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Nuoiérouhoc.

Y StateBh auth meplypdgpovtar xon weketdvtan ta e&hc mpoBAuata andgacng: Tou apuovixol aptiuod,
Tou aypwuaTnold aptbuol, Tou uéylotou auvélou xomrg, Tou povonatiod Hamilton, tne emxdhudng ue
povondTia xar Tou xuplapyou ouvorou. Ilo cuyxexpuwéva, nopouotdlouUe avaAUTIXE OE TOLEG XAAOELS
TEAELWY YRoQNUATWY %dle éva and autd ta mpofAfuata mopauévet NP-tifjpec xat oe moleg xAdoelc ta
npofBifuarta autd avixouv oty xAdor P. Mag evSiagépet vo Boolue 1) Slaywpelotixd Ypouuy avauess oTLg
UNEOELS TV TEAELWY YRAPTUATOVY, 1) OTolol XATNYOPLOTOLEL T XAAOELS TWV TEAELWY YPAPNUAT®WY ot SUo
xatnyoples, dnhadh oe autée mou T TPoflAfuata andpuone EMAVOVTOL GE TOAWYLUXS Xpdvo (xhdon P)
xat o€ aUTES Yol TLe omoleg dev undpyel ahybpluog toAvwyLuxol Yebvou mou va ta enthlel (NP-mAien
mpoBMjuata). Ewwdtepa, dlvovior ol oplouol xau 1 mepLYpa@r Twv Topandve TpoPANUdTnY and@aong,
napovotdlovtat ot anodetlelg tou avagépovtal oty NP-thnpdtnto, xafdg xat ov alydplfuot mou emidouy

T0. TPOBARLATA ATOPUOTC O TOAUWVUULIXG YEOVO YLol TG avTIOTOLYES HAGGELS TV TEAELWV YRUPTUATWY.
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EXTENDED ABSTRACT IN ENGLISH

Chroni, Maria, J. MSc, Computer Science Department, University of loannina, Greece. October, 2007.
NP-Complete Problems in Classes of Perfect Graphs. Supervisor: Stavros D. Nikolopoulos.

In this master we describe and study the next decision problems: harmonious number, achromatic num-
ber, max cut, Hamilton path, path cover and dominating set. More specific, we present the classes of
perfect graphs that these decision problems remain NP-complete and the classes that they become poly-
nomial solvable (belong to the P class). We are interesting in finding the distinguishing line between the
classes of perfect graphs that classifies the classes of perfect graphs in two categories, those that can solve
the decision problems in polynomial time (P class) and those that there is not a polynomial time algorith-
m that can solve them (NP-complete problems). More over, we give the definitions and the description
of the previous decision problems, we present the proves that are related to the NP-completeness and the
algorithms that solve the decision problems in polynomial time for the corresponding classes of perfect

graphs.

In chapter 1, which is the introduction of the master, we present the issues that we are going to
analyze. In chapter 2 we give the definitions of some classes of perfect graphs. In chapter 3 we describe
the theory of decision problems and we give the deference between NP-complete class and the P class.
Chapter 4 describes the problem of harmonious coloring and its complexity for the classes of perfect
graphs. Chapter 5 gives the definition of the achromatic number and presents a polynomial solution
for that problem in threshold graphs. In chapter 6 we show how the simple max cut problem turns
out to be NP-complete in split and for the class of cographs we present a polynomial time algorithm. In
chapter 7 we describe polynomial time algorithms for Hamilton path and path cover in cographs, bipartite
permutation and interval graphs. In chapter 8 we give the definition and the complexity of dominating
set and we present an algorithm that solves that decision problem in polynomial time in interval. Finally,

chapter 9 concludes with some important results and presents some open decision problems.



KE®AAAIO 1

EIzATOQI'y

1.1 ¥téyo
1.2 Yuveiopopd

1.3 Aop# g AvatpBric

1.1 Xtéyor

O ouvoluxdg otdyoc g datelBiic elvon var yiver ula Aemtouepric Teptypapn Twy € tpoBAnudtwy and-
paons: Tou apuovxol apthuol, Tou aypwuaTixol aptiuoy, Tou PEYLETOU GUVOAOU XOTTC, TOU HOVOTUTLOU
Hamilton, tng dtapéptone povonatidv xat Tou xvplapyou cuvérou. 1o cuyxexpluéva, Bu topouctdoouue
OVORUTIXG OE TIOLEC HAJOELS TEAELWY YPUPNUATLY xd0e éva amd autd to npolifuata tapouével NP-thipeg
X0l OF TOLEC XAdoELS To mpoAruata autd avixouvy oty xAdon P. Mac evdiagépet va Bpolue tn Slo-
YWELOTLXT, YooY avaUESH OTIC XAAOELS ToV TEAELWY YPaPNUET®Y, 1) onolo xatnyoplomotel Ti¢ xAdoelg
TOV TEAELWY YpopnudTey ot dVo xatnyoples, Sniadh oe autéc mou emAlouy To TPOolBAAUATA ATSPUCTS OF
TohunvUULXS Ypbvo (xhdon P) xou oe autée yia Tig onoleg dev undpyet alydptfuos ToAuwYLUXOU Ypbvou
mou va tat emAver (NP-mvien npofhduata). Ou et pépoug otdyol elvan:

e Nu dobolv ot optouol xot 1 Teptypaph TwV TROBANUETWY andpacrs Tou Ba YEAETHOOLUE.
o H avdntuin twv anodetéewv tou avagépoviar oty NP-tinpdnro.
e H napouctaon twv aiyoplfuwy mou emAbouy ta TEOBARUATA ATdOPAOTC OE TONUWYUULXS YEOVO.

o Nu xotnyoptonotnfody oL XAGOELS TV TEAELWY YRuPNUdTwY ot dUo xatnyoples, dnhadh o avtés Tou
emAVOLY Ta TEOBAAUATY ATOPAONS OE TONUBVUULXS Xpdvo (xAdon P) xou ot autés yia Tig onoleg dev
untdipyet ahydpLdiuog ToAuwVLULXOL Yedvou Tou va ta emidel (NP-mhfion mpofifuata).

1.2 Xuvelogopd

Y Swotpf3ny authy dlvouue Lol avaALTIX TERLYpapY| TwY TEOBANUdTeY andgaone ue to onola Hu aoyo-

AnPodue. "Htav Swamiotwuévo ot unfpye éva xevé otny eAnvixd| BiBhoypagla méve ot cuvoluxs xat



OMOXATIPWUEVT) XATAYPUPY), TUPOLUCLAOY) XAl UEAETH TOV TPOBANUATWY ATdPUOTS, TOGO 6TO GUVOAO TWY o-
TOBESELYUEVWY YVOOEWY 600 Xl GTLS TACELS TOU EMXPATOUY ot gpeuvnTixd eninedo. H mapoloa Svatel3H
npoonalel vo xohOder autéd To %evd, 600 elvan duvatdy. O avayvdotng Oo aviinglel étu avth 1 dtatey
propel va otabel agopu; yio tepontépw MEAETT XL Epeuva GAAwY TEolATUdTOY andpacrg Tou oyetilovTal
Gueco ue to Béuata mou Bu uelethoouye, xabde ov anodellelc mou mapouatdloude UToPOLY Vo ypEnot-
pomotnfoly autolotes Ny we mopadhayés, yia TV entiuon dAhwy tpolinudtwy andpacns. Elvau Waitepa
Yeriouso ot BoAd Vol UTdEYOLY CLYXEVTPOUEVES ATODEIEELS o ahydptuot Tou agopoly autol Tou eldoug
o mpoPAfuata, yiatl elvan mpoBAruata mou elvar axdud avolytd Yo SLAQopES XAAOELS YRUPTUAT®WY XAl

Tahovilouy Toug EpELVNTES Yol TOAAG YpedVLa.

1.3  Aouy tng Avatefng

H BwatpBr) nepiéyel 8 xegpdrata: To Kegpdioro 1 elvar 1 etoaywyh tne StatpPric. To Kegpdiowo 2 ava-
ntUooel xdmoleg Boowés Evvoles ayeTixéc Ue TN Bewpla YpopnudTwy xat TEpLypd@el avaAUTIXG TS XAATELS
TOV TEAEWWY YPAPNUAT®Y, dlvovTag Toug oplouols Toug xat Thy axpl3Y) meptypagr) toug. To Kegdhaio 3
Tpouotdlel oplouols oyetxole we v NP-minpdmrta xon to NP-mAvien mpofifipata, ue to omola Oa
aoyoinfolue. Ta Kepdhawa 4, 5, 6 xar 7, aoyoholvtal ue tnv mepLypdpr| Tou apuovixol aptiuod, tou o-
YewuaTixol aptbuod, Tou uéyLeTou guvbhou xorrc, Tou wovoratiod Hamilton, tne Stouépiong povorattdy
uaL Tou xuplapyou cuvéhou, avtiotoya. Téhog, To Kepdhao 8 xhelver ) Swatpl3y], avaxepoiandvovtog
pe 6,1 uekethoaue xau Bydlovtag xdnowa ypriowa ouunepdouata. Eniong, napovoldlel xdmoto avouytd

TpofBiriorta, To omolo ATOTENOUY AQOpUT| YIal TEPOLTERL UEAETY).



KE®AAAIO 2

OEQPIA TEAEION 'PA®HMATON

2.1 Baowéc 'Evvoiec

2.2 K\doeig Térewwv Tpagrudtoy

2.1 Boaowéc 'Evvoieg

Tpdgoc f ypdenua (graph) elvar wia tonoloylo # Sour mou anoterelton and éva obvoho xopupdy (vertices)
1 x6ufwy (nodes), tou ouvdéovtar UETAEY TOUC e Eval oUVORO axudv(edges). Tt yevud| teplntwor, éva
yedonua ouuPorletar we G(V, E) /G = (V, E) faxéua (V(G), E(G)), 6mou V, E elvor o oGvora xopugiv
xan oxudy avtiotorya. To mhiBog Ty xopuedy [axudv] ovoudleton tdén [uéyeboc] xar cvufoliletor Ue
n = |V| [m = |E|], avtiotorya. Av n =0, t61€ 10 Ypdonua ovoudletarl xevé (empty), evé av n =1 té1e
To ypdonuo ovoudletar aohuavTo ) TETOUUUEVO.

Kd0e oxury npoodropiletal uovoofuavta and g 500 xopu@Es Tou EVKOVEL, oL onoleg ovoudlovTol Tepua-
wxd onuelo (endpoints). Av naxui e éyel ta u, v g TepUatixd onueia, TéTe 1) e ovoudletal mpooninToucy
(incident) ota onuelo autd A 6t evdver (joins) 1o onuelo autd, xar cuufBoriletar v (u,v) 4 we (v,u).
To onuelo (x6uPoc) u ovoudletar yertowxd tou v. Me Adj(v) ouuBoriletoar to alvolo yertvidons Tou
%6uBou v. Ipogavog

(u,v) € E <= v € Adj(u).

Ye auth) TV TepinTwon, o xoufoc v elvar yertovinde tou x6uBou u xal o x6uBoc u elvan yeLtovinde Tou
%6uPou v xon oL xéuPol u xat v elvan Ta TepuaTixd onueta g axuhc {u, v}. O aplbude (Thhboc) Tov axpdy
nou mpooTintouy oe uta xopuph v € V' ovoudleton Babude tng v xat ouuBoiileton ue d(v). O uyéyiotog
BabBude and Sheg T xopLEEs Tou Ypaphuatos ovoudletar Bafuds tou ypuphuatog xot cuUBoiileTon uE
D(G). Anpadhy D(G) = max,ev(d(v)). Mio xopuph v € V ue d(v) = 0 A d(v) = 1, ovoudletan
amouovwuévn (isolated) xopugt,.

Ye éva ypdonua G, ovoudlouue povordte (path) petald 800 x0pupdy u xoL v Utal axohoulia axudy

(vo,v1), (V1,V2), .- -, (Vk—1, V) TETOWL GOTE Vo Loy GeL:
1. u =g, v=uvg, ot

2. ot xopugéc v; , 0 <1 <k elvan Stapopetinée yetadd touc.



Aépe 6T To yovordTL evivel 1 GLUVSEEL TLC xopLPES ¥ Mo u. Ot XOpUPES U Xat U 0VOUGLovVToL dxpa ToU
povonatioV. To uovondt nepvder | mepléyet tig axpés (vi—1,v;),1 <4 < k. To mAifog TV axudy tov
TEPLEYOVTAL OE EVol UOVOTTL ovoudleton urjxog tou uovoratol. 'Eva uovondtt neplypdgetal TAHows ond
v aohoulion TwV XopLPRDY Vo, V1, . . ., Vg ol oLUPoAletal we Py, émou k eivar to TARfog Twv x6uBwy
OV QUTO TEPLEYEL.

"Evo povondzt elvar anAd, €dv xdbe x6ufog tou ypaphuatog eugoviletat 1o ToA) ULo gopd GTO LOVO-
. Edv ot éva yovordtt (vo, v1), (v1,v2), - . ., (Vk—1, Vk) Loy 0eL Vo = U, dNAadY To TepUaTING onpela Tou
povonatiob tautiloviat, Téte o Hovorndtl ovoudletal xUxiog. Enouéveg, évac xixhog elval éva xhetotd
povordtt. To mihfog Tov axudy tou xOxhou elvat o ufixoc tou. 'Evag xdxhog €yel ndvra uixog ueyo-
A0tepo Tou 2 xou mepLYpdgeTaL TAPKS and Ty axoroubla Twv axudy (vg,v1), (v1,v2),. .., (Vk—1, Vo) TOU
neptéyet xat ouuBoriletar we Cy, érou k elvar to TARfoc twv x6ubey tou autde TeptéyeL.

Edv 1o alvolo xopupdv V' umopel va dtaueptotel o k aveldptnta petagd toug unoobvora Vi, Vo, ..., Vi
TETOLWL OOTE BU0 XOPUYPES U,V Yo EVEOVOVTAL Udvo edv Bploxovial 610 Blo unocivoro V; C V, t61e oL
vrnoypdgor G(Vi),...,G(Vi) ovoudlovtal ouvextixéc auviotéoes tou G xar 0 G k-cuvextixde.

IIio avadutind, €6V oE éVal LOVOTIATL TTOU GUVOEEL TLG XOPUPES U XAL U OVTLOTREPOLUE TLS 0OUES XATE, TN
oelpd Tou autég eugavifovtat, dnuloupyolue éva yovordtt wetald v xa u. Av o xopugy) v cUVBEETAL UE
€vor amAb povomdtt ue plo AR xopuph w, xoL 7 w cuvdéeTan Ue Ula Teltn xopugh u Ue éva anhd LovordTL,
THTE UTOPOUKE VO GUVOEGOUIE TLS XORUPES U Xat U, Topadétovtag ta d¥o povondTio xot amaholpovtag Tuydy
x0xhoug mou Srtovpyolvtat. Enfong, xdbe xopugh ouvdéetal e Tov gauTd NS UE €VOL LOVOTETL U XOUS
undév. Anhadh, n oyéon R mou exppdlel tn oGvdeor] LeTall X0puUPAY TOU YRAUPNUATOC ElVal GUUUETELI,
peToButix xon avoxdaotixy, dpa elvar oxéon tooduvauias xat ywellet To Ypdonuo ot xAdoelc tooduvaulac,
n x&Be ulo and Tic omoles mepLéyel Oheg TLC axués Tou Udpyouy oe xdnolo dovordtt. Kopupés mou dev
GUVOEOVTOL UE XAUVEVH LOVOTIETL aviXOLY OE SLopopeTinés xhdoelc tooduvaulac. ‘Apa, GAec oL x0puUPES
HOTA LHXOC EVOS LOVOTITLOU avAXOLY 6Ty (8L xhdoT Looduvautag, 6Twe enlong xat To dxpa MLag xS,
Ou xhdoec LooBuvaputiog e topandve oyéong Looduvaulag, ovoudlovial ouvextixéc ouviotdoes. Apa,
OUVEXTIXEG CUMLOTAOOES evog Ypagphuatog G elvar ot xhdoeig ooBuvautag tng mapandve oyéong R mou
exppdlet T aivdeor UeTAEU X0opuPdY Tou Yeaphuatoc. Edv éva yedgnua anoteieitat ubvo and ulo xAdon
tooduvalag, T6te ovoudleTal ouveEXTIXG, SNAadT elval GUVEXTIXG EAY XL UOVO E4V UNdEYEL LOVOTATL METUEY

300 OTOLOVBTTOTE XOPUPKY TOU.

Eév évo ypdgnua elvar ouvextind xat Sev meptéyet x0xhoug, dnhady) xébe xopue? evivetol pe onotadn-
TOTE GAAY) X0pLET) GTO YPAPNUL HECW EVOS AmAOy UovoTaTlol, TOTE T0 Ypdonua ovoudletal SEvTpo.

'Eotww G = (V, E) éva un xatevbuvéuevo yedgnua. Opilovue we ouumdfpwua tou ypaphuatoc G o
yedonua G(V,E) ue E = {(u,v) : u,v €V A (u,v) ¢ E}. Anhad# 10 ocuunifpoua G evéc youohlatog
G elvon évo ypdgpnua pe To (8to alvoho xOuPBwy xat Ue aOvoho axudy tou tepthopBével Tig axués mou Sev
utdpyouy oto Ypdnua G. Ioodlvaua, To ypdgnua G eivor 1o ouumhfpwua Tou Yeupiuatoc G edv Ta G
xau G €youv 1o (Blo TAAfoc xopugpsy xau woyter: E(G) N E(G) =0 xou GUG = Ky, émou K|y elvan 0
e ypdonua |V ] xéuBwy.

Ye xdfe axyr unopolue vo aviiototyioovue évav optBud uéow uiag omedvone w : R — E. H
ouvdptnon auth ovoudletar ouvdptnon Bdpouc. To Bdpoc xdbe axuric e € E ouufBohiletat ye w(e). Tty
neplntwor avth, o Ypdwos ovoudletan BeBapnuévos. To Bdpoc evés ypdpou woobta ue 1o dfpotoua Twy
Bapdy twv axudy tou, dnhadh w(G) = > cpw(e).

Me = cuuBoiiletan o toouopplouds dVo ypagnudtoy, dnhadh edv Gi xar Ga elvar 300 toopop@Lxd
yeaphuata, téte ypdgouue Gi = Ga. Abo ypagphuata G = (V. E) xa G' = (V',E’) ovoudlovrat
Loouop@ixd, eqv untdpyeL ula éva tpog éva xat entl avttotolyta ¢ 1 V — V' pe (u,v) € E <= {¢(u), d(v)} €
E'.



'Eotw G = (V, E) éva un xateuBuvéuevo yedgnua. Xe autéd optlovton ta napoxdto:

Kiixa (clique): 'Eva unoctvoro A C V' mnfudtnrag r x6ufwy, elvon pior r-xAixa edy endyel éva
nAfpes uroypdenua, dnhadh Ga = K,. 'Evog anhéc x6uBog elvon utor 1-xAixa. Mio xhixa elvar peillova
(maximal), edv dev undpyet GAAN xhixa 610 G Tou va TeptéyeL €€’ ohoxAApou auTH THY XA XA 6oy UTOGUVOIO.
Mia »hixa elvar uéytotn (maximum), edv Sev vndpyel AN xhixa oe 6ho 10 ypdynua G yeyahltepng
minfudtnrac. AplBude xiixag, w(G), elvar o aptude Twv xéuPwv oe uta uéytotn xhixa evée ypaghuatog
G.

Enuwcdivdy pe xhixes (clique cover): Mo emxdiudn ye wiixec ueyéloug k, elvar wa Stauépton
TV XOuBwv V = A1 U Ay -+ - U Ay, ot dote xdfe alvoro xéufov A; va elvor xhixa. AptBude xhxdy
emxdhudne, k(G), elvon to uéyebog tne uixpdtepne duvathc emxdiudne xAxdy oto yedenua G, dnhadh o
ghdyLotoc aptiude xAxdy Tou unopel va dtaueptatel 1o obvolo x6uPwy tou G.

Evctabés olvolo (stable set): 'Evo euotaféc alvoro elvar éva utooivoro X tov xufwy tou G,
oto omolo avd 3o ot xéuPol dev yertvdlouv. Ernlong, ovopdletar xou aveldptnro olvolo(independent
set). Buotafic aptbude, a(G), elvon o aptbuds twv x6ufwy tou ypagphuatoc G oe éva guotabéc odvoro
pEYLoTNg TANBwOTNTAC.

Ywotbs c-ypwpationdés (proper c-coloring): Eivow wa dwapépion Vo= X3 U X+ U X tov
>6uBwv Tou ypaghuatog G, éTol Gote 1o xdbe alvolo x6uPuv X; va elvon euotabéc olvoho. e auth TV
neplntwor, Ta UéAn Tou xéfe cuvdrou X; “yewuatilovion” ye to ypdua © xou yettovixol xbufot €xouy
daopetind ypdua. To ypdenua G elvar téte c-ypwuatiowo (colorable). Xpwuatixde aptbude, x(G), elvar
0 UxpEdTEPOC dUVATOS apliude ¢, TETOLOS HOTE VAl UTEEYEL EVUS OWOTOC C-YpwUATLoU6S Tou Ypaghuatos G.

2.2 Téhera I'pagripata

e auth) v evdnTa dlvovton oL optouol TV YAGCEWY TERELWY YPAPNUATOY TToU Do Yo amaoyOAo0oLY oY)
OUVEYELAL.

2.2.1 KAdoeig Térewwv T'papnudtoy

Téhewa ypopriuoata ovoudlovror ta ypapriuota exelva, to ool €youv Ty WidTTa Yo xdbe enayduevo
UTOYRAQNUOL AUTKOY 0 YPOUATIXGS aplBudc ToU ETUYSUEVOU UTOYRA@RUUTOS Vo toodtol UE Tov apliud ué-
yiotne xAixac avtol. O mapaxdte tperc ouvlixes optlouv tic téActes Widtntec (perfect properties) evoc
TéAeLoL ypaghuatog Gt

(P1) w(Ga) =x(Ga), VACV(G),
(P2) a(Ga) =k(Ga), VACV(Q), o
(P3) w(Ga)-a(Ga) = [A], VAC V(G).

Ocdenpa 2.1 (The Perfect Graph Theorem). Ia éva un xarevfuvduevo yedpnua G, ov télelec
idtnree (P1), (P2) xau (P3) elvar toodbvauec.

Mépropa 2.1. ‘Eva up xatevfuvduevo yedgnua G elvar téhewo, edv xau uévo edv to ovurdfowud tou G
elyoe téleto.

H Ioyupr Ewxaolo twv Téhewwv Toagnudtov (Strong Perfect Graph Conjecture) dtvet tov yopaxtnploud

TV TEAELY Ypopnudtwy. Mropet va Staturwbel ue toug axdrouvboug tpénouc:



SPGCy: "Eva un xoteubuvduevo ypdenuo elvat téAeto edv ot u6vo €6y dev meptéyet Xavéva EnayOUEVO
UTOYRAPNUO LGOULOpPXS TV YPUPNUATOY Coptr 1ot Copt1, SNAadry TV xUXAWY TERLTTOU UAXOUS XAt TWY
GUUTATPOUATOY TOUS, Yo k > 2.

SPGC;: 'Eva un xateubuvouevo ypdenuo G elvar téheto €dv xat wdvo edv ato G xot 6T0 LUTAPOU
autol, G, xdbe x0xhog TEpLTTol Uhxous > 5 €yl yopdh.

SPGCs: Ta yovadixd p-critical ypagruato tov undpyouy etvar ta Cogy1 not C’ng vk > 2.

SPGCy4: Aev undpyet p-critical ypdgpnua pe o > 2 xow w > 2.

SPGCs: Edv éva ypdgnuo G elvan p-critical ue a(G) = a xo w(G) = w, t61€ 10 G nepLéyet enaySUEVO
UTOY AT LOGUOPPIXS UE TO C’;";il.

Ta ypaeAuata Copi1 xow C’ng vy k> 2 avagépovial ouviwe we teptttée onée (odd hole) xon
we meptttée avrionée (odd antihole) avtictouya. Emlong éva un xateubuvduevo ypdgnuo G ovoudleto

p-critical €dv dev elvar téheto odhd xdbe xotdAAnho emayduevo unoypdenud Tou elvar téheto. Térown

Y OUPHLATO LUXUVOTIOLOUY TLE OYETELS
Ve e V(G) :a(G—z) =k(G—2) N w(G—1z)=x(G—=x)

6mov G — z glvan T0 yYpdonuo apol daypddovue Tov x6ufo .

