recall the multiplier concept of Nevanlinna and Odeh as well as their multi-
pliers for BDF methods of order up to five. We determine new, more favourable, and
in a sense optimal, multipliers for the three- and five-step BDF methods, and show
that the Nevanlinna-Odeh multiplier for the four-step BDF method is optimal.

Then, we consider initial value problems for two abstract parabolic equations, one
linear and one possibly nonlinear, and discuss their discretization in time by BDF
methods and by implicit—explicit BDF methods, respectively. We give necessary con-
ditions for the stability of these methods as well as known and new sufficient stability
conditions; stability is established by the energy technique, and the advantage of the
new multipliers is that they lead to relaxed sufficient stability conditions.

1.1. Multipliers for BDF methods. We consider the g—step BDF method (a, 3),
described by the polynomials a and S,

q q
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(1.1) Q)= ==Y = o, BQ) = ¢~

= J 0

J J
The BDF methods are A—stable for ¢ = 1 and ¢ = 2, i.e., A(J,)—stable with ¥, =
¥y = 90°, and A(J,)—stable for ¢ = 3,...,6 with ¥J5 = 86.03°, ¥, = 73.35°, ¥5 = 51.84°
and g = 17.84°; see [10, Section V.2]. Their order is g.
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A set of real numbers (p, ..., p1y) is called multiplier for the ¢g—step BDF method,

if, with 2(¢) :== 1 — ¢t — -+ — p1,¢ %, there holds

a(6)

Re——==>0 V(eC,|C|>1,
OB ‘!

ie., if

a(6)
1.2 Re—= >0 V(eC,||>1,
(2 H(0) ‘!
with x(¢) :== a(Q)B() = ¢4 — ¢t — -+ — p,, and, in addition, the polynomials
« and p have no common divisor; consequently, the g—step scheme described by the
parameters oy, ..., 00, 1, —p1,. .., —fiq is A—stable. The motivation for this definition

is the equivalence between the A—stability of this scheme and the G—stability of the
corresponding one-leg method.

The concept of multipliers for multistep methods was introduced by Nevanlinna and
Odeh; see [12]. In [I2] the multipliers (7,0, ..., 0) for the g—step BDF methods, with

(1.3) m=n,=0, n3=00836, n =0.2878, ns=0.8160,

were also determined; these multipliers are optimal among the multipliers with vanish-
ing pig, ..., fig, in the sense that 7, cannot be replaced by a smaller number.
In this paper, we show that

2 11

1.4 = = =0
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(1.5) p=Ma, plo = pg = pra =0,

and

(1.6) pr = 0.7321818449, py = 0.07755190105, o = pug = pus =0,

are also multipliers for the three-, four- and five-step BDF methods, respectively, which
are optimal among the multipliers (y1,...,x,), in the sense that they are the only
multipliers for which the sum 7, := || + - - - + | pq| of the absolute values of p1, .. ., i,
attains its minimal value. While 7y = 74, the new multipliers for the three- and

five-step BDF methods are more favourable than the corresponding Nevanlinna-Odeh
multipliers, since

1
N3 = == 0.076923076 < n3 = 0.0836 and 75 = 0.8097337459 < 715 = 0.8160.

The improvement for the five-step BDF method is only minor, while for the three-step
BDF method it is rather considerable.

A straightforward application of Dahlquist’s G-stability theory ensures then exis-
tence of a positive definite symmetric matrix G' = (g;5)i j=1,.., and reals do, . .., d, such
that for v°, ... v? in an inner product space, with inner product (-, -) and corresponding
norm | - |, there holds

q q q q
i=0 j=1

ij=1 ij=1

2
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Indeed, following the Baiocchi-Crouzeix approach [7], see also [10, Section V.6|, we
explicitly determine the matrix G and the constants dy, ..., d3 for the three-step BDF
method; see Lemma [2.3]

Identity plays a key role in our stability analysis of the ¢g—step BDF and the
implicit—explicit g—step BDF methods, ¢ = 3,5, for parabolic equations; it leads to
slightly relaxed stability conditions compared to the ones recently imposed in [4, [I].

The Nevanlinna—Odeh multipliers were for the first time used in the analysis of BDF
methods for parabolic equations in [I1].

1.2. Abstract parabolic equations and time-stepping methods. Let T > 0,u" €
H, and consider two abstract initial value problems, one for a linear parabolic equation,

{ u'(t)+ At)u(t) =0, 0<t<T,

(1.8) u(0) — .

and one for a possibly nonlinear parabolic equation,

in a usual triplet of separable complex Hilbert spaces V. C H = H' C V', with V
densely and continuously embedded in H. Here A(t) : V' — V' are linear operators,
while the operators B(t,-) : V' — V' may be nonlinear. We denote by (-, -) both the
inner product in H and the antiduality pairing between V' and V, and by |- | and || - ||
the norms in H and V, respectively. The space VV/ may be considered the completion
of H with respect to the dual norm || - ||+,

Voe V' |v|l,:= sup (v, w)} sup |(v,w)].

weV\{0} ]|

weV
flwll=1

Besides the g—step BDF method («, ) we consider also the explicit g—step method
(cv,7y) described by the polynomials o and 7 with

(1.10) 1) =¢"-(-1)= Z%Ci'

The scheme (a,7) is the unique explicit g—step method of order ¢; the order of all
other explicit g—step schemes («,¥) is at most ¢ — 1.

Let N € N, N > ¢, and consider a uniform partition t" := nk,n = 0,..., N, of the
interval [0, T'], with time step k := T//N. Assuming we are given starting approximations
UY...,Ut € V, we discretize in time by the g—step BDF method, i.e., we
define approximations U™ € V to the nodal values u™ := u(t™) of the exact solution
as follows:

q
(1.11) > UM EA(TT U = 0,

1=0
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n=20,..., N —q. With the same notation, we discretize (1.9)) in time by the implicit—
explicit g—step BDF method,
q—1

q
(1.12) Z U™ + EA( U™ = k Z%B@nﬂ" Uy,

n =0,...,N —q. The unknown U""? appears only on the left-hand side of ;
therefore, to advance in time, we only need to solve one linear equation, which reduces
to a linear system if we discretize also in space, at each time level.

Implicit—explicit multistep methods, for linear parabolic equations, were introduced
and analyzed in [§]; such methods for nonlinear parabolic equations are studied, e.g.,
in [2] and [1].

