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1. Introduction

Many researchers have worked on the modeling of the wave propagation problem in
long bones. Wave propagation and vibration of bone can be used to determine the
properties of bone in vivo which is of great importance in the examination of growth
mechanisms. Vayo and Chista [1] modeled the wave propagation problem in long
bones assuming that the bone is composed of two-layered elastic transversely isotropic
cylinders corresponding to the cortical and spongy bone. Nowinski and Davis [2] have
investigated theoretically the wave propagation in wet bone. They assumed that long
bone is a solid poroelastic cylinder composed of linear perfect elastic solid and perfect
fluid. Paul and Murali [3] analyzed the propagation of flexural waves in bone, treating
bone as a hollow poroelastic cylinder. The problem of free vibrations of a double
layered elastic isotropic cylinder was studied by Charalambopoulos et al. [4]. by
simulating the outer layer with the space of cortical bone and the inner one with the
medullary space.

The bone tissue has been studied as a piezoelectric material of crystal class 6.
Ambardar and Ferris [5] investigated the wave propagation problem in long bone
considering it as a two-layered piezoelectric cylindrical shell of crystal class 6mm.
Glizelsu and Saha [6] studied electromechanical wave propagation in dry long bone
modeled as a piezoelectric transverse isotropic hollow cylinder. The wave propagation
in a piezoelectric bone of arbitrary cross section with a cylindrical cavity of arbitrary
shape was studied by Paul and Vankatensan [7], [8]. In Ref. [9] the human long bone
was simulated with a hollow piezoelectric cylinder of crystal class 6 and the propagation
of harmonic waves was studied.

In the present work an attempt has been made to study the wave propagation
problem in a piezoelectric cylinder of crystal class 6, filled with an incompressible
viscous fluid. The system under consideration simulates the human long bones where



the piezoelectric solid cylinder corresponds to the cortical bone and the viscous fluid to
the bone marrow. The mathematical modeling of the solid cylinder is based on the
three-dimensional theory of piezoelectricity while the linearized Navier-Stokes
equations and the continuity equation are employed to describe the dynamic behavior
of the fluid medium. The present study is based on the analysis proposed in Ref. [9] and
that of Ref. [10]. The frequency equation is obtained for the case where the exterior
lateral surface of the cylinder is stress free and coated with electrodes that are shorted

and the conditions of continuity of the fields entering the problem in the interior lateral
surface.

2. Mathematical Model

Let us consider an infinite hollow cylinder filled with an incompressible viscous fluid
(Fig. 1).
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Figure 1: Bone Geometry

FPiezoelectric Cylinder

The equations of motion and the Gaussian equation for a piezoelectric cylinder of
crystal class 6 are [9]:
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where u;, up and ! are the components of the displacement vector, V* is the

X . . : 1
electrostatic potential, ¢; are the elastic constants with ¢z = E{f” ~cj3). e are the

piezoelectric constants, e; are the dielectric constants, p, is the density of the solid
cylinder and ( ), =d( )/d5.

We introduce the following dimensionless variables:
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where R=r —r,.

We seek a solution of the following form:
( I i(Az-Cu) I i(Az-Cu)
by =L'G,x T—Wg e . Mg Z(_G.H - W.x)e J *
X X
u, = iwe' ) y =g A2 (5)
where G, w, w and ¢ are functions of x and 8, A =Ry, y is the wavenumber,

o2 - (R)’p,

, @ is the angular frequency and i =/—1.
Caq

Following the method introduced in Ref. 9, the elastic displacements and the electric



potential can be written as:
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where a7’ and B are arbitrary constants,
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and the coefficients df‘g, pgs5=1234 and a, b, c, d, e are given in Appendices A

and B, respectively.

Using (6) the stresses are expressed as follows:
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where P2, or j‘ R, Sy, Toel and Ut are given Appendix C.

Incompressible Viscous Fluid

We consider the following dimensionless variables:
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where v,, vy and v. are the components of the velocity of the fluid, p is the pressure,
py is the density of the fluid, n is the viscosity and R, is the Reynolds number.

