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Abstract

In this paper, we survey techniques related to morphing with applications to Computer
Aided Design. Moreover, we examine several challenges and explore directions for further
research in this �eld.

1. Background and tools

1.1. Mesh Parameterization
Given any two surfaces with similar topology it is possible to compute a one-to-one

mapping between them. If one of these surfaces is represented by a triangular mesh,
the problem of computing such a mapping is referred to as mesh parameterization. The
surface that the mesh is mapped to is typically refered to as the parameter domain.
The purpose of mesh parameterization is to obtain a piecewise linear map, associating
each triangle of the original mesh with a triangle of a domain. An important goal
of parameterization is to obtain bijective (invertible) maps, where each point on the
domain corresponds to exactly one point of the mesh. The geometric shape of the domain
triangles will typically be di�erent than the shape of the original triangles, resulting in
angle and area distortion. The distortion is an important factor of the parameterization
and applications typically try to minimize the distortion for the whole mesh. Maps
that minimize the angular distortion are called conformal and maps that minimize area
distortion are called authalic. Mesh parameterizations have numerous applications in
computer graphics such as in Morphing, Mesh Completion, Remeshing, Surface �tting
and Texture Mapping.

1.2. Non Linear Optimization
In mathematics, nonlinear optimization is the process of solving a system of equalities

and inequalities, collectively termed constraints, over a set of unknown real variables,
along with an objective function to be maximized or minimized, where some of the
constraints are nonlinear. More speci�cally in the context of this work we will deal with
continuous nonlinear problems of the following form:

min
x
f(x) (1)
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s.t. gL ≤ g(x) ≤ gU (2)

xL ≤ x ≤ xU (3)

where the x ∈ Rn are the optimization variables (possibly with lower and upper
bounds, xL ∈ (R ∪ −∞)n and xU ∈ (R ∪+∞)n). The function f : Rn → R is called
the objective function. A vector x satisfying all the constraints of 2 is called a feasible
solution to the problem. The collection of all such points forms the feasible region. The
Non Linear Problem (NLP) is to �nd a feasible point x∗ such that f(x) ≥ f(x∗) for each
feasible point x.

For solving optimization problems like the above there are two categories of algo-
rithms, global and local optimization methods. Local optimization means that the method
attempts to �nd a local minimum, and there is no guarantee that you will get the global
minimum for the problem, while global optimization methods try to �nd the global min-
imum of the objective function. In some cases the local minimum found is in fact the
global minimum (convex problems).

Local optimization algorithms generally depend on derivatives of the objective func-
tion and constraints (gradients and hessians) to aid in the search. For this reason it is
useful the function to be real-valued and twice continuously di�erentiable. There are
ways to tackle this strict requirement, but then there is no guarantee that the solver will
�nd a solution. Local optimization also depends on the initial values of the variables,
the better the initial values are the faster the solver will converge to a solution. Ex-
amples of local optimization methods are the Sequential Quadratic Programming (SQP)
method which is a generalization of Newtons's method for unconstrained optimization,
the augmented Lagrangian method and the Interior Point method.

Global optimization algorithms try to �nd the best set of parameters to minimize
the objective function. In general, there can be many solutions that are locally opti-
mal but not globally optimal. Consequently, global optimization problems are typically
quite di�cult to solve exactly and most methods incorporate probabilistic (random) ele-
ments in the algorithms (through random parameter values, etc). More modern methods
employ strategies aiming to search the search space in a more intelligent way (Genetic
algorithms). For global optimization there are several algorithms, some known types are
Simulated Annealing, Tabu Search, Genetic Algorithms and Branch and Bound Algo-
rithms.

1.3. Laplacian Smoothing
In many applications, like the �nite element method mesh quality a�ects numerical

stability as well solution accuracy. Therefore, the quality of the mesh triangles is an im-
portant factor. There are various existing mesh improvement methods that can roughly
be classi�ed into two categories, methods that use topological modi�cations performed
by inserting or removing nodes as well as local reconnection of nodes, and smoothing
methods based on relocating existing nodes.