Natural conditions for the parabolicity of the abstract equation in are coercivity
and boundedness of the operators A(t) : V — V' ie.,

(1.13) Re(A(t)v,v) > k(t)||v]|* Vv eV
and
(1.14) [A@) o]l <v®)vl] Vo eV,

respectively, with two smooth positive functions x,v : [0,7] — R.

In the stability analysis of the implicit—explicit scheme we assume, in addition,
that B(t,-) satisfies the following local Lipschitz condition in a ball B,y = {v € V :
|lv—u(t)]| < 1}, centered at the value u(t) of the solution u at time ¢, and, for simplicity,
defined here in terms of the norm of V,

(1.15) 1B(t,v) = B(t,0) |« < A(B)|lv =Tl + Ao — 0] Vo,0 € By

for all ¢ € [0,77], with a smooth nonnegative function X : [0,7] — R and an arbitrary
constant /.

Using (1.13)) and ([1.14)), existence and uniqueness of the approximations U4, ..., UY
can be easily established by the Lax-Milgram lemma.

1.3. Stability conditions.

1.3.1. Necessary stability conditions. Using the von Neumann stability criterion, it is
easily seen that a necessary condition for the stability of the g—step BDF scheme ([1.11)),
q=3,5,1s

(1.16) vit) —1445()87 and D < L _ 1 69809970,

K(t) — K(t) ™ s
for all t € (0,71, respectlvely, with 773 = c0s86.03° = 0.0692, 775 = cos 51.84° = 0.6139;
see [I]. This result in combination with the stability result from [2] for the implicit-
explicit g—step BDF scheme , q = 3,5, in the case of a time-independent, positive
definite self-adjoint operator A, shows that a necessary linear condition for the local
stability of the implicit—explicit g—step BDF scheme , q=3,5,1s

(1.17) v () + (29 = D) < k(1)

for all ¢ € [0, 77, in the sense that none of the coefficients 7, and 2¢ — 1 can be replaced
by a smaller one; see [].
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1.3.2. Known sufficient stability conditions. Stability of the g—step BDF scheme (1.11])
as well as local stability of the implicit-explicit g—step BDF scheme (1.12)), ¢ = 3,5,
were recently established by energy techniques in [4, 1], based on the Nevanlinna—Odeh
multipliers, under the sufficient stability conditions

t 1 t 1
(1.18) & < — =11.9617 and & < — = 1.2254902,
R(t) s k() s
for all ¢ € [0,T], for ¢ = 3 and q = 5, respectively, and
(1.19) N (t) + (21 = 1)1+ 1) A1) < K(2),

for all t € [0, T, respectively, with 13 = 0.0836, 75 = 0.8160.

1.3.3. New sufficient stability conditions. Using the new multipliers (1.4]) and (|1.6|) for
the three- and five-step BDF methods, respectively, we relax here the sufficient stability

conditions (|1.18)) and ((1.19) to

t 1 t 1
(1.20) Y oL g and 4D oL 93007302,
K(t) 3 k() s
for all t € [0, T], for ¢ = 3 and ¢ = 5, respectively, and
(1.21) A (1) + (27 = 1)(1+ ) A(t) < w(D),

for all t € [0, T, respectively, with 73 = 1/13 = 0.076923076, 75 = 0.8097337459.

1.3.4. An example. Let ¢ : [0,T] — (=%, %) be a smooth function and consider the
initial value problem for the parabolic equation

(1.22) u = —A(t)u = —e¥W Ay = — cos (t)Au — ising(t)Au, t € (0,T],

with A : V — V' a positive definite self-adjoint bounded operator.
The most suitable norm in V is ||v|| := |AY?v| = (Av,v)"/? in this case. Then, the
dual norm || - ||, in V" is ||v||, = |[A™"?0| = (v, A='0)/2. Now, for v € V, we have

(e Av, v) = cos p(t)(Av, v) + isin p(t)(Av,v),

whence Re(e*®) Av, v) = (cosp(t))||v]|?; we infer that x(t) = cos(t). Furthermore,
obviously,

¥ QA Ly = O All Ly = [All vy = 1,
whence v(t) = 1. Therefore, A(t) = 1/ cos p(t).

The eigenvalues of ¢ A are of the form re*® | with a positive number r, i.e., they
lie on the half-line in the complex plane starting at the origin and forming angle o(t)
with the positive real half-axis. For |¢(t)| > ¥, for some t € [0,7], this half-line is
not contained in the stability sector Sy, := {z € C: z = re¥,r > 0,]p| < U,} of the
q—step BDF method; thus, according to the von Neumann criterion, the ¢—step BDF
method is unstable for this equation; see the necessary stability condition (|1.16]).

As far as the sufficient stability conditions in the case of equation are con-
cerned, the new multipliers ensure stability of the three- and five-step BDF scheme
(1.11), respectively, provided ¢(t) is such that cose(t) > 7,, for all t € [0,T], for
q = 3,5, respectively; see the new sufficient stability condition . On the other
hand, the Nevanlinna—Odeh multipliers ensure stability of these methods under the
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more stringent condition cos ¢(t) > 1,, for all t € [0,T], for ¢ = 3,5, respectively; see
the known sufficient stability condition (L.18). In other words, in case cosp(t) > 1,
for all ¢ € [0, T, but cos p(t) < 1n,, for some ¢ € [0, T, the new sufficient stability con-
dition does ensure stability of the g—step BDF method , q = 3,5, while
the known sufficient stability condition fails to do so.
The new and known sufficient conditio and for the local stability of
117

the implicit—explicit ¢—step BDF scheme ( , ¢ = 3,5, can be compared analogously.

1.3.5. Sufficient stability conditions in terms of time-dependent norms. Proceeding as
in [1] for the case of the stability conditions and ([L.19), we can relax the sufficient
stability conditions and using time-dependent norms. Motivated by the
approach in [I1] and [4], where time-dependent norms were used in the case of self-
adjoint operators, the operators A(t) were decomposed in [I] in their self-adjoint and
anti-self-adjoint parts A,(t) and A,(t), respectively,

A(t) = %[A(t) +A@)],  Adt) = s [A() — A@)T],

N —

and the time-dependent norm || - ||,
0]l == (As(t)v,0)* Vo eV,
was introduced in V. The corresponding dual norm on V' was denoted by || - ||+,

| (v, w)]

Vo eV |[vflke:= sup ——= = sup |(v,w)|.
werviop |[wlle ”w”ev1
w|lt=

An easy consequence of ([1.13]) and ([1.14)) is that the norms || ||; and ||- || are equivalent,

(1.23) VE@) [l < Jlolle < V@) [lof] Yo e V.
Let Ay(t) : [0,7] — [1,00) be a smooth function such that
(1.24) [A@) vl < Aa(@fvfle Vo€ V.

