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{PQRSTUVQW XRQYTZX}[\X ]̂ ZU]_T

`abcdefcg hijklmnlo pqkrnstu vwxyszp{kjklkuu qkut{ju |sq j}k }~qzslnstu ys{sqnlo pqs�x
{kz ~lm j}k p~nqxyszp{kjk ys{sqnlo pqs�{kz sl jqkku� �np~qjnjk oq~p}u ~lm ysoq~p}u� �k
pqsrk j}~j j}kuk pqs�{kzu ~qk ~{us vwxyszp{kjk sl ysllkyjkm pkqztj~jnsl �np~qjnjk oq~p}u��k ~{us ujtm� j}k kxp~j} p~qjnjnsl pqs�{kz ~lm� zsjnr~jkm �� ~ qkyklj �sq� s| �jknlkq ������}kqk }k {k|j j}k pqs�{kz spkl |sq j}k y{~uu s| yslrki �np~qjnjk oq~p}u� �k pqsrk j}~j j}k
kxp~j} p~qjnjnsl pqs�{kz nu vwxyszp{kjk sl yslrki �np~qjnjk oq~p}u� �sqksrkq� �k ujtm�j}k yszp{kinj� s| j}kuk pqs�{kzu sl j�s �k{{x�ls�l ut�y{~uuku s| y}sqm~{ oq~p}u l~zk{�
�t~unxj}qku}s{m ~lm j}qku}s{m oq~p}u� �~ukm sl j}k �sq� s| �sm{~klmkq ���� �k u}s� vwx
yszp{kjklkuu qkut{ju |sq j}k p~nqxyszp{kjk ys{sqnlo ~lm }~qzslnstu ys{sqnlo pqs�{kzu sl
�t~unxj}qku}s{m oq~p}u� �slykqlnlo j}k kxp~j} p~qjnjnsl pqs�{kz� �k pqsrk j}~j nj nu ~{usvwxyszp{kjk sl j}nu y{~uu s| oq~p}u� �j nu �ls�l j}~j �sj} j}k }~qzslnstu ys{sqnlo pqs�{kz
~lm j}k kxp~j} p~qjnjnsl pqs�{kz ~qk ps{�lszn~{{� us{r~�{k sl j}qku}s{m oq~p}u� �k u}s�j}~j j}k p~nqxyszp{kjk ys{sqnlo pqs�{kz nu ~{us ps{�lszn~{{� us{r~�{k sl j}qku}s{m oq~p}u�� mkuyqn�nlo ~ {nlk~qxjnzk ~{osqnj}z�
�����d�bg �~qzslnstu ys{sqnlo� p~nqxyszp{kjk ys{sqnlo� kxp~j} p~qjnjnsl� pkqztj~jnsl�np~qjnjk oq~p}u� yslrki �np~qjnjk oq~p}u� �t~unxj}qku}s{m oq~p}u� j}qku}s{m oq~p}u� vwx
yszp{kjklkuu�

� ��������� ��
¡ ¢01354;58? :5£51;4¤ s| ~ unzp{k oq~p} G nu ~ pqspkq rkqjki ys{sqnlo uty} j}~j k~y} p~nq s| ys{squ~ppk~qu jsokj}kq sl ~j zsuj slk kmok� �}n{k ~ /0;1L:53/£.2. :5£51;4¤ s| G nu ~ pqspkq rkqjki ys{sqnlouty} j}~j k~y} p~nq s| ys{squ ~ppk~qu jsokj}kq sl ~j {k~uj slk kmok¥ j}k ¢01354;58? :¢15302;: 483¦.1
h(G)

s| j}k oq~p} G nu j}k {k~uj nljkokq k |sq �}ny} G ~mznju ~ }~qzslnstu ys{sqnlo �nj} k ys{squ ~lmnju 0:¢15302;: 483¦.1 ψ(G)
nu j}k {~qokuj nljkokq k |sq �}ny} G ~mznju ~ p~nqxyszp{kjk ys{sqnlo �nj}