Ou Chvatal »au Sbihi mpdtewvay va ovopdletan éva ypdornuo wc Berge ypdgrnua €4y dev meptéyet xauta
nepttth oy | mepLtthy avtonh. 'Etol ) Ioyueh Ewaota twv Térewwv Tpagpnudtoy emBefoardver 6tL éva
vodpnua elval Téhelo €dv xon Ubvo edv elvan Berge ypdgrnua. To 2002 ou Chudnovsky xou Sheymour
avaxolvweay oe ula extevéotaty gpydota 176 cehidwv 6t oe cuvepyaolo UE TPOTNYOUUEYY €PEUVO TWY
Robertson, Thomas ot Kristina Vuskovié ohoxifpwoay tnv anddetln tne loyuprc Ewaotog twv Téretwy
Toagnudtwy uetatpérnovtds v €tol oe Ioyupd Ocdonua Télewwv Ioagnudtwy (Strong Perfect Graph
Theorem) [19, 20].

2.2.2 MetaPatxd Fpapruata (Comparability Graphs)

"Eva un xateufuvéuevo yedgnua G = (V, E) elvon uetafotixé (comparability) ypdgnua, edv undpyet pia

xateUfuvon (orientation) twy axudy, (V,F), 7 omola vo teavorotel tic e€ng ouvbrixeg:
(i) FNF~1=90
(ii) FUF~'=F

(iii) F2C F

6mov F? = {ac| ab, bc € F, b € V}. H mpcstn ouvbxn héer 61t x80e oxuh| éxer axpic pa xatetbuvon,
eVQ 1) BelTepn OTL xdfe o) TpEmel var Exel a xatevbuvor. H oyéon F elvon utor avotrer) uepnn Sudtaln
Tou ouvéhou x6uBwy V', g onolag 1 comparability oyéon elvar axpl3dc to olvoro axudyv E. H oyéon
F uepuéc gopéc avapépetar xot w¢ uetafatixr] xateUfuvay (transitive orientation) tou G (i Tou cuvéiov
E). Ta uvetafatixd (comparability) ypagruata, enlone ovoudlovian xat we petafotixde xatevfuvdueva
yoaghuata (transitively orientable) 7 uepixdc diatdéiuo (partially orderable). Aiowobntind, to petofotind
(comparability) ypaghuata elvar o ypagphuata, 61ou unopolue v avalbéoouue xatebuvon otic axuéc
aUTGY, €ToL BoTE edy Udpyel axuf and tov x6uBo a otov xéufo b ue xatetBuvor (ab) xat axuy| and tov

b otov ¢ ue xatevfuvon (be), tote undpyel axuh and Tov x6uBo a otov xéufo ¢ ue xatelBuvon (ac).



2.2.3 Tpryovxd I'eagruata (Chordal or Triangulated Graphs)

"Eva un xatevbuvbuevo yedonua G ovoudletar tptywwxd (chordal), edv xdle xxhog urnous avetnpd
HEYUAUTERPOG TOU 3, TEpLEYEL [ial YopdY), dnhady| uia coquh) Tou evOVeL dV0 Un ouveybueVouC XOUBoug GToY
x0ho. Ioodlvaua, 1o ypdonua G elvon tprywvixd (chordal), av dev neptéyet enaydueva UTOYpapHUoTa
toouop@xd Twv xxhwv Cp yio n > 4.

"Evog xéufoc x € V(Q) ovoudletar simplicial, edv 1o obvoho yertviaotic Tou Adj(z) endyer éva mArpec
unoYpdpNnua, dnhadh o cVvoro Adj(x) elvan xhixa (6y anopaitnra wellova). O Dirac [28] xon aveldptnta
ot Lekkerkerker, Boland [46], anédetEav 6t éva tptywvind (chordal) ypdgpnua éyet mdvta évav simplicial
%6ufo.

'Eotww G = (V,E) éva un xoteuBuvouevo ypdonua xat €0tw o = [U1,V2,...,0y] ulo Sidtadn twv
#6uBwv Tou G. Aéue 61 1 Sdtaln o elvon éva TéAELo oxfua analowpic (1 Télelo oyriua), edv xdle v; elvon

simplicial x6uBog oto enayduevo unoypdonua Gy, . v,1- Me dhha Aoyia, To xdfe olvoro
X = {v; € Adj(v)| j > i}

elvon mApeg (MAixa).

"Evo utoobvoho S C V evde ypaghuoatoc elvan évag Staywpeiothic x6ufwy (vertex seperator) yio U
vettovixols x6ufous a xar b (i adhde évag a — b separator), edv 1 agaipeon tou cuvéhou S and To
yedgnua ywetlet toug x6ufoug a xal b ot SLGOPETIXEC CUVEXTIXES ouvioThoes. Edv xavéva unocivolo
Tou ouvélou S Bev Blaywpllel Toug xéufouc a xat b, SNAadt edv xavéva utooUvoro tou S Bev elvan a — b

seperator, téte T0 S Ho avagépeTal we eAdoowy Slaywpiothic x6ufwy (minimal vertex seperator).

Moupaxdtew dtveton éva Oedpnua mou yapoxtnellet o torywwxd (chordal) yeagriuata xar opelieton

otouc Fulkerson o Gross [37].
Ocdpnua 2.2. Eotw G éva un xatevfuyduevo yodgnua. O axdlovlec mpotdoeic elvar toodUvauec:
(o) To yedgnua G elvar tprywvixd (chordal).

(B) To yedgnua G éxer tédew oyfua analowgic (St anapaityta yovadixd). EmnmAéoy, xdbe simplicial
xéuPoc umopel va elvar apyixds oto télelo oyfua.

(v) Kdbe eAddoowy Sraywperotiic xdufwy (minimal vertex seperator) exdyer éva nAfpec unoypdgnua tou
G.

2.2.4 Metabetxd Ipaghuata (Permutation Graphs)

‘Botw T wo yetdBeon tov aptBudy 1,2,...,n. Me 7; ! ouuBoriletor 1 Héon otnv axoroubia, otny otola
pmopet vo Bpebel o aptBude 1. Ard tn yetdbeon T unopel var xatooxeuaoTtel €vo urn xoteuBuvouevo yedenua
G[r], pe tov axdroubo tpémo: to yedgnua G| éyel x6uBous aptfunuévous ue toug aptiiuolc tne uetdbeon
(1,2,...,n). Abo x6uPol evidvovtal ue axun, 6nwe galveta xal oto Lyfua 2.1, edv o ueyolitepog and
Toug dYo aptbuolc Tou avtiatolyel aToug exdotote xéUBouc Bploxetor ota aplatepd Tou Uixpdtepou aptiuoy
ot yetdfeon ™ (dnhady epgavilovtar extdc oepde, xabde 1 uetdbeon dwBdleton and aplotepd Tpog Ta
delud). o ouyxexpwiéva, edv T elvar o petdbeon tov aptbudy 1,2, ..., n, 1é1e 10 Yedynua G| = (V, E)
oplleton we e€hc:
V={12...,n}

xo

{i,j} e E& (i—j)(r ' —m;) <0



7 =1[4,3,6,1,5,2]

Yyfua 2.1: To Ppdpnuo G mou Avtiotouyel otn Metdbeon m = [4, 3,6, 1,5, 2]

"Evo ypdonuoa G Bu avagépetar we uetabetixd (permutation) ypdgnua, edv undpyet pio uetdbeon
térow Gote G = Gnl.

Eév avtiotpagel n axohoublo twy aplBudy tne uetdfeone T, xdbe Ledyog aptBudy 6tn cwoth oepd oty
T, OTHY AVIECTPOUEY UeTtdleor Oa epugaviletal ue avdnodn oewed xal to avtiotpogo, dnhad xdbe Lebyoc
oe Milog oelpd oty apyxy| uetdleon, Do eugaviletar ot oWoTH CEWd otV AvTEoTROUUEYT UeTdleoT).
'Etot, to yetabetiné (permutation) ypdgnua mou xataoxeudletol e autédy Tov TpéTo elval To SUUTARRpOUN
tou G[r]. Me dhho Aoy, €dv T elvar 1 uetdBeon mou xataoxevdletar avtiotpégovtas T uetdbeon ,
ToTE

G[*] = G[r]

dInhady, emmhéov, To cuumAfpwua evég uetabetixol (permutation) ypagfuoatog, elvar emlong petabe-

w6 ypagnuo. H oyéon twy yetabetndv (permutation) ypugnudtwy ue to petafatind (comparability)

yeaghuata, Qolvetal 0To enGUEVO Dedpnua:

Ocdenpa 2.3. 'Eva un xatevfuvduevo ypdpnua G elvar uetabetixd (permutation) yedgnue, edy xat uévo

edv 1o G xau 1o ovurAfjpwud tov, G, elvar uetafatixd (comparability) yoapiuara.

2.2.5 Awepy Tpagruata (Bipartite Graphs)

"Eva un xatevBuvbuevo yedonua G = (V, E) eivon dwepée (bipartite), edv ou xéufot tou unopody vo
dtaepLotoly ot do avedptnta un xevd euotalr obvoka, V = S1 U Sy, Snhadn 1 xdbe axyur éxer to éva
TEPUATLXS TN onelo 670 6dvoho St %t 1o dAho Tepuatiné ornuelo oto obvoho So. loodUvaua, o Yedgnua
G elvon duuepés (bipartite), edv xow ubvo edv elvon 2-ypwuatiowo, dnhadh 2 ypduata enopxoldy GoTe va
yowuatiotel xotdAinia. To xdbe ypdua Ba aviiotoryel mpopavds oto xdbe évo abvoro S. Elvar obvnfeg
va yenowonoteltat o ouufoloude G = (51, o, E) vy ta Sweph (bipartite) ypaghuata, oupBoloudc o
omnolog dlvel éugaon otn diauéplon. O xéuBor x € S; xou y € S; elvar oto dto abvoro avyv i = j. "'Eva
Swuepéc (bipartite) ypdonuo elvar mArpes, edv yia x80e © € S; xav y € S, undpyel n axpR (z,y). Av
Bewpfioouye Ot |S;| = n xou |S;j| = m, téte To TApee Swepée (bipartite) yodonua ouuBoriletor we Ky .



Sl SQ

Tyfua 2.2: Awepée (Bipartite) edgnua

2.2.6 Awywpiowa Ieaghuata (Split Graphs)

"Eva un xatevBuvéuevo ypdonuo G = (V, E) opiletar we diaywplowo (split) ypdonuo, edv undpyet plo
dtauéptan tou cuvélou Ty x6uBuv V = S + K oe éva evotabéc (aveZdptnro) abvoro S xou oe éva
TAfpes oOvoho (xAixa) K. Aev undpyet meploplouds atov apliud twv axudy aviueoa ota 300 GUvora
S xav K. Tevind, 1 StauépLon tou ouvéiov Twy x6uBwy evéc dtaywplowou (split) ypagruatoc dev elvar
povadixh. OUte to olvoho S elvan avayxaio va elvar éva uéyloto euotabég ahvoro, oUTe To TAYpES GUVOlO

K anoteiton va elvar péyiot ( yellova) xhixa. To Tyfiua 2.3 delyver éva Siaywpiowo (split) yedpnuo.
Ocdpnua 2.4. 'Eva un xarevfuvduevo yedpnpua G = (V, E) elvar Siaywpliowo (split) yedynua, edv xa
udvo edv to ouunAfpeud tou, G, elvar Siaywplowo (split) yodpnua.
To anotéheouo autd elvar dueon ouvéneta Tou yeyovétog 6Tt éva euotabéc abvoro ae éva yedenua G elvat
éva TAfipec oUvoN0 670 ouUTAAPUS Tou, G, evé éva TP aivoro ot éva ypdgnua G etvan éva euotabéc
oVVOLO 6TO GuUTAMiPLUE Tou, G.
To enduevo Bedpnua ogelletar otouc Foldes xow Hammer [36].
Ocdpnua 2.5. Eotw G = (V, E) éva un xarevbuvduevo yodgnua. Ou endueves tdidtyrec elvar toodiva-
ueg:

(1) To G elvar éva Siaywplowo (split) yodepue.

(i) To G xau 10 G elvar tpLywvixd (chordal) yoapiuara.
(13) To yodgnua G Sev mepiéyer emaydueva unoypagiuata toopoppixd ue ta 2K, Cy 1 Cs.

H oyéon tov Staywplowwy (split) yeapnudtoy ye to uetafotixd (comparability) ypagpruoata, @olvetol

070 enoUEVO Bedpnuos:
Ocdpnua 2.6. Edv éva yodynua G elvar éva Siaywplowwo (split) yodenua, téte to G elvar xoau uetafatixd

(comparability) yodonua, edv xar udvo edv to G Sev meptéyel enayoueEvo UIOYOAPNUA LOOUOPPIXS TWY
Hl,HQ 7}/H3 (EXV}IIUO( 24}



RN

Eyhua 2.3: Awyowplowo (Split) Tedgnua.

Tyfua 2.4: Anayopeuuéva Yrnoypaghuoata yia Awayoplowa (Split)-MetoBatixd (Comparability) T'paqr-

HoToL.

2.2.7 Tpaghuata Awnctnudtey (Interval Graphs)

To ypagphuata deotnudtwy (interval graphs), elvar to ypaghuota exelva Twv onolwy ot xéufot unopoldy
va tonofetnfoly oe ula-tpog-pia aviiotolyia ye €va oUVolo BLUoTNUATODY OTNHY YROUUY TWY TROYUATIXGY
optBudy (§ yevird evée ypauuxd Statdiudou ouvélou), ue ula axph vo evéver 8o xéufous, edv ta
avtiotolyo dtothuata téuvovtat. To XyAua 2.5 Selyver éva ypdonua Swotnudtey (interval). Enlong,
Ta ypaghuata Staotnudtoy (interval) amotelobvton and exelva ta tptywvixd (chordal) ypaghuota, twv

omolwv 10 cLuTAfipwua elval uetaBatxé (comparability) yedenua.
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Eyhua 2.5: 'Eva Tpdgnua Awotnudtwy (Interval Graph).

2.2.8 Xuvuninpopatixd Hapayoueva Tpagruata (Cographs)

H »don tov ouurinpwuatixd ropaydusvoy yeapnudtwy (cographs ¥ complement reducible graphs) o-
clotnre and tov H.Lerchs [47] xat yehetiOnxe de€oduixd and toug Corneil, Lerchs v Burlingham [24].
"Eva ouunAnpwpatixd napayouevo ypdenuo (cograph) opiletor avadpopixd oe eZfc:

() "Eva ypdgnuo tov anotehelton and évay omhd x6ufo elvar éva cUUTANEOUATIXG Tapoy SUEVO YEdgnUa
(cograph).

(8) Edv G1,Ga,...,Gy elvar ovuminpepatixd toapaydueva yeuphuata (cographs), téte xa 1 évwon
toug, G1 UG U - - - UGy, elvan ouumhnpwpatixd napaybuevo yedonuo (cograph).

(7) Edv G elvan éva ouumhnpwuatixd tapayduevo yedenua (cograph), téte xou 1o ouumifpoud tou, G,

elvar ouumAnpoUaTXd TapaySuevo Yedonua (cograph).

To ovuminpwuatixnd nopaysueva yeapiuata (cographs) elvol 1 xidon twv Ypapnudtwy nou xataoxevdle-
Ton amd €vay apynd x6UBo U THY XAELGTOTTA TwY TPAEEWY TNG EVWOoTNE XAl ToU cuUTAE®UaToc. Enlorng,
ETULOEYOVTOL (e LOVAdLXT| 1S TPOS TOV LOOUOPPLEUGS BEVdpIXY] avamapdoTaoy), Tou ovoudletat cotree. Axé-
U7, elvar unoxidon twv vetabetxdy (permutation) ypagnudtwy, xot entong Unopoly vo oploToly m¢ Ta
voagruate exelva mou dev éyouv enaryduevo Py, dnhadn dyopdo yovondtt pixouc 4.

Ou nopamdve tpdlete xataoxevic EVOC GUUTANPOUATIXG TopaySueEvoy ypoghuatoc (cograph), optlouv
pLor povadixt| Sevdoux| avanapdotaot i x4be SapopeTind CUUTANPGUATIXG TapaydUEVD Ypdonuo (co-
graph), 1 onola ovoudleton cotree, o cuuBoriletal Teo(G), 6nwe delyvel xar 1o Tyhua 2.6 . To Teo(G)

evée oupTANpLUATIXd TapayoUevou Yeagphuatog (cograph) G, elvon éva plouévo dévtpo tétolo dote:
(o) KéBe eowrtepinde nbuPoc, extde e pllag, £xer Touldytotov 0o moudid.

(B) Ou cowtepinol xéuPor éyouv emypapéc elte 0 (0-xépPor), elte 1 (1-x6pPot). Ta moudd mou elvor
eowtepLxol xoufol evég 1-xéufBou (0-xéuBou) avtiotoya, eivar 0-xéuBor (1-xéufBor) aviiotouya, dn-
hadny ot O-x6uBot xow ov 1-xéuBot evadddocovtor petald toug oe xdbe povondtt omd T pllo uéypl

onolovdfmote x6uPBo Tou cotree.

(7) To poAha Tou cotree éyouv ulo-mpog-plo aviioTotylo UE TOUS XGUBOUS TOU GUUTANPOUOTIXE Topayd-
pevou ypaghuatog (cograph) G xou dbo xéufol u, v evédvovtal pe axun oto G, edv xaL U6vo €qv o

EAAYLOTOC %0LVEE TPOXATOYOC TWV PUAALY TIOU avTLoToLy o0y 6Toug x6uBoug u, v lvat évag 1-xéufoc.

O napamdve oplouds arantel 1) pila va elvon 1-xéuBog, extéc av to yedenua G elvor un cuVEXTIXO.
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U1

V2 Ve

U3 v7

V1 Vg Vs Vg Vs
V4 Vs

Tyfua 2.6: 'Eva Zuunhnpouatixd Hopayduevo Tpdonuo (Cograph) 7 Kéufwy xaw to Avtiotouyo Cotree.

2.2.9 XYyéoelg xAAOEWY TEAELLY YRAPNUATWY

IToAréc amd Tig mapamdve *AACELS TEAELWY YpapNudTwy Tephelovion amd ¥ TepAelouy xAmolEC dARES.
MmropoUue va avanapaoTACOUUE AUTES TG OYECELS EYXAELGUOU UE TO Sidypauua Tou Lyuatog 2.7. Auté Ou
elva TOAD ypYioLo 6Tn cuVEELa Yo To U welétn Béua, xabdc 1 yvdon 6t éva ouyxexpluévo mpdBinua
elvow NP-mAfien yio uwar ouyxexpuuévn xhdor, avtéuata pog diver tny NP-tAnedtnta yio 6heg T xhdoelg
TEAELWY YPUPTUATOVY oL omoleg elval UTEPXALOELS TNE GUYXEXPUWEVTC XAdOTS.

Comparability

Permutation

Bipartite

Yyfua 2.7: Eyéoec Eyxrerouol twv Kihdoewy Téhewwv Foagrudtov.
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KE®AAAIO 3

NP-IIAHPOTHTA

3.1 Baowéc 'Evvoiec

3.2 NP-IIihpn HeoBAAuata

3.1 Boaowéc ‘Evvoleg

Y10 xepdiato autd Bu pelethoouue xdmoleg évvoles, ot omoleg oyetilovtan pe v NP-mnpdtrnta. Xu-
yxexpwiéva, B ddoouue xdmotoug Baoixols optopols oyetixd ue v NP-mhnpdtnta, xabde ol toug
0pLoHoUS TV TEOBANUAETLY andpacng, ue To onola Bo acyoinfoldue ota endueva xe@dhoLa.

Yrdpyouv dUo Béuata tou Bo uag anacyoiicouy: 1 uroloylowdétnta (computability) o n vroAoy:-
otx? toAuthoxdtnta (computational complexity). H vroroyiowdtnra aneufiveton xuplwe oe epwtioeLs
oyeuxée ue v Umopln: Yrdpyer ohybptbuog o onolog emilel to mpdPBinua 1I; Mropel vo amodetyfet
padnuated 6L oL UNoAOYLOTES Sev UTopoUY Vol xdvouy o Tdvta. Xopaxtnetotixd nopddetyua elvar To
meéBAnua Tou otauathuatog (halting problem), to onolo napauével dhuto. Me amhd Adéyia elvar adbvatov
yia évay xafnynt va ypddet évo mpdypouua Yo UnohoyloTth, To omolo u déyeton ooy elcodo Tov whGIixa
xdmotou @outnth xou Ba emotpépet glte TV amdvinon “vor, autd To TEdYEaUUa ToU @oLtnTh B oTauaToE
OE TEMEPACHUEVO Ypovo”, elte TNy amdvinon “Oyt, autd To Tpdypaupa Tou Qortnth Hua Tpéyel yio mévta”.
H anédelln 6t éva mpdBinua elvan utoroyiowo ouviBug, adld dyL tdvta, oyetiletol Ye Ty Topousiaon)
evog ahyopifuou, o onolog Ba tepuatilel ue ylo owoth andvinon yia xdbe eloodo. H nocdtnra twy tnydy
(xpbvou xal Ytpou) Tou YENCWOTOLOUYTOL GTOV UTOROYLOWS, 0V XuL TETEPACUEVT), elval aneptdptotn. Xu-
VETAC, 1) UTOAOYLOLWIOTNTA Uag SLVEL Var XATAAIBOUUE TLC XAVOTNTES XL TOUS TEPLOPLOUOUS TWV UNYAVAY
nou 0 dvlpwnoc unopel Vo xoTAOKEVEOEL, Yol Suwe vo Aaufdver undLy TepLopLlopole oe TYEC.

Ye avtifeon ye v unoroytowdtnTa, 1) UToAoYLOTIXH ToAUTAOXGTTa oyetileton Ue To TocoTINd Béuata
¢ enthvong evog mpoBAfuatos. Xyetiletar ue 6,11 unopel vo unoloyLotel ot mpax T 1) Aoyixy) toodTrTA
YEOVoUL xa YGHeou, utohoyiloviag Tig amouThoelg o TNYEg en’ axpt3A¢ 1 utohoyiloviag dve xat xdtw
6pta. H mohumhoxdtnro xofopileton and tpla eninedo: to mpdBinua, tov akydetbuo xat tnv vAomolnoy.
Puownd, BENouye tov xahltepo ahydptBuo mou va emAlel T0 TREOBATUE Woc xow TNV xaAUTERY LAOTOLNGY)

; .
Tou ahyoplbuou autol.
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"Evo mpdfAnua anoteieltar and yio epdtnoy 1 omolo mpéret vo amavtnlel, and yw anaitnon 1 onola
npEmeL vor exmhnpwbel, Y and wa xaidtepn duvatyh xatdotaon ) dour) mou mpénet va Bpebel, xon 1 onola
ovoudZetal Alom, ouVHDKS oe OYEoN UE MEPIES ToPAUETEOUS 1) LETABANTES LGS0V, OL OTIOlEC TIEPLY P pOVTAL
oA o Tég Toug Topauévouy axaldototes. "Eva mpdfAinua andgacrc etvol autd mou amotel gLo oAy
“you” ) “Oy” amdvtnon. ‘Evo oniyudtuno evée mpoBhiuatoc 1 elvar o xaboplouds cuyxexptuéveny TUdyY
Y Tig napapéTpous Tou mpoBiiuatoc. 'Evag adydplfuos v to mpdBinua I elvon wa Bhua-tpog-Bhua
draduxastia, 1) onola tav epapudletar oe onotodrinote otiyptdtuno tou 1 napdyel uLo Ao,

YuvAbwe propolue va Eavaypddouue Eva npdBinua Bedtiotonolnorng cav éva tpdfBinua andgaong, To
onolo oty apy’ gatvetol vo Advetol To edxoha and To apylxd, aAld xatahiyer va elvon o (8lo dUoxoro.

AxohouBoilv 300 exdoyée Yo T0 TEOBANUA YPWHATLOUOV EVES YROUPHLITOS.

XPOMATISMOY. TPAHMATOY (GRAPH COLORING (optimization version))

Yuywdturo: "Eva un xateuBuvduevo ypdorua G.
Epodtnon: Hoto elvon 1o (ixpdtepo mArfoc ypoudtoy nou yeetdloviot yia €voy XoTIAANAC YpwUaTLoNd
Tou ypaghuoatog G7

XPOMATIYMOY TPAPHMATOY (GRAPH COLORING (decision version))

Yuyuéturo: "Eva un xatevfuvébuevo ypdgnuo G xar évag axépatog k > 0.
Epdtnon: Yrdpye. évag xatddnhog k ypwuatiouds tou yeagphuotog G7

H exdoy7 tng Bertiotonoinans unopet va Aubel egapudlovtag n @opéc évay alydplfuo yio tnv exdoyy
NS andPaoTg YL Eva Yedgnua Ue n xoufouc. Edv ta n npofAfuata andgoaong enthbovtal Stadoytxd, téte
0 ypbvoc mou ypeerdleton yia vo Aulet 1 exdoy g Beattotomolnong elvan yeyahltepog and tov ypodvo Tig
exdoyhc e andgaong, to Tohd xatd évayv mopdyovra tou n. Ilap’ 6ha autd, edv unopovv vo enthuboly
Tautdypova (TopdAAnia), T6Te 0 ypdvos Tou ypetdletor xot Yo Tt dVo exdoyéc elvan o {Btoc.