It easily follows from and that is valid with \,(t) = A(t) = v(t)/k(t).
In general, however, (1.24) may be satisfied with \,(¢) much smaller than A(t); see [1].
In the case of positive definite self-adjoint operators A(t), the estimate holds as
an equality with A,(¢) = 1. The difference \,(t) — 1 may be viewed as a measure of the
deviation of A(t) from a positive definite self-adjoint operator.

Assume also that Ag(t) satisfies a mild Lipschitz condition with respect to ¢, namely

(1.25) 1(As(t) — Aol < Llt— 1| ol| ¥,E€[0,T] Yo eV,

with a Lipschitz constant L.
In analogy to ([1.15]), assume that the operators B satisfy the local Lipschitz condition

(1.26) 1B(t,v) = B(t,0)|lxa < M(O)][o = 0l + fislv = 0| V0,7 € Bug,

for all ¢ € [0, 7], with a smooth nonnegative function X : [0, 7] — R and an arbitrary

constant fi. It follows easily from (1.15) and (1.13) that (1.26) is valid with (1) =
A(t)/k(t) and i, = fi/ ming<;<7 \/K(t). In general, however, (1.26) may be satisfied
with \y(f) much smaller than A\(¢)/k(t); see [1].
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Combining the use of the time-dependent norms mentioned above with the new

multipliers (1.4) and (1.6) along the lines of [I], one can show that the three- and
1.11)

five-step BDF methods (| are stable, provided

1
(1.27) () < —, q=3,5,

A )

Tq

respectively, for all ¢ € [0, T]. Analogously, the implicit—explicit g—step BDF methods
(1.12) are locally stable, provided

(1.28) Bat) + (27— (1 +i)ht) <1, q=3.5,

respectively, for all ¢ € [0,T]. These new sufficient stability conditions are relaxed
versions of the corresponding conditions (2.29) and (3.30) in [I], respectively, in which
1, enters insted of 7.

Let us also note that all stability results for the schemes (1.11]) and ((1.12)), respec-
tively, mentioned here, combined with the easily established consistency of the methods
for the underlying equations, lead to optimal order a priori error estimates for the initial
value problems for the (inhomogeneous) linear equation and for , respectively.

Extensive numerical experiments to investigate the accuracy and efficiency of the
implicit—explicit BDF methods were carried out in [B, [0, B3] with very satisfac-
tory results. More precisely, these methods were used for the discretization in time
of a nonlinear parabolic system arising in two-phase flows in [5], of a general class of
dispersively modified Kuramoto—Sivashinsky equations arising in multiphase hydrody-
namics in [6], and of two-dimensional active partial differential equations such as the
Topper-Kawahara equation, which is a two-dimensional extension of the dispersively
modified Kuramoto—Sivashinsky equation, found in falling film hydrodynamics in [3].

An outline of the paper is as follows: In Sections , and 4| we show that ,
and are the unique optimal multipliers for the three-, four-, and five-step BDF
methods, respectively. In Section [5| we establish stability of the three-step BDF scheme
for the linear parabolic equation and local stability of the implicit—explicit
three-step BDF scheme (1.12)) for the nonlinear parabolic equation (1.9) under the
stability conditions (|1.20)) and (1.21f), respectively. These stability results can be easily
extended to the case of the five-step methods and to the case of quasi-linear parabolic
equations (see [4]); the case of time-dependent norms can also be easily handled (see

[4, ).

2. A NEW MULTIPLIER FOR THE THREE-STEP BDF METHOD

In this section we show that the multiplier (|1.4)) is the unique optimal multiplier for
the three-step BDF method.

2.1. Background and known multipliers. First, we recall a result from Dahlquist’s
G-stability theory.

Lemma 2.1 ([9]; see also [7] and [10, Section V.6]). Let a(¢) = a,C? + -+ + ap and
() = pgC?+ -+ - + 1o be polynomials, with real coefficients, of degree at most g (and
at least one of them of degree q) that have no common divisor. Let (-,-) be an inner
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product with associated norm | - |. If
a(6)
(2.1) Re —= >0 for || > 1,
p(<)
then there exists a positive definite symmetric matriz G = (g;;) € R%? and real oy, . . ., 0,
such that for v°, ..., v? in the inner product space,
Re (Zaﬂ}z, ZILLJUJ) = Z gij(UZ,U]) — Z gij(’ljz_l, Uj_l) + Z(Sivz |:|
i=0 =0 ij=1 ij=1 i=0

In combination with the preceding result for u(¢) = ¢4 —n,(?"*, the following prop-
erty of BDF methods up to order 5 was established in [12].

Lemma 2.2 ([12]; see also [10, Section V.8]). For q < 5, there exists 0 < n, < 1 such
that the generating polynomial o(C) of the q—step BDF method, see (1.1]), satisfies

a(¢)
Cq - 77qu_1

The smallest possible values of 0, are

Re >0 for (] > 1.

m=ns=0, n3 = 0.0836, ny = 0.2878, 15 = 0.8160. O

Let now o € P, be the generating polynomial of the g—step BDF method and p € P,
be a polynomial, p(¢) = ¢ — ¢4 — -+ - — p,, with real coefficients and roots inside
the unit disc, and assume that o and p have no common divisor. Then «(z)/u(z) is
holomorphic outside the unit disc in the complex plane, and

a(z)

m —— = o, > 0.
|z| =00 IU(Z) 1

Therefore, according to the maximum principle for harmonic functions, (2.1)) is equiv-
alent to
a(¢)

Remzo VCE%,

with % the unit circle in the complex plane, # := {¢ € C: || = 1}, i.e., equivalent
to

(2.2) Rela(e)u(e )] >0 Ve €R.