Amongst the second category, the Laplacian smoothing method, has gained popu-
larity due to its simplicity and e�ciency. Laplacian smoothing is the most commonly
used and straightforward method for mesh smoothing. It simply moves each node to the
centroid of the polygon formed by its adjacent nodes. It is a local smoothing algorithm
because, in each step, the movement of a node is calculated by using the locations of its
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adjacent nodes only. However, Laplacian smoothing sometimes can lead to low quality
or invalid elements as well as deformation and shrinkage in the case of surface meshes.

In Laplacian smoothing, we can consider a mesh as a spring system. Each edge
connecting the central node with its neighboring node can be seen as a linear-spring.
Let vi be the vector from the central node v (x,y) to the i th neighboring node: vi =
(xi−x; yi−y). The sum of the spring forces acting on the central node is: F = K

∑k
i=1 vi

where K is the spring constant, and k is the number of neighboring nodes. When the
central node is located exactly at the geometric center of the polygon, the spring forces
are balanced out and the spring system is in equilibrium. Therefore Laplacian smoothing
can be considered as an iterative way to �nd this force-balancing state. Below we can
summarize the advantages and disadvantages of Laplacian smoothing:

Advantages:

• Computational e�ciency

• Easy implementation

Disadvantages:

• Does not always move the node to the optimal position to get the best element
quality

• Generation of inverted elements

• Tends to lose element size uniformity if iterated many times

• Tends to yield lower quality elements if iterated more than a few times

Therefore, modi�ed methods have been proposed to circumvent these problems [34].

2. Introduction

2.1. Product Design Challenges
In product design, 3D models are often created in the early stage of product devel-

opment, because such models are very e�ective for preliminary design evaluation by the
development team. The evaluation of design concepts in the early stage helps products
to meet requirements for manufacturing, cost, safety, quality, maintenance, and so on.
These geometric models are used as an intermediate object shared between the di�erent
groups involved in the design process. It is therefore crucial to use for the design, tools
that enable fast and intuitive de�nitions and modi�cations of the product geometry.

To this end in recent years, feature-based editing approaches have become popular
for the design of products in CAD systems. In Feature-based design the designer does
not manipulate directly the surface but the features themselves. Form features with
geometric meaning, such as holes, ribs, and slots can be manipulated and parameterized
by numerical parameters. Thus, the product de�nition can rapidly change according to
the modi�cations performed. In addition, form features from existing models can be used
to assemble new engineering parts. However, form features do not support all the needs
in terms of shape de�nition during the design process since analytic surfaces are unable
to represent free form shapes that are widely used in engineering designs.
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Another major challenge in product design is the optimization of design variables in
order to meet speci�c requirements. The optimization is usually performed by specialized
optimization software that usually takes as an input a Finite Element Method (FEM)
mesh model derived from the original CAD design [37]. Nevertheless, every required
mesh modi�cation even the slightest one produces a cycle in the design process since it
requires a return to the CAD system. This procedure is not only tedious, but sometimes
not even possible since the various stages of the design process may be handled by
di�erent groups or even by di�erent companies. Therefore, automated shape variation
procedures are important to avoid cycles in the product design. One way to achieve
slight mesh modi�cations is through morphing techniques. Consequently, morphing as
a tool for small modi�cations in the optimization process has started to �nd its way in
simple forms in commercial software [7].

It is therefore essential to establish a new editing paradigm for the design of models
beyond traditional CAD editing of mechanical parts that will provide robust and e�cient
3D mesh deformation and feature pasting that respects design constraints. To this end,
our goal is to devise a technique based on morphing that can be used to deform certain
parts of a free-form model with respect to design constraints imposed by the product
speci�cations.

Mesh morphing can enable the creation of di�erent variants of mechanical components
or assemblies and the ability to rapidly obtain an improved solution without returning
in the CAD system for slight changes. Common operations that need to be supported
include local modi�cations on mesh parts, moving features along the contour of a sur-
face, and snapping features to new target geometry. The optimization task can then be
performed based on design variables, while following certain design constraints to achieve
the �nal design objective. This way the model can be invoked in an optimization cycle
where a multitude of valid models can be created for optimization. The optimization
algorithm calculates new values for the design variables and the process is repeated until
the optimal solution is found. The constraints to be satis�ed may be surfaces that are
required to precisely preserve their type and general shape or design parameters such as
relative distances between surface areas.