The equations governing the motion of the fluid are the linearized Navier-Stokes
gquations [11]:
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and the continuity equation:

| 1
Vgt —Ve+—Vgg+Vv,; =0. (11)
X X

We seek a solution of the form:
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The system of equations (8) - (11) is simplified as follows:
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and the coefficients ::;f i,j,k =1,2,3 are given in the Appendix D.

The solution of (14) is equivalent of solving equation(15). This equation admits a

solution of the form:
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where A", Bf" are arbitrary constants and 7™ (u;x) are the modified Bessel functions.
Solving equation (13) we have:
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where Ay", By" are arbitrary constants and us = u;.

Using the relations (12). (16) -(18), the solution for the system (8)-(11) is expressed
as:
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For an incompressible viscous fluid the stresses .., T..7,. are given by
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where gj (ﬁin), rj”(pjx;] _. :::,-“(pj.x)_. rﬂ’,-"[ﬂjx)f wj—“(_uj-x) and zj—”[y,j-x) are given in

Appendix E.

3. Frequency Equation

For the system under discussion we consider the following boundary conditions:
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The conditions (22) express the fact that the lateral surface of the piezoelectric
cylinder is free of mechanical traction and coated with electrodes which are shorted.
while (21) indicates that conditions of continuity of the dynamic, kinetic and electrical
quantities are met on the internal lateral surface of the cylinder.

Satisfaction of the boundary conditions leads to a 22 x22 linear system of the form:
Mx=0
where
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In order for a nontrivial solution to exist, the determinant of the coefficients matrix
must vanish:
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(the elements of the matrix M, are given in Appendix F).

Equation (23) relates the wavenumber A with the frequency Q. The frequency is

generally complex and can be written as the sum of real and imaginary parts, e.g.

Q=0Q,+iQ,. For various values of A the angular frequency Q, and the attenuation €,

can be evaluated numerically [12]
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Appendix F
Myj = Pri(kifo) Mijes = Ppi(kio). M jus =0 (kifo) Mijurz = Q7 (kiFo)

M7 =g (7). M5 = g5 (HaFp), Mo =q7 (UsTo), Myzg =My =M 2 =0,
My =—Myjsgs  Myjua=-Myja, My je =M, My jr12 = M) jaa,

My 7= Mygg = My10 =0, Myog =" (7). Magy = ri'(UaTo)s Mz =15 (UsFy),
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M j = Zes Ry (ko). My jos = CsRyf (k70). My, jus = Gy (kiFo)
M3 je12 = E‘&ssﬁ}z{kﬁ'ﬂ)s M7= M8 =Mz10 =0, Mz = s]"(117),

M =5 (MaFo)y M2 = 55 (UsTp),

Myj=—Msjen,  Myjea=-Ms 2. Mgz =My My ja12 = M3 4.

M7 = 1" (7). Mygs =8 (UaTo)  Mygo =B (UsTp),  Myo=Myz =My =0
My T3] s gos =T Msgos =0 3= 037 )
Ms7 =wi'(Fo).  Msyz = wi'(afp), Ms1o = w3 (H3To), M50 = Ms oy = M52 =0,
Me,j = ~Msjies Mg jra =—Msjuz,  Mejis =Ms Ms je12 = Ms ja,
M7 = M8 =Me1o0 =0, Moo =" (iFo) Mear =22 (UaTo) Moo =25 (UsTo):
My =i Fpj(kfo). Mo jea = i8] Fy7 (kiFo). Mo jus = i8]°Gy (ko).