2.2. New multiplier. In the case of the three-step BDF method and the parameters
given in (|1.4)), it is easily seen that o and p have no common divisor, cf. and

(2.3) Rela(e)u(e™)] = %(1 — cos go)(coscp - %)2

In particular, ([2.2)) is satisfied, whence (p1, pi2, pi3) is indeed a multiplier for the three-

step BDF method.
More precisely, we have the following result:
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Lemma 2.3 (New multiplier). Let a(¢) = as(3+ -+ + g be the generating polynomial
of the three-step BDF method, and G = (gi;)ij=123 the positive definite symmetric
matriz

169  —362 349

1
0-169\ 349 —1181 1690
Then, for v°, ... ,v3 in an inner product space, with inner product (-,-) and correspond-
ing norm | - |, we have the identity
2 1 i1 8
(Zavv—@ —@ ) Zngv Zg” vﬂ

3,j=1 i,j=1
2 1 02
+ 5 169\13u —270% + 270" — 130°|".
In particular,

(Zalv v —@2—@ ) Zng v Zgu = vjl O

3,7=1 i,7=1

Remark 2.1 (Positive definiteness of the matrix GG). The positive definiteness of the
matrix G is a consequence of ; see [9] [7]. Here, we give more precise information
about the eigenvalues of G.

The characteristic polynomial p of the symmetric matrix 6 - 169G is

p(A) = =A% + 2856 — 491427\ + 4548960.

Now, p(0) is positive and p’ is negative in (—oo,0]; thus, the eigenvalues of G are
positive, i.e., G is positive definite. More precisely, it is easily seen that the roots
of p are in the intervals (9,10),(173,174) and (2672,2673). Therefore, the smallest
eigenvalue A\* . of G is bounded from below by 9/(6 - 169),

3
Aoin > == O
min 338
Remark 2.2 (Derivation of the identity in Lemma . Our derivation of the identity in
Lemma is based on the approach of Baiocchi and Crouzeix [7]: With the notation

of Lemma [2.3] and
p(Q) = ¢ = o = 1o,

169 169

it is easily seen that

B(Q) = a(Ou(2) + a(b0) = — =1 13¢2 — 1a¢ + 13

¢ ¢ 3-169¢3 ’
whence
1 1 1

(2.4) a(Qu(=) + OC(Z)M(C) = p(C)p(E)
with

(2.5)  p(¢) == ——=(C —1)(13¢* — 14¢ + 13) = 7(13@ 27¢C* +27¢ — 13).
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Furthermore,

3
26)  o(Qu(w) + al@)u(Q) — pOpw) = 2w —1) 3 giy¢ e
ij=1
and immediately lead to the identity in Lemma
Notice that p has one real root, namely (; = 1, and two complex conjugate roots
(2 and (3; since, obviously, (23 = 1, we infer that |(3] = |(3] = 1. Therefore, |p(¢)| is
positive in the exterior of the unit disc in the complex plane, i.e., for |(| > 1. Thus, it
immediately follows from that the real part of a(¢)u(() is positive in the exterior
of the unit disc in the complex plane, whence is satisfied. O

2.3. Optimality of the new multiplier. Without loss of generality, we consider
multipliers with |p |+ 2| +|ps| < 1/11, say, since a multiplier with |u |+ |pe| + |ps| =
0.0836 is already known; see [12]. In the sequel, we call such multipliers admissible. Let
a € P be the generating polynomial of the three-step BDF method, and let (1, 2, f13)
be an admissible multiplier for the three-step BDF method, i.e., satisfying with
w(C) = ¢ — 1 ¢? — pol — ps. It is easily seen that the roots of u are in the interior
of the unit disc, whence «(¢)/u(¢) is holomorphic outside the unit disc. Furthermore,
the polynomials a and g have no common divisor; indeed, since

11 7 2
= (C—-D(F - —C+ =
Q) = (=D = 3¢+ 17)
if @ and p had a common divisor, then p would be of the form

27 0=l o) = (o)

2
11 TSI
with ¢ € (—1,1). It is easily seen that the sum of the absolute values of the constant
term and the coefficients of ¢ and ¢? of the polynomial  in is larger than 1/11,
for all possible choices of ¢ € (—1,1), a contradiction.

2.3.1. First claim. A triplet (uq, po, pi3) is an admissible multiplier for the three-step
BDF method, if and only if

(2.8) (201 — 11pg — 4ps + 5)* — 8(11ug + 2) (81 + o — Suz + 1) < 0.

First, a straightforward but lengthy calculation shows that, in the case of the three-
step BDF method, relation (2.2) can be equivalently written in the form

—4(11ps + 2) cos(3¢) + (21 — 11us + 18us + 9) cos(2¢)

— (20p1 — 209 + 9z + 18) cos ¢ + 18y — Y + 2u3 + 11 > 0,

for all ¢ € R. Next, we use the substitution x := cos ¢ and write as
— 4(11pz + 2)(42® — 3z) + (21 — 1pg + 18z + 9)(22% — 1)
— (20p1 — 20p9 + 9z + 18)x + 18y — e + 23 + 11 > 0,

(2.9)

ie.,

(1 —2)[2(11 s + 2)2* — (2 — 1pg — 4pz + 5)x + (Spn + g — 8ps + 1)] >0,
or equivalently, since x < 1,
(2.10) 2(11ps + 2)a® — (2u1 — 1y — dps + 5)x + (8 + pro — Sz + 1) >0,



NEW MULTIPLIERS FOR BDF METHODS 11

for all z € [—1,1].
Let us now first consider the case that the quadratic polynomial on the left-hand

side of (2.10) has two distinct real roots xy, z5. Since

72[11—11#2—4[13—’—5 78M1+M2—8M3+1
Ty + T2 = , T2 =
22p3 4+ 4 223 + 4
are both positive and x1xo < 1, for all admissible multipliers, we see that x; and 9
are positive, and at least one of them is less than 1. Therefore, in this case, (2.10]) can
obviously not be satisfied for all x € [—1,1].
Thus, since the coefficient of z? is positive, we infer that (2.10]) is satisfied for all
x € [—1,1], if and only if the discriminant of the quadratic polynomial on its left-hand

side is nonpositive, i.e., if (2.8) holds true.

Remark 2.3 (The case of two vanishing 1;'s). Let us first consider the case po = 3 = 0.
Then, ([2.8)) takes the form

(2.11) 4y — 108y + 9 < 0.

Now, the smallest real number satisfying (2.11]) is the smallest root 73 of the quadratic
polynomial on its left-hand side, i.e.,

3
(2.12) 1y = 5(\/3 —2)* = 0.083592135.
Thus, in this case, we recover the corresponding Nevanlinna—Odeh multiplier; see [12].

Next, we consider the case ;3 = pug = 0. Then, (2.8) takes the form

(2.13) 1213 — 12645 + 9 < 0;
the smallest po for which this relation is satisfied is
63 — 24+/5
(2.14) L1y = Tlf = 0.077143541.

