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Georgios Akrivis, and Charalambos Makridakis

ABSTRACT. We approximate the solution of initial boundary value problems of semilinear
parabolic equations by time-discrete discontinuous finite element methods. We propose
a method for obtaining optimal order-regularity a priori error bounds. Qur approach is
based on techniques developed for the numerical approximation in bifurcation theory for
mildly nonlinear elliptic equations and on the stability analysis of the method for linear
parabolic problems with mesh dependent norms.
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1. INTRODUCTION

In this note we propose a method for obtaining optimal order-regularity a priori
error bounds for the discontinuous Galerkin approximation of evolution problems of the
following form: Let (H,(-,-)) be a Hilbert space, and F a (possibly) nonlinear operator,
F:D(F)— H. We seek u: (0,T) = D(F)

u'+Flu)=0, 0<t<T,

(1D u(0) = u”.
We will assume that (1.1) possesses a unique solution. More specific assumptions on
the abstract problem (1.1) will be cited in the sequel. Our results apply, in particular,
when (1.1) is a formulation of a semilinear parabolic problem. We have chosen to first
present them in an abstract setting because other applications are possible and also in
order to better illustrate the proposed approach.

The discontinuous Galerkin method is formulated as follows: Let 0 = t5 < #; <
-++ < ty = T be a partition of [0,T], I, := (tp—1.ts], and k, := t, — t,—;. We seek
approximations to u in the space of piecewise polynomial functions of degree at most g.

q
Se:={p:[0,T] > H/ 9lr, =Y _x; ¥, x; € H};
j=0
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the elements of 5; are allowed to be discontinuous at the nodal points t,,. but are taken
to be continuous to the left there.
Given a Banach space V, we denote by LP(V) the space LP((0,T):V),1 < p < o,
with the standard definition of the corresponding norm; H*(V) is defined analogously.
The Galerkin approximation ux € Sk to the solution u is defined by

(1.2) blug, ) =0 Y € Sy,

with

N
b= 3 [ [000)+ (Flo) )] e
n=1"1In

N-1
=Y Z I:'U"+ = ;.n:-:l 1 (UU"'-. ‘FD-'_)

n=1

(1.3)

where v" := v(t,) and v™* := lim, g v(t, + 8). Let v+ := 0.

The discontinuous Galerkin method for dissipative evolution problems, cf. [J], [EJT],
is a time finite element discretization method. When combined with appropriate inte-
gration rules it reduces to the classical Runge-Kutta-Radau time discretization. For the
analysis of this method when (1.1) is linear and dissipative c¢f. [Th] and the references
theirin. This method can be used as a model for the investigation of properties related
to adaptive computations for parabolic problems, [EJL]. In this direction, one of the re-
sults we are interested in is the derivation of optimal (order and regularity) a priori error
estimates, cf. [EJL] and in the fully discrete case [EJ 2], [MB]. Such optimal results are
established in [EJL] for linear parabolic problems for any ¢. In the fully discrete case cf.
[EJT 2] for a priori bounds in L°(L?) and in L>*(L*>*) (g = 0 or ¢ = 1), and [MB] for
estimates in L?(L?). (All available results in L>°(L?). as well as the results in Section 3
below, are optimal up to a logarithmic factor.) For nonlinear problems such estimates
are available in the case of a nonlinear parabolic problem but only for ¢ = 0, [EJ1].
In [EL] a semilinear parabolic problem is considered with the discontinuous Galerkin
method combined with numerical integration and, therefore, the a priori estimates are
not optimal in the above sense.

In [Jo] Johnson analyzes the discontinuous Galerkin Method for nonlinear dissipative
ode’s, see also [E]. For the convergence of the discontinuous Galerkin method in the non
parabolic case cf. [KM].

In the sequel we will present an approach yielding a priori estimates for the discon-
tinuous Galerkin approximation for the nonlinear problem (1.1) in abstract form. In
Section 2 we establish the abstract results and in Section 3 apply them to a semilinear
parabolic equation; in Section 4 we briefly discuss limitations of the method and also
possible extensions. The main idea, motivated by the finite element analysis in the
Bifurcation theory, [CR], [RP], [CaR], is based on the central Lemma 2.1, [CR], and
on the analysis of the stability of discontinuous Galerkin methods by mesh dependent
norms [MB].