Yuvnbiletar vo expdleton 1 Todumhoxdnta ooy P cuvdptnon Tou deyéboug tng etoddou. ‘Evag
oahyoptbuos A yia xdmoto npdBinua II teéyet oe ypdvo O(f(m)) , edv yia xdmowa otafepd ¢ > 0 undpyel
Lo vhorolnor tou ohyoptBuou A, 1 orola tepuatiler yetd and to nohd cf (m) (unoloyiotind) Bructa
v 6Aa tor otypidtura peyéboug m. H molumhoxdtnta evég adyopifuou A elvo 1 uixpdtepr cuvdptnon
f, térow Bote o ahybplBuoc A tpéyel ot yedévo O(f(m)). H nohumhoxdtnta evéc mpoBifuatos II elvan
1 uxpbtepn ouvdptnon f, v Ty onolo undpyet évag ahybptbuoc A yedvou O(f(m)) yia 1o mpdBinua
II, 3naady) n uxpdtepn toumhoxdtnta and 6houg Toug mbavols aiyoplBuoug Tou emAbouy To TEdBAnuUa
II. "Etot, napouctdlovtag xat avaAbovTog Ty TOAUTAOXSGTITA EVOS GUYXEXPLUEVOU ahyopiBuou Yo To
npbBanua 11, Beloxouue éva dvw dpto yiar Ty moAutAoxdTnTa Tou TpoPfifuatog II.

H edpeom g norvmioxdtrtag evég npoBivuatoc 11 nepthapuBdvel 8o unoloyiouolc:

(1) To dvw dero, dnAadh tn YixpdTepn TOAVTAOXGTATA antd GAOUS TOUS YVKOTOUS ahyopiBuous o em-
Abouy o TE6BAnua I1.

(2) To xdrw dpio, dnhadh 1 weyahltepn ouvdptnon f yia Ty omola éyel anodetyfel (uabnuatixd) bt
6hot ot mbavol akydptbuot tou emthbouy o npdBinua Il mpénel va £xouy ToAUTAOXSGTHTA TOUAGYLOTOY
660 1 ouvdpTnon f.

O andtepog otéy0c elvar va xdvouue autd ta dvo Gpla v tautiotovy. To xevéd avdueoa ota dbo dpLa
UTOSAGVEL THOT) €pEuvaL TRETEL VoL Yivel axedur yial vor emtteuyfel autég o otoyog. [ Torhd TpoBAruata

auTd TO %EVH el UEYARO, OTLS Yid TOPAESELYUA VLol TO TPOBATUN TOU TOAATAACLACUOU TULVAXWY.
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To peyohbtepo avoryté epdtnua mou oyetiletol Ye 10 xevd YeTall oV dvw xot XATw oplev Tng ToU-
TAOXOTITOG, aopd aTa Yvwotd NP-nhipn tpoBifuarta. o xdbe mpdBinuo autic tng xhdone yvwpilouue
ahyoplOuoug uévo exlfettxol ypbvou, evd ta xaAltepa XdTtw bpta Tou €youv amodelylel uéypl tdpa elval
TOALOYLULXEC ouvapthoels. Emmiéov, edv undpyet évac alydetbuog noAuwvuulxold ypdvou yia xdnoto and
outd, TéTE UTdpyEL alydpLBuog Yo dho Ta TpoBAfuata tne xhdong. IlpofAfuata mou elvar NP-mhvpn oe
yoaghuato elvar 1 edpeon xixiou Hamilton, o eAdylotog ypwUatiouds xar 1) LEYLOTY Mhixa.

H xotdotaon evég alyoplBuou anoteielton and tig Tpéyouces TLWéc AWV TV UETUBANTOY Xot and T
Déom e Tpéyouoag eviolTic mou pénel va extereotel. ‘Evac vietepuiviotinds adydetuog elval autog yia
Tov onolo xdbe xatdotaon xatd ) Sidexela g exTéheong TN evioifc uetafalvel Lovadixd oe To TOAY
pta enéuevn xatdotaor. Ouoaotind dhot oL NAEXTEOVIXOL UTOAOYLETES , TS TOUS YVWELLOLUE, TREYOUY
vietpuviotind. Eva npdBinua II avixer oty xhdon P edv undpyet évoag vreteputviotixnds ahydptbuog
TOALWYUULXOU YpéVou, o onolog emAlel To TpdBinua L

"Evog un vietepuiviotixds aAydptbuog elvar autde yia tov omolo pia xatdotaorn unopel vo odnyel oe
TIOAAEG ETGUEVEC XATAOTAGELS TAUTOYpova. Mropolue vo Bewpfioouue 6Tl €Vog WY VIETERULVIOTXOS AAYO-
ptluog €xel Ty eavdTnTa v Snuloupyel TOANG avtiypaga Tou EauToU Tou, Eva YL Xd0E ETOUEVT XUTAOTACT).
"Evot, evé) évac vieteputviotinde ahydpliuog mpénel va eAéyEet xdfe popd ula and tig evorhaxtinéc MioeLs,

0 Un VIETEPUIVLOTIXOC ahyOpLiuog eEAEYyEL Oheg Tig evOlaxTIXES AOOELS TAUTOYPOVA.

AxohouBolv tpelg eldés EVIOAES, OL OTOLES YENOULOTIOLOUYTOL OTNV XUTUOXEVT] U1 VIETEPUIVLOTIXGDY
ahyoplOuny yia tpoBiiuata anbpaong, oluewva ue touc Reigold, Nievergelt xou Deo (1977).

x «— choice(S) dnutoupyel |S| avtiypaga tou alyopiBuou xou avabétel xdbe otolyelo tou ouvbrou S
oY) UETABANTA 2 oc éva and Ta avTlypapa.
failure mpoxahel xdmoto quyxexpluévo avtlypuwo tTou ahyopibuou vo atopatioet vo exteheltot.

success mpoxahel Gho Tar avTiypopa Tou aAyYoplBuoy Vo GTaUATACOUY Vo EXTEAOUVTOL Xat OTUELOVEL [ia
“vou” amdvTNoT) 6TO CUYXEXELUEVO GTLYULOTUTO TOU TRoBAAUATOS.

"Evog un vietepuiviotinds adyopliiuog moAumvuuixod ypbvou yia 1o tedBAnua ebpeans UEytotng xAlxag
(mpdPinua andgpaong) elvar o axdrovboc: 'Eotw G = (V, E) éva un xateufuvduevo yedonuo xal éotw
k> 0.

procedure CLIQUE(G, k):

begin
1. A — o
2. for all v € V do A < choice(A + {v}, A);
3. if |A| < k then failure;
4. for all v,w € A, v # w do
5. if vw ¢ F then failure;
6. success;
end

O Bpdyog oty yeouurh 2 emhéyel un VIETEPUIVOTIXG éva utooUvoio and xéufouc A C V. Ot ypoupég
4-6 eréyyouv av to olvoro A elvar éva mAfpes obvoro. Edv @tdoouue oe success oe €va and 1o avi-

yYoaga, téte 1) e Twh) Tou ouvblou A oe exelvo to avtlypago elvar ulo xhixo ueyEfoug Touldyiotov
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k. Xenowonowhvtag Ty mo mdve dtadixacia €youue évay un vIETEpVIOTIXG aAyOpliuo ToAumvuioD
xpbvou yia Ty exdoyl) Tng Behtiotorolnong tou tpoBiuatos ebpeone péyiotns xAixag (CLIQUE), n onola
elvor 1 acdhouln: "'Eotw G éva urn xateubuvouevo yedgnua we n xoufouc.

procedure MAXCLIQUE(G):
begin
for k — n to 1 step -1 do

if CLIQUE(G, k) then return k;

end

"Eva mpdBinua I avijxer oty xhdon NP edv undpyet évog un vieteppiviotixds alyéptfuog mohuwyuuL-
%00 ypbdvou, o onolog emAlet to mpéBAnua II. "Eyouue %dn anodeiéel 61 CLIQUE € NP nopoucidlovtag
gvay xatdAnio aiyéebuo. lpogavdg P C NP. 'Eva onuoavtind avolyté mpdBinua otny fewplo utolo-
yiouol elvar av toyver P # NP.

"Eva npéBhnua Iy avdyetar morvwvupxd oe €va dhho mpdBinua Iy, xar cuuBoiileton pe I < I,
gdv undpyetl ula ouvdptnoyn f n omola avtiotoyel T oTiyutdTUTa Tou TpofBAiuatog II; ota otiyptétuna

Tou npoBAfuatog Iy étol dote
(i) m f elvon vretepuviouxd unohoyiowun oe TOAWYUULXS YEOVO, X

(13) plo Moom ya to otrypdéturo f(I) tou npofBifiuatoc Iy Siver Abor yio to otiyptétuno I tou npofBih-

potog 1q, yio dhat Ta otiyuLéTuna 1.

Avoobnud autd onualvel 6t 1o mpdBinua I dev Advetar mo dVoxola and 1o nedBinua 1y xatd
Evay TpooTLOEUEVD TOAUWYLULXS 6po, SL6TL Do unopoloaue vo emAboouue 1o npdBinua II; cuvdudlovtag
1o peTaoynuaTioud [ ue tov xalltepo alybpfuc emtiuong tou mpoBAfuatog 1o, ‘Etol, edv II; = I,
ToTE

COMPLEXITY(II;) < COMPLEXITY (II;) + POLYNOMIAL.

Edv yio 1o npdéBinua Il undpyet évac vietepuiviotindg ahydptiuog toAuwvuuLxo) Ypévou, TéTe 1o (3to
oy el xon v 1o edBAnua 1. Edv xdbe vietepuiviotindg ahydetbuog mou emhder to npéBinua II; amoutet

exfetind ypdvo, T61e 10 (o Loyler xat Yo To mpdBinuo 1.

"Eva tpéinua I elvar NP-hard edv woy Vel onotadrinote and tig napoxdte 1oodivaues cuvirxes:
(Hy) I < TI vy x40 T’ € NP;
(Hy) I € P = P = NP;

(Hs3) n Vnoapin evée vietepuviotinod ahyoplOuou tolvwyvuxol yedvou yia to npdfinua II Bu urnopoloe
va ouverdyetan Ty Umopér evog alyoptBuou moAuwvuuxol ypdvou Yo xdbe TpoBAnua oty xAdon
NP.

"Eva mpéBinua I elvar NP-mAApec €dv eviixer oty xAdon NP xau elvon NP-hard. Ta NP-tAfen

npofBifuorta elvor ta o Sboxoia tpofiuota and exelva mou avixouv oto NP-P.

H NP-mAnpétnta Eexivnoe and tov Cook (1971), o onotog emxevipdfnxe ota NP mpofiiuota and-
paonc. Anédeile 6L to mEdPBinua e Ixavononowdmrae (SATISFIABILITY - SAT) tne pafnuatdic
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oy etvon NP-nhfipec (Cook’s theorem), xo npdtetve dhha mpofifipate o onolo Unopel va elvor NP-
mAfen. O Karp (1972) nopouctaoce ulo ueydhn oulhoyy ané NP-tAfon tpoBMiuata, ta onola mpogpyovtay
and TOMAEC TEPLOYES TV dtaxpltdy palbnuotieedy. Ta endueva ypdwia, exatoviddes npolifuata anodel-
0oy NP-mivien. H teyvs) mou egapubdotnxe yia tnv NP-mAnpbtnra elvan 1 enduevn: Apyuxd, and
to Bedpnua tou Cook, tomofetodue to mpdBinuoa SAT oty xhdon twv NP-tAfen npoBinudtoy. X
ouvéyeta, erovoroufdvouue Ty oxdroul dadiroacta Leptés EXUTOVTAdES QOpES:

Beloxoupe éva unodrigro nedBinua II, to onolo uropel vo eivar NP-mAfpec. Emdéyovue éva xatdh-
Ao mpdBinua I and tny xhdomn 1wy NP-nhfiowy tpoBinudtwy. Aelyvouue 6t II € NP xou II' < II.
IIpoohétouue to medPBinua Il otny xhdon NP.

AxohouBel éva mapdderyua dmou epopudletal N TEXVIXY TNS avaywyNs:

Océenua 3.1. (Poljak, 1974). (i) STABLE SET < STABLE SET ON TRIANGLE-FREE GRAPHS;
(i) STABLE SET < GRAPH COLORING.

Anédely: (i) 'Eotw G éva un xateuuvéuevo ypdonua pe n xoufous xan e axués. H xevtpud ded tng
an6dergng elvan var xataoxevaotet and to ypdenuo G éva triangle-free yedgnua H tétowo tote yvwpilovtag
0 a(H) éyoupe xoan 10 a(G). Yroduapolue xdfe axun tou ypaphuatoc G oe éva Yovorndtt ufxouc tplo.
'BEotw H to ypdgrnua nou teoxvntel. To yodgnua H elvon éva triangle-free ypdgpnua ue n+2e xéuoug xon
3e axuéc. Enlong, to ypdpnua H unopel va xataoxevaotel and to yedynuo G oe O(n+e) Phuota. Teixd,
agol woylel a(H) = a(GQ) + e, évag vieteputnotixds ahybplluoc mohuwvuuixol ypdvou ou unoroyllel
0 a(H) 3iver Mon ya 10 a(G).

(ii) '"Eote G éva un xateuluvéuevo yedgnua. Kotaoxeudlouvye to yedenuo H énwe xou oto pépog (i).
Y1 ouvéyeta xotaoxevdlovue to Ypdonua H' and to ypdonua H o e€hc: O xéufol and to ypdgnua
H' avtiotouyolyv otic axués tou ypaghuatos H, xow ouvdéouue dVo xbufous oto ypdonua H' edv ol
avtioTolyes axués Toug oTo Ypdenua H dev popdlovior xdnoov xowé xoufo. Auth 1 xataoxeut; yiveta
oe O(e?) Bruata. Agol 1o ypdonua H elvar triangle-free, npoxinter 6t y(H') = (2e+n) - a(H) = e+n
- a(G). "Etot, 10 a(G) unopel va unohoyiotel and tov ypwuatxd aptbud tou ypaphuatoc H', y(H'). O

Agob elvar yvwot6 61t 1o STABLE SET elvor NP-nhipec, mpoxdntetl 16 endUeVo anotéeoua.

IIépuopa 3.1. To STABLE SET ota triangle-free yoagruata elvar NP-nAfjpec.

"Eva mpéBinua 11 onotoudfnote tonov, to onolo etval ddoxoro va emhubel yio tnv yevi nepintwon,
pmopel va €yel UL anoteAecuatix Moo edv To oTLYULOTUTIO ELadd0oU elvan ouyxexpluévo. [o napddetyua,
T0 TpdPAnua edpeone xxiou Hamilton, elvan tetpiupévo edv to udva ypaghuata nou egetdloupe etvon ta
dévtpa. Hoap’ dha autd, eldaue 61t to mpoPinua STABLE SET ota triangle-free ypagriuoata Sev unoloyi-
Leton yphyopo (extde av xdmotog anodeilet 6t toyler P = NP). "Eyouy Bpebel evdagépovoes ownoyéveres

YOAPNUATOY, Yo T¢ onoleg ouyxexpluéva Sdoxora mpoBhduata IT elvon un teTpuuéva xon emAdoLUd.

3.2 NP-ITI\vpn IpofAjpata

Yrdpyouy morhd mpoBMiuata ta onola mapauévouy NP-hard (xau 1 avtiotouyn éxdoon andgouons autdy
napapéver NP-miiong). Iopaxdto Oa 8doouue touc optouols mpolfAnudtwy, ta onola Eyouv anodelybel
6t glvan unoloytoTixd SGoxolo va AuOolv BENTLOTA, axOUa XL YL CUYXEXQLUEVES XAGOELS TEAELY Ypo-

PNUATOV.
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IMe6BAnua HN: Apuovixds AptBués (Harmonious Number)

Yuywdtuno: Tpdynua G = (V, E), Betnde axéparog K < [V,

Epdtnon: Yrndpyetl Oetindc axépatoc kb < K xan €vag xatdAANAOS Ypwuatiouos tou yeaghuatos G ue

k yeduata tétolog dote xdbe (ebyog ypwudtny va sugaviletor 6 10 TOAS Ui o

ITe6BAnua AN: Aypopatixds Aptbuds (Achromatic Number)

Yuywétuno: Tpdonua G = (V, E), Betinde axépaog K < |V,

Epdtnon: Yndpyet Oetinde axépaioc k > K xat évag xotdAAnAog ypwuatiouds tou yeagphuatos G ue

k ypduoata tétolog dote xdbe (ebyog ypwudtonv vo engaviletal 6 TOUASYLOTOY ULo oxun;

ITp6BAnua MC: Méyioto Xivoro Konrg (Max Cut)

Yuywdtuno: Tpdonua G = (V, E), Bdpoc w(e) € ZT vy Ve € E, Getixde axépaog K < V.

Epdtnon: Yrdpyet pra dtapépion tou auvérov V' oe Eéva alvora Vi xow Va, tétolo dote to dbpotoua
TV Bapdy Tov axudyv and To E mou €youv To éva Toug dxpo oto alvoho Vi xar to dAlo dxpo oTo chvoro
Vo va elvan tovrdylotov K7

ITp6BAnua HP: Movorndtt Hamilton (Hamilton Path)

Yuyuwétuno: Tpdopnua G = (V, E).

Epdtnon: "Eyxet wo ypdonua G vovordt Hamilton?
ITp6phnua PC: Emuxdiudy we Movorndtia (Path Cover or Path Partition)

Yuywdtuno: Tpdgnua G = (V, E).
Epdtnon: Yrdpyet wo emxdhudn ue povordtia tou ypoghuatos G K¢ Tpog Tig Xopugés Tou, 1 onola
var xoAOTTEL GAOUS TG X0pLEES, dNAUDY| YLa xdbe xopuET Tou YPUPHUATOS UTdPYEL LOVadiXG UOVOTETL TOU

TEpLéEYEL ToV XOUfo autd. Ymdpyer dnhadn uia dtapéplor tou cuvérou V' oe olvora Vi, Va, ..., V) tétowa
Gote ViUV U UV =V(GQ) xan VNV, =0, Vi#j, 1<i,j <k?

IMeéBAnua DS: Kuplapgyo Xdvoro (Dominating Set)

Yuyuwdtuno: Tpdgnua G = (V, E), Betnde axéparog K < |V,

Epdtnon: Yrdpyet éva xuplapyo obvoro ueyéboug K 7 uxpdtepo tou K, Snhadt| utdpyet évo unocivolo
V' CV ue |[V'| £ K oo Gote Yu € V — V' va undpyet évag xéuBoc v € V' yia tov onolo va toydel
(u,v) € E?
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KE®AAAIO 4

APMONIKOY APIOMOYX

4.1 Xzbyog
4.2 Apuovinds AptBude

4.3 Anoteréouorto NP-thnpdtnrac

4.1 Xv6yog

e autd 10 xEQhaLo, PEAETAUE TNV TOAUTAOXGTNTA TwY TpoPAnudtny andgoong f/xou Beittotonolnong
oL 0pleTNXAY OTO MEONYOUUEVO XEQPIAOLO VLU TLC XAGGELS TWV TEAELWV YRUPNUATOV TOU EVOLOQEPOVTHS
pog. Muyxexpuuéva, emdiidxovye va Beolue To 6plo 610 onolo To eXACTOTE TPOPBANUN PETATEETETAL ATt
TOAUWYUULXE ETAUGLUO GE UN TOAUWVUULXE ETAUOLUO, Yl TS XAGOELS TWV TEAELWY YPUPNUATWY. Ay
urdpyet éva anotéreoua NP-tAnpdtntoc yio pia xAdon ypagpnudtwy A, téte 1o anotéreouo autd Siadidetar
oe xdbe vngoxhdon tne xhdong A. Avtlotpoga, éva anotédeoua 6Tl éva TpdBinua yia Ty xAdon A avixel
otny xhdon P, exopacuévo ndvta pe évay alydptiuo enthuone mohuwvuuxol ypdvou, dtadidetat tpog dheg
T umoxhdoes e xhdone A. Mog evdiagépel oty mpoxeluévn neplntwon va Peebel oe moleg xhdoelg
vivetal to mépaoua and 1o P otny NP-minpdtnta yia 1o exdotote mpdBinua. Autd yivetar ue to va
Bpolue pia xidon A, oy onola to npofBinua va elvalr NP-mAfjpec ot oty auéowc enduevr uroxidon
TOU TO TROBANUL VO UETUTEENETAL GE TOANLWYLULXE eAdoLUo. AuTtéc ot dUo xAdoels elval To Loy wploTixd

bpLo ¢ TPog TNV TohuThoxdTRTa (XPGVoL) Tou exdoTote TPOBAAUATOS UEAETNG.

4.2 Apuovixodg Apbudg

"Evog xatdAdinloc ypwuatiouds evéc yeaphuatos G = (V) E) elvon wa avdheon ypoudtov oTic xopupés
TOU YPUPAUATOC, ETOL BGOTE YELTOVIXES XOPUQES VoL €X0UV dlapopeTixd yodua. Anradh, {nreltot pra Stoué-
PLOT] TOU GUVOAOU XOPUPQY OE XAKCELS PWUATIOMOU OL OTIOLEC AVTLOTOLY0UY ot aveldptnta obvora. "'Evag
Ypwuoatiouds fewpeltar mAheng, edy yio xdbe Slapopetind Lebyog YpwUdtwy (SLapopeTixdy UETAE TOU]),
Uipyouy dV0 YELTOVXES X0pLPES oL Toug €xouv avatebel autd ta dbo ypduata. "Evoc apuowixds yew-

paTiouds evog yYeopriuotog G elvar évag xXatdAANAog YpouaTtouss Twv x6uPwy tétotog dote xdbe Lebyog
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SLUPORETIXGY YpwUdTwy eugaviletar To ToAU ot uwo axuf. O apuowixdes yewuatxés apifude h(G) elvar o
ehdytotog axépanog k yio tov onolo To ypdgnuo G emdéyeton évay apuovixd ypwuatioud ue k ypduata.

H NP-mAnpétnta tou Aypouatixod ApBuold yio ta yeagphuata Steotnudtoy (interval graphs) cuvend-
vetow Ty NP-mhnpdtnta tou Appovinod AptBuod twv un cuvextixdy ypagpnudtoy dwotnudtey (discon-
nected interval graphs) [10]. Xe plo toAd npdogaty epyooia, enextelvoviol To TEONYOUUEVN ATOTEAEOUATA
v ouvextixd uetabetnd (permutation) ypoghuota xon cuvextixd ypagphuota dactnudtwy (interval)
[6]. 'Ocov agopd ota cuUTAnELUaTXd Tapaydueve ypaghuata (cographs), to mpdfBinua éye Ao v
TETPLUUEV, ool ae éva Tétolo ypdpnua xdbe xouPoc nalpver Evo SlopopeTind ypduo, enedy Bploxeta
oe andotooy 1o okl 800 amd Toug UTGAOLTOUS (OUPBOUC TOU YRUQHMATOS. YoV GUVETELL QUTOU TOU o-
ToTEMéOUNTOS, To TEOBANUa Tov Apuovixot Aptiuol elvar NP-nhfipec yio to totywvixd (chordal) xan ta
petoPotixd (comparability) yeagrhuota, agol anotehodv unepxhdoy TV Yeapnudtwy dotnudtey (in-
terval) xou tov petafetindy (permutation) ypagnudtwy, aviiotouya. 'Eyet anodeiybel 6t to mpdBinua
ebpeang Tou Apuovixol ApBuol elvar NP-mAipes yia v xhdor twv Swwepdv (bipartite) ypagpnudtov [34].
Emniéov, anodetxvietar 6t to npbBinua nopauéver NP-mifpes xat ota dévtpa (trees) [30].

To Yyfua 4.1 avanaptotd To napamdve anotehéouata. To Staxexouuévo tetpdywvo aviiotolyel oTig
»\doelg exelvec 6mou To exdotote TEdBANUa avixel oty xhdon P, evd 1 Ehhewdn aviiotolyel otic xhdoels
6mou 1o TEdBATa tapapével NP-tifioec. Ta tnyv xhdon twv Swaywelowwy (split) ypagpnudtwy to tpdBinua
ebpeone tou Apuovixot AplBuol eivar NP-mhipec [6]. Lt ouvéyeta axohoulel Aentouepic Teptypah Twy
oVOYWYOY ToU amodelxviouy 6TL To mpdBinua edpeans tou Apuovixol AptBuot elvar NP-mhipes yio Tig
HANEOELS TOV TEAELOY YRAUPTUATWY.