This is a more favourable multiplier than the Nevanlinna—Odeh multiplier, and, indeed,
only slightly worse than the optimal multiplier (1.4)).
Finally, in the case pu; = po = 0, the quadratic polynomial on the left-hand side of

(2.10) has two real roots; consequently, as we saw, (2.10)) is not satisfied. O

Remark 2.4 (The case of vanishing o, 113; alternative proof). We give here an alterna-
tive proof of the fact that o := |u1| + |p2] + |ps] = w1 > n3 in the case py = sz = 0;
the idea of this proof will be useful in the sequel. First, we rewrite (2.10)) in the form

(2.15) fo(.ﬁlﬁ) + fl(x),ul + fg(il?),&g + fg(x),ug >0 Vze [—1, 1],
with
fo(z) =4a® =52 +1, fi(z):=8-2x, folz):=1lz+1, f3(x):=222+ 4z —38.

Then, for uy, = pz = 0, we have
1y > _Jol@)
fi(z)
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since fi(z) is positive in [—1,1]. It is easily seen that the derivative of the function on
the right-hand side vanishes if and only if 42* — 322 + 19 = 0 and that — fo(z)/f1(x)
attains its maximum 73 at

3
(2.16) T =4 — 5\/5.

thus, p; > n3 and the desired result follows. 0

2.3.2. Second claim. If ps <0, then o > ns.
Indeed, for x = z*, with * as in (2.16)), relation (2.15)) yields

faler) — fs(@¥)
p1 = M3 — f1<x*)/12 - f1<m*)ﬂ3 2 1)3 — Gfi3,

since fo(x*) is positive and po nonpositive, with a := f3(x*)/fi(2*) € (0, 1). Therefore,

o = |pa| + [pe| + |ps| = p1 4 |ps| = m3 — aps 4 |ps| = 03 + (1 — asgn pg)|pus| > ns,

since a € (0, 1). Furthermore, obviously, o = 73, if and only if us = pus = 0 and g = 7.
Thus, from now on we assume that o is positive.

2.3.3. Third claim. Assuming p3 = 0, the sum o = |uy| + |u2| + |ps| of multipliers
(1, pi2, pig) for the three-step BDF method attains its minimal value 1/13, if and only
if iy =2/169 and py = 11/169.

Indeed, we have o = |p1|+ |p2| = |p1|+ p2, whence py = o —|p;1|. We now distinguish
two subcases, iy positive and p; nonpositive.

If py is positive, replacing ps by o — py in , we rewrite it in the form

(2.17) 16913 + 2(9 — 1430)py + 1210° — 1260 + 9 < 0.

Obviously, a necessary condition for (2.17)) is that the quadratic polynomial in p; on
its left-hand side has real roots; it is easily seen that this is the case if and only if
187200 — 1440 > 0, i.e.,
(2.18) > 1

. o> —.

— 13

Now, for o = 1/13, (2.17) is satisfied if and only if u; = 2/169; then, ps = 0 — uy =
11/169.

If 1y is nonpositive, replacing ug by o + py in (2.8)), we rewrite it in the form

(2.19) 8145 — 2(990 + 117)py + 1216° — 1260 + 9 < 0.
Now, if 12162 — 1260 + 9 < 0, then it is easily seen that

63 —24v/5 1
> — >

121 13

Furthermore, if 12162 — 1260 + 9 > 0, a necessary condition for is that the
quadratic polynomial in g on its left-hand side has real roots x; and xs; it is easily
seen that in this case both the sum x; + x5 and the product zi2, are positive. Thus,
if x1 < x5, we have x7 < py < xo, whence p; is positive, a contradiction.

(2.20) o
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2.3.4. Fourth claim. If (pq, 1o, 3) is a multiplier for the three-step BDF method with
p1 # 2/169 or pg # 11/169, then o = || + |ue| + |ps) > 1/13.
In fact, for z = 7/13, relation (2.15)) yields
90+90 +90 _'_90 0. ie n 1 1
—_—t+ — — — ie. — - —
6o T3 T3 Tt 20 M it Z g ghs
Then, since puo is positive,
1 1
0 = Il + pa + sl = i+ piz o+ Jpis| 2 5 + (1- Esgnus)lusl

The last expression attains its minimal value 1/13, if and only if 3 = 0. We considered

the latter case in §2.3.3]
We infer that if (pq, o, 3) is a multiplier for the three-step BDF method, then

o = |pa| + |p2| + |us] > 1/13, and o attains the minimal value 1/13 only for the
multiplier given in ((1.4)).

3. OPTIMALITY OF THE NEVANLINNA-ODEH MULTIPLIER FOR THE FOUR-STEP
BDF METHOD

Our goal here is not to improve the Nevanlinna-Odeh multiplier for the four-step
BDF method but rather to give a precise expression for 7, and to show that this
multiplier is indeed optimal among all multipliers (p1, p2, pi3, f14) for the four-step BDF
method.

Let a be the generating polynomial of the four-step BDF method,

4
_ 14 ] i 4 3 2
—Z::jC 12(254= 48¢% +36¢% — 16¢ + 3).

A quadruplet of real numbers (pq, po, i13, ft4) 1S a multiplier for the four-step BDF
method, if

(3.1) Rela(e)u(e™™)] >0 Vo € R,

with u(¢) = ¢* — p1¢3 — paC® — psC — pg, provided that the roots of u are inside the
unit disc and «a and g have no common divisor; see (2.2]).
In analogy to (2.9)), it is easily seen that, with x = cos ¢, (3.1]) takes the form

(1 —2)[folx) + flx)m + fo(x)pe + fa()ps + fa(w)pa] >0 Vo € [-1,1],
ie.,
(3:2) Jo(z) + fi(@)pn + fo(@)pe + fs(x)ps + fa(@x)pa =0 Vo € [-1,1],
with
fo(x) = =2(x —1)*)Bx + 1), fi(z):=32>-50+8, folr):=2(7Tx 1),
f3(x) =252 + . — 8, fa(x) = 502% + 22% — 302 + 2.
Assume first that gs = 0 and us, g > 0. Since fi(x) is positive, takes the form

_folw) _ fsw) - fal)
ME TR A@ T A@™

(3.3) Vo € [~1,1].
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The derivative of the function fo(z)/f1(z) vanishes at x = 1 and at = = z*, with z*
the real root of 92 — 2122 + 73z — 13, given by Cardano’s formula,

1
(3.4) = 9 (7 + \3/90\/ 859 — 1430 — \3/90\/ 859 + 1430) = 0.18737068.