One area of research closely related to our goal is geometric feature cut-and-paste.
However, existing methods for free-form surfaces lack the ability to preserve features
and constraints, which are required in engineering applications and are more oriented
towards visual pleasing results. Existing research for cut-and-paste editing techniques
will be reviewed in the next chapter.

2.2. Features in Product Design
Features in a product model encapsulate the engineering meaning or signi�cance

of the geometry of portions of the product. By features we mean the generic shapes
of a product which engineers can associate certain attributes and knowledge useful for
reasoning about that product. These high-level modeling entities can be used to link the
design rationale with the model. They can also be used to associate geometric and other
constraints with the model in terms of high-level characteristics of the part modeled, and
to organize constraint propagation after a design change. Hence features can be thought
of as building blocks for the product de�nition and make the design process more e�cient.
It is therefore essential for engineering applications to preserve these features after every
operation or deformation performed on the product model during the design process.
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There are various types of features that are used in product design, some examples are
the following:

• Form features. They describe portions of a part's nominal geometry.

• Tolerance features. They describe geometry variation from the nominal form.

• Assembly features. They describe relationships between parts in a mechanical as-
sembly.

• Functional features. Non geometric parameters related to function, performance
etc.

• Material features. Material composition, treatment, condition etc.

In general, the design features can be classi�ed according to the application in which
they are used. Form features, tolerance features, and assembly features are closely related
to the geometry parts and are called geometric features. Current features-based CAD
systems mainly address geometric features, in particular form features and some kinds
of assembly features and hence our work is mainly focused on form features.

A form feature is de�ned as a partial shape that has an engineering meaning, such as
a round hole. A form feature contains both shape and parametric information. Shape
information that describe the general form of the feature can be a set of curves and
parametric surfaces. These curves and surfaces are often required to keep their original
types, such as circles and cylinders for manufacturing and assembly reasons. Therefore,
it is essential to maintain the curvature and the general shape of the form feature by
de�ning a set of appropriate constraints to be satis�ed during any deformation. Since in
a mesh model a form feature consists of a subset of vertices of the original model, these
constraints refer to constraints over the vertices during a deformation. In general, these
constraints can be categorized into two groups: soft constraints that are approximately
satis�ed in the least squares sense and hard constraints that are precisely satis�ed.

Some possible constraints can be:

• positional constraints, where vertices must be �xed at a certain constant position.

• curvature constraints, where the curvature normal is constrained.

• rigidity constraints, where the relative positions of pairs of vertices is constrained.

One important consideration when de�ning the form feature deformation behavior is
how to avoid con
icting or redundant constraints. In this case, the system formed from
the constraints can be very hard or even impossible to solve.

2.3. Feature selection and extraction
In order to modify a feature of a model, the feature �rst needs to be de�ned. Al-

though, a feature can be manually de�ned by the user, the procedure becomes tedious
and error-prone in complex models. There are di�erent approaches for the segmenta-
tion problem that can be categorized into two broad classes local search approaches and
global approaches. In local search methods, a region is typically separated into several
small regions by exploiting the tangency and the curvature of adjacent faces. However,
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Figure 1: Constrained deformation of a sheet metal panel. (a) Original shape; (b) de-
formed shape with no form feature constraints; (c) stretched while preserving the shapes
of circles; (d) deformed shape with �ve rotated circles; (e) deformed while preserving the
direction of the center circle. Masuda et al [25]

local searches are not always robust for noisy data, such as scanned models. In global
search methods the segmentation problem is reduced into a global optimization problem.
Nevertheless, global methods are often very time-consuming for large models.