M7 412 = fﬁfzﬁgﬂkﬁ_‘o], Mai7 = fi"(WFo).  Mag = f7'(HaTo),
Mqjo=f3'(UaFo)s  Mago=Mq =Mq =0, Mg j = —M7 45,

Mg jra =—Mq 012, Mgjig=Mqj,  Mgjuy=Mqj4, Mg7=0,
Msys = My 190 =0, Moo =h"(11F), Mgz = (UaFo), Mg = hi'(UsFp),
My, = —i6T Pt (kiFo), My oy = —i8P2FI2 (kiFg), Mo jug = 187Gl (),
Mg ji1n = fﬁflﬁﬁ};{kﬁ)‘ Mg 17 =M1 =Mg19=0, Mgy = g"(l:7).
Mo = g3 (HaTo). Moy = g8 (1s7o),

Mio,j = Mg jegr Mo jea =My jerp, My jus = —My j,

Migje12 = Mo jas Migyr =1 (7o), Migis = B (HaTo),

5||“1r]l.".l,l*§| = I?(#E-Fﬂ}’ 5H"‘iilll:l.llffl = MID.EI = f:!r}:‘IIZI.'.'-'.IJ‘, =0,
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My = K;T}]{kfﬂ)* My, j+4 = Km?{k "r:r]s My je8 =My je12 =0,

My =0l (WiFo) My =nd'(lafo), Miyge = 03 (gsf),

Mi120 = My = My =0,

Mz, =0, M!E,j+4 =0, Mlz.;‘+3 = Mll.js Miz,j112 = My jear

Miza7 = Miggs = Mip10 =0, Mypa =0l (7o), Mz =13 (HaFy),

Miz.22 = n3' (370,

Mys,; = Wg}](kfn): M3, jes = W’"?(-‘-’ Fob Mz jes = M3 je12 =0,

Mis17 = Mizi8 = Mizi0 = Miz a0 = Myz = Mz =0,

Migj = Mg jea =0, My ji5 = M3, M4 j+12 = M13 jeas

Mygnr = Mg = Mig g9 = Mig20= Mg =My =0

Mis; = Ppjkhi) Misjea = Poi(kii ) Misjus = Ol (K71) Misjar2 = O (k7))
Misiy = Mysgg = Misgo = Mysao = Misp = Misn =0,

Misj =-Misjis: Misjea =—Misjern, Mg jis = Mis, My jr12 = Mys5 jias

M[ﬁ.l? = Mm_m = Mm.l? - 'Mm.zo = Mm‘?.l = Mm.zz =0,

Mir; = Rpj(kifi) Minjus = REP(R). Mo jus = Spj (k7). i s = 537 (k7).

Mi717 = Mi7,18 = Miz39 = My720 = Miz 21 = My720 =0,

Misj ==Mi7js8r Migjea = M7z Migjus =Mz Migjurn = Mig s
Mg 17 = Mg s = Migio = Mg = Mg = Mg =0,

My j = T;.[}[(k;ﬁ} Myg j+a = T7(k; "1] Mg jig = Um( R), Mg jerz = Ug 2 (k7 ),
Mig17 = Mg g8 = Mig 19 = Mg 20 = Myg gy = Migzn =0,

Moo =—Mig jugr Maojra =—Migjs1a,  Mag jes = Mig Mo, j+i2 = Mig ja

Mag 17 =Magis = Mag19 = Mapgg = Mppay =Mapsr =0
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| - - 2 = e -
My ; = W5, (kﬁ'l)ﬁ M1 jea = Wy (kﬁ‘i)» M2y, j+8 = Map j12 =0,
Maa7 = Maggs = Mag 10 = Mag a0 = Mag a1 = My 22 =0,

Mz ;= Maz jsq =0,

My, j+8 = Moy, M2z, ja12 = Moy jra,

Mz j7=Man 18 =Mpr10 = Manag = Mo =M =0,

for j=1,2,3.4, where

2L (k)

: M e, i i Yoy, o 3 peml

Gpj(kjx) = Q=™ (kyx). - Fpj(kx) = Q=== K75 (k) = Q870" (kx),

i il ajm{aui‘x} - L

Fux) =0 ——=, 1=12, f3'(pax) = —1"(uax),

Jx X

W (e ) = £ (gx), [=12, h' (ax) = = 3" (uax),

i ] m a‘]'"i j'.J.'”.x
()= B (), 1=12 o8 () = -2

X X

I (px) = gf" (%), [=12, 5" (13x) = —g5" (1sx),
nf* (pyx) = —of 21" (uyx), =2, ny'(fax) = 0.
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