2. ABSTRACT FORMULATION

Our intention is to rewrite the variational problem (1.2) in operator form:
Find uz € X such that
Glug) =0.
For appropriate Banach spaces (X, |- [|x). (Y,| - |ly), and Z =YY", G will be considered
a nonlinear operator from X to Z, G : X — Z. We assume here that b can be defined
in X x Y, such that, for v € X,

|b(v, w)| < C(v)||w||y YVweY.

Under appropriate assumptions on b(-,-), X, Z, and G, we will use the following well-
known result from the error analysis in bifurcation theory for mildly nonlinear elliptic
equations, cf. [CR], to show existence of u; and to derive estimates for ||u — ui||x.

Lemma 2.1. Let (X,||-||x) and (Z.| - ||z) be Banach spaces. Let amap G: X — Z
be differentiable, DG(v) : X — Z be continuous (for v € X ), and, for a given v €
X, DG(v) be an isomorphism of X onto Z. Let

e:=IG@)z, 7:=IDG®) llr(z.x),
and, with o := 27ye, let B(¥,a) :={ve X : ||t — v||x < a} and

L):= suwp [DG®E)-DG(v)llzx,z)-
veB(%.a)

(2.1)

Assume that 2yL(a) < 1. Then, there exists a unique solution u of the equation G(u) = 0
in the ball B(v, «t); moreover, we have

== = i
hy=Wies o =) IG@)||z. O

Let v € 5 denote the interpolant of u defined by
o(t,) = ult,)

T

with Py_1(I.: H) the space of polynomials on I, of degree at most ¢ — 1 with values in
H.

Stability assumptions. We assume that DF(v) : X — Z := Y is well defined and the
linearized problem around v € Si has the following stability properties: The bilinear
form b'(v;-,-): X xY =+ R,

N
b @w,p) =Y f: [(w', ¢) + (DF (), ¢)] dt

n=1

N=1
& Z {wn-'r- i '-F'n':r} + |{wﬂ+1 i,:'ﬂ"':l,_

n=1



is continuous,
(Aa) ' (v;w, )| < Callw|lx |lelly,
and satisfies the inf — sup condition.

(AB) g ALY

> Cgllw||x.
veSk, w0 |wlly

Then we have

Theorem 2.1. Lef (A) be satisfied, and assume that

(2.3) IDF(3) - DF(@)|lex.yry < Cyll5 = vllx
and
(2.4) Cy C3? |F@) - F)lly: < § for k<ko.

Then, for k < kg, there exists a locally unique solution u; of (1.2) such that

(2.5) e = Fllx < = IF@) - F(w)lly
3

Proof. We will use Lemma 2.1. For w € X, let G{w) € Y’ be defined by
< G(w),p >=blw,p) YepeV¥
with < -, - > denoting both, the inner product in L?(H), < v, w >:= fﬁr{v, w)dt, and the
duality pairing between Y’ and Y. Then, G is differentiable and the derivative DG(v)
satisfies the relation
< DG(W)w,p >=b(T;w,p) YweX peY.

In view of assumption (A3) we have

< DG(v)w, ¢ >

|DG(v)w|lyr = sup > Cgllwl||x,
PEY, w0 lleelly
i.e., DG(7) is invertible and
(2.6) IDG(%)Y| -
. | L{Z,X) = Uﬁ

with Z .= ¥V".



Next, we will evaluate ||G(v)||z. For ¢ € Y, we have

< G(@),¢ > =b(v,¢)

N
sy [1 (7, ¢) + (F(), v)] dt

n=]1 n

N=1
i Z(FH _ {;ﬂ.ipﬂq‘j + {.L';'D+ o uﬂ.t,e:‘ﬂ_'-}
n=1

N 5
Z—ZfI (i'"*sf’}ffH(t’?“-.w"}—(i”'“‘l-.w“‘”“fﬂ (F(7), p) dt
ﬂ;rl )
=_Z-/I Eu"*‘gajd“'[“n”ﬁ’ﬂj‘{“”_1=w”‘l+}‘:‘/u (F(7), ) dt
sl s
zf (“jﬂf’}ffﬁf (F(v), ) dt
o 0

I
- [ ¢@-Fu.oa
ie.,

(2.7) IG@)iz = |F(¥) = F(u)|ly:.