2.4. Cut-and-Paste Editing
Cutting and pasting are among the most common operations implemented by image

drawing and manipulation software. These operations are a natural way to build complex
images from individual components from various sources. In the context of mesh editing,
Cut-and-paste editing extracts a characteristic feature form a source model and copies
it to a target model. The user usually selects a surface region which is separated into
the base surface and the detail surface, only the detail surface is used as a feature to be
pasted. The detail surface can be stored either as a height-�eld or a parametric volume
map [10]. The drawback of the height-�eld representation is that usually general features
may be thick or have overhangs and can not be properly represented. To paste the detail
surface to a target model, the corresponding vertices of the target model are moved
based on the detail map. For 3D models, we should take into account that the smooth
attachment of boundaries between a pasted model and its base is sometimes necessary.
One possible way to resolve this issue is to perform a union operation between the two
models and then apply a blending function along the boundaries of the features [26].
However blending functions for arbitrary meshes is a di�cult problem to tackle.

Another approach [36],[35] is the modi�cation of di�erential coordinates instead of
directly changing spatial coordinates. The mesh geometry is then implicitly modi�ed
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after reconstructing the surface from the di�erential coordinates. This method has the
advantage of reducing deformation artifacts that may appear after the feature pasting.

Existing Cut-and-paste editing methods can be roughly categorized into two broad
groups. The �rst approach uses mesh fusion to blend the source surface and target surface
directly [15],[26]. The second one �rst extracts a base surface as a medium between the
source surface and the target surface, and then transfers the details to the target surface
via the base surface [10],[6]. The former pays more attention to the smoothness of the
boundaries at the joint of the source and target surfaces. The latter focuses on the global
deformation of the source surface according to the target surface. Base surface extraction
is the most important step of the latter algorithms. On the one hand, it determines the
geometry to be pasted, because the details to be pasted are de�ned as the di�erence
between the feature surface and the base surface. On the other hand, it decides, to some
extent, the type of surfaces that can be handled by the algorithm. This is an important
factor since one fundamental problem with most of the aforementioned approaches is
their inability to deal with non-zero genus features.

2.5. Morphing
Image morphing is a popular technique for creating a smooth transition between

two images. It is a special e�ect used primarily in motion pictures and animation that
transforms (morphs) one image into another through a seamless morph sequence. The
simplest method for changing an image into another is to cross-fade between the two
images. Other approaches use physics based analogs such as the 2D particle system
where pixels of one image are mapped onto pixels of the other [29]. There is a class of
methods for image morphing that involve image warping around regular (e.g. a sphere
of a cylinder) or non regular (e.g. a free-form surface) shapes [27, 29]. More advanced
methods include morphing based upon �elds of in
uence surrounding two-dimensional
control primitives often called features [5].

Shape morphing is a technique that aims to generate a smooth sequence that trans-
forms a source shape into a target shape. Although we have some quite e�cient and
e�ective methods for 2D morphing, the 3D case remains an open problem both in terms
of feasibility and e�ciency.

Existing methods for 3D morphing can be categorized into two broad classes: volume
based or voxel based [22] and mesh based or structural [18] approaches. The volume-based
approach represents a 3D object as a set of voxels usually leading in computationally
intensive computations. The mesh-based approach exhibits better results in terms of
boundary smoothness and rendering since the intermediate morphs are represented as
volumes and techniques such as marching cube [24] are employed to acquire the �nal
polygonal representation used for rendering. Furthermore, most applications in graphics
use mesh-based representations, thus making mesh-based modeling more broadly ap-
plicable. However, volume-based methods surpass the mesh based ones in that they
can handle the morphing of very di�erent topologies more easily, since volume to volume
morphing is a lot similar to image morphing by means of treating voxels instead of pixels.

Although mesh morphing is more e�cient as compared to volume-based morphing, it
requires a considerable preprocessing of the two considered objects. Mesh morphing in-
volves two steps. The �rst step establishes a mapping between the source and the target
object (correspondence problem), which requires that both models are meshed isomor-
phically with a one-to-one correspondence. The second step involves �nding suitable
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paths for each vertex connecting the initial position to the �nal position in the merged
mesh (interpolation problem). For performing structural morphing, we can use bound-
ary representation (Brep) or surface representation in which we represent each object
by its surface description, or volumetric or solid meshes, for instance tetrahedral repre-
sentations. In volumetric mesh morphing, it is much easier to maintain robustness and
avoid the folding phenomenon. However, volumetric mesh morphing is computationally
expensive as compared to surface mesh morphing since the number of elements in the
former case is much larger in comparison to the latter case.