It is easily seen that — fo(z)/f1(x) attains its maximum in [—1,1] at 2*; the maximal
value is

fola*)  2(z* —1)*(3z* + 1)
izt T 3(x)? — b + 8
Since f3(x*) and fy(x*) are negative, py can attain its minimal value — fo(2*)/ f1(2*)
if and only if pu3 = py = 0. Summarizing, in the case s = 0 and us, py > 0, the sum
|| + -+ + |pa] attains its minimal value for

(3.5) [ = 1y = 0.287806557, i3 = pua = 0.

Thus, in this case, we recover the Nevanlinna—Odeh multiplier for the four-step BDF
method; see [12].
We next consider the general case. With z* as in , let now
Y 1C0 B £ 1C0 IR (1C)
fila)” 7A@ filer)
It is easily seen that a,b,c € (0,1). Now, for z = a*, relation yields

pa > na — apiz + buz + cpuy.

=14 = 0.287806557.

Consequently,

o= || + |po] + |ps] + [pal = pa + |p2] + |ps] + |4l
> s + (1 — asgnpiz)|pa| + (14 bsgn pis)|ps| + (1 + csgn pa)|pal-
Since a,b,c € (0,1), the last expression attains its minimal value 7y, if and only if
po = pz = pra = 0 and p1 = 1.
We infer that if (uq,...,us) is a multiplier for the four-step BDF method, then
o= ||+ 4 |pa| > 14, and o attains the minimal value 7, only for the Nevanlinna—
Odeh multiplier (n4,0,0,0).

4. A NEW MULTIPLIER FOR THE FIVE-STEP BDF METHOD

In this section we show that the multiplier (1.6) is the unique optimal multiplier for
the five-step BDF method.
Let a be the generating polynomial of the five-step BDF method,
1 5—j 1 5 4 3 2
aQ) =) =71y = @(137c —300¢* + 300¢* — 200¢% 4 75¢ — 12).
— J
7=1
A set of real numbers (p1, pa, ts, fa, 45) is a multiplier for the five-step BDF method,
if
(4.1) Rela(e)u(e™)] >0 Vo € R,
with p(¢) == ¢° — 1 ¢* — paC® — 3¢ — paC — p15, provided that the roots of y are inside
the unit disc and o and g have no common divisor; see ([2.2]).
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First, as in the previous cases, with = = cos ¢, takes the form (1 —x)f(z) > 0,
for x € [—1, 1], with
f(z) = 4(12 + 137ps)x* — (102 + 24y — 2741y + 524u5) 2>
+ (38 4 51py — 129 + 1375 — 2641y — 437p15)2°
+ (38 — 2511 + 94po — 19pu3 — 1500y + 63pus5)x
— 224 28p1 — 229 — 283 + 2244 + 28us;

thus, (4.1]) can be equivalently written as

(4.2) f(x) >0 Vzel[-1,1].
We let
fo(z) == (x — 1)*(482% — 62 — 22),  fi(x) := —242° + 512® — 252 + 28,
fo(x) = —122% + 94z — 22, f3(x) :=1372% — 192 — 28,

fa(z) := 2742® — 262° — 1500 + 22,  f5(x) := 548z* — 522% — 4372% + 63z + 28,
and write (4.2)) in the form
(4.3)  fo(z) + filx)m + fo(x)po + f3(@)ps + fa(@)pa + fs(x)ps >0 Vo € [-1,1].

We observe that f; takes on only positive values in the interval [—1, 1] while f, f3, f4
and f5 take on both positive and negative values.

4.1. The case 4 = us = 0 and po, u3 > 0. In this case, (4.3]) takes the form

folx) — fa(x) f3(@)

4.4 > — — _

Y METRE T A" AW
The function — fo(x)/fi(x) attains its maximum in [—1,1] at 2* = —0.0907628; we
have — fo(z*)/ f1(x*) = 0.815980225. Now, since fo(x*) and f3(z*) are negative, y; can
attain its minimal value — fo(2*)/ f1(2*) if and only if py = p3 = 0. Summarizing, in
the case g = pus = 0 and g, pg > 0, the sum || + - - - + |ps| attains its minimal value
for

(4.5) [y = 0.815980225, 1o = p13 = 0.

Vo e [-1,1].

Thus, in this case, we recover the Nevanlinna—Odeh multiplier for the five-step BDF
method; see [12].

4.2. If uy <0, then o > n5. Indeed, with z* = —0.0907628 as above, and
B N 1 B 1C N )
filar)’ filz*)’ filz*)’ filar)’
it is easily seen that a,b,d € (0,1) while ¢ > 1. Now, for z = x*, relation (4.3) yields

p = 15 + ape + bug — cpa — dps,

whence, since ji4 is nonpositive,

pa > 15 + apie + bus — dps,
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Consequently,

o= ||+ us| > g+ || + ps] + |ps]
> 15 + (1 + asgn p)|ps| + (1 + bsgn pg)|ps] + (1 — dsgn ps )| s
Since a,b,d € (0,1), the last expression is at least n5. Furthermore, obviously, o = 75,

it and only if po = -+ = ps = 0 and py = 75.
Thus, it suffices to consider the case py positive.

4.3. The case us = 0, py, o, 43 > 0 and py > 0. We let A := pq/py > 0. First, we
note that, for x = 0, (4.3)) yields p4 > 11/(11 + 14)), whence, for A < 4,

1A+ 1)
— > = (A 1 >~ 0 7
o=+ F sl >+ pa =0+ )u4_11+14A

Therefore, it suffices to consider the case A > 4. In this case, fy + Af; takes on only
positive values in the interval [—1,1], and (4.3]) can be written as

> 0.82 > 5.

(4.6) pa 2 ox(x) + Oa(x)p2 + Un(x)ps Vo € [—1,1]
with
R (1€0) R :1C) R :1C)
Al =T onw PO T e anw YT R @
Now

fi@) + A (z) = A+ D) fi(z) <= fulz) = fi(z) <= (20+1)(1492> — 113 —-6) = 0.
At the root xg,

113 — /16345

= —0.049824045
298 ’

Zo

of this equation, we have

. fo(zo)
f1 (JUO)
Now, for ps = puz = 0 and for all A > 4, from (4.6), we obtain

(4.7) mino = —IlI%aa:}él[()\ + Dpa(x)] = _max F\(z) > Fx(zo) = 0.809733746.