4.3 Amnoteréopata NP-tAnpdtnTag

Yndpyer uia xadon Térewwv Lpagnudtwy, n onota ovoudletar bipartite permutation xou oe UiV THY
»Ador 10 mpdlAinua tou Apuovixol Aplbuol eivar NP-miipec. H xotnyopla aut anoteiel unoxidon
e xotnyoplac Ty diuepdy (bipartite) ypopnudtov, ondte xa yia to Suuepy| (bipartite) ypaghuoata to
npoBAnua Tou Apuovixol AptBuot elvar NP-thfpec.

"Evo dwepéc (bipartite) ypdonua G = (X,Y; E) elvor éva Syuepée puetabetind (bipartite permutation)
Yodonua, edv xow Uévo edv oL xdufor Tou yeughuatos eugavilouv ula toyueh ddtaln [55]. Me tov dpo
oyuen| dudtaln twy x6uPwy evée ypaghuatoc G = (X,Y; E), evvoolue ula ddtaln {z1,z2,...,2,} TV
#6uBev Tou ouvohou X xat ula Sudtaln {y1, Y2, .- -, Ys} TV xOUBY TOL cUVGoL Y TEToL HoTe, GROTE

Loy UEL T3y, TiYm € B e i < j xonw I > m va toylet emniéov Tiym, £y € £ [55].

Ocdenupa 4.1. [7] To medfinua ebpeons tou Apuovixos Aptbuoct eivar NP-rAfjpec yia ta ouvextixd
Siuepr uetabetixd (bipartite permutation) yoapfuara.

An6deln: To npdPinua edpeons Tou Apuovinold AptBuol avixer oty xAdon NP. T'a va anodetyBel 61t
elvoar NP-hard, 6u ypnowonowmBel évag yetaoynuotioudc and to npdBinua 3-PARTITION. Ilapaxdto
divetan o optouée tou -PARTITION.

Ogiopés 4.1. 3-PARTITION

Suywétuno: Tivoho A ye 3m otouyela, éva bpro B € ZT, xar fetinol axéparor peyébouc s(a) € ZT
. . f1 1 _
v Va € A, tétotol Gote va woylel 3B < s(a) < 5B, xou ), 4 s(a) = mB.
Eocétnon: Mnogel 1o oOvoro A va daueptotel oe m Eéva olvora Aj, Ag, ..., Ay, tétowa Gote, yla

1<i<m, ), ca, 8(a) = B (xdbe cOvoho A; mpérel va mepiéyet axplBec tpla otolyeia and to ovvoro A)?
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Yyfuo 4.1: H Hohumhoxdtnta tou LlpoBiiuatog Edpeons tou Apuovixod AplBuod yio Luvdedeyéva L'pa-
ghpota mou avixouy oe Khdoeig Téhewv Toagrudtemy.

'Eotw éva olvoro A = {aq,...,a3m} Ye 3m otoyela, évac Beuxde axéporog b o Betixol axéponot

. ’ . ’ , 1 1 — ;
ueyébouc s(a;) Yo e a; € A térowa dote vatoyler 3b < s(a;) < 5b, xon Y-, 4 s(a;) = mb, 1 <i < 3m.
Yrofétoupe erlone 6T, yia xébe a; € A, woylel s(a;) > m (edv oxyt, 161€ UnopolUe Vol TOMNNATAAOLAGOUUE
6ho o weyédn s(a;) xaw b ye to m+1).

Kotaoxeualeton 10 oxdroubo ouvextxd ypdonua, to onolo elvor éva Siuepéc uetabetind (bipartite
permutation) ypdognua. ‘Eotw éva obvorho M = {my,ma,...,mp} yue m xéufous, éva clvoho B =
{b1,b2, ..., by} pe b xéuPouc xou mpochétetan €va xépBoc v, o onoloc cuvdéetar pe xdfe x6ufo and ta
300 olvola. Anuovpyelton éva oldvoro M’ = {mf,ms,....,m),_1} ue m — 1 x6uPouc xar éva oUVORO
B' = {b5,b5,...,b,} ye b — 1 xbufouc. O x6ufol twv ouvéhev M’ xar B’ ocuvdéovton pe toug xu-
Bouc twv ouvolwy M xar B wg e&hc: xdbe xouBoc mi,1 < i < m — 1, cuvdéetar Ue Toug xéufBouc
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Eyhuo 4.2: To Awpepés Metabetxd (Bipartite Permutation) Tpdgnua.

M1, Mig2, - My, ¥ %80 w6uPog by, 1 <4 < b — 1 pe toug xéuPoug by 1,0 9,...,b. Ttn ouvé-
yera xataoxeudletal v xdfe a; € A éva dévtpo T; Bdbouc éva e s(a;) @ONNo xon e ovouaoties QUANLY
Ui Yss -V, K&Be Bévipo xe yia pla to 2 an %8t g0 ouvdéetan e T plla, Exet Snhadt) yeltova
) pila Tou dévtpou. ‘Etot, undpyouy 3m tétowa Sévtpa, ta 11, Th, ..., T3y. 211 ouvéyela tpootifetat éva
oGvoro P = {p1,p2,...,p3m} ue 3m xéuBouc xou ouvdéetar xdbe x6ufoc p; ue m plla ; xdbe dévrpou
T;,1 < i < 3m. Enlong, »dfe xéufoc p;,2 < i < 3m, ouvdéetor ue to s(a;—1) YOI ToU avTloTOLYOU
dévtpou Ti—1. O xb6ufoc p1 ouvdéetan Ue Toug xduBous Tou cuvéhou M’ xou ue Tov x6ufBo v. Axdun, yo
n&be x6upo p; € P,2 < i < 3m, mpootifevian x6ufol v4,1 < j <m—14b—s(a;—1)+1+3m —i xou
ouvdéovtan pe tov x6uBo p;. Tpootifevton axdun ot x6uBol v, 1 < j < b+ 3m — 1 xon cuVdEOVTOL UE TOV

%x6uBo p1. 'Eotw G 10 1ehxd Ypdgpnua, To onoto elvat ouvextixd xat tapovotdletal oto Lyrua 4.2.

Eival edxoho va detylel étL to ypdgnua G elvan éva duuepée (bipartite) ypdonua. 'Eoto X xo Y ta
300 euotahr) Tou olvora. O xbufot tou ypaphuatoc G = (X, Y E) éyouy wa toyupr) SL8Taly, enouévec
10 ypdonua elvon éva Swuepés petabetind (bipartite permutation) ypdgnua. ‘Eotw X xow Y o diutdletc

TV xOUPoY Tov auvbiey X xat Y avtiotouya. To advoro X xow YV optlovton we e€hc:

_ /AN / / / / 1 ,,1 1

X = {by, b3,..., b, v,my,my, ... My, 1, V1,V Va1, X1, A, A A2, T3 }
_ 3 3 3

y— {blab27~~~7bb7m17m27"'7mmay17y37y57"'7y3m727y1m7y2m7"'7yszz3m)}

, _ i+l il it+1 i+2 . i+2 i+2 o

6mov X; = {xi, Dit1, Y1 5 Y5 s Yy V102 ,...,v4m+b_s(ai+1)_i_2}, 1=1,3,5,...,3m — 2,
i ; i+l il i+l S

o Vs —{yi,y%,...,y;(ai),vl , Vg ,...,v4m+b75(ai)7i717xi+1}, 1=1,3,5,...,3m — 2.

To mAAfoc twv axudy oto yedenua G elvor

3m—1
b 4 b+1
(Tg>+<2>—|—m+b—|—3m2+3mb+3m+mb+ E i=< m+2+ )

i=1

I omorodrinote apuovind ypwuoatioud Tov yeapruoatog G ot yia xdfe Lebyog SLa@opeTIXOY YPWUATWY
i,7,1 7 J, TRETEL VAl UTAPYEL TO TOAD ML oY) TTOU VoL YpoUATILETOL UE TA YPOUTO & XL j. LoV ANOTEAECUA
QUTAS TNG TORATHPNONS TEOXUTTEL OTL O UPUOVLXOC YpwUaTixdC dpliudg dev uropel va elvon UixpdTeEpog and
dm 4+ b+ 1, xau av elvan toog ye 4m + b + 1 t6te yio %8be Lebyog dapopenddv ypwudtony 4, j,1 < 4,5 <
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4m + b+ 1 undpyet Ylo povadue oxuh UE Ta dxpa TNE Vol £xouv Ta yeduota @ xat j. 'Etol, £youue évav
axpLB1 ypwuotioud Tou yeaghuatos G. Me tov dpo wpifr yewuatioud tou yeughuotoc G ue k ypduata
EVVOOULE TOV UPUOVIXG YpwlaTlopé Tou Ypaghuatog G ue k ypduota yia to onola, Yo onolodhrote {edyog
YEWUATWY 1, J, undpyel axptBdg uia axun ab TéTold GOTE 1) XOpUPT G EYEL TO YPOUX © XL 1) xopuPT b £xel
TO Yp®dUdL J.

Xpnoworoldvtag évay petaoynuatious and to tedBinua 3-PARTITION a anodeyfel 61 o apuovixdg
Ypouotixds aptbude tou ypaghuatoc G elvar (uxpdtepoc 1 toog ue) 4m—+b+1 edv xon ubvo edv 10 GUVORO
A uropel va Swaueprotel oe m olvoha Ay, ..., Ay, Tétow Gote va Loy Vel ZaeAj s(a) = b, yta onotodfitote
Jl<j<m.

(<) 'Eotw tdpa pia 3-Siopépron tou auvélou A oe Ay, ..., Ay obvola tétow Gote vo toyVel Vi:
> aea, (@) =b. Ouxdufor 10y ouvéhev M xa M’ ypwuatilovror pe To ypouoata 1,2,...,m, ot x6pfol
TV oUVOhwy B xat B’ ye ta ypduata m+ 1, m 4+ 2,...,m + b, xat o xéufoc v nalpvel to ypdua m +
b+ 1. 'Eotw M 10 olvolo mou neptéyet ta ypoduata 1,2,...,m, B 10 60Uvolo Tou mepléyel To YpOUATA
m+1,m+2,...,m+bxun K 10 cdvoro mou neptéyet ta ypduata m+b+2,m+0b+3,...,4m+b+1. Edv
a; € Aj t61€ 0 %0UPog Tou avTtoToL el 670 a; Talpvel To ypdua j. Kdbe ypdua j € M avuiotouyiletar oe
TeELS xOUPouc T4, oL onolol avtiotoltyoly oe tela a; Tou €xouv oha wall axplBdg b yeltoveg Babuol dvo.
Kabévag and toug b yeltoveg malpver éva Stagopetind ypoduo and 1o obvoro B xan xdbe xéufog p; and to
oOvoro P malpvet évo Slagpopetind ypdua and to ouvoro K. YrevBuuiletan 61t xdbe x6ufog p;, 1 < i < 3m,
ouvdéeton e m + b+ 1+ 3m — ¢ xéuPBouc.

Y11 OUVEYELY TIPETEL VUL YPWHUATLOTOOY oL urtéhotnor m — 1 +b — s(a;—1) + 1 + 3m — ¢ yeltoves xdbe
evég x6ufou pi, 1 < i < 3m. Ouvm — 1 yeltoveg tou x6uBou p; malpvouv éva BLapopeTind ypdud and To
olvoro M\¢;, 6mou ¢; elvat 1o ypdua Tou TEONYOLUEVWLS avatébnxe otov x6uBo x; Tou avtlotolyel 610
a;. Oub—s(a;—1) yeltoveg Tou x6uPou p; malpvouv éva dlagopetind ypdua and to obvoro B\C;, émou C;
elvat 10 GUVOAO TV YpWUETWY TOU TRONYOUUEVLS avatébnxay otouc s(a;—1) yeitoves Tou xéufou x;_q
Tou avTLoToL el 610 a;—1. Ovundronol 14 3m —i yeltoveg Tou x6ufou p; Talpvouv €va SLagopeTind ypdua
XETOWOTOLdVTAS TO Yedua m + b+ 1 xou ta ypduato mou avatébnxay otoug xéuPoug pj,i+1 < 5 < 3m.
IMa toug b+ 3m — 1 yeltoveg tou x6uPBou p1 yenouuonololvton yeduata and ta obvora K xau B, eved ov m
veltovég Tou €youv 101 yewuatiotel. Tehnd, urdpyel évag apuovinde ypwuationds Tou yeaphuatog G ue
dm 4+ b+ 1 ypduoato xow ETOUEVKS 0 apUOVIXOS YpwUoTinds aptduds Tou ypaphuatos G elvar 4m + b+ 1.

(=) 'Eotw 61 0 apuovixds ypouatxds apliuée tou ypagphuatog G elvar (Uixpdtepos 1 loog ue)
4m 4+ b + 1. Xople Tov meproptoud tng yewxdtntag, €otw 6T oo m xéufol tou cuvérov M malpvouv
StapopeTind ypduata and 1o olvoro M, evd ou b xéuPol Tou cuvéhou B malpvouv SLopopeTind yeduaTd
ané 10 obvoro B. Ertorng, o xéufog v ypwuatiletar ue 1o ypodua m+b+1, apol yertoveldel ue 6houg Toug
®6UPBoUC TwY dUO GLVOAWY, XA 0 HOUPBOC P1 UE TO YEMdUA Cp, = M + b+ 2. nperdvetar 61t 0 x6uPoc pr
€xel 10 PéyLoTo Babud, o onolog elvar 4m + b, xat wg ex ToUTOL TO YPGOUL M + b+ 2 yeitovelel ue Gha Ta
YeOUoTd, 0ol 6hol oL YEITOVES Tou X6uBou p1 Tou Bev £Y0ouV YpwUATLOTEL Talpvouy SLUQOPETING YpOUATA
and to ovvoho MUBUK\¢p, . Kdbe xéufoc p;, 1 < i < 3m, ypouatiletor ue xdmoto ypdua and 1o 6Ovolo
K. Hpdyuatt, é0tw ¢ € M 10 ypdua mou tvetarl otov x6uBo pa. O Babuds tou x6uPBou pa elvon toog ue
dm+b— 1. Tlap’ 6o aLTd, TO YPAOUA Gy YELTOVEDEL E A (M —14+b+3m+1)—(1+1) <4dm+b—1
YoduaTo, xo éTot YpetalOUaoTe Vo axOUa YPMUO Yol VO XPOUATIGOUUE EVay axdur YelTova Tou xoufou
D2. Me mopduoLa EMLYELPAUATE XATUAYOUUE GTO CUUTERATUO GTL 0 XOUPBog P2 Sev umopel va TdpeL ypdua
ané 10 obvoro BU{m + b+ 1,m + b+ 2}, ot vy’ avtéd naipver éva ypdua and to obvoro K\c,,. Me
EnAY WYY 070 § amodetxvietal 61t xdbe xéufoc p; € P,2 <1i < 3m, naipvel éva ypdua and to obvoro K\L,
6mou L elvol 10 6OVOAO TOU MEPLEYEL TAL YPOUUTA Cpy s Cpys - - - 5 Cp;_q, T OTOLAL ELVOL Tt YpGUATA TOU €Y0UV

707 avatebel otouc xbuPous pj, 1 < j <i. Edv ¢ elvon éva ypdua and 1o abvoro KU {m + b+ 1}, téte
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dev unopel va avatebel oe xavévay dAov x6uBo tou ypaghuatos G, agol onotodfitote Ledyog YpwUdTwy
(cx,5),1 < j <4m+ b+ 1 undpyer 7dN otov apuovind ypwuatoud. YrevBuuiletor étt yior xdbe Ledyog
SLAPOPETUNGY YpOUdTwY 4, j,1 < 7,5 < 4m 4+ b+ 1, undpyet ylo Lovadix axpy) Tou o dxpd TNe €Youy T
YOEOUOTO & XL J.

Ou deiyBel tL bhot ot x6uBoL and to cbvoro B’ tatpvouy ypduata and to alvoro B. Aol xdfe xéufoc
u; € B',2 <i <b, yettovelel Ue ToukdyLotov évay x6ufo and to olvoro B, dev unopel xovévae va ndpel
10 ypdpa m+ b+ 1. 'Eotw u € B’ évac x6uBoc nou alpver éva ypdua and to obvoro M, ue Babud dy,
ev® 6ot oL dAhoL x6ufol Tatpvouy yedua and to obvoro B. To mhifioc 1wy axudy Tou yeaghuatog G mou
£YOULV TO £Val TOUC dXPO YPWUATIOUEVO UE XAToLo Ypdua and To 6dvoro M mou Bev Eyouv eugaviotel axdua
elvaw mb—d,,. Ernlong, o mhfifoc twv axudy tou ypaghuatos G mou €xouy To €vo ToUS dXp0o YPWHATLOUEVO
HE xdamoto ypouo and To olvoho B tou dev éyouv epgaviotel axdua elvar mb. "Etot, o miifoc twv Leuydy
0L Bev €youy eugaviotel axdua oto Ypdenua G elvoar mb — d, +mb — mb = mb — d,,, evdd 10 TAPog TwY
U@y oL v €xouv yYpwuatiotet elvon mb, xau elval o axuéc TG Lopeg l’ﬂ;;, 1<i<3m,1<j<s(a;).
Auté ouvendyeton 6t yperdlovion TeptoodTepa yphuata xat YU auté oL xéufot and to olvoro B’ nalpvouy
yeduata and to obvoro B. Xpnowwonowdvtag Ty (o Aoy, anodewvietal Tt ot xéufol and to abvoro

M’ nalpvouy ypduata and to clvoro M.

Enewd) 6ha ta Lebyn ypwudtwy npénel vo eugoviotoly xat ta Lebyn (a,b),a € M,b € B dev éyouv
gpgpovioTel axdua, Ba avoateBoiy autd to Lelyrn ypwudtwy ot mb axués Tou €xouv xat To SUo dXpo TOUG
aypwudtiota. Autég ou axuég elval ot oxués Tng Hopeic xiy;,l <i<3m,1 <5 < s(a;), émou o xéufog
z; avrotouel 0To a; xon 0 x6ufoc ¥i avrioTouel otov j-0016 yeltova tou xdufou x; mou éxel Babud
loo ue d0o. Ou x6uPor x; dev umopolv va dpouy ypdua and to clvoho B, Sapopetixd ot s(a;) > m
ayPOUATLoTOL YElTOVEG y; dev UTopoUV Vo YpwHaTLoToly Ue m Ypduoata and to clvoro M. 'Eiot, o
xoufol z; Talpvouy €va ypwua and to olvoro M xar ou x6ufol y; Talpvouy Eva ypoua ard To olvoho
B (woyler 61 & < s(a;) < 8). Oum — 1 veitovec ou x6uBou p; oL avixouy oto chvoro M’ éyouy
1071 yewpatiotel ue xdmolo ypdua and 1o olvoro M. ‘Etot, avatifevion Stapopetind ypdudta oToug
dm + b — s(a;—1) — i yeltoveg xafevig pi, 1 < i < 3m pe Babud éva. Av ¢p, elvon 10 ypdua Tou x6uBou
Di, XenowsonotobvtaL Stapopetixd ypouata and 1o olvoho M U B U K\{cs,, F, L, ¢cp, }, émou F elvan to
olvoho Tou mepLéyel Gha Ta ypduata Tou éxouv \On avatebel otous s(ai—1) + 1 yeltoves Tou xbuPou p;
AL Cq; € M elvar T0 yp®dUa Tou €yet ¥8n avatebel otov x6ufo ;.

Tehnd, Oo toylel a; € Aj edv xat uévo edv o xéufoc x; (ue yeltoves Toug xdufouc y;) yewuotiletal
ue to yedua j € M. Axdua, woyler 3 c 4, s(a) = b,Vj. Tpdyuor, xdbe xpodua j mpénel va yertovelel
pE xdmota ypduata and o oUvoro B, xou xdbe ypdua and 1o olvoro B avtiotouyiletor axplBoc oe évay
%6uBo o onolog yettovelel ue 6houg toug wduBouc x; mou Exouv ypwua j. 'Etol, undpyel pia owoty
3-Sropépton.

H woyte tou Bewpripatoc npoxintet and v NP-tinpétnta tov 3-PARTITION, agol o yetaoynuott-

ouée unopel var ylver e0xola 68 TOAVOVLULXS YEOVO. O

Ocdpnua 4.2. To mpdfinua evpeone tou Apuovixos Apifuot elvar NP-rdfpes yia ta ouvextixd yoapr-
uata Staotudtey (interval graphs).

An6den: To npdBinua ebpeong tou Apuovixol Apbuol avixel oty xAdon NP. T va anodetyfel 61t
elvaw NP-hard, Bo ypnotuonownfel évag yetaoynuatiouds and to npéBinuo 3-PARTITION.

'Eotw éva olvoro A = {a1,...,asm} ue 3m otouyeta, évac Betinde axéporoc b xon Betixol axépotot
ueyéBouc s(a;) Yo xdfe a; € A tétota dote va toylet 1b < s(a;) < 5b, xaw Y, 4 8(a;) =mb, 1 < i < 3m.
Yrnobétouue entong 6t yio xdbe a; € A, woylel s(a;) > m (edv byt, TOTE UTOPOVUE VAl TOAMATAAGLACOUUE

6hat T ueyédn s(a;) xat b ue to m+1).
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Iyfua 4.3: To Ledgnua nou etvar Tavtdypova Tedgpnua Awaotnudtov (Interval) xow Metaletixd (Permu-
tation) I'pdpnua.

Axohoubel 1 mepLypagy| xoTaoXeLY S EVOS GUVEXTIXOU YPUPRUNTOS, TO 0Tolo Elvat TouTEY POV YE&PNUa
dtaotnudtwy (interval) xou yetafenxd (permutation) ypdpnuo: ‘Eote pio xhixa e m xéufous, plo xhixa
pe b wéuBouc xou évag x6uBog v o omolog cuvdéetal pe 6houg Toug xGUPouc Ty 300 xAxdy. To yedenua

o TEOoXUTTEL TO ovoudlovue Gi. Xtn ovvéyewa yia xdle a; € A wataoxevdleton éva dévipo T; Bdboug

éva, Ue s(a;) @ONROL oL PE OVOUUOIES PUANGDY yi,y%,...,yi( = Kd&be dévtpo €yer v pila o x; ot
aq

x&fe @OAho cuvdéetar pe ) plla. ‘Etot, undpyouv 3m wétow dévipa, to 11,75, ..., T3y, AxolouBel

7 ®oTooxeuh evoe povorattod P = [v1,vg,. .., Usy] HE 3m xdufouc, xor xdfe xéufoc v; oto povordtt

ouvdéetan pe Ghoug Toug xouPBous xdle dévipou T;,1 < i < 3Im. Emniéov, vy xdbe xéufo v; € P
npootifevtar m —14b—s(a;) +1 — 1 x6ufor xar cuvdéovtar ue tov x6ufo v;. To ypdgnua mou TpoxvnTeL
t0 ovoudlouue Ga. To yedonua Gi U Ga eivor un ouvextind. o va yiver ouvextixd ouvdéouue ye pia
o) Toug xoUPBoug V1 xat v xou €0t G To TEMXS Yedenuo Tou TPOXUTTEL, To 0nolo Elvol CUVEXTIXG Xt

galvetal oto Tyfua 4.3.

To yedynua G elvon éva ypdpnua Steotnudtoy (interval), yiotl uto xAixa uropel va avanapaotabel ue
€va TAR00C SLUGTNUETWY TIOL EY0UY TOUAGYLGTOY €val xowvé anuetio. Abo xhixeg tou yopdlovtal évay x6ufo
u unopoly va avandpaotafolyv cav éva tARfog and Staothuota TETol GoTE Eval and oUTA Ta SLGTAULITA,
T0 onolo avtioTolyel atov x6ulo u, £xel TOVAAYLOTOV €va x0owvé orueio Ue Ta SLUCTAUATA TOU oVTLOTOLYOUY
otoug xouPouc xdbe xhixag. 'Etot, ot xéufol Tou ypagriuoatog G unopoldy vo tonofetnfoly ot ula-npoc-uta
aviiotolyla Ue €vol 0UVOLO SLUCTARATWY GTNV YPOUUT TWY TRayHATXOY aptiudy tétota dote 8o xéufBot

val YELTOVEVOLY 610 G €@y xou wévo edv To avtloTolyo S TAHLNTA TEUVOVTAL.

Edxola unohoyiletar bt 1o mAABoc tov axpody tou ypaphuatoc G elvat

3m

b
ﬂ; 1y +m+b+3m+mb+3m+mb+3m(m—2)+2mb+ Y i=
i=1

dm+b+1
2

IN'o omorodrinote apuovind ypwuoatioud Tov yeapruatos G xot yia xéfe Ledyog SLa@opeTXdY YpWUATWY
i,7,1 # J, mpénetL vor uTdpyEL To TOAD [tar oY) TOU Ta dxpo TG ypwioatilovtal Ye To ypduoTa ¢ xoL j.
'Etot, o apuovinde ypwuoatinde apliuds dev umopel va elvar uxpdtepog and 4m+-b-+1, xou av elvon loog ue
4m 4+ b+ 1 t61e Yo xd0e Lebyog SLaQopetin®dv Ypwudtoy 4, 7,1 < 4,7 < 4m + b+ 1 undpyet ula yovadixy
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o) ME Tor depat TG var Exouy Ta Yeduota i xat 5. 'Etol, éyouue évay axpi3] xpeUationd Tou YeapiuaTog
G ue k ypduara.