3. Related work

3.1. Morphing
Most surface-based mesh morphing techniques employ a merging strategy to obtain

the correspondence between the vertices of the input model. The merging strategy may
be either automatic or user speci�ed. Kent et al. [18] proposed an algorithm for the mor-
phing of two objects topologically equivalent to the sphere. The algorithm works in two
steps, �rst the two objects are mapped to a sphere and then the two projected topologies
are merged. A common topology suitable for interpolation is created. The mapping pre-
sented is accomplished by a mere projection to the sphere and thus is applicable solely
to star shaped objects.

The main problem with 3D parameterization techniques like [18] is how to �nd an
appropriate mapping over the unit sphere for each of the morphed objects. Several
techniques have been proposed to overcome this limitation inspired by physics. In [14]
the authors use a spring system to model the mesh and gradually force the mesh to
expand or shrink on the unit sphere by applying a force �eld. Methods using springs do
not always produce acceptable mappings especially when handling complex non convex
objects.

[1, 2, 38] use a spring-like relaxation process. The relaxation solution may collapse
to a point, or experience foldovers, depending on the initial state. Several heuristics
achieving convergence to a valid solution are used.

[33, 30, 13] describe methods to generate a provably bijective parameterization of a
closed genus-0 mesh to the unit sphere. The projection involves the solution of a large
system of non-linear equations. A set of constraints on the spherical angles is maintained
to achieve a valid spherical triangulation.

[32] uses a polyhedron realization algorithm that can transform any general poly-
hedron into a convex one which is isomorphic to the original. The realization consists
of two phases, simpli�cation and re-attachment. During the simpli�cation phase, low
valence vertices are detached from the vertex-neighborhood graph of the polyhedron one
by one, and the corresponding graph is re-triangulated. This step is repeated until a
4-clique results. The second phase starts by �rst creating a tetrahedron and then the
vertices are re-attached to the polyhedron, in the reverse order of their detachment, while
maintaining the polyhedrons convexity.

[28] presents a similar method that �rst simpli�es the surface mesh to a tetrahedron
while creating a progressive mesh favoring triangles with good aspect ratio and then in
similar way reattaches the vertices and simultaneously optimizes positions of the embed-
ded vertices. The positions of the vertices are optimized to minimize a stretch metric.
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[31] presents a method that directly create and optimize a continuous map between
the meshes instead of using a simpler intermediate domain to compose parametrizations.
Progressive re�nement is used to robustly create and optimize the inter-surface map.
The re�nement minimizes a distortion metric on both meshes.

[19] also presents a method that relies on mesh re�nement to establish a mapping be-
tween the models. First a mapping between patches over base mesh domains is computed
and then mesh re�nement is used to �nd a bijective parameterization. One advantage of
this approach is that it naturally supports feature correspondence, since feature vertices
are required as user input for the initial patch mapping.

[21] uses reeb-graphs and boolean operations to extend spherical parameterization
for handling models of arbitrary genus. Each genus-n model is represented as a genus-0
positive mesh and n genus-0 negative meshes. Therefore n + 1 spheres are required to
parameterize these n + 1 meshes independently, and thus to accomplish the spherical
parameterization of genus-n models. Once a consistent embedding is computed for each
model the positive meshes and the negative sets are paired. In the case where the number
of negative meshes is not equal in the two models, extra pseudo negative meshes are
generated to have an equal number of paired negative meshes. For each pair of meshes
the morphing sequence is computed independently. Finally, boolean di�erence operation
is applied to subtract each intermediate negative object from an intermediate positive
object to obtain the morphing sequence. Existing methods for producing valid spherical
embeddings of genus-0 models can be integrated into their framework.

Another method that use reeb-graphs for morphing topologically di�erent objects of
arbitrary genus is [16]. The method speci�es the correspondence between the input mod-
els by using graph isomorphic theory. The super Reeb graph, which has the equivalent
topological information to the Reeb graphs of the two input objects, is constructed and
used to conduct the morphing sequence.

[20, 23] provide e�cient techniques for morphing 3D polyhedral objects of genus-0.
The emphasis of the method is on e�ciency and requires de�nition of feature patches
to perform 2D mapping and subsequent merging. Their method does not avoid self
intersection and requires embedding merging and user intervention for mapping.