YA >0 Fy(zg) = = 0.809733746, where F\(z):= (A4 1)pr(x).

On the other hand, we observe that, for A = 9.441185, (4.6)) yields

min jq = max, ox(x) = pa(Z) = 0.07755190105, with 7 = —0.049824 ~ xo,
if and only if g = 3 = 0, since both f5(Z) and f3(%) are negative. Then, the minimum
of o is (9.441185+1)0.07755190105 = 0.8097337459, that is, for A = Ao, \g = 9.441185,

(4.7) holds essentially as an equality.
We infer that

(4.8)  p1 =9.441185p4 = 0.7321818449, py = 0.07755190105, o = ps = ps = 0,
and

(4.9) 00 = i1 + - + pis = 0.8097337459,
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provided there exist points a3 such that fy(zY) and f3(2}) are negative, in which case
pe = pusz = 0, and Fy(x%) > 0.809733746. Taking, now, x5 = —0.04982 z§ = —0.04985,
points at which both f; and f3 are negative, we have

23.78593427(\ + 1)

F\(—0.04982) =
A ) 29.37458573 + 29.37505137\

> 0.809733746 <= A < \;

and

23.78693713(\ + 1)
F\(—0.04985) = > 0.809733746 <= A > A
A ) = 3037804674 + 29.37505923 2

with Ay := 9.440374924 and Ay := 9.444166548.

We thus see that for A\ ¢ [\, A}, suitable z§ do exist. Now, if we take an z} €
(Z,—0.04982) and an z} € (—0.04985, %), and repeat the above calculations, we see
that, for A > 4, outside a new subinterval [A3, A\y] of [A1, Ao], suitable % do exist. We
note that both fy and f3 are negative in the whole interval [—0.04985, —0.04982]. By
the continuity of F), we infer that, if x} tends to z, then X tends to Ay; thus, for all
A # Ao, suitable x} do exist.

4.4. Optimality of the multiplier . Let us first note that the parameters
[, ..., s given in (4.8) constitute a multiplier for the five-step BDF method. In-
deed, as we saw, (4.1 is satisfied for these values of the parameters. Furthermore,
the roots of the polynomial p, u(¢) = 2° — p12* — paz, are 0, —0.40819,0.85589, and
0.14224 4+0.44919i, while the roots of the generating polynomial o« € P5 of the five-step
BDF method are 1,0.38485 + 0.16212i, and 0.21004 £ 0.67687i; thus, the roots of u
are in the interior of the unit disc, and u and « have no common divisor. Therefore,
(1, ..., ps) is a multiplier for the five-step BDF method.

Now, let p1, ..., us be such that is satisfied. Then, with xqg = —0.049824045 as

in §4.3] since fi(zg) = fa(xo), for x = x relation yields
Ji(o) (1 + pa) = —fo(wo) — fa(o)pa — fs(zo) s — fs(xo) s,
ie.,
i+ pa > 00 + aps + bug — cps,
with
:_fz(xo) bo— _f3($0) o= f5(20)
filzo)  filwe)  filwo)

It is easily seen that a,b,c € (0,1). Consequently,

o= ||+ |ps| > g+ pa o] 4 [ps] + s
> 00+ (1 + asgn pig)|pa| + (1 + bsgn puz)|ps| + (1 — csgn pis) | s .

Since a,b,c € (0,1), the last expression attains its minimal value og, if and only if
pr > 0 and pp = pz = ps = 0.

We considered the latter case in §4.3] We infer that if (u1, ..., p5) is a multiplier for
the five-step BDF method, then o = || + - - - + |5 > 00, and o attains the minimal
value o( only for the multiplier given in .
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5. STABILITY OF THE THREE-STEP BDF METHOD FOR PARABOLIC EQUATIONS

This section is devoted to the analysis of stability properties of the three-step BDF
method for the linear parabolic equation ([1.8)) as well as of the implicit—explicit
three-step BDF method for the nonlinear equation ([1.9). The analysis can be
easily extended to the five-step BDF method.

5.1. The implicit method for the linear equation. We shall derive a sufficient
stability condition, expressed in terms of the ratio \(t) = v(t)/k(t), for the scheme
. The proof proceed along the lines of corresponding results in [4, [I]; we employ
the energy technique and make use of Lemma , while Lemma was used in [4] [I].
This allows us to slightly relax the stability conditions of [4] ] for the three-step BDF
method.

Proposition 5.1 (Stability of the three-step BDF scheme (1.11))). Assume (1.13]) and
(1.14). Then, under the stability condition

(5.1) w(t) — 11—3u(t) > 50,

the three-step BDF method (1.11]) is stable in the sense that, for k sufficiently small,

n 2
3 2, 1 02 12 12 2112
(5.2) 3slU" 1+ 5%2 IU°]]" < CzZW\ + k(UM + 1U%%),
=3 7=0
forn=3,..., N, with C3 a positive constant, and ¢ a constant depending only on the

mazimum of v.

Proof. We let ¢ = 3 in ([1.11)) and take the inner product with U3 — i U2 — 1, U™+
o)

with pq and ps as in , and then real parts to obtain

3

(5.3) Re (Z o U U™ — g Ut — mU”“) + kL3 =0
i=0

with

(5.4) Lnys = Re (A(t™3) U3, U3 — 1, U2 — 1,7+

The first term on the left-hand side of (5.3) can be taken care of using Lemma :
With the notation Y™ := (U"2, U™ !, U™)! and the norm |[U"|s given by

3
|un|é - Z gij<Un_3+27 UTL—3+]>’

ij=1
from Lemma 2.3 we have
3
Re (ZaiUn+i; Un+3 . ,ulUn+2 . M2Un+1> > |un+3‘é o ’unJrQ‘é
i=0

Thus, (5.3)) yields
(5.5) U3 e — UM% + ks < 0.
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It now remains to estimate [, 3 from below in a suitable way. First, we have
2
I3 =Re (A(tn+3)Un+37 Un+3) _ Z 115-; Re (A(tn+:’,>Un+37 UnJri)’
whence, in view of the coercivity condition ((1.13)),

2
(5.6) Lus 2 w(E ) [U™HP =37 i Re (@)U, U).