Xpnowuonotdvtag évay yetaoynuatiopsd ond to tpdBinua 3-PARTITION Ha arnodetyfet 611 o appovinds
YpouoTinés aptbude Tou ypuphuatos G elvar (uxpdtepos 1 toog ue) 4m—+b+1 edv xon ubvo edv 10 GUVORO
A urogel va Stoeptotel oe m oOvoha Ay, ..., Ap TéTOl GOTE VoL Loy UEL D¢ 4, 5(a) = b, yiat oTolodROTE
J1<j<m.

(<) 'Eote tdpa pia 3-Slopéplon tou ouvélou A oe Ay,..., A, obvola tétowd Gote vo toyvel Vi:
ZaeAj s(a) = b. Ouxbufor tng mpd g xAlxag malpvouy ta ypduota 1,2,...,m, ot x6ufor tne deltepng
whxag ta ypduata m 4+ 1,m +2,...,m + b, xar o x6ufog v matpvel To yedua m + b+ 1. ‘Eotw M 1o
oUVOAO ToU TERLEYEL Ta Ypduata 1,2, ..., m, B T0 clvolo mou TepLéyet To ypduata m+1,m+2,...,m+b
xot KC 1o oUvolo mou Teptéyet ta ypdpata m+b+2,m+b43,...,4m+b+1. Edv a; € A; t61e 0 %6ufoc
x; malpvel o yedpa j. Kdbe ypdua j € M avtiotoyiletan oe tpeic x6ufoug i, oL omolot avTloToLyoly
oe tpla a; mou €youv dha pall axpBde b yeitoveg Babuol 80o. Kaubévag and toug b yeltoveg malpver éva
dLapopeTixd ypduo omd To alvolo B xa xdbe xéuBoc v; and to yovordtt P molpvet éva SLapopeTind yphua
ané 1o oUvoro K. Yrevluulletor 6t xdbe xéufog v;, 1 <1 < 3m, ouvdéeton Ue dAhoug dbo xdufoug oTo
povordtt P, Snhadr toug x6uBoug vi_1 xat viy1, ®aBodg xou we dAloug m + b+ i — 1 xéuBouc. O xoufoc
U1 OUVOEETAL UE TOUC XOUBOUC U2, ¥ xat UE M + b dhhouc x6ufoug, evéd 0 x6UPoC U3y, CUVIEETAL UE TOV

wOUPO V31 xou ue M+ b+ 3m — 1 axcdua x6uPouc.

1 ouvéyela, TpETEL Vo Ypwuatiotoly ot unéhotmol m — 1 4+ b — s(a;) + i — 1 yelroveg xdbe evig
w6ufou v;,1 <7 < 3m. Ouvm — 1 yeltoveg Tou x6ufou v; malpvouy €va BLapopeTind ypdua and 1o 6dvoro
M\¢;, bmou ¢; elvor To ypdua Tou TponyoLUEVe avatédnxe otov x6uBo x;. Ou b — s(a;) yeltoves tou
x6ufou v; atpvouy éva SlaopeTind yedua and to abvoro B\C;, énou C; elvar 10 6OVONO TV YpoUSTWY
Tou TpoNYoLUEvwe avatédnxay otoug s(a;) yeltoveg tou xéufBou x;. Ou undlonol i — 1 veltoveg tou
%x6uBou v;,3 < i < 3m, nalpvouv To ypdua m + b+ 1 xau ta ypduata mou avatédnxay otoug xbufoug
vj,1 < j <i—2. T toug m + b — s(az) yeltoves Tou x6ufou va ypnotuonotelton o ypdua m + b+ 1,
wafde xan o ypduata and to odvoha M xo B, evéy oo m—1+b— s(a1) yeltoveg Touv xéufouv vy nalpvouy
yeduata and 1o ovvora M xar B. Telxd, undpyet évag apuovinde ypwuatiouds tou ypapruatoc G ue
4m 4 b+ 1 ypduato xo ETOUEVWS 0 UPUOVIXOS YPwlaTinds aptdudg Tou ypugphuatog G elvar 4m + b+ 1.

(=) 'Eotw 61 0 apuovixdc ypouatxds apliude tou ypaghuatog G elvar (uixpdtepos 1 looc ue)
dm + b+ 1. Xwplc Tov neploploud g YEVIXOTATAS, £0Tw 6TL oL m xoufol Tng mpdtng xhixac nalpvouy
StapopeTind ypduato and 1to cUvorho M, evd ot b xéuPour tng deltepne xilxog malpvouv StapopeTixd
yeduata and to abvoro B. Ernlong, o xéufoc v ypwuatiletar we to ypoduo m + b+ 1, apod yettovelet
pe 6houg Toug xoufous and tig dbo xhixec. A@ol, o x6uBog Vs, elvar o x6ufoc e To péyloto Babud, o
omnolog etvan loog pe 4m + b, mpénel vo tdpet Eva Ypdua and 1o obvoro K. Hpdyuatt, edv mdpel éva ypodua
ané to alvoho M, t61e xavévag and Toug Yeltovég Tou dev umopel va mhpet éva ypduo and to clvoro M
wow dev umopel va Yivel o ypwuatiouds twv 4m+b xéuPov yenowonotdvrag uévo 4m+b+1—m ypbduato.
Me napduora emyetpfuata Selyveton 6T 0 xOUBOG V3, SeV UTOPEL VO YEWUATIOTEL YpNoyLoToLdvTaS €val
Yedua and 1o obvoro B 1 10 ypdua m + b+ 1. 'Etol, ywplc tov neploploud e yevxotntac, o xoufoc
V3, Talpvel To ypouo 4m + b+ 1. 'Olot ou yeltovég tou ypwuatilovior ye ypdupata and 1o civolo
MUBU{m+b+1}UK\{d4m+b+1}. O %6uBoc vam—1 Talpvel éva ypdua and 1o abvoro K\{dm+b+1}
ot €0Tw 6TL Talpvel To ypodua 4m + b. Ipdyuott, ue Tapdpoloug Layupltouols TeoxdnTel 6t dev Unopel
vl ThpeL Ypoduo and To obvoho MU BU{m + b+ 1} U {4m + b+ 1}. Emzmiéov, 1o ypduo 4m + b+ 1
dev unopel vo dolet o xavévay dilov x6ufo tou yeapuatog G, agob onolodrfnote (elyos YpwHdTwY
(Adm+b+1,5),1 < j < dm+b, eupaviletor ¥dn otov apuovixd ypwpatiouwd. YrevBuuileton 6t yio
onotodnmote Lelyog Daope Tty Ypwudtny 4, j,1 < 4,7 < 4m + b+ 1, undpyet ula yovodier axur Ue Ta
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dxpo Tng va matpvouv Ta ypduata i xat j. Me enaywyr 6to @ anodeixvietan 6Tl To (Slo toyler yia dhoug
Toug x6ufouc v; € P11 < i < 3m — 2, dnhadh o x6uPoc v; madpver éva ypduo and 1o clvoro K\L, émou
L elvar To oUvolo Tou meptéyel o ypduata m+b+1+i+1,m+b+14+7+2,...,4m+ b+ 1, 1o onola

elvon ta ypdupata Tou €xouy 81 avatebel otoug x6uBoug v, 1 < j < Im.

Eredfy 6ha tar Lebym ypoudteov mpénel va eugoviotoldy xat ta Levyr (a,b),a € M,b € B dev éyouv
gpgavtotel oedua, Ou avateboby autd ta Lelyn ypoudtwy otic mb axuéc mou €youv xal ta Suo dxpa
. 2 ’ , ’ ; i . . ,

TOUG OYPWUATLOTA. Autéc o OXUES ELVOL OL UXUES TNG HORPTS T3y, 1<1<3m,1 <5< s(ai), OTmov o
/ ) , ) . i , . Lot / ] .
x6Ufog x; avtioToly el 670 a; xou 0 x6uPog ¥; avtioTolyel 6Tov j-00TO YeELTOVO TOL XOUPOU T TOU EXEL
Babud Loo ue dbo. OuxbuBor x; dev unopolv va tépouy yeoua and to civoro B, Stagopetind ot s(a;) > m
U POUATLOTOL YEITOVES Y} BEV UTOPOUY VAL YPWUATIOTOVY UE M Ypouata and to cuvoro M. "Etot, oL xépfor
i malpvouy €va ypdua omd o alvoro M xan ou x6ufol i madpvouy éva ypdua and to odvoro B (loylet
6t 2 < s(a;) < 2). Ou povadixol x6uBor mou dev éxouy ypwuotiotel elvar ot m — 1+ b — s(a;) +i — 1
veltoves xdfe evée xéufouv v;,1 < i < 3m. Tw va ypouoatiotoby m — 1 4+ b — s(a;) x6uPor and toug
aypwudtiotous yeltoves xdbe evéc v;, yenotuonotolvtal d@opeTind Ypouata and 1o abvoro (MUB)\F,
émou F elvar 1o oGvolo mou meptéyel ta ypduota mou £youv HdN avatebel otoug s(a;) + 1 yeltoveg Tou
w6ufou v;. T'a vo ypouatiotody oL tehevtatot ¢ — 1 aypwudtiotol yeltoveg Tou x6ufou v;,1 > 1, unopody
v yenotdonotnfody uévo ypduoata and 1o odvoro K\L\{m + b+ 1+ i,m + b+ i}, enedh to ubvo Ledyn
YewudTwy oL dev éyouy yenotdonotnbel elvar to (m—+b+1+14,5), bmoum—+b+1<j<m+b+1+i—2.

Tehxd, B toyler a; € Aj edv xan uévo edv o x6ufos z; (Ue yeltoves Toug xduPouc yh) ypwuatileta
pE TO ypouo j € M. Axdua woylet ZaeAj s(a) = b,Yj. Hpdyuatt, xdbe ypodua j mpénel vo yeLToveUet
HE xdmola ypduata and o 6Uvoro B, xou xdle ypdua and 1o obvoro B aviiotouyiletal axplBog oe évay
w6ufo o onolog yertovelel e dhoug Toug xéUPBoug T; mou €youv yedua j. 'Etol, undpyel ula cwoti
3-SlauépLon.

H woyte tou Bewpripatoc npoxintet and v NP-tinpétnta tov 3-PARTITION, agol o yetaoynuott-

ouéde unopel var ylver e0xoAo 68 TOAVOVUULXS YEOVO. O

To ypdgnua tou Lyuatoc 4.3 unopel evxoho vo anodetyfel dtu elvon enlone xon éva petabetind (per-
mutation) ypdgnua. ‘Etot, 1o ypdonua G elvon éva ypdonuo Stactrnudtwey (interval), edv xor uévo edv
ebvon éva Tprywvixd (chordal) ypdgnua xor to yedonua G etvon éva petofatind (comparability) yedenuo
[40]. Emmiéov, to ypdgnua G napovatdlel ula dxuxhn petafatinf xatelluvon, ondte elvan éva uetafortt-
%6 (comparability) yedonua. Agot, to ypaugiuota G xor G elvor petootixd (comparability) yeogphuora,
ouvendyetar 6T To Ypdgnua G elvar éva uetabetixd (permutation) ypdgnua [40]. Enouévee, toydet to
enduevo Bedpnuo.

Ocdpnua 4.3. To mpdbinua evpeonc tou Apuovixol Apibuol elvar NP-rAfjpec yia ta ouvextind ueta-
fetixd (permutation) yoagiuata.
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KE®AAAIO 5

AXPOMATIKOY APIOMOY

5.1 Ytdyoc
5.2 Aypwuatixds Aptbudes
5.3 Anoteléopota NP-nhnpdtntog

5.3 TloAvwyouxh Abor yia to IpdBinua tou Aypouatixod ApBuold ota Katweixd (Threshold) Tpa-
pAUOTA

5.1 Xtbyog

e autd T0 XEPdAALO UENETEUE TNV TOAUTAOXOTHTA TOU TROBMUaTos Tou Aypouatixob AptBuold ya Tic
UNEOELS TWV TEAELWY YRAPNUATWY TOU EVBLAPECOVTOC Lag. Buyxexpluéva, Udg evdiagépet va Bpolue To dplo

070 onolo To TEGBANUN AUTO UETATEENETAL ANé TOAUWYLULXE ETAUCLUO GE UY) TOAUWVUILIXE emAUaLUo.

5.2  Aypouatinds AplBuds

"Evag xatdAinloc ypwuatiouds evéc yeagphuatos G = (V, E) elvon uia avdbeon ypoudtov oTic xopupés
Tou yeaghuatog, V, étol Gote YELTOVXES x0pués (Tou ouvdEovTaL Ue axur) Vo EXoUY DAPOPETIXS YpOUaL.
Anhadn, Tnrelton pior SLoéplon Tou GUVOAOU XOPUOKOY GE XAJOELS XPWUATIOUOU, Ol OTOLEG AVTLOTOLYOUY
oe aveZdptnto olvola. 'Evog ypouatiouds Bewpeltar TAheng, €dv yia xdbe Stapopetind Ledyog ypwudtwy
(DrapopeTndy UETAEY TOUG), UTdpyouy dU0 YELTOVXES Xopupéc Tou Toug €youv avatebel autd ta Sbo
yeouata. O aypwuatixds aptfudc (G) elvar o uéytotog aptbudes k, yio tov onolo to ypdgnuo G emdéyeton
évay tétolo TATeY) ypwuatioud. Me dhha Aoy Oéhouue Tov péyioto aplud ypwudtony xal o avdbeon
oUTOV TETOL BOTE, OTOLEGSATOTE dUO DLAPOPETIXES XAATELS YpWUATLOUOD Vo LotpdlovTotl TOUAdYtoToY UL
YA,

To mpbfBAnua Tou aypuuatixol aptBuol ¥(G) éxer arodetybet NP-hard and toug Gavril o Twavvoxdxn
[59], evd to avtiotouyo mpdfhnua andgaone elvar NP-miipec. To mpdPhnua éxet uehetnfel SteZodund
and ddpopouc gpeLYNTEC Yia TO Bewpntind Tou evBLagépoy xadde xal yia T eQapuoYES Tov Bploxel to
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npéBhnua, xuplng otoug Touels Tou oyedtacuol duxtiwy [29, 43]. Yty epyacia twv Farber at. al. [34],
anodelytnxe 6L To TESBANUY Tou aypwuatixol aptBuol eivar NP-hard yio dwepy| (bipartite) yoaghuota.
O Bodlaender [10] anédetle 61 to mpdBinua napauéver NP-hard yia ypagiuato nou elvor tautdypova
ouuThnpLUNTXd Tapaydueva (cographs) xou ypagphuoata daotnudtwy (interval). Ou Cairnie xow Edwards
[15] anédeilav 61 To npdBAnua eitvar NP-hard yio to Sévtpa (trees).

To mpdfrnua éyel enione peretnlel extds and ta duepr, (bipartite) ypagphuata, xat yia didpopeg
HATENANAES UTTO-XAEOELS AUTGY ST Ta xUpTd Sytepr; (convex bipartite) yoophuata xabde xou yio to Syuept
petafetind (bipartite permutation) ypughuata, dtav to tedeutaia elvar un ouvextxd [29]. H repintwon
TWY AVTLOTOLY OV GUYEXTIXGY TERLTTOoERY Sev elvar Tetptuuévr vevixeuor. IIohd npbogata [7], anodelytnne
6T to mEOPBANUa Tou aypwuatxold aplluold elvor NP-hard yia ouvvextxd dwepr uetaletind (bipartite
permutation) ypagriuata, xou dea To (Blo Loylel xat yia TV xAdon Twy biconvex bipartite ypagnudtov,
unepxAdon twv Stuep| uetabetxdy (bipartite permutation). Eniong, otny idua epyaoio, anodewxvietar 6t
to mpdéPAnua elvar NP-hard xau yia tnv xAhdor twv quasi-threshold ypoagpnudtwy. Emmiéov autdy twv
ATOTEAEOUATWY, Sivetal €vag Ypauutxol Ypdvou ahyoptiuog emtiuong Tou neoBAAUATOS Yiol TNV XAACT) TwY
TGy (threshold) ypapnudtwv, Stayweilovtag étol tig 800 xhdoets Ty xatweixdy (threshold) xon
oV quasi-threshold ypagnudtwy, wg ntpog Tnv toAurthoxdtntd toug. H NP-thnpdtnta Tou npofiiuatog yio
v xAdom twv quasi-threshold ypopnudtwy éxel wg cuveneta Ty autduatyn anddelln ToL UTOTEAESUATOS YL
TL¢ unepxAdoels Twv quasi-threshold ypagnudtwy, dnhadh twy tptyevixdy (chordal) xou twv ypagnudtwy

dtaotnudTey (interval).

To Yyrua 5.1 avanapiotd tig topandve Samotdoets. To Staxexouuévo tetpdywvo aviotolyel oTig
w\doewg exeiveg émou 1o mEdBinua avixel otny xAdor P, evd 1 édeldn avtiotolyel otic xAdoelg 6mou
T0 mpdPBAnua mapopéver NP-midpec. T v xhdon twv Swaywelowey (split) ypagpnudtwy, to mpdéBinua
elpeone Tou Aypouatxod AptBuol etvar avorytéd. Xt cuvéyeta, amodexvietar 6t 0 Aypwuatinds Aptb-
uée elvar NP-thfipne v ypagphjuota mou etvar tautdypove oUUTANpwuatind tapaybueva (cographs) xou
yedgnua Staotnudtey (interval).

5.3 Arnoteléopata NP-tAnpdtnTag

Mpdta, Oa anoderyfel 61t 10 MEOBANUA elpeore Tou Aypwuatixod Aplfuol elvar NP-mifpec yio tor un
ouvextxd yeaghuota Ttou elval Tautdypova cuuTAnpwUaTXd Tapaydueva (cographs) xa ypagruoTa Sio-
otnudtoy (interval), evé) otn ouvéyeta Ga SoBel £vag EUXOAOC UETACYNUATLOUAS XaL VLo TNV TEPITTWON TWY

OUVEXTIXOY YpapTudtwy [10].

Ocdpnua 5.1. To mpdfinua evpeone tou Aypwuatixod Apibuot elvae NP-tAfjoec yia ta un ouvvexti-
xd yoagiuata mou elvar tautdypova yodgnua Stactnudtwy (interval) xai ovumAnpwuatixd rapdyduevo

(cograph) yodgnua.

Ano6deln: To npdéBinua edpeong tou Aypwuatixod Aptluocd avipel oty xhdon NP. T vo anodetyDet
6t elvar NP-hard, Ho yenowonounfel évog yetaoynuatioudc and to mpdBinue 3-PARTITION.

"Eotw éva obvoro A = {ai1,...,a3m} ue 3m otouyeta, évac Beuxde axéparoc B xa Oetixol axépatot
ueyébouc s(a;) yir xébe a; € A tétowa dote va woyler 1B < s(a;) < 1B, xo Ya,caslai) = mB,
1 <4 < 3m. YroBétouue enlone 61, vy xébe a; € A, woyler s(a;) > m (edv 6y, t61€ Unopolue vo
nolMamhaotdoouue 6ha tor ueyedn s(a;) xoaw B ue to m + 1).

AxohouBel 1 TepLypun xataoxeuh eVig U cLVEXTIXOU YpPuPHuaTog, To onolo elvor Tautdypova Yed-
pnua dtaotnudtwy (interval) xot ouumAnpwuatind topaysuevo (cograph) yedonuo: "‘Eote ula xiixo ue
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Eyrfua 5.1: H Moavmioxdtra tou IpoBiruatoc Edpeong tou Aypouatieold Aplfuol yia Xuvdedeuéva
Ipawfuata mou avirouy oe Kidoeig Téretwv lNoagnudtwy.

m xoufoug, uta xAixa ue B xéuBoug xal évag xéuPog v, o onolog cuvdéeton ue 6Aoug Toug xOUPBOUS TWV
300 xAxV. XN ouvéyela, o xdfe a; € A xataoxeudleton éva dévtpo T; Bdbous éva, ue s(a;) @OMNaL o
UE OVoudotes QUMY Ui, ys, ..., yg(ai). Kd0e Sévtpo €yet via pila 10 x; xon xdbe @UANO cuvdéetar ue
olla. 'Etot, undpyouvv 3m tétota dévipa, ta 11,15, ..., T3y. 'Eotw G 10 ypd@rua nouv npoxOntel, 6nmg
palvetal xot oto Lyhua 5.2.

Ebxoha anodewxvietar 6t 1o yedonua G elvon tavtdypova yedonua Staotnudtoy (interval) xat ou-
UTANpLUaTiXd tapayéuevo (cograph) yedonua. Ilpogavde, to yedgnuo G Sev mepléyel évo povordt
pE TEooEPLS (OUBOUS CaY ERUYOUEVO UTOYRAQNUC, ETOUEVKDS To Ypdonua G elvar €vo cLUTANPOUATIXS
napayéuevo (cograph) yedenua. "Eva dévtpo BdBouc éva, umopel va avamopaotafel oav éva yedgnua

dtaotnudtwy (interval), avtiotolyllovtac xde éva QUM Ue éval Uxpd ddoTnua, ywels vo Téuvovtal ta
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Tyfua 5.2: "Eva Tpdgnua mou elvan Toautéypova Buuminpouotixd apayépevo (Cograph) xar Tpdgpnua
Awotnudtoy (Interval).

avtioTolya Staothuata oe xdnoto anuelo, xat x&0e pilo Tou dévtpou Ue évo yeyalitepo ddoTnua, To onolo
o mepthapufBdver Gho Tar Stoo TRt TOL AvTLaTOLYoUY oTar GUARY TNg pilac. Mio xAlxo unopel vo ovomo-
paotalel ané éva mAfog Staotnudtwy, T onola avd dVo polpdlovial ToukdyloTov éva xolvéd onueio. Ané
™V Vo) Yeapnudtwy dtuotnudtwy (interval) mpoximntet yedgnua, 1o onolo elvar ypdgnuo dootnudtny
(interval).

Y ouvéyela amodelvieton 6Tl 0 aypwuatixds aplluds tou ypaghuatoc G elvar (=) m+ B + 1, €dyv
oL U6vo edv to alvoro A umopel va Swapeptotel o m olvora Aj, ..., An, Tétow Gote va woyler Vj:
en, $(a) = B.

To ouvohuxd Thifog axudy oto Ypdenua G elval:

m B 3m m+B+1
<2>+<2>+m+3+;s(ai):< +2+ )

T xdle owotd ypwuotious tou yeaghuatog G xo xdle Lebyog Slapopetxdy YpwUdtwy i,7,1 # j,
TEEMEL Vol UTdpYEL TOLAGYLoToV ula axur) Ue Ta dxpa TNg va £youv To yeouata i, j. 'Etol, mpoxintel 61
0 aypwpatxds aptbude Tou ypaghuatog G Sev unopel va elvar ueyahltepog ané m + B + 1, o av glvan
loog ue m + B + 1, 161e Yo xdbe owotd ypwuatioud mou yenowsonolel m + B 4 1 ypduota, undpyet vl
xébe Ledyoc Stapopetixdv ypwudtwv ,7 € {1,...,m+ B+ 1},1 # j, uio yovaduer oxuh ue to dxpd tne
VoL £Y0UV T YPOUATA T XL J.

'Eoto pla Slpépion tou ouvéhou A oe m oOvoha Ay, . .., A, TéTo GoTe va Loy Ve Vit 3o c 4. s(a) =
B. Oo detybel twe mpoxintel évac owatdc ypuuatiouds Tou ypaphuoatoc G, yenowdonohviac m+ B + 1
yeouota. Ou xduBot g mpdtne xhixac nalpyouy ta ypduate and to ovvoro {1,...,m}, o xéuPot tng
dettepne xhixoc tadpvouy o ypduata and 1o cvoho {m+1,...,m+ B}, xat 0 x6ufoc v ypwuotileton ue
10 ypoua m+B+1. Edv a; € A;, téte 7 plla tou i-067100 Sévtpou mou €xet s(a;) QUAL, TalpVEL TO Ypoua j.
Kdbe ypdua j € {1,...,m} aviotoyiletar ot plla tptdv dévtpwy mou Eyouvy dha pall axpBde B @Ula.
Kdbe éva and autd ta B @i talpvel éva Stagopetind ypdua and to olvoro {m+1,...,m+ B}. 'Etot,
TPOXUTTEL €VOS OWOTOS YPWUATIOUOS TOU Ypaphuatog G ue m + B + 1 yp®duota, ETOUEVOS 0 AypOUATIXOS
aplBude tou ypaghuatoc G elvar m + B + 1.