An interesting work for volume morphing is based on wavelets is presented in [11].
This is a promising approach whose principle could be applied to surface based morphing.
This volume morphing technique yields rather slow algorithm which have time complexity
Ω(n3) where n is the size of the size of the volume representation.

Finally, we have presented a fully automated feature-based morphing technique that
matches surface areas with similar morphological characteristics [4] The technique is
based on a spherical parameterization process where the alignment is achieved without
user intervention and is based on pattern matching between the feature connectivity
graphs of the two morphed objects. Recently we have also presented a very e�cient
approach for computing spherical parameterizations and detecting feature regions on
genus-0 objects [3].

3.2. Mesh fusion
Kanai et al. [15] present an approach to merge two meshes through 3D mesh-based

morphing. The basic procedure of their approach is divided into two steps. In the �rst
step, face correspondences are established between the two meshes by which each point
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on the face of source mesh is mapped to a point on the face of the target mesh. This step
is called the correspondence problem. The second step, called the interpolation problem
generates a smooth transition by interpolating corresponding points from the source to
the target positions using those correspondences. To address the correspondence problem
both the source feature and the target region must be homeomorphic to a disc to compute
a harmonic map for each. The parameterizations are then mapped to each other and used
to compute a merged topology with the combined topologies. Their main contribution
is the development of several methods for resolving the interpolation problem. Further,
they propose an algorithm based on three geometrical operations, rigid transformation,
scaling and deformation, for adjusting the shape of the two feature boundaries to establish
a smooth attachment. The �nal topology of the pasted feature is computed as a blend
between the target geometry and the source geometry.

Figure 2: Merging two meshes, kanai et al [15]

Museth et al [26] use Level set models, which are deformable implicit surfaces that
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have a volumetric representation, to present a framework for editing operators. Their
framework supports cut-and-paste by giving the ability to the user to copy,remove and
merge models (using CSG operations) and automatically blend the intersecting regions.
Since level set models are volumetric, the constructive solid geometry operations can be
applied to them in a straightforward manner. Moreover, blending can be applied near the
intersection by de�ning the region of in
uence based on the distance to the intersection
curve shared by both input surfaces.

3.3. Implicit representations
Yu et al. [36] present a method for mesh merging,deformation and smoothing. Their

approach is based on editing a Poisson-based gradient �eld. The distinctive feature of
their approach is that the mesh geometry is modi�ed implicitly through the gradient �eld
manipulation. More speci�cally, the technique has tree components, a mesh solver based
on the Poisson equation, a gradient �eld manipulation scheme using local transforms and
a generalized boundary condition representation based on local frames. The theoretical
foundation is that the Poisson equation is able to reconstruct a scalar function from a
guidance vector �eld and a boundary condition. Thus, with these characteristics editing
a function can be achieved by modifying its gradient �eld and boundary condition and
a succeeding reconstruction with the Poisson equation. The surface is reconstructed by
solving the least-squares system resulting from discretizing the Poisson equation with
Dirichlet boundary conditions. The approach is able to perform merging of two meshes
if a correspondence can be established between their open boundaries which serve as
Poisson boundary conditions. The correspondence is not automatically established and
requires user intervention. One advantage of their approach is that artifacts that can
be introduced during deformation can be removed during reconstruction because least-
squares minimization tends to distribute errors uniformly across the function.

Sorkine et al. [35] deformation approach is also based on the modi�cation of di�er-
ential coordinates instead of directly changing spatial coordinates. Their approach use
the term coating to refer to the mixing of geometric details between two surfaces, and
transplanting of a partial surface mesh onto another surface. The coating is de�ned as the
di�erence between the original surface and a low-frequency band of the surface. Thus,
coating transfer is the process of peeling the coating of a source surface and transferring
it onto a target surface. Their surface representation is based on the Laplacian of the
mesh, by encoding each vertex relative to its neighborhood. To apply their approach
to meshes with di�erent topologies a cross mapping is established by parameterizing
the meshes over a common domain. To this end, they use the mean-value coordinate
parameterization [9] for the mapping of patches homeomorphic to the disk over a unit
square. To achieve the cross mapping a registration of the two parts in world coordi-
nates is required. They do not describe how the feature in the source and target surfaces
are de�ned, how they align the features and how they �nd the required correspondence
of the feature boundaries required for the mapping. The vertices of the target surface
are obtained by the interpolated Laplacians and the �nal mesh reconstruction requires
solving a linear least-squares system.