=1

To estimate the sum on the right-hand side of (5.6)), we notice that, for i = 1,2,

Re (A(t”+3)U”+3, Un+i) < JA@EHU|, Ut
whence, in view of the boundedness condition (|1.14]),
Re (A("2)U™2,0mt) < w5 U™ | HIU™),
and hence
vt
2
In view of (| and the fact that p; + po = 1/13, estimate ) leads to

(5‘7) Re (A(tn+3)Un+3, Un—i—z’) S [||Un+3||2 + ||Un+i||2].

1
(58) L [n(tm) — ||~

tn+3 » n+1 2‘
From ([5.3) and (j5.8]), we obtain
U~

[ = S | [0 = kg

2
v(t") Y s |UTHP <0,
i=1
whence, in view also of the stability condition (/5.1),
|un+3|2 ‘un+2 —l—pkHU”+3H2
<59) 1 n+3 n+31|2 n+i||2
+ k(e );MS—i[IIU PPt <o

Now, |v(t™) — v(t™)| < Lk, with L/2 the Lipschitz constant of v, whence
(5.10) vt < vt 4+ Lk, i=1,2;
thus, estimate yields
U2, — U2, k|| U2
(5.11)

DN | —

—kZus e vy o] <

2
k2ZH3—i“Un+i”2-
=1

19
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Summing here from n = 0 to n = m — 3, we obtain

" 1
U™+ pk Y U+ sk [(pn 4 p)vE ) U™ 4 por @™ H([U™ ]
2
n=3
1 ~ 1 _
< W + ShGm + o) V() + LR) U2 4 Shua [w(t) + Lk] U2

m—1

1 ~
+ S+ )RS0

n=3

For k sufficiently small such that (u; + MQ)Zk < p, the last term on the right-hand side
can be absorbed into the second term on the left-hand side, and we get

m p n
UG+ kZHU I* < %16 + ek (IU 17 + [U2)17).

Using now the lower bound |U™[ > X, |[U™|? > 33:|U™|?, see Remark [2.1] as well as
the obvious estimate |[U?|% < C’(\U0|2 + |U*? + |U?|?), we obtain the desired stability

estimate (5.2)). O

5.2. The implicit—explicit method for the nonlinear equation. In this section
we prove local stability of the implicit—explicit three-step BDF method, for ¢ = 3,
for the nonlinear parabolic equation ((1.9)).

Besides the approximations U" € %, » satisfying , for ¢ = 3, we consider
implicit-explicit three-step BDF approximations V" € %,,n) such that

3 2
(5.12) D a VM RAEHVTE = kY 4B V), n=0,... N -3,
i=0 i=0
Theorem 5.1 (Stability of the implicit—explicit three-step BDF scheme). Assume (|1.13)),
(1.14) and (1.15)). Then, under the stability condition
1 14 ~
(5.13) Vi e [0, T] k(t)— 1—3u(t) -7 1—3)\(15) >p >0,

the implicit—explicit three-step BDF method, (1.12)) for ¢ = 3, is locally stable in the
sense that, with 9™ := U™ — V™, for k sufficiently small,

5.14 9|2 k WP < C 19]2 k||
(5.14) 338||+p2\||| ]2;||+||H)
form=3,..., N, with C'" a constant independent of p,k,n and the approximations.

Proof. Letting 0™ := B(t™,U™) — B(t™, V™) and subtracting (5.12)) from (1.12)), for
q = 3, we obtain

(5.15) Z a0 EA) T = k Z b

=0
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n=0,...,N—3. As in §5.1] we take in (5.15) the inner product with 9"*3 — i 9"+2 —
o™ with g and ps as in (1.4)), and take real parts to obtain

3
(5.16) Re ( D a9 — gt — mﬁ”“) Ly = kJos
i=0

with

(517) In+3 ‘— Re (A(t”+3)19n+37 19n+3 . ,uﬂgn+2 o M219n+1)

and

2
(5.18) Jnts == Re (Z%b”“', 93— 9"t — uﬂ"“).
i=0

With the notation O™ := (972, 97~ 9¥")T and the norm |©"|¢ given by

3
|@n|%¥ - Z Gij (1971—34-747 19”_3+])7

ij=1
in view of (|1.7)), relation (5.16)) yields the estimate
(5.19) 0" 32 — |O" 2 + k3 < kdnys.

Furthermore, [,,,3 can be estimated from below exactly as in the case of the implicit
three-step BDF' scheme,

2
1 1 .
(5.20) Lngs 2 |_(E"T7) = o (@) |92 = Sv (") D paillom

26

see . Therefore, all that remains to be done, is to estimate J,,3 from above in
a suitable way. For simplicity of presentation, we assume in the following that i = 0
in ; the general case can be treated similarly via a straightforward use of the
discrete Gronwall inequality at the end of the proof. To simplify the notation, we set
o = 1. First, we have

2 3
Tos <Pl 0L sy |97,
i=0 §=0

whence, in view of the local Lipschitz condition (|1.15),

2 3
Jnts < Z [l A ) 97 Zu:s—jH??””H
1 2
< 52 [ A Zus (Il + [l 1%)
7=0

— ; 1;1 Z|%|A (™) |92 + (Z:I%IA (") )Zus Pl A [
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Now, since A\(#"+7) < A(¢"H7) + Lk,i=0,1,27=123, and vl + |71 + 72| =7, we
easily see that

Z I AET) < TAEH) + Ck,  j=1,2,3.

Therefore, the above estlmate for J,,3 yields

1 14
E:I%IA 2 + 5 7Zu3g Gl il &

Jos <
=913
7=1

(5.21)
b ORI

j=1

In view of the stability assumption (5.13), from (5.19)), (5.20) and (5.21)) we infer

that

|9n+3|2 |@n+2|G+Pk||19n+3”2+ /{V tn+3 Zu 5 ”1971—1—3”2 ||19n+i||2)

=1
14
(6:22)  +7(35 — ) EME) 0V < kz Al

1 14
=2 13

2

1 ~ . . AN .

n+1 n+i||2 2 l,9n+3 (|7

+ §7k;M3_iA<t 0" 1? + Ck Z;ug_M I
Estimating the coefficient v(¢""3) of ||9"*||* on the left-hand side of (5.22) as in (5.10]),
proceeding as in the proof of Proposition[5.1} and using the fact that |yo|+ 71|+ [72] =
7, we easily arrive at the desired stability estimate (5.14)), provided k is sufficiently
small. 0

The sufficient stability condition ([5.13)) can also be written in the form 1 with
g = 3. We already mentioned in (1.17) how much the coefficient of v(t) and A(t) in
(1.21)) with ¢ = 3 could be possibly decreased.
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