"Ectw, 6t o aypwuatixds aptfuds tou ypaphuatoc G elvar (=) m + B + 1, enopéves Bo undpyet évag
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owOTHS YewUaTouss Tou Yeaghuatoc G ue m + B 4 1 ypdpota. Xwplc Tov TEQLOpLoUd NG YEVIXOTNTAG,
Bewpolue 6Tt 0 x6ufog v ypwuotileton pe To ypdua m + B + 1. Enedn, o xo6ufog v yettovelel e dAhoug
m + B xéufoug, xavévag dihog x6ufog oto ypdornua G Sev malpvel to ypduo m + B + 1. Enlong, 6hot
oL x6uBol Tou YeITovelouY HE Tov x6UBo v, TEETEL Vo EYOUY DLPORETINS Ypwud ard Tov xéuPo v. ‘Etot,
pmopolue vo utofécouue 6Tt ot xéufoL TNg TehTNS XxAxog ypwuatilovtat ue Ta ypduata and 1o aivolo
{1,...,m}, xou ot x6uPor tne dedtepne xhixac nalpvouv ta ypduoata ond 1o clvoro {m+1,...,m+ B}.
"Ooov agopd ota ototyela a; € Aj, s(a;) > m, dev unopel va ypwuatiotel 1 ptla evée dévtpou ue xdroLo
ypwua and to ovvoro {m+1,...,m+ B}. Av ywétave autd, xéufol ye autd to ypodua o yertovelove Ue
neptocdTEPOLS and m+ B xéufoug, ue anotéiecua neptocdtepeg and 8o axuic va £youv ta tdla ypduota
OTOL GXEOL TOUC.

"Eotw 61 a; € Aj €dv xat uévo edv 7 plla tou i-ootol 8évtpou (ue s(a;) gOIIa) ypwuotileton pe to
xpoua j. Ioydet 61 Vj: 32 c 4, 5(a) = B: xdfie ypouo j mpénel va yertwdlet ue o ypduata ond 10 6Gvolo
{m+1,...,m + B}, touv avtiotoyoly oug axpés tov dévipwy, xat xdbe éva and avtd to B ypduata
npénet va avtiotolyel oe axptBos éva moudl tne pllag evog dévtpou, 1 onola ypwuotiletor Ue TO Ypdua j.
'Etot, undpye ula owoth 3-SiauépLon.

H woy0¢ tou Bewprjuatog npoxdntet and v NP-minpétnta tou 3-PARTITION, agol o yetaoynuott-

ouéc unopel va yivel edxoha o TOAUWVUULXS YpbVO. O

Ocdpnua 5.2. To mpdbinua tov Aypwuatixol Apibuol elvar NP-mAfpec yia ta ouvextixd yoapiuate mou
elvar tautdypova yodgnua Siaxotnudtwy (interval) xaw ovurAnpewuatixd napayduevo (cograph) yodenua.

Arn6deln: O uetaoynuatiouds Ba mpoxilel and to nponyoluevo Bedprnua, mou tepthapBdyel Ta un ouve-
xuxd ypaphuota. ‘Eotw éva ypdgnua G = (V, E), to onolo elvar tautdypova éva ypdenuo dStaotnudtoy
(interval) xat éva ouurAnpoUaTixd Tapayouevo (cograph) ypdgnua, xot to onolo et aypwuatxé aptiud
oo ye K. 'Eotw G* 1o ypdpnuo to onolo mpoxtntet and v mpochixn tou xéufouv vy oto yedenua G,
%ot 0 0molog GUVEETAL UE GAOUG TOUS dAhoug xéuBoug Tou yeaphuatos G. To ypdenua G* mou mpoxintet,
elvan éva ypdonua Swrotnudtey (interval), yiotl o x6uBoc vy avtiotolyel oe éva dldotnua mou nepthaufd-
vel 6hot ta dhha Slaothuata. Emmiéoy, to yedonua G* elvan éva ouuminpouatixd mopayduevo (cograph)
yedgpnua, enedn To yedgnua G 3ev tepléyel Py ouv eTayOUEVO UTOYRAPTILO Xl XAVEVA ETAYOUEVO UNOY RS-
pnuo Tou Ypaghiuatog G tou TepthaufBdverl Tov x6ufo vy Sev umopel va elval toouopexd ue to Py, agol o
x6uBog vg mpénet vo yettoveUel ue xabévay and Toug dAAOUS TEELS XOUBOUS amd TO ETUYOUEVO UROYRAQTILOL.
Enopévwc, to yedgnua G* elvar ouvextind, agol xdbe xéufoc # vy yettovelel Ue tov 6o vy.

O aypwuatinde aptbubde tTou ypagruatog G elvon axpiBidg K+1. Auté unopel va e&nyniel wg e€vg: évag
owoTés ypwuatioudis Tou yeaghuatos G ue K ypduota unopel vo enextabel oe évay owotéd ypwuatiousd
Tou ypaghuatos G* ue K + 1 ypduota, av ypwuottotel o xéufog vy ue 1o ypdua K + 1. 'Eto, o
aypewatixde aptiude Tou ypagriuatog G* elvar touldytotoyv toog ue K 4 1. A unoféoouue 6Tt undpyet
EVag 0woTOS Ypwiatiowds f tou yeapiuatog G* ue k ypduata. Kavévae xéufoc # v dev unopel va €yet
70 (Do ypdpa ue Tov x6ufo vy. 'Eotw f/ o ypouatiouds nou npoxinteL av egapUbCoUpE To YpoUatiousd f
oto ypdonua G. O f/ ypwuoatiouds elvon évag owotde ypuuatiouds tou yeaghuatoc G yenotlonotdvtac
k—1 ypoduoata. Xuverdyeton 6Tt 0 aypwpatixds apliude tou ypagruatog G* elvat to noAs loog ye K + 1.

'Onwg galvetor and To TUPATEVE, UTEPYEL £VUC TOAVWVUULXOU YpOVOU UETAOYNUITIONSS and Ty ne-
PlITWOYN TOV U1 GLVEXTIXOV YRUPNUATOY TEOS TNV MEPITTWOY TV CUVEXTIXGOV Yeagpnudtwy. 'Etot, 1o
npoBANUa Tou Aypouatixod AptBuol etvar NP-mAfpec yia Ta GUVEXTIXG YPaPAUATO TOU Elva TALTOYPOVA
yedonua Stactnudtwy (interval) xor ovumAnpwuatixd napaybuevo (cograph) ypdenua. O

To ouvextixd ypaghuota tou elvar tautdypova yedenua Slaotnudteny (interval) xou cuumAnpwuati-

%& mapayouevo (cograph) yedgnua, elvar eniong quasi-threshold ypoghuata. Auté ouufalver, yiatl Sev
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TEPLEYOLY ETAYOUEVO UTOYRQTIUO LobUop@o Tou Py 1 Tou Oy, YapaxTnploTixd Tou Teplypdgouy éva quasi-

threshold ypdgnuo. Enouéveg, enetdr to ypdenuoa elvar xow quasi-threshold, Ho toydet o enduevo Hedpnuo.

Ocdenua 5.3. To mpdfinua ebpeonc tou Aypwuatixos Apifuob eivar NP-rdfpec yia ta ouvextixd
quasi-threshold yoagruara.

k
Yy epyaota [29] éxet anodelylel 6t edv G elvar évar ypdgrua 1o onolo €yel axpBds ( 5 > ANMES,
tH1E EVag XATAAANAOC YewUATLoUOS Twy x6UPeVY Tou Yeagphuatoc G ue k ypduata eivol aypwuatixds edv
k
%o L6vVo gdv to Yedgnua G éyel apuovind ypouatoud. Emmiéov, edv to ypdenua G éxel 9 ANMES,

61 toylel 6t Y(G) = k €dv xon uévo edv h(G) = k [15]. 'Eto, toylel 1o axérouvbo Bewphua yio to
npéBANuUa edpeonc Tou Aypwuoatixod Aplbuold olugwva pe Tig anodelfelc mou toydouy yia To TEOBANUA
elpeone Tou Apuovixold AptBuov.

Ocdenpa 5.4. [7] To nedfinua edpeonc tou Aypwuarixod Apibuol elvar NP-rAfpec yia ta ovvextixd
Siueprf uetalbetixd (bipartite permutation) yoapiuara.

5.4 TIIohuwvupixy Avor v to IIpbBAnua Tou Aypwupatixod Apbuol ota Katw-
¢phuxd (Threshold) Tpopripota

Xy evétnra aut| Oo uehetnfel to mpdPAinua edpeons tou Aypwuatixot Aptbuod yia Ty xAdor Tev
xaTOPAXGY (threshold) ypawnudtwy xat o Sobel n reprypapt evée ypapuxod akyopiBuou Ttou otnpileton
oug WiTNTES TS ¥Adome Twy xatweixdy (threshold) ypogpnudtwy [7].

H évvola tov xatwelxdy (threshold) ypagpnudtwy napouctdotnxe yia tpdtn @opd and toug Chvital
xat Hammer to 1977 [21]. 'Eva vedgnua G elvon éva xatwpixd (threshold) yedgnua [29], edv xow pbvo
edv o Ypdonua G Sev nepiéyel 2Ky, Py 1 C4 ooy €mory GUEVIL UTOYRAQHAUATA. YTAEYEL ol EVOG EVIARAXTINGS
woodlvapoc oploude [34]: 'Eva ypdenua elvor xatoghxd (threshold), edv undpyer plo Swpépon tou
ouvérou V(G) oe dlo Eéva petald touc olvoha K, T xou ulo dudtaln {ui,us,. .., up} Ty x6ufov Tou
ouvorou I, tétola Gote 1o obvoro K va endyet pla xAixa oto yedgnua G, evd 1o obvoro I va elvar éva
guotabéc oUvoro wOUBwy xal va toyler Ng(ui) € Ng(uz) C --- € Ng(uy). H dwwéplon tov ouvéirou
V(G) mou wavornotel tov mo ndve optoud, ovoudletar (K, I) Swopépion tou ypaghuatos G.

H »0don twv xatwehxdy (threshold) ypagpnudtov elvor utoxidon tov quasi-threshold ypagnudtov.
Q¢ ex toltou, yia éva xatwehxd (threshold) yedgnua G undpyer uo devdpint| avanapdotact, To cent-
tree T,.(G), 1 omola Thnpol tie Widtnree Tou ypaghuatoc G. To T, (G) elvon tapduoLo ue to cent-tree evéc
quasi-threshold ypagruatos. Agos, éva xatwehuxd (threshold) ypdgpnua G dev nepléyel xdnoto enaySUEVO
umoypdgnua toduoppo tou 2K, xéfe ecntepixdc xéufoc Vi éxet ki > 2 toudid, 6mou to mohd éva and autd
elvon ecwteptds x6UPog, evéd Ta utéhoita k; — 1 mondLd elvan gUAA oL TEpLEYOLY U6VO Evay xOuSo, 6Twg
gatvetal xat oto Lyfua 5.3. To cent-tree T,(G) evic xatogixot (threshold) ypaghuatoc G avaroptotd
wat (K, T) Swapépron tou ypaghuatos G. Ioodivayua, Sobéviog wac (K, I) diauéptong tou ypaghuoatos G,
pmopel var yiver 1 xataoxeu| Tou cent-tree To(G).

To mpdPhnua tou Aypouatixod AplBuod v Ty xAdorn tov xatogiwxdy (threshold) ypognudtwmy
AoveTon o€ ypauund xpdvo ue ypron tou cent-tree T,(G). Ou xdufot V; tou mo aptotepold hovoratiol Tou
dévtpou oynuatilouvy wa xhixa, enouévee xdbe xbéufoc v; € V(G) mou avixet oe autd 1o Hovordtt npénet
va éyel éva dtagopetind ypdua. Edv n' elvar 1o mhifog twv xéufuv tou ypaghuatoc G ou avixouy 61o

o aplotepd povordtt tou To(G), téte ou xéufol Tou ypaghuatoc G naipvouv yeduota and To GUVOhO
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Yyhua 5.3: H Aevdpun) Avanapdotaoy tou Cent-Tree T,(G) evéc Katwghxod (Threshold) Tpaghuatoc.

C={1,2,...,n"} xa 0 aypwuatxdc aplbudc ¢(G) elvon ¢(G) = n'. Hpdyuat, éotw C' C C 10 6dvoro
TV YpeUdtov Tou anodidovial oto mo aplotepd @Uiko touv T.(GQ) xw fotw ¢ € C'. Edv dobel éva
%xavolplo Ypoua, ot 1’ + 1, ot évay x6ubo tou T,.(G) mou dev éyel ypwuattotel axdun, téte 1o Lelyog
(n'+1,¢}) dev unopet va eugoviotel. Enouévws, ypnowonotelton 1o odvoro C yia va dofoldy ypduata ota
pORa Tou T,(G) mov Sev €xouy ypwuoaTtoTel, UE TEToLo TEoTo Gote xavévas xouBos v; € V(G) va uny
nalpvel ypdua mou €yel HdN anodobel oe ®dnolov tpdyovs Tou TOL AVAXEL OTO TLO APLOTEPG UOVOTATL.
AZiler va onuetwhel 6t edv n' elvar 1o mhAfoc Tov x6uPwy Tou Ypaghuatos G TOL UVAXOUY GTO TLO
apLotepd povondtt tou Te(G), 16te 10 1/ tooton ue tov aplud tne uéytotne xhixac w(G), dnhadf toyde
(G) = o(G). Anb e Wiémree tou cent-tree To(G) anmodewxvietor 61 o aptBude e péytotne xhlxag
tooltaL Ue tov ypwuatxé aptBud x(G) tou yeaphuatoc G, dnhadr woylel x(G) = w(G). Axolovbel o
yoauuxde ahybptBroc, o omolog Loy Vet Ylor UVEXTIXG ot U oLVEXTXE xaTweAxd (threshold) ypaghuarta.

Yrohoyiouds tov Aypopatixod ApBuol ota Katwgiuxd (Threshold) Tpagpriupata
Eicodog: 'Eva xotwehxé (threshold) yedonuo G.
"E€080g: "Evoc aypwuatinds ypouatiouds tou yeaghuatos G ue $(G) = o(G).

1. Kataoxev tou cent-tree T.(G) tou ypagruoatos G.

2. Xpouatoudes twv x6uBuy tou 1o aptotepol povonatiol (xiixag) tou Te(G) ue dtagopetixnd ypduota
and to ovvoro C = {1,2,... . ¢(G)}.

3. Xpwuatioude wdfe xéufou mou etvar oA 610 To(G) YENOLLOTOLOVTAC Vel YpOua Tou EyeL hdn
anodofel otov x6ufo adepwd mou avixel 610 o aploTepd wovordtl tou To(G) xat mepLéyet pla

wAxaL.

4. Edv undpyouv anouoveuévol xéufBot, 16te autol ypwpatiloviot Ypnoulomtoidviag £va ypdud and To

olUvoro C.

34



To tétapto Brive Tou alyoplBuou epupudletor dtav To yedgnuo elvor un ouvextixd. Autéd woylet, yiotl
70 Un ouvexTxd xatweixd (threshold) ypdnua neptéyet UOVO ULO GUVEXTIXT CUVLOTHOOW UE TEPLOTOTEPOUS
ané évay xéuPoug. Kdbe ulo duwe and Tl UTOAOLTES CUVEXTIXEC CUWLOTMOOES TEPLEYEL UéVo évay %6ufo,
Stapopetind Do uthpye Eva utoypdenua Loduoppo tou 2K,. T'V autd, oL artouovepévol xéufol urnopolty va
YeWUaTLOTOVY UE €val Ypdua Tou €xel 13N yenowuonoinbel. Xayv anotéAecua Tou Tponyoluevou alyoplfuou
npoxUnteL To axdrouvfo Bedpruo.

Ocdenua 5.5. Forw G éva xatwprixd (threshold) yodonua. To mpdBAnua Tou aypwuatixol ypwuatiouol
emiAletal o yoauuixo ypdvo yia to yedenua G xai o aypewuatixds dpifuds elval (oog ue tov apibud
swhixac, dpradr woyiet Y(G) = o(G).

35



KE®AAAIO 6

MEI'ZTO 2 YNOAO KoIrgx

6.1 Xtdyoc
6.2 Méyioto X0voro Komrg
6.3 Anoteléopota NP-nhnpdtntog

6.4 TLoAvwyouxh Avon yio to SIMPLE MAXCUT ota Tuurhnpwuotxd Hopayéueva (Cographs) Toagpr-

Mot

6.1 Xt6yog

e autd TO XEQAAULO UEAETAUE TNV TOAUTAOXSTHTA TOL Tpofifuatog ebpeong Tou Méyiotou Luvédiou
Komfg yia Ti¢ #¥AdoELg TwV TERELWY YOUPNUITOY TOU EVBLAPEROVTOC UG, LUYEXPUUEVD, UG EVOLOQEREL Vo
Bpolue o bplo oTo onolo To TEOBANUA AUTO UETATEENETAL UG TOAUWVUULXE ETAUGUUO OE UT) TOALVDVUULXG

eTLAOGLUO.

6.2 MEéyioto XUvoro Komvg

To npbBinua edpeons tou Méytotou Zuvérou Konhe (MAXCUT) elvon 1o npdfinua 6mou Slvetan éva un
xareubuvépevo yedgnuo G = (V, E) xou ouvdptnon Bapdv otic axués w : E — ZT xau évac Betinde
axéponoc K xatr {nteltal To xotd néoov undpyet dlapépton Tou cuVeRou TV x6uBwv V ot dbo alvola
V1, Vo tétow dote 1o dbpotaua Tov Bopdy Tov axdody Tou €xouy To €va dxpo Toug 6To alvoho Vi xat
0 dAho dxpo toug oto olvoro Vo va elvan tovAddytotov K. To mpdBinua tou Anhol Meylotou Xuvéiou
Kon¥g (SIMPLE MAXCUT) elvar utar topadharyy tou mpofifjuatoc Meviotou Zuvérou Konfg, btav oha ta
Bden elvar 1, dnhady dtav ovotaotixd to yedenuo dev €xet Bdpn, xot {nteltat pia dapéplan Tou GUVGAOU
v x0uPov V oe 8o clvora Vi, Va tétowa Gate to TARGoS TV axpdY Tou EXouV To €va dXpo ToUg GTOo
oUvoro V1 xal To dARG dxpo Toug 6To oUvoro Va va elvar touddytotoy K. Kot to 800 mpoPfAfuata, othy

yevu Toug eplntwon, elvor NP-mavern [52, 39).
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To mpdPinua tou Amhol Meyiotou Tuvérou Kondc (SIMPLE MAXCUT) éyer pehetnfel vy apxetée
HAAOELS TEAELWY YRAUPNUATOY WS Tpog TNy ToAumhoxstntd tou. Ov Bodlaender xow Jansen [11], peie-
TOUY TO TPOBATUAL YLt TOAEC HAGOELS TEAELOY YRAUPNUATOY. TUYXEXPUUEVA, ATodEXVioUY 4Tl To TEOBANUA
nopopéve, NP-miipeg yia o tprywvixd (chordal) ypoagphuoata ue avaywyr tou MAX 2-SAT. Eniong, anodet-
wvietan  NP-minpdtnta tou mpoBiiuatoc yio ta Staywetowuo (split) ypagphuata ue avorywyy| Tou apyixol
(SMPLE MAXCUT). 'Ocov agopd ta dyuept| (bipartite) ypagphuota, To tedBinua Advetar roAvwyuuxd, (ue
TETPLUMEVO TPOTI0) Yia TNV xAdo Ty duepdv (bipartite) ypagpnudtwy, bune napauévet NP-nhfipec yio ta
Toluee, (tripartite) ypagpriuata xat yia to cuunihpmus diuepols ypagphuatog (co-bipartite) [11]. Avtifeta,
ot Grotschel xou Pulleyblank [41], anodewviouy 6Tt 1o npdfinua ebpeonc tou Athol Meyiotou Zuvéiov
Kon¥g (SIMPLE MAXCUT) AOveTon TOANUGVUULXE YLor TNY XA&on Twy aolevd Suuepdy yoapnudtwy (weak-
ly bipartite) ypnollomoudVTAC TEYVIXES YRUUULXOU TPOYPUUUATIONO0 XAl GUYXEXPUEVR TOY EAAELPOELSY;
aryoptbuo. AZiler va avagephel 6Tt dev Siveton ouyxexplévog alydpliuog yia to TedBANUA, ahhd anodel-
xwvleton 6TL 1) ouyxexpLuévn uébodog unopel vo yenowwonoinfel Gdote vo Aubel toduwvuud to TedBAnua
yio tor aoBevd Suuepr) (weakly bipartite) ypaghuata, ta onola teptéyouy ta Suepy) (bipartite) ypaghuarta,
Gpa auth 1 wéBodoc umopel va yenowwonotnBel xou Yo Ty entluon Tou mpofifuatos ota Siueph (bipartite)
YoophuaTe 68 TOAUWVUULXS Ypbvo (av xal apxetd yeydiou Babuold, Ayw Tng TOAUTAOXOTATAS XAl TWV
Wrontepothtwy Tou elewpoetdole ahyoplfuov). Entone, undpyer tetpaywvindc adydptbuoc O(n?)yia to
TEOBANUL, 6Ty AUTS AVUQERETAL OE GUUTANEOUATIXG Topaydueva (cographs) ypaghuota [9].

TUUTANp@UATIXG, oL OYETXE UE TNy moAumhoxdtnta Tou mpoPifuatos (MAXCUT), autd napauével
NP-miipeg yior 6heg Tig XAAOELS Yoaprudtwy Tou Teptéyouy Oheg TLe xhixes (tor mhien ypaghiuata), émwg
elvat 1 ¥AGOT TOV GUUTANEOUOTIXG Tapayduevey (cographs) ypeaenudtwy, xou ue Bden Tou avhixouy oTo
obvoho {1,2} [9].

To Eyhua 6.1 avoraplotd ¢ mopandve dtamotédoeg. To dtoaxexouuévo TeTpdywvo avTloTolyel 6TLG
x\doeLg exelves 6mou To exdotote TEdBANUa avixer oty xihdon P, evd n ke avtiotouyel otig xhdoeg
6mou 10 TPOBANUa Tapouéver NP-tipeg.

6.3 Amnoteléopata NP-tAnpdTnTac

Mpdta Oa anodetylel 61t o mMEéBAnua edpeone tou Amhob Méyiotou Tuvérou Komre elvor NP-mhrpeg
yioo tor dtaywelowa (split) yeaghuata. ‘Eva yedonua G = (V, E) elvan éva Swaywplowo (split) yedenua,
gdv xat uévo edv undpyer ula Slapépton tov xéulov V tou yeaghuatoc G oe wa xhixa K xat oe éva
aveldptnto olvoro I. Eniong, éva ypdonua G elvon Sty wplowdo (split) ypdenuo av xat uévo av 1o yedgnua
G »a 10 ouumMipoua G va elvar Tpryovixd (chordal) ypagfuata. o acyolnfolue pe uio UToxhdon Twy
Staywplowpwy (split) yeapnudtey, oty onola xdle x6uPoc and to aveldptnto obvoro I TV dtaywplopwy
(split) ypapnudtwy yeitovelel ue axpiBdc Yo xéufouc and tny xhixa K. To ypagphuota autd ovoudlovtat
dbo-Saywplowa (2-split) ypaphuata.

Ocdenpa 6.1, [11] To SIMPLE MAXCUT elvar NP-rArjpec yia ta Svo-diaywplowua (2-split) yoapiuara.

And6deln: Ou yenowornownbel évag petaoynuattouds ond to SIMPLE MAX CUT npéfinua. 'Eotw, 61t
Stveton éva ypdonua G = (V, E) xor G = (V, E) to cuunhipoua tou ypaghuatoc G. 'Eotw H = (VUE, F)
0 Ypdgnua, émou F = {(v,w)|v,w € V,v # w} U {(v,e)lv € V,e € E,v is an endpoint of edge e }. Me
Aya Aoy, aviiatolyolue €vay x6uBo oto ypdonuo H ue xébe x6ufo and to ypdenuo G xat xdfe oy
ané To cuuTAMpwud Tou yeaghuatoc G. To abvoro V oynuorilel ula xhixa, To oOvoro E amotehel éva
ave&dptnto olvolo oto yedenua H. Kdbe oxun nou avanapiotd évay xéuo ocuvdéetar pe toug xoufoug,

TOU AVATOELOTOVY T 8xpa TNG.
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Comparability w

Permutation Split Interval

NP-complete

P

Eyfuo 6.1: H Ilodumhoxdtnta tou Hpofrfuatos Edpeone tou Athol Méyiotou Xuvérou Komhe yia Xuv-
dedeyéva Ipagpriuata mou avixouy oe KAdoeig Térewwy Dpagrudtwy.

Ioyupléuaote 61 to ypdonua G emttpénet ula Stauéplor ue TouAdytotov k anquéc xomhc, edv xoL u6vo
edv To ypdonua H emtpéner ula diopéplon ue touldyiotov 2 - |E| + k axuéc xomic.