3.4. Detail surfaces
Biermann et al. [6] present an approach to copy and paste relief features on mul-

tiresolution surfaces. In their approach they use semiregular multi resolution subdivision
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surfaces as their underlying pasting representation. Each surface is separated into two
parts: the base surface and the detail surface. The goal is to replace the detail part
of the second surface with the detail part of the �rst. The separation is user-guided, a
base surface is selected by the user along a single 
atness parameter. Subsequently, a
Least-Squares �tting procedure is employed to perform the separation. The relief fea-
ture details are encoded as a scalar displacement along the normal and a tangential
displacement and a subdivision de�nes a smooth surface recursively as the limit of a
sequence of meshes. Each �ner mesh is obtained from a coarse mesh by using a set of
�xed re�nement rules such as Catmull-Clark subdivision rules. Multiresolution surfaces
extend subdivision surfaces by introduction details at each level. Each time a �ner mesh
is computed, it is obtained by adding detail o�sets to the subdivided coarse mesh. To
achieve the feature transfer a parameterization is computed of the source and the target
feature over the plane. The idea is to map each surface onto the plane as isometrically as
possible and then align the two planar parameterizations, using a linear transformation
to compensate for the distortion. Consequently, their approach is di�cult to generalize
to pasting regions with topology di�erent from that of a subset of a plane. In addition
it may result in higher distortion than a direct mapping from one surface to the other.
Their approach supports real-time transfer of relier features that are homeomorphic to
a disc.

Masuda et al. [10] present a cut-and-paste method based on constrained B-spline
volume �tting. Their method is a volume-pasting approach, which paste a parametric
volume instead of a height-�eld. The volume approach allows to deform and paste a
feature in the volume even if it contains overhangs or handles. They �rst compute the
pure feature region and the surrounding context region on the source surface based on user
input. Then, the base surface is calculated by approximating the context region. For the
separation process a global search segmentation method is employed, more speci�cally
a maximum 
ow minimum cut problem is solved [17]. The base surface can be used to
support a cut operation by replacing the feature region. To perform the feature transfer
an initial parametric volume is de�ned so that it involves the entire feature region and
the control points of the volume are optimized so that the bottom surface corresponds to
the base surface. The parametric volume is used to parameterize the feature region. To
paste a feature the base volume of the feature is deformed to �t the target model. Their
method supports copy and paste of features with overhangs and non-zero genus and is
able to avoid self-intersections of thick features.

Fu et al [12] also present a method that allows to cut and paste features of non-
zero genus onto the target surface. The user �rst identi�es the region of interest by
selecting a set of points. A 
ood �ll algorithm is then used in the closed polygon curve
implicitly de�ned by the points selected to get the complete region. The source surface
is automatically constructed according to the boundary information of the feature. To
achieve this, the user selected boundary is triangulated and then mesh optimization
techniques are used to remove degenerate triangles and adjust the density of the base
surface. The triangulation is solved by using dynamic programming techniques with an
O(n3) running time, with n the number of boundary vertices. However, the base surface
is not guaranteed to be self-intersection free and assume that the selected boundary
is triangulable. After extracting the base surface, an intrinsic parameterization [8] is
computed to map the source feature onto the base surface. Then, the source surface is
attached to the target surface, replacing the target region and the feature is reconstructed.
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Figure 3: Feature cut and paste, Masuda et al [10]

4. Challenges

4.1. Open problems
Deformation techniques are often used to model the shape of geometric models. How-

ever, these techniques are not always convenient for supporting feature-based modelling
in product design, because they can modify the model shape in unintended ways. There-
fore it is essential to establish a new editing paradigm for the design of models that will
provide robust and e�cient 3D mesh deformation that respects design constraints. To
this end, we wish to develop an accurate, robust and e�cient 3D mesh deformation tech-
nique based on morphing to allow the part deformation of mesh models with respect to
engineering constraints. Considering this, a number of important problems remains to be
addressed that would allow the realization of 3D mesh deformation based on morphing
techniques. Among the most challenging are :