It remains to verify that for

2 .
a< EﬁlfFfv} — F(u)ly,

with
B(@,a)={ve X : ||t —v|x <a}
and
L(a):= sup [ DG(v) - DG(v)|r(x,z)
vEB(T,a)

there holds

2
(2.8) — L{a) < 1.

Cps

Indeed, in view of (1.6),

2 2 2 .2 .
G L(a) < G Cya < {C_ﬁ) Cyl|IF(v) — F(u)|ly,

and (2.8) follows from (2.4). O



3. A SEMILINEAR PARABOLIC EQUATION

Let @ ¢ R, d = 1,2,3. be a bounded domain with smooth boundary 812, and

f : R — R be a globally Lipschitz continuous, smooth function. We consider the
following initial and boundary value problem: seek a real-valued function u. defined on
2 x [0, T], satisfying

up — Au= f(u) in Qx[0,7T],
(3.1) u=10 on 99 x [0,T],

u(-,0) = u in £,
with u® : © — R a given initial value. We assume that the data are smooth and

compatible such that (3.1) possesses a sufficiently regular solution.
Problem (3.1) is of the form (1.1) with

F(v) := =Av - f(v),
H = L*(Q),V = H§(Q), D(F) = Hj(Q) N H*(Q).
Let

g
Si=des 0T 2 B gl = ZXj ¥, X € H&(ﬂ}}
j=0

Then, the discontinuous Galerkin method is to find u; € S;, satisfying
(3.2) bluk, ) =0 Yo € Sg,

with b given in (1.3) whereby

(F(v),¢) = (Vv V) = (f(v),9) v € Hy(R).

To derive estimates in the L°°((0.T); L?(Q))—norm for the error u — u; we have to
appropriately select the spaces (X, | - ||x) and (Y.|| - ||y) and then apply the results of
the previous section.

To this end. let X := S; and Y := S N LY((0,T); H*(2)) be equipped with the
norms

(3.3) lvllx :== sup |lv|lz2e
0<tT

and

T
lolly =3 fﬂmm@&+/lﬂmmﬁ
(3.4) =

i3 Z lv™ — v™* || 20y + llv” |22,

n=1



respectively. Of course, (X, | - ||x) is a Banach space, and due to the fact that Sy is
piecewise polynomial space in ¢ it is easily seen that (Y.|| - ||y) is a Banach space as
well. Since H2(Q) N H} () is dense in H} (), relation (3.2) can be equivalently written
in the form:

Find u; € X such that

9
Lo bluk, ) =0 VYpel.

Clearly, G : X — Y’ =: Z is well defined by
(3.6) < G(w),p >=bw,¢) VpeV.

The bilinear form ¥ (7;-,-) : X x Y = R,

N
V@) =3 [ (o) + (0, 0) = (G o)]

(3.7) T
+ )@ —wt, ™) + (W', ™),
n=1
can also be written as
N
¥@iwe) ==Y [ [we)+wae) + (F@w )] d
n=1 i
N-1
+ Y (@ " - ") + (W' 0) Vwe X, Vo e
n=1

Consequently, (Aa) is satisfied. Further, a modification of the proof of Lemma 12.3 of
[Th], see also [EJT], yields

Lemma 3.1. Assume that k., = ek, with a positive constant ¢. With

T 172

L= {lﬂg k_v} +1, and FEnx:=e¢ C"‘TC'*,_

where A = A(f) is an appropriate constant, condition (Aa) is satisfied with

1

= LNENC

Cs

and an appropriate positive constant C.