"Eotw 6t undpyet uia dwopépton Wi, Wa tou ypaghuotoc G ue touldytotov k oxuéc xomrc. Ou yivel
7 Stopépton TV xoUPuv Tou Yeaghuatos H wg e€nc: To abvoro V Bu Siouepiotel 6nwe Staueplotnxe oTo
Yedonua G, evé yia x80e e € E edv xat ta 800 dxpa TNng axpfic e avixouy ot dapépton W, téte 1 anau
e tonobeteiton ot dpépron Wa, Slagopetind 1 axun e tonobeteitan otn Stauéplon Wi. 'Etol to mhifog
TV emBLUNTGOY axudy xoric etvon 2 - |E| + k.

Topa éotw 6L undpye ula Srapépton Tou ypaghuatoc H ot alvora Wi, Wa, ue toukdytotov 2-|E|+k
oxpée xomic.  Awauepilouue toug xéuPouc tou yeaghuatoc G ota obvoro Wi NV, Wo N V. Auth 7
dapépLom Slver 1o entBuuntd TARdog axudy xomic. Autéd umopel va e€uxpiBulel wg efhc: yia xdle oy
(v,w) € E vrdpyet pla axuf xomhs oto yedenua H edv n axun (v, w) elvar ulo axur) xonis oto ypdgnua
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G, SragopeTtind dev undpyouy axuée xomhe. T xdbe axur| e = (v,w) € E, woyler 6T amd Tic Tpeg oaxuée
(v,w), (e,v) x (e,w) 10 MOAS 8bo Umopoy va elvan ula oaxufy xorfic. 'Etot, 1o mAAfoc twv axudy xomhe
010 yedonua G elvor ToukdyLotov 1o TARfoc TV axudy xomic oto Yedenuo H uctov 2 - |E|.

To Bedenua tdhpa toylet, ereldn to ypdonuo H uropel va xotaoxevaotel and 1o ypdenua G ot toAuw-
oL ypdvo.

Ereds, to dVo-Sraywplowa (2-split) ypagphuata arotehoby utoxhdorn twy dwywpelowoy (split) ypopn-

pdTwY, toyVel To enduevo Bedpnuo:

Ocedpnua 6.2. To SIMPLE MAXCUT elvar NP-rArjpec yia ta dtaywplowa (split) yoagruata.

Tougova ye to Bedpnua 2.5, edv éva ypdonua G elvon éva daywelowo (split) yedenua, téte o
vedonua G elval xon yetaBatixd (comparability) yedenue, edy xat uévo edv 1o G 8ev mepLéyeL UToYpdQnUa
LOOUOPPIXG TWY TELAY YRUPNUETWY Tou QalvovTat oTo Lyfua 2.3. Enouévec, Bua toyler yio to yetofotixd
(comparability) ypaphAuate 6,1t toybel xou yio to daywelotua (split) ypaghuata. ‘Etor, O woydel xat to

axdrhoulo Oedpnua:

Ocdenpa 6.3. To SIMPLE MAXCUT eivar NP-zArpec yia ta uetafatind (comparability) yoagruara.

6.4 IIohvwvuuxr, Adon yia to Simple MaxCut ota Lupninpwpotixd Hopayd-
ueva (Cographs) I'pagruata

Env evotnra auth, Oa 3obel 1 neplypagy) evée teTpaywyxol akyopibuou tou otnpiletor oTic WidTnTee e
HAAOTC TOV CUUTATPOUATIXGY TapayoUeVwY (cographs) yeagnudtey xou oto cotree.

O ouyxexpiuévos ahybpliuog déyetan oav eloodo éva cuumAnpouaTixd tapayduevo (cograph) yedgnua
G = (V,E) xa opywd unoloyilet to cotree tou ypaghuatog G. Xtn ouvéyela, yua xdbe xéuBo tou
cotree vnoloyileton évac nivaxog, o onolog ovoudletal mazcy, 6mou H 1o ouuminpwuotind nopoyduevo
(cograph) ypdgnua, mou avtiotolyel atov x6ufo autéd. Autol ot nivaxes utohoyilovion and xétw mpog o
Thvw Yo o cotree. Hpdta unohoyilovrow 6ot ot Thvaxeg yia Ttoug xouPouc tou elvar UM xan 6 Tivoxog
yia évay eowtepixd xoufo urnoroyiletal apod mpdta €xouyv utohoylotel oL Tivaxes Twv Vo TAUSLOY TOU.

'Eotw G = (V', E’) éva ouvunhnpeuatixd tapayduevo (cograph) ypedgnua. O rnivaxoc mazcy €yet
BéoeLc yia 6houc toug axepatoug 1,0 < ¢ < [V'], oL onolol dnAdVouy to uéyloto uéveboc pLac dtauéplong

Tou Ypaphuotos H ot éva oUvoho ueyéfoug @ xa ot éva obvoro ueyébouc |V | — i, dnhady| Loylet to e€ic:
maxcH(i) = max{\{(v,wﬂv S W1,w S WQ}HWl UWs, = V/, WinWsy = @, |W1| = Z}

Tehwxd, mpoxdnter 61 1 péylotn dapéplon tou ypaghuatog G elvar | mazo<;<|jvimazcg(i), yu' autd
6tay €youde untoloytoel Tov Tivaxa mazxcg, dniadh tov mivaxa e eilag tou cotree, 16te Yvwpilouue
to péyeboc tng uéytotne dowéptone. O mivaxes umopody vo UTOAOYLETOOY elxola, ZeXtvOVTOC UE TOUG
nivaxes Tov @OMNwY, €Tal Haote 6tav BElovue va utohoyioovue Tov Tlvaxa evog ECKTERXOL XOUBou o
Tlvaxeg TV TodLdY Tou va £youv 131 UToAOYLOTEL.

Ou nivaxee mov ovoyetilovtar ue toug xéuBouc mou elvar oMo elvan Tne wopphic mazcy(0) = 0,
maxcg(l) = 0.

To axdéioubo Afuua Selyver mwg unopel va unoloyiotel €vag nivaxag marcg,ug, 1 €vog mivaxag
MATCG, x G, AP0V TEATA €YOUV UTOAOYLOTEL OL TVOXEC MaTca, XUl MATCE, .

Appa 6.1. Eorww G1 = Vi, Er) xaw Go = (Va, Ea) 80 yoaphuata, ue Vi xaw Vo 800 un ouvextixd

oUvoda. Tote:
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(L) maxcGlUGQ(i) - mam{maxcgl (j) +mamCGz(i 7.7)|0 SJ < Za] < |Vv1|7Z 7‘7‘ < |‘/2‘}

(#1) maxca,xa, (i) = mazx{mazcg, (j) + maxca, (i —j) +j-(|[Va| = (i = 7)) + ((Va] =4) - (i = §)[0 < j <
i,j < |Vil,i—j < |Val}.

AT T Topamdve TEorUTTEL dTL Ol TUVAXEC MaTcq, uq., KL Maxca TOPOUY VA UTOAOYLOTOUY OF
1 2 1 X G2
xeévo O(|V1] - [V2]). "Etot, npoxtntel to axbéhoufo Bedpnua:

Oedpnua 6.4. Yrdpyer évac O(n?) adydpibuoc yia to SIMPLE MAXCUT ota SvurnAnewuatixd Hapa-
youeva (Cographs) Feagriuata.
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KE®AAAIO 7

MONOITATI HAMILTON KAI EINIKAAYWYH
ME MONOIIATIA

7.1 ¥téyoc
7.2 Movordt. Hamilton
7.3 Emuxdivgn ue Movondtia

7.4 Ilohvwvuuxol AhyopBuol yio 1o Movordtt Hamilton xou to IpdBinua tng Enuxdiuvdne ue Movo-

mdna oe Buumhnpouatxd Hapaydueva, oe Awepr Metabetixd xau oe pagriuata Ataotnudtony

7.1 3Xtdyog

Ye autd to xe@dhato o ueeTHoOUUE TNV ToAUTAOXSTTTA TOL TpofATiuatog edpeone wovoratiol Hamilton,
%S xoL TOU TEOPBATUATOS TNE JOMEPLOTC UOVOTUTLAY YL TIC XAJOELS TWY TEAELWY YEAUPNUAT®DY TOU
evdlopEpovTOC Uag.  Buyxexpluéva, udc evdlagépel va Bpolue To éplo 0To omolo To TpoBAfuaTa AuTd

METATEEMOVTAL ATd TOAUGVUULXE ETAUGLUA GE UY) TOAUVGVUULXE ETAUCLUAL.

7.2 Movordt. Hamilton

"Eva uovordt (f xUxhoc) Hamilton elvon évar anhd povondtt nou neptéyet 6Aous touc xbufous Tou ypuph-
patog. To mpdBinua andpaorng edv éva ypdenua neptéyel xOxio Hamilton elvar NP-mAfpeg, evé 1) edpeon
evée x0xhou 1 uovorotiol Hamilton So0évtoc evée ypagpruatog elvar NP-hard yia yevixd ypogphipata [39].
Tty yevxr xhdomn Ty TéAelwy Yoapnudtey elva Yvwotd 6t entong napauével NP-mifpeg [4]. "Eyet
entong anoderyfel § NP-thnpdtnra tou npofifuatos yio ta dwept, (bipartite) ypoghuata [4], yeyovécs mov
unodnhédver dueca Ty NP-tAnpdtnta tou tpoBhiuatoc yia v xAdon twy uetafBotixdy (comparability)
yoapnudtey, xalde to dweph (bipartite) ypaghuata elval unoxidorn twv uetaBautinédy (comparability)

yoagpnudtey. H NP-minpétnta tou mpofifuatos yia to duept (bipartite) ypagruoata, Slveton enlong oto
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BiBrio tou M. C. Golumbic [40] xaBde xon oty epyaoia [45]. Emniéov, oo Colbourn xar Stewart [22], ané-
detZav v NP-mAnpdtnta tou mpofiiuatos yio Tic ¥Adoels Twv Stoywelowny (split) xow tTov tptywvxdy
(chordal) ypagnudtov. ‘Apa, n NP-mhnpdtnta tou mpoBAiuatos yio T Y ¥Adon TV TEAELWY Ypo-
pnudTwy, e€dyeton dueoa and ta tponyolueva anoteréopata. O Miiller [51], enéxtelve ta anoteAéopota
e NP-mnpédtnrac tou mpofAiuatos yia Tic xAEoete Twy tprywvindy Suuepdy (chordal bipartite) ot twv
Loy LAY TEtYwVxGV (strongly chordal) ypagnudtwy. H xhdon tov tptyovixdy Suuepdy (chordal bipartite)
Yoapnudtoy teptéyel 6ha exelva T ypaghuota mou elvon Stuepr (bipartite) xot dev neptéyouy enayduevo
Ci, k> 4. Anhady, éva tptyovind duuepéc (chordal bipartite) yedonua Sev elvar anopaltnra Tplywvixd
(chordal) (m.x. to Ci). H xhdon twv woyupdy tprywvxdy (strongly chordal) ypagnudtov peletifnxe
oty epyaocto [33] xan elvon pLor eldixd| tepintwon twv Tpryovixdy (chordal) ypagprudtwy. Xopaxtnellovto
and ToAAES LoOBUVOUES BLOTNTES WS TIPS TNV UopET Y0eddY 08 XUXAOUS, WS TPOS UMAYOPEVUEVOL UTOY RO
phuata, oyfuota analotghc x.o. Tevind, elvon ta tplywvind (chordal) yeaghuata, ota onola xdle xixhog
aptiou unpoug TouAdytotov 6 €xel uta TERLTTY }0pdY|, dnhad Wwa yoedY| Tou evdvel xéuBoug ol onolot
ywptlovtow and évo meptttéd TARHOC axUdY GTO YRAONUA.

Ané v &N peptd, to TpdBAnua edpeonc xOxiou Hamilton unopet vo Aubel oe moAvwvuuixed yedvo
oe xdmotec dAhec wAdoels Téhetwy ypapnudtwy. Do mopddetyua, o Corneil et al. [24], dpioav xau ue-
Mtnooy To oLUTANELUATXE Topayéueve (cographs) ypoaghuata xou anédetlav 6Tt 1o npdBinua edpeong
xOxhouv Hamilton avixer oty xhdon P. Autéd onuatvel 611 yiot omoladHrote XA TIAATAY UTOXALOT) TwWY
oLUTANPWUATIXG Topaybuevey (cographs) ypau@nudtwy, To TEEBANU TopapéVEL TOAGVUULXE RGO
(P). To mpdfinua autd Stoywpeilet Tic ¥AJOELC TV GUUTANPOUATIXG Tapaybuevey (cographs) ypagnud-
Ty ané ta petaBatixd (comparability) yeagruata. Enilong, to npdPinua elvat toluwmvuvixd emthloLuo xou
YLl THY xAdoT TV Ypapnudtey daotnudtey (interval graphs)[18]. Ta ypaghuate Staotnudtwy (interval)
elvan utoxAdon TV TeLyevxdy (chordal) ypapnudtwy, xafde ta ypaphuata dtactnudtwy (interval) etvou
oaxplBide exelva ta Tptymvixd (chordal) ypaghiuate, 1oV onolwy o ouumAfpwua elvar uetafotind (compara-
bility) ypdenua. Apa, to ypaghuate dtotnudtwey (interval) dtuywptloviar 6tny ToAumhoxdtntd tous and
T0 TPéBANUa ebpeong xGxhou Hamilton, Snhads ol 8Uo autéc xhdoelc anoteroly 6plo GTHY TOAUTAOXOTHTA
Tou TpoPAfiuatog autol. Emlong, to npdBAinua elvar tolunvuuud emtiboydo 6tav teplopiletol otny xAdon
TWY YPAPNUETLY Tou elvar Tautdypove vetabetind (permutation) xou diuepy| (bipartite), xafde xon ota
block ypaghAuata [56]. T tnv xhdomn Ty yetabetixdy (permutation) ypoupnudtey to TedBAhnua emAdeTon
TOALWYUULXS, [26].

To Eyfua 7.1 avanoptotd to napandve anotehéopota. To Slaxexouuévo TeTpdywvo avTLoToLYEl OTLS
¥\doeig exelveg 6mou to povondtt Hamilton avixel oty xAdon P, evd 1 éhhewdn avtiotouyel otig xhdoelg

6mou to mEéPAnue topouéver NP-thvipee.

7.3 Enwxdivdn ue Movordtia

Mo emxdhudn ue wovordtia og éva Ypdonua elval gia GUAOYY EEVERY (G TPOS TLE XORUPES UOVOTUTLOV 1)
omnola xahbnter Ghoug Toug xGufous, dnhady Yo xdfe xopuEr Tou YpaPTiuaTog UTdpyEL Lovadixd YovordTt
mou mepLéyel tov x0ufo autéd. To npdfinua tne emxdiudne ue uovondtio (path-cover problem) elvat va
Beebel wa dtapépron povonatidy oto yedgnua G ue eldytoto mhhfog wovoratdv p(G). X yeviur| tou
neplntwon, v yewnd ypoghuata, eivar NP-mheec [39]. Enlong, 1o ypdgnua G éye x0xho Hamilton
gdv xar ubvo edv p(G) = 1. Agob, 1o mpdlinua edpeone xOxiou (¥ povoratiod) Hamilton eivon NP-
TAfpes [39], xon to mpéBinua emndAudng pe wovordtia ebvat yYevixevon tou mpoBiiuotoc edpeorc xUXAoU
(i wovonatiod) Hamilton, av og xdnola xhdon yeapnudtoy to npdfinua ebpeane xixhou (¥ uovonatiol)

Hamilton etvow NP-mhripeg, autéd autduata ovvendyeton NP-minpdtnta tou mpofAfuatog tng emxdiudng
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Comparability

NP-complete
P
Permutation ! Interval 3

Bipartite

Y

Convex Bipartite

Yyhua 7.1: H Tlorumhoxdtnta tou HpoBifuatoc Edgeone Movonatiot Hamilton yio YXuvdedeuéva Ioagpi-
pota mou avixouy o Khdoeig Téhewwv 'pogprudtov.

pE uwovomdtia, yio Ty avtiotolyn ¥Adorn. M yevixeuon tou tpofifiuotog emxdiudne ue povondtia elvat
To k-path cover npéBAnua, oto onolo xdfe wovondtt €yel uixog o ToAU k, yia xdnolov fetind axéporo k.

o 6heg Tic ®AdoELS TEAELWY YRAPNUATWY TNG TEONYOUUEVNS Tapaypdpou, Tou To TedBAnua elpeoTng
povoratiob Hamilton elvoar NP-miripec, npoxdntel 6t 1o dlo Oa toylel yio 10 TpdBinua emxdivdng ue
povondtia, agpod 1 vrapn povonatiol Hamilton ot onolodfnote ypdgnua cuvendyeton tny Unapdrn plog emt-
xGALNE Hovortatdv (path cover) pe p(G) > 1. Anhadi, 1o TpdBAnua emxEAVING UE LOVOTATLO TUPAUUEVEL
NP-mipee v tic xhdoes tov daywplotwey (split), tprywvixdy (chordal), uetaBatxdv (comparabil-
ity), tetyovixdy duepdv (chordal bipartite), toyupdv terywvixdv (strongly chordal) xat twv dtuepdv
(bipartite) ypagpnudtov. To npdfinua emxdiudng ue povondtia elvar ToALVLULXE ETAVGLUO Lo dévTpa
(trees) [44, 54] xou yio ypaghuata Sotnudtey (interval) [5, 12]. "Eyet arnodeiyfel 61t to mpdBinuo ei-
vl TOAUGVUUIXG eTthbowuo Yo TNy xAdor twv circular-arc ypogpnudtov [12], xatdhinkn unepxAdon twy
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Yoapnudtey Swotnudtey (interval). Xto &pfpo [b], to medBinua emiletar o ypévo O(n + m). Xto
Gpbpo [42] divetar moAvwyvwixde akydptBuog Yo Ty emihuoT Tou TEOBAUATOS OTNY XAEOT TWY YpaPNUd-
Ty dotnudtev (interval), rolumhoxétntae O(nlogn). Entone, ypopuxde alydplbuoc yia o mpdBinua
TG EMXGAVPNC UE HovordTia, xaBdg xal yia TARHog dAAWY TPOBANUAT®Y, Yia Yeu@Alata SAoTNUATWY
(interval) mapovoidotnxe and tov Chang et al. [18]. Autd elvon xal to dpLo mou draopornoteitat 1 TONU-
TAOXSTNTA TOU TPOBAAUATOS WS TPos TLe Xhdoels Tov Tptywwxdy (chordal) ypagnudtwy, xabde xon twv
Yoapnudtoy Stactnudtwy (interval). Exlong, to npbfinua elvor molvwvuuixd emtAbotuo xat yia Ty xhdor
TWY CUUTANEOUTIXG TapayoueVLY (cographs) yeagnudtwy [16], agob oto mpdto dpbpo anodetvieton bt
undpyet povondt Hamilton ota cupmhnpouatind tapaydueva (cographs) ypaghuata, tpdyus to onolo
ouvendyetar 6t UTpyeL emxdiugn we wovondtia we p(G) > 1. Télog, 1o mpdBAnua elvar TOANUGVUULXE
emAVoL0 Gtay TepLopllETan 0NV XAAOT TWY YPUPNUATHY Tou elval Tautdypova uetafetind (permutation)
xon Stuept| (bipartite), xafdec xow ota block ypagpruata [56]. "Onwe ocupBaiver xow pe 0 mpdBinua edpeoc

povonatiot Hamilton, to npdfBinua tne emxdiudng pe povondtia emideton moluwvuuLxd [26].

To mpdfhinua e emxdhudne pe wovomdta, dtav neptopllovpe 10 xdlbe povondtt va €yel urixog To
ToAG k, éyel ueketniel extevde yio xhdoelg Aty Ypoprudtwy. To npéBinua autd unopel va yovieho-
ToLAoEL TOAAS. TEOBAALATA ToU avAXOLY XLUElwg 6TO TEdlo TOV IXTVLVY XAl TV emxotvovLdY. Tlpogavde,
apol amoterel yevixevan evic 10 NP-thipous mpofAfuatos, to k-path cover mpdBinua Bo elvar xat ow-
6 NP-mhfpec yior yevixd ypagphuata [39]. Ot Yan et al. [60] divouv noivwvuuixd aiyéplfuo eniivorg
Tou TPofBAruaTog Yio dévtpa (trees), dnhadh tnv ebpeon Tou eAdytoTou aptluol LovortaTidy yia To k-path
partition TedBAnua. Eyetixd e ta ouUTAnpwuaTixd Tapaydueva (cographs) ypaghuata, o Steiner [57]
onodetvlel 6Tt To TEOBANUa oTn ouyXexpuévn xAdon elvar NP-thfpec edv to k Gewpnbel uéoos e et-
o6ou. Edv, dung, 1o k opiabel €€ apytfic, 161 10 mpdfBAnua Abveton toAuwvud. Alveton enlong évag
yoaupxds alydplluoc Bértiotne enlhuong tou mpoBARuaToC Yot TNV xAdom twv xatweixdy (threshold)
yeapnudteny xou arodewxvieton 6Tt To TpdBATua elvoan NP-tAfjpeg yio Ty xAdomn Twv Tplywvixdy dude-
p&v (chordal bipartite) veognudtwy, edv to k Bewpnbel uépoc tng eLoédou xabde xar yio Tor ueTOfoTixnd
(comparability) ypaghuate, axdua xar oty nepintwon énov to k elvon 3 [57]. Enlong, nopoucidleton
évag ahybpLiuog mou emthlel To TEGBANUA GE TOAUWYUULXS YEOVO YLOL TNV XAAOT) TV SWUEPGY UETAHETXGY
(bipartite permutation) ypagnudtwy. Xtnv epyacta [7], ol ouyypagelc anodexviouy tny NP-minpdtnta
TOU TPOBAAUATOC YLot TNV XAdoT Twy quasi-threshold ypagnudtwy, e cuvéneta TRy autéuatn anddetln Tou
AMOTEMEOUOTOS VLol TG LTEpXAdoELS Twv quasi-threshold ypagnudtwy, Snhadh twv tprywvixdy (chordal)

AL TRV YPUPNUETWY StooTnudtey (interval).

To Lyfua 7.2 avanaptotd to napamdve anotehéouata. To Staxexouuévo tetpdywve avtiotolyel 6Tig
¥\doewg exelveg 6mou To exdotote TEGBANUA avixer oty xhdon P, evéd n Ehhewdn aviiotouyel otig xhdoeg
6mou 1o TpéPAnua tapauéver NP-thpec.

Yy enduevn nopdypapo axohoubel 1 Teptypapn alyopiBuwy tou arodewxviouy 6t To TEdBANUA TNg
ETUXAAVYPNG UE LOVOTATLOL ELVAL TOAUOYUUIXE ETLAUGLUO YL TLC XAJOELS YPU@TUAET®Y Tou avapéphnay o
mvw. ‘Otav oL aiydplfuot autol tapdyouv éva wbvo yovorndrt, téte undpyel xou wovordtt Hamilton oto
EXJOTOTE YRAPNUO TOU UEAETAUE, Xou LoyVeL o (dlog okydplBuog ot yio T0 TEGBANUe TOU LOVOTUTLoU

Hamilton. Awogopetind, dev undpyet povordt Hamilton oto ypdgnua mou yeretdue.

44
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NP-complete
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Yyfuo 7.2 H Hohumhoxdtnta tou HpoBiAuatoc Emxdivdne ue Movordtia yio Xuvdedeuévo [oaphuata
nou avixouv oe Kidoeig Téhewwv [pogpnudtoy.

7.4 Tlohuwvupyixol AlydplBuor yia to Movondt. Hamilton xoau to ITpbBAnua
s Emucdiudng pue Movorndrtia o Yvuninpwupatixd IHapaydueva, oe Aluep
Metabetind xal oe I'pagpripota AlaoTnUdTtomy

Apyued, o amoderyfel 6tL 1o MEAPANUO emxdA e UE LHovoTdTiar Elvat TOAUGYLULXE ETLAGGLUO YLl THY
whdon Tov dwepdy uetabetixdy (bipartite permutation) ypagnudtwy.

'Eotw G = (5,T, E) éva dwuepéc petabetind (bipartite permutation) ypdgnua, émou S, T 1o emtuépoug
obvoha tou ypagpruatog G. Mia toyuer Sidtadn (strong ordering) twv x6ufwv evée Siuepolc (bipartite)
voophuatog G = (S, T, E) anoteheitat and ura Sidtagn tou cuvéhou S xat and uia duétagn tou cuvéiou
T, térowa Gote yioo 6ha ta Levyn (s,1), (s, t') € E ue s < s’ xow t > t' va woyler (s,t), (s',t) € E.

Abupa 7.1, (Spinrad et al.[55]) Forw G = (S, T, E) éva Swuepéc (bipartite) yodonua. Tore o rapaxdtw
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Tpotdoeis elval toodivauec:
(1) To ypdynua G eivar éva Suuepéc uetabetixnd (bipartite permutation) yodenua.
(2) Yndpyet uia toyvprf dudtaln twv xdufwy tov yeapijuatoc G.