• Automatic feature extraction

• Arbitrary genus features
13



• Shape constraints

• Trajectory problem

• Interactivity

Feature extraction : Although, a feature can be manually de�ned by the user, the
procedure becomes tedious and error-prone in complex models. In addition, a product
shape usually contains a considerable number of form features making this approach
impractical for large models, Therefore it is important to establish a feature extraction
scheme either fully automatic or user guided to e�ciently extract these features.

Arbitrary genus features : In the context of product design, form features of non-zero
genus are common (e.g. holes). Consequently, it is essential for any method with applica-
tion in engineering to be able to handle e�ciently and robustly these features. However,
most of the existing methods for morphing and cut-and-paste editing are inapplicable to
regions with non-zero genus.

Shape constraints : Since our target domain is mesh modelling and form features
consists of subset of verticess, shape constraints refer to constraints over these vertices
during deformation operations. Using these constraints a system of linear and non-linear
constraints over the vertex coordinates can be formed. Nevertheless, special care must be
taken to handle inconsistent and redundant shape constraints since in that case it may
be impossible to solve the system formed. Furthermore, the e�cient solving of these
shape constraints is a major challenge.

Trajectory problem : In conjuction with the shape constraints problem another ma-
jor challenge in solving the morphing problem is to �nd trajectories that corresponding
elements traverse during the morphing process. The naive approach to solve the trajec-
tory problem is to choose the trajectories to be straight lines, where every feature of the
shape travels with a constant velocity along its line towards the corresponding feature of
the target during the morph (linear interpolation). Unfortunately, this simple approach
can lead to undesirable results. The intermediate morph shapes may contain degener-
ated elements or self-intersections even though the original models are self-intersection
free. Moreover, even if the linear interpolated intermediate morph shapes is free of self-
intersections and degeneracies, there may be areas or distances between form features
far from those of the source and target. Therefore in the context of feature based de-
sign, solving the trajectory problem for morphing concentrates on trying to eliminate
self-intersections and preserve the geometrical properties of the intermediate shapes. A
common approach it to solve this problem in literature is to leave the matter to specialize
mesh smoothing or mesh improvement tools. Unfortunately, mesh re�nement techniques
can lead to the degeneration of the model shape and are unable to preserve the shape of
the form features.

Interactivity : Finally, interactive mesh morphing is still a challenging task. Never-
theless, to incorporate these techniques in a real Design environment e�cient algorithms
for real-time deformation must be developed.
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5. Research Directions

5.1. Research goals
The goal of this research is to devise a robust and e�cient model editing technique

that respects design constraints. To achieve this, the �rst objective of this research is the
evaluation of existing morphing techniques that provide e�cient and robust morphing
result and can be extended to support constraints. Once an appropriate method is
selected, it will be adapted to feature-based design constraints requirements. Another
issue to be addressed, not independent from the morphing technique selected, is the
problem of identifying the form-features of the model and a corresponding match. In
the context of this research, we plan to evaluate methods for the user-driven extraction
and matching of form-features from the model. After the features have been identi�ed
and matched, appropriate constraints will be established to preserve both the design
constraints and to solve the trajectory problem. Finally, the technique devised will be
integrated in an editing framework to evaluate it in terms of e�ciency and robustness.
This way, we will be able to compare it with other related methods.

Table 1 summarises the research goals for morphing in the context of Computer Aided
Design.

Research goals

Phase 1 1. Evaluate and choose a suitable feature-based morphing technique
2. Adapt the technique to feature-based design requirements

Phase 2

1. Address the problem of automatic or user-driven feature extraction
2. Solve the registration problem to match the corresponding features
3. De�ne appropriate shape constraints for form-features
4. Address the morphing trajectory problem

Phase 3
1. Develop an interactive application
2. Evaluate the application in terms of e�ciency and quality
3. Compare with other related methods

Table 1: Research goals
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