Proof. To prove the inf —sup condition (AfJ), as in [MB], let v be a given element of
X. It suffices to find ® € Y and two positive constants §y and 5 such that

(3.8) (T v, ®) > Bollvllk

7



and
(3.88) |1®lly < Brllv]lx-

Since ||v(t)||z2(n) is piecewise polynomial in time, ||v(t*)||p2(0) = ||v||x with t* € I, (or
[[e(t*2%)||L2(y = ||v]|x) for some n. Let ® € Sy be the solution of the dual discrete
problem: Find ¢ € 5; such that

b(¥; x, @) = (v(t*), (")) L2(00)-

Then, ® € Y and (3.8q) is satisfied with By = 1. An appropriate modification of the
proof of Lemma 12.3 of Thomée [Th], in view of the fact that f’ and f" are bounded,
yields (3.883) with 8, =CLyEy. O

Remark. In the general case considered in this paper Ex above will increase exponen-
tially with T. Under special assumptions on f though Ex may not be present in Cjp.
E.g., this is the case when f,7 are such that DF(?7)v = —Av — f'(¥)v is coercive in
V = H}Q). In any case Ey is only involved in the proof of the inf-sup condition for
b(7;-,-) and thus attempts to improve its dependence on T in special cases should be
concentrated on proving this inf-sup condition with better constant. Compare with the
discussion in [JRB, Section 5] where this method for ¢ = 0 is considered for model
problems of fluid flow.

Next, we will verify assumptions (2.3) and (2.4) of Theorem 2.1. To this end let
v,w e X and ¢ € ¥'; we have

™
| < [DF(3) - DF()w, % > | < j (@) = £ ())w, )| de

T
< Jlwllx [ IF'®) = ' @)¥ll 2y dt

1]

W g
< Jlwllx f 1F'®) = £ 0)llsay Wy dt

1]

T

< lwllx IF®) = F(0)lz=omyesen ]ﬁ llzsioy db

T
< Cllwlix ,I?F—vlleﬂ ¥l za gy dé

< Cllv = vllx [lwllx ll¥lly,

where we have used the Lipschitz continuity of f' and Sobolev’s imbedding theorem.
Thus, (2.3) is satisfied. Moreover, using the approximation properties of the interpolant

v, [Th], we have
|F (@) = F)lly: < |7 = ulles(o.ryz2(ay + 1) = Fu)llzs(o.m):5-2(0))
< CE*M[ul* Y| pos 0.1):22(02))

and, in view of Lemma 3.1, we easily conclude that (2.4) is satisfied.
We have thus established our main result in this section:



Theorem 3.1. Let Cg be as in Lemma 3.1. There erists a positive ky such that for
k < ko there exists a locally unique solution ug of (3.2) such that

= ol e
e = Fllx < (15 = ullx + 5@ = FW)l|z=(om8-2(@n)
a

and
:rt.I: - Uk ”L’”{{E},T};Lil:ﬂjj E CCEJ' rﬂ'?.x (ki-"l ”'H.I:q+1:| “LWfIﬂiL?(ﬂ]}) T

4. EXTENSIONS-REMARKS

4.1 Fully discrete analysis. The same technique can be applied in the fully discrete
(with space discretization) case. The analysis will be more technical and in addition
one has to use mesh dependent norms in the space variable as well, as in [MB], see also
BOJ, [BOP]. We will not present this case in this note.

4.2 Nonlinear parabolic problems. If one considers nonlinear parabolic problem
as in (1.1), (3.1) with nonlinearity in the principal part,

F(u) = —div (a(u)Vu) — f(u),

then similar difficulties as in [PR] arrise. In particular, if, e.g., we work with the
spaces of Section 3, DF(v) in (2.3) is not even well defined. One possibility in this
case is to follow the ideas in [PR] and to finally derive estimates in spaces of the form
L (WhP), An alternative however is provided in the fully diserete case by the use of
inverse inequalities in space. In fact, in this case one can check that choosing the fully
discrete analogs of the norms of Section 3, cf. [MB], and applying the theory of Section
2 in the discrete setting, DF},(v), DF,(v) are well defined but C, in (2.3) will grow like
Ch™" as the minimum spatial mesh size h — 0. Therefore, the verification of (2.4) will
require a mesh condition of the form (A" 4+ kPT1)h~! small, r being the optimal order
provided by the space discretization.
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