Opioués 7.1. 'Eotw G éva dyuepée petabetind (bipartite permutation) ypdenua. Ml emxdivdn povo-
nondy (path cover) (P, Pa, ..., Py) tou ypaghuatoc G ovoudletar ouveyduevn (contiguous) gdv txavo-

notobvtan oL emdueves S0 cuvlrxec:

(1) Edv s elvar o povadindc xéufoc oto povordtt Py xat edv s < s < s”, téte ou x6ufor s’ xan s”

avAxouv GE JLIPORETLXI UOVOTATLAL.

(2) Edv st elvon ula axut| oto povondtt P; xat s't’ elvon ula axuh oto povondtt P, 6mou i # j xou s < ¢,

t6te oyleL t < t'.

Aupa 7.2. Eotw G éva diuepéc uetalerixd (bipartite permutation) yodgnua. Tote, urndpyet uia ouve-
XOuevy emxdAvgn uovoratidy (path cover) yia to yodynua G, n onola elvar fértiory.

Anédedy: Ou uetatpédoupe pia aubalpetn Bértiotn emndiudn uovoratédy (path cover) P oe ula cuvey -
pevn Béhtiotn emndiudn povoratdy (path cover), ypnotdonotdviag Tic 800 cuVBRxES ToU TPONYOVUEVOL
oplouol Eeywplotd:

(1) 'Eotw s, s, 5" ou xéufot mov dev weavonowody tn ouvbixn 1. Xwpic tov neploptoud tne yevxdtnrog,
ac vnobécouue 6Tt oL x6uPol s, s elvar o xovid otov x6uBo s and ta delLd xou and Ta ApLoTERE
ot 8udtaln oto olvoro S oe xdmoto povondtt Pj tne emuxdiudne povonatidy (path cover) P. 'Eoto
s' —t — 5" 1o unouovondtl tou P;j. Ané tov optopd 2, mpoxUntel 61 0 x6ufBog t YeLToVEVEL UE TOV
#6ufo s. Luvdéouye Tov ®6Ufo t ue Tov xOUPo S won apatpoUUE TN GUVSESY) avdUESH aToug XGUBoug
t xou s oty emxdAudn wovoratidv (path cover). Enavahaufdvovtog auth tn daduxaocio, tpoxintel

ula BéEATio emediudn uovornatidy (path cover) mou txavornotel ) ouviixn 1.

(2) 'Eotww st xou s't’, avtiotouya, ol axpés ota wovondtio P; ot Pj e emxdivdne uovonatdv (path
cover) P, mou dev wavonowly tn ouviiun 2. EZ’ opiouol, yvwpllovue 6Tt o axués st xat s't
avirouy ato oUvoro E. Agoipodue tic axpée st xaw 't and v emxdiudn povornatdy (path cover)
xa T avtabiotolue Ue Tig axuée st’ xa s't. Tpoxtntouy dbo véa povondtia, to P} xau P, ta
omola xaAUTTOLY ToUg BLoug x6UfBoug Tou XaAUTTOUY o To wovordtia Py xau Pj. EnavaiauBdvovtog
v Bl dtadixaota yior dhar tar Lelyr) TV axudY Tou dev Lxavorololy 1 ouvirxn 2, tpoxdntel pia

BéhTLoTn emudivgn wovoraTidy (path cover) mou xavorotel T ouvBixm 2.

Ocdpnua 7.1. To npdfAnua tne enixdAvgne ue povordtia elvar toAvwvuuLxd emtAVowo yia to yoagiuata
Saotnudtey (interval).

Anédelln: O napovotdoouue évay greedy ahybptiuo yia 1o BEATLOTO TESBANUA EXIAVPNC UE LovoTdTLa
oe éva olvoro and tadivounuéva Swaothuata (sorted intervals). Me tov dpo Taivounuéva dtaothuota,
£VVoOoUUE OTL Tal ddepa TV SLaoTnUdtwy Ue To omolo unopel va avarapaotadet éva interval yedgnua, unopoldy
va taglvounfoldy oe aulavéuevy) oelpd, talpvovtag Stoxpltéc Tuée uetall tou 1 xau Tou 2n, émou n To
TARBoc TV ®6uBwy Tou ypaphuatoc dtwotnudtwy (interval). Etn cuvéyeta Tou alyoplbuou, opiloupe v
I ={v1,v2,...,0,} 10 6UVOAO TV 11 THELVOUNUEVGLY SLAGTNUATOVY EVOC Ypaphuatos Slotnudtwy (interval)

o vt = 1,2,...,n, opllovue a; xau b; Tic ouvietayuéveg and ta aplotepd xow deELd, avtlotouya, TV
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Sxpnv evée dacthdatog v;. o omotadrinote dUo BlaoTAUTA Vs Mot Vj, EAV LoyUeL i < j TOTE GUVENAYETOL
ot by < b;.

O akybptBuog apyixd Eextvder ye évo amhd wovorndtt P, to onoto Lextvde and tov x6ufBo v xon xotalfyet
otov x6uBo v. X ouvéyela, otnplléuevoc otny drinotn apyh (greedy principle), erextelver 1o povondtt
P. 'Eotww 6t 10 yovondu P elvar to axdérovbo: P =1 — 29 — -+ — T, 610w s = 1. X111 ouvéyela,
ETAEYETAL O UIXPOTEPOC YEITOVAUG TOU %OuBou T, o dev Exel xahughel, xaL to pwovondtt P enextelveta
yia va o xohbder. Edv dev undpyel tétotog yeltovag, téte To yovondtl P otopatdet xat, edv etvor epuxtd,
£vor XotvoUplo HOVOTATL EEXLVAEL Yol TO UTOAOLTIO YEdgnuo ord exelvov Tov x6ufo tou dev €xet xohuphel
xo €yel Tov Uxpotepo apliud otn ddtaln. 'Eotw S éva oUvolo pe apfuotc xaw min S o uxpdiepoc

aptbude Tou ouvérou S. Axohoulel teptypapy| Tou ahyopibuou:

AdyépBuos GOPC. Eipeor piag Béhtiotne emuxdhvdrs we wovondtia (path cover) evég G(I)

and €va oUvoro I TaEtvounuévey dtaotnudTtony.
Eioodog: 'Eva olvoro ue talvounuéva Swaothuata I = {v1,vs,..., 00}
"E€080g: Mlia Béhtiotn emundivdr ue povondta (path cover) touv G(I).
1. U—ILIr—1;
2. P —v;;U U —{u1};

3. while U # & do

4. Let x5 be the path-end of P,;

5. S —A{v; : (xs,v;) € E,v; € V};

6. if S # @ then

7. k —min{j:v; € S}; P, — P — vy
else

8. k—min{j:v; e Ulir —r+1, P «— vg;

9. U—U-—{v};

end while

10. Output Py, Ps,..., Py

O napandve alydpibuos vnohoyiler ula Bértiotn emxdhudn pe wovondtia (path cover) oe éva cUvoro
Talvounuévey dwotnudtey ot yeévo O(nlogn). Axoloubel napddetyua mou unoroyilet ue Bdon tov

aryépeibuo GOPC ula BéAtotn dtapéplorn Lovoratiédy yia to dobév interval ypdonua.

'Eotw, 611 10 ypdgnua mou uag dlvouv yia va unochoyloovue ula Béhtiotn emxdiudy ue yovondtio
(path cover) elvar auté Tou palvetal oto Lyfua 7.3. Zexwvdue ye to I, didotnua, yiatl éxel To uxpdtepo
de€Ld dxpo. O x6uBog a éyet yeltoveg Toug xduPBoug b xan ¢ xat 1 enéxtocy, Tou Yovonatiol P ylveta
npog Tov x6uPo b, yotl to avtiototyo didotnua I, éxel uxpdtepo delid dxpo and to ddotnuo I;. X
oUVEYELR, TO Jovordtt P; emextelvetal npog Tov x6ufo i, ylatl elvar o wovadixéde yeltovog tou x6uBou b

mouL dev €yel xahuglel. O x6uPog i yertovelel ue toug xoufouc ¢, d, e, f, g, h mou dev éyouy xahuglel, xa

47



16

I(l IC Ie I(]
1 4 6 810 1214 17
2 5 7 911 1315 18
Iy I Iy 1,

Yyhua 7.3: 'Eva Tpdgnuo Awotnudtey (Interval) xou ta Avtiotouyo Talivounuéva Awothuato.

emAEYETAL Yol ETOUEVOS XOUPB0g 6To Hovordtt o xoufoc ¢, yath €yet To wxpdTepo delid dxpo and Toug
evanopdelvavTteg axdAuntoug xéufBouc. Téhog, emAéyetal xon o xoufog d. Metd tny emthoyr Tou x6ufou d,
avaxaiuntoue 6Tt o x6ufoc d dev Eyel dAAOUC axdAuntoug Yeltoves, agold oL YELTOVES TOU ¢ oL 1, €0V
1071 npootedel oto povondt Pi. Enouéveg, Eexwvdet éva Sebtepo yovondtt, 1o P, ue npdty enioxedr otoy
6o e ot petd otov xéufo f. 'Onwe xon mponyouvuéves, To yovordtt P tepuatiler xot Zexwvdet éva
Tplto wovomdtt Tou meptéyel Toug xéuBous g xan h. Apo, n emxdAudn ue LovordTia TOU TEOXUTTEL YLo TO

ouyxexpluévo interval ypdonua etvar n e€hic: Py = {a,b,i,¢,d}, P» = {e, f} xou Ps = {g, h}.
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KE®AAAIO &

KYPIAPXO X YNOAO

8.1 Xtdyoc
8.2 Kuplapyo Xovoro

8.3 TToivwvuuxés Ahyéplluog yia to Kuplapyo Liovoro ota Fpaghuata Aotnudteyv (Interval)

8.1 Xtdyog

Ye autd 10 xe@dAoo O UEAETHOOUME TNV TOAUTAOXOTHTA TOU TpolAYjuatoc ebpeomng Tou Kuplapyou Xuvé-
AOU YLt TS HAGOELS TOV TEAELWY YRUPNUATWY TOU UEAETAUE. DUYXeEXPLUEVH, UdC evdtagépet va Bpolue To

6plo 6To omolo To TESBANUA AUTS UETATEENETOL oNd TOAVWVUULIXA ETADOLUO GE U} TOAUWVUUIXE ETLAOGLUO.

8.2 Kuplapyo Xivoho

'Eotw ypdonuo G = (V, E) xau évac Betixde aptbude k < |V]. Téte éva unoobvoro x6ufey S C V,
pe |S| < k, ovoudletor xuplapyo edy xdfe xéufoc oto obvoko V — S yvettovelel ye ToulgyLtoTov €vay
w6ufo and 1o olvoho S. "'Eva xuplapyo olvoho Myetar aveldptnto, edv dev undpyouv dbo xéufol oto
obvoro S tétolol Hote va yertovebouy petadt toug. To npéfBinua tou Kuplapyou Xuvéiou anodetxvietal
ot elvar NP-mipec [39]. TTapauéver NP-mifpec ota torywvixd (chordal) ypaghpata [14], xabde xo ota
petofoatind (comparability) yoaghuoata [27]. "Eyet, enlone, anodeiyfel 1 NP-thnpdtnta tou npofifuatos
xan yior tor Suueph (bipartite) ypaghuata [27]. Emniéov, o mpdBinua tou Kuptapyou Tuvéhou tapauével
NP-mifipec xon yioo T Staywplotua (split) yeaghuata [17].

‘Opwg, extée and anoteréopata NP-tinpdtntag €youv Bpebel xar aiydplfuot tohvwvuuxold ypbvou
Yo dLAPOPES HAGOELS TENELWY YRAPTUATWY, TOTODETOVTAG TO oUYXEXPLUEVO TPOBANUa oty xAdor P 6-
Tay meploptleTal oTlg oLYXEXELUEVES XAAOELS TERELWY Yoapnudtwy. Do mapdderyua, to mpdBinuo yiveta
TOAUGVUULXE ETADOLUO YLOL TOL CUUTANPOUATIXG Taparydueva (cographs) Ypo@AuaTa, To Ypagpuota SLoTr-
pdtov (interval), ta uetabetind (permutation) ypaghuota xafde xat yio to Loyupd Tptywvixd (strongly
chordal) ypagrhuata [35, 13, 33]. Téloc, otnv epyaota [18], napouoidletal Evac Aovyoptduixds xat €vog

Yoaupxds ahydptiuog mou emhbel BéTioTa To TEABANU Yo Ta Ypophuata dlaotnudtwy (interval).
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Syhua 8.1: H ITorvmioxdtnta tou HpoBifuatog tou Kuplapyou Xuvdhou yio Yuvdedeuéva Ioagriato mou
avirouv oe Khdoewg Térewwy Tpagpnudtov.

To Yyfua 8.1 avanaptotd Ta napamdvew anotehéouata. To Staxexouuévo tetpdywvo aviiotolyel oTig
¥w\doeig exelveg 6mou To TEOBANUa avixel oty xAdom P, evd 1 édewdn avtiotolyel 6T xhdoeLg 6Tou To
npéBAnua tapauéver NP-mAfpes.

Yy enbuevn nopdypapo axohoulel 1) neptypapt| alyoplluwy tou anodetxviouy 6Tl To TEéBANUa Tou

%LplolEYOU GUVOROL elval TOAUWYUULXE ETMAGOLUO YLot THY XAEOT) TV Ypapnudtwy dotnudtey (interval).
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8.3 ITohuwvuuixds Alyodpbuog yia to Kuplapyo Xdvoro ota T'pagruata Avo-
otnudteyv (Interval)

Ye autéy tov alydplfuo ypnowronololue dtaothiuata and to oUvoro I, ta onola elvon aplBunuéva oamd
to 1 uéypt 10 N xotd atovoa TEEN, avdAoya UE Ta APLOTEPE TOUG dxpa, 6mou 1 To TAHog TV XOUPwY
oe éva dobév ypdonua Swotnudtev (interval). To dxpa twy dwotnudtey maipvouy Twés and 1 éug
2n. Opllovue wg I = {v1,v2,...,0,} T0 oOvOrO TV N TOELVOUNUEVLDY SLOOTNUETWY EVES YEaPAUATOS
dtaotnudtey (interval) xat yio @ = 1,2,...,n, opllovue a; xou b; T ouvtetayuéveg and ta dptoTepd xal
de€id, avtlotolya, Twv dxpwy evig Swauothatog v;. o onoladfirote ddo Staotiuata v; xat v, Edv Loy Vel
i < j t61€ ouvvendyeton 6Tl b; < by EmmAéov, yia onoladhrote SUo SlaoTAUATA v oL vj, €AV toylet §© < 7,

téte Ou Loy el xou a; < ay.

Ocdpnua 8.1. To Domatic Partition IlodBAnua elvar rodvwyuuixd entddoiuo yia ta yoagiuata diaoty-

udtwy (interval).

An6deldn: O aryoplfuog Swatnpet 8 + 1 Zéva olvora daotnudtwy, 6mou & elvon o eAdyLotog Bubudg
tou G(I) xou vroroyileton o ypbvo O(m + n). "Eye anodetyfel étL woyldel d(G) < 8 + 1, 6nou d(G)
elvar 0 uéytotog aptBude and un ouvvextixd dominating obvola yio onotodfinote ypdonuo G [18]. Apyxd,
Ta oUvoha autd elvon xevd. Téte, apyilovue vo emoxentéduaoTe Eva-Eva To DLAOTAUATA, COUPOVL UE THY
abEouo OELPd TTOL Ta £YOUVUE SLUTAEEL, Yia VoL ATOQAUCtooUUE o€ TTolo GUvVolo Tpénel va toroletnlel 1o xdbe
dtdotnua. Xto téhog Tou alyoplBuou, xdbe Sidotrua torobeteital oe €va chvoho xan xdbe oUvolo elvar
éva dominating olvoho. Opilouue Ti¢ e€hc uetafintés: DP = {P; : P; elval évo utooUvoho Tou GUYGAOL
I,1<i<3+1} elvoar pa owoyéveta and 8 + 1 Eéva olvoha Swaotnudtwy. Kdbe alvoro P; cuoyetileton
pe ulo uetaBAnth pry, 1 1 onola glvan to péyloto deld dxpo b evéc v 610 obvoro P, v 1 <3 <8 +
1. H yetalBint pr; elvon to uéyloto de€ld dxpo tou ouvohou P Apywxd, 6ha to obvola P; elvan xevd.
Ta dtaotipata totobetovvton éva-éva oe xdnoto olvolo tov DP. PQ elval pia 0vpd TpoTepatoTAToY, 1)
onola Stotnpel to Péytoto de€id dxpo and dha ta abvoha tou DP. H oupd PQ unootrnpilet tig Aettoupyleg
elpeong Tou eAdytotou oTolyelou, eloaywYnic otolyelou xot dtaypagric otoyelou and Ty ovpd PQ. Yty
mpary ot dThTa, autés o akybplluoc elval dninotoc (greedy). 'Otay emtoxéntetal éva didotnua, tonoletel
T0 Sldotnua ot éva olvoro Tou cuvérou DP. Ylugwva pe évav greedy xoavéova, emAEYel T0 6Gvolo Tou
onolou 10 TEéYwy UéYLaTo BeiLd dxpo elvar To UxpdTepo avduecsa ota olvoha Tou cuvdrov DP. AxohouBet

nepLypapny Tou alyoplBuou:

AlyépBuog GDP: Edgeor wiag domatic partition evég G(I) d06évtog evég cuvérou I tadivo-

WNUEVOY BLAGTNUATOV.
Eicodog: 'Eva obvolo ue tadivounuéva daothuata I = {vi,va,...,0n}.
"E€o0dog: ‘Eva domatic partition DP tov G(I) ueyéfouc 8 + 1.

1. Find the minimum degree d of G(I);

2. fori=1tod + 1do

3. P, — &;

4. pri — i—(d + 1);

Insert pr; into PQ;

ot

end for
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6. for:=1ton do

7. Find the minimum pry from PQ;
8. P, — P, U {Ui};

9. if b; > pri then do
10. Delete pry from PQ);

11. pri < by

12. Insert pry into PQ;

end if
end for;

13. Output DP.

H woydc tou ahyopifuov autod éyet anodelyfel [50, 53]. H nohumhoxdtnra tou ahyopifuou eZaptdton
and Tic Aettoupyles e elpeone tou ehayioTou atolyelou g oupdc PQ, xafde xal tng etoaywyis xat
darypaprc evég ototyelou and v ovpd PQ. Emniéov, edv & > log log n, unopolue vo ypnoluonolticouue
pta two-level oupd mpoteponoTtwY, Yia va vhornolficoue v PQ. Auth n dour| dedopévwy ypnousonotel
O(n) yopo xat yeetdletar O(log log n) yedvo, yia va ohoxhnpdoet x8be ula and T nopandvew Aettoupyles.
Q¢ ex toUtou, N TohuThoXSTNTY Xpdvou Yo Tov alydptbuo GDP eivon O(n log log n).
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KE®AAAIO 9

Y YMIIEPAYXMATA

9.1 Arnoteléoyuta

9.2 Avouyté IlpoBrfuata

9.1 Arnoteléopata

e autd 1o xepdralo Do TopOUCLAGOUUE XATOW. ATOTEAEGUATA TOU TROEXUPIY ATd TA TROTYOUUEVA XEQPY-
Aattat, XoTd T LEAETY) TV TEOBANUATOVY andpaong Yo Ti¢ SLdpopec XAAoELS TwY TéAELwY Ypugnudtwy. Tlo
oLUYXEXPLEVA, o ToPOLGLEGOUPE Yo XdbE Ulct XAEGT TWY TEAELOY YPUONUETOV oL TPOBAAUNTO andQUoTg
ropapévouy NP-mhien xon mota avhixouy otny xAdon P. Zexwvdvtag ue v xhdom tov yetofoatixdy (com-
parability) ypagpnudtov, eldaue 611 Gha tol TpoBhiuata andguong tou perethoaue napauévouy NP-miven.
To (Do Loylel xat Yo TRy xhdorn v tprywwxoy (chordal) yeapnudtwy. Eta uetabetind (permutation)
yeaghuata, Tapatnehoaue 6t o apuovixds aptbude, o aypwuatinds aplbude, To yéyioto olvolo xomrig
xoL 1) Stapépton povoratdy, topauévouy NP-tAfen. To Blo dev woylel yia 1o yovondtt Hamilton xat to
nuplapyo odvoro, Ta omola EMAVOVTUL GE TOAVLYLULXS YEOVO Yia auTh TNV XAdor Yeapnudtewy. Do tny
wAdon Ty duuepdy (bipartite) ypapnudtwy, mpoxUntel 6T T0 UEYLOTO GUVOAO XOTAC AVAXEL oTNY XAdom
P, evd dha ta dhha mpoBiiuata andpaonc ta onola perethooue, tapauévouy NP-thfion. Axdur, and tny
TEpLYpaPY) TV TpoBAnudtey andpuons npoéxue 6Tl ota daywplotwa (split) ypagiuata 6ha o Tpoifiua-
Ta andpaong napauévouy NP-thfien. Ilpoywpdvtac oty xAdon tov ypagnudtny dtaotnudtwey (interval),
TpATNEHoAUE GTL 0 ApUOVIXSS apliuds, o aypwUaTixés aplude xoL T0 UEYLOTO GUVOAO XOTNG TopoUE-
vouv NP-rhfipr, evé to povondtt Hamilton, n Stouépion povonatidyv xat to xuplapyo cdvoho emidovra
0E TOAWVUULXS YpbVO, aviXOLY EMOUEVKS 6Ty XAdon P. Emmhéov, yia To GUUTANEOUATIXG Topoy OUEVAL
veaghuata (cographs), o aypwuatixds aptbude mopauéver NP-mAfong, evéd dho ta dAha tpoBhiuate a-
n6poong Tov YereThooue avhixouy otny xidon P. Téhoc, ota xatwpind (threshold) yoaghuota éha ta
TEOBAMUTA ATdPACTIC TOL THPOUCLAGAUUE avixouy oty xAdon P, evé yio ta Syuepn uetabetind (bipartite
permutation) ypa@RuaTa, dprovixds xon 0 aypwuatinds aptbude tapouévouy NP-thipn xat ta utdloina
npofBhfuata andpoaong Tou eldare emAVOVTOL 08 TOALKYUUIXG Ypdvo. O mupaxdte nivoxos cuvoPilet ta

TUPATEVR ATOTEAECUATA.

93



Iivoxog 9.1: Anoteréouato Hoivmioxdtntas twv Hpofinudtwy Andguone nou Meletoaue otig Khdoeig
v Téewwv Ioagprudtoy

GRAPH CLASS HARMNUM | ACHRNUM | MAXCUT | HAM-PATHCOV | INDSET
Comparability NP NP NP NP NP
Chordal NP NP NP NP NP
Permutation NP NP NP P P
Bipartite NP NP P NP NP
Split NP NP NP NP NP
Interval NP NP NP P P
Cograph p NP P P P
Threshold P P P P P
Bipartite Permutation NP NP P P P

9.2 Avouytd IpofAjpata

Yndpyouv wdmola mpofiruata andpoaong yia omolo €xel yivel TOAD €peuva GYETIXE UE TO OV TOQOUEVOUY
NP-m\ien 1 av undpyet xdnolog aiyoplfuog ToOAWYLULXOU Ypovou Tou va Ta emAUeL. Autd to TpoBir-
pota elvor 6nwg Aéue avouytd xat tétota mpofBifuata elvar to 1-HP, 2-HP ota ypagruata Staotnudtwy
(interval graphs). Xav 1-HP opilouue to npdBinua ebpeonc uovornatiot Hamilton oe éva ypdonua, ue tov
TEPLOPLOUG VoL EEXLVEEL TO LOVOTIETL amd €vary ouYXeEXpLUéVo xoufo. av 2-HP opilouvue 1o npdfBinuo edpe-
o7 povonatiob Hamilton oe éva ypdonua, 6tav Eexwvder and évay ouyxexputévo x6ufBo Tou veaghuatog
O HATAAYEL OE XATOLOV GLYXEXEUEVD %6ufBo Tou. "Eva dhho avouytd medBinua etval 1o mpdBinua tou

aypuuatinol aptBuold oto Siywpeiowa (split) ypagphuota.
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BIOTPA®IKO

H Mapio A. Xpbvn yevviinxe to étog 1982 xat peydiwoe otny toAN Twv Ioavviveyv. To étog 2000 eariybn
oto Tufua IIAnpogoptxfc Twyv Betindy Emotnudy tou lavemotnuiov Inavvivwy. To étog 2004 arnogottnoe
and v v Adyw oyohn, evéd v 8o ypowd Eexivnoe tic onoudés e oto Metantuytaxd Ilpdypauua

Enouddv tou (8lou TuiuaToC.