k ys{squ��~qzslnstu ys{sqnlo mkrk{spkm |qsz j}k y{suk{� qk{~jkm yslykpj s| {nlkxmnujnlotnu}nlo ys{sqnlo �}ny}�~u nljqsmtykm nlmkpklmklj{� �� §q~l� kj ~{� �¨©� ~lm �� �spyqs|j ~lm ªqnu}l~zssqj}� �¨«� �}su}s�km j}~j j}k }~qzslnstu ys{sqnlo pqs�{kz nu vwxyszp{kjk sl oklkq~{ oq~p}u� ¬}k ~y}qsz~jny
ltz�kq �~u nljqsmtykm �� �~q~q� kj ~{� �¨�� ¨­�� �}n{k j}k p~nqxyszp{kjk ys{sqnlo pqs�{kz �~u pqsrkm
js �k vwx}~qm sl ~q�njq~q� oq~p}u �� ®~ll~�~�nu ~lm ¯~rqn{ ��°�� ¬}k yszp{kinj� s| �sj} pqs�{kzu
}~u �kkl kijklunrk{� ujtmnkm sl r~qnstu y{~uuku s| pkq|kyj oq~p}u uty} ~u ysoq~p}u� nljkqr~{ oq~p}u�
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�np~qjnjk oq~p}u ~lm jqkku ��� ¨��¥ ukk §no� ¨ |sq j}knq yszp{kinj� uj~jtu9� �sm{~klmkq ��� pqsrnmku ~
pqss| |sq j}k vwxyszp{kjklkuu s| j}k p~nqxyszp{kjk ys{sqnlo pqs�{kz |sq mnuysllkyjkm ysoq~p}u ~lm
mnuysllkyjkm nljkqr~{ oq~p}u� ~lm kijklmu }nu qkut{ju |sq j}k ysllkyjkm y~uku� �nu pqss| ~{us kuj~�{nu}ku
j}k vwx}~qmlkuu s| j}k }~qzslnstu ys{sqnlo pqs�{kz |sq mnuysllkyjkm nljkqr~{ oq~p}u ~lm mnuysllkyjkm
ysoq~p}u� �j nu �sqj} lsjnlo j}~j j}k pqs�{kz s| mkjkqznlnlo j}k }~qzslnstu y}qsz~jny ltz�kq s|
~ ysllkyjkm ysoq~p} nu jqnrn~{� unlyk nl uty} ~ oq~p} k~y} rkqjki ztuj qkyknrk ~ mnujnlyj ys{sq ~u nj nu
~j mnuj~lyk ~j zsuj � |qsz ~{{ sj}kq rkqjnyku �­�� �sm{~klmkq:u qkut{ju kuj~�{nu} j}k vwx}~qmlkuu s|
j}k p~nqxyszp{kjk ys{sqnlo pqs�{kz |sq j}k y{~uu s| pkqztj~jnsl oq~p}u ~lm� ~{us� j}k vwx}~qmlkuu s|
j}k }~qzslnstu ys{sqnlo pqs�{kz �}kl qkujqnyjkm js mnuysllkyjkm pkqztj~jnsl oq~p}u� hijklmnlo j}k
~�srk qkut{ju� ¡umqk kj ~{� � �̈ u}s� j}~j j}k }~qzslnstu ys{sqnlo pqs�{kz qkz~nlu vwxyszp{kjk sl
ysllkyjkm nljkqr~{ ~lm pkqztj~jnsl oq~p}u�
�slykqlnlo j}k y{~uu s| �np~qjnjk oq~p}u ~lm ut�y{~uuku s| j}nu y{~uu ;ukk §no� ¨<� §~q�kq kj ~{� �=�u}s� j}~j j}k }~qzslnstu ys{sqnlo pqs�{kz ~lm j}k p~nqxyszpkjk ys{sqnlo pqs�{kz ~qk vwxyszp{kjk|sq j}k y{~uu s| �np~qjnjk oq~p}u� �l ~mmnjnsl� hm�~qmu kj ~{� �>� ?� u}s� j}~j j}kuk pqs�{kzu ~qk vwx

yszp{kjk |sq jqkku� ¬}knq qkut{ju ~{us kuj~�{nu} j}k vwxyszp{kjklkuu s| j}kuk pqs�{kzu |sq j}k y{~uukus| yslrki �np~qjnjk oq~p}u ~lm mnuysllkyjkm pkqztj~jnsl �np~qjnjk oq~p}u� �s�krkq� j}k yszp{kinj�s| j}kuk pqs�{kzu |sq ysllkyjkm pkqztj~jnsl �np~qjnjk oq~p}u ~lm �nyslrki �np~qjnjk oq~p}u nu lsjujq~no}j|sq�~qm�
@ABCDEF G HIJKH L MBLCELN JO PQLHH BRPQDHBJRH OJE L RDNSFE JO CELTI PQLHHFHU HDSPQLHHFH JO PJNTLELSBQBVW LRM PIJEMLQ

CELTIHU LRM VIF PDEEFRV PJNTQFXBVW HVLVDH OJE VIF ILENJRBJDH PJQJEBRC TEJSQFNU VIF TLBEYPJNTQFVF PJQJEBRC TEJSQFNU LRM
VIF

kYTLVI TLEVBVBJR TEJSQFN JR VIFHF PQLHHFHZ OJE MF[RBVBJRH JO VIF PQLHHFH HIJKRU HFF \]U G]^_
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�sjnr~jkm �� j}nu nuutk �k pqsrk j}~j j}k }~qzslnstu ys{sqnlo pqs�{kz ~lm j}k p~nqxyszp{kjk
ys{sqnlo pqs�{kz nu vwxyszp{kjk |sq ysllkyjkm pkqztj~jnsl �np~qjnjk oq~p}u� ~lm j}tu� j}k u~zk }s{mu|sq j}k y{~uu s| �nyslrki �np~qjnjk oq~p}u� �sqksrkq� �~ukm sl �sm{~klmkq:u qkut{ju ���� �k u}s� j}~j
j}k p~nqxyszp{kjk ys{sqnlo pqs�{kz nu vwxyszp{kjk |sq �t~unxj}qku}s{m oq~p}u ~lm j}~j j}k }~qzslnstu
ys{sqnlo pqs�{kz nu vwxyszp{kjk |sq mnuysllkyjkm �t~unxj}qku}s{m oq~p}u� �j }~u �kkl u}s�l j}~j j}k
}~qzslnstu ys{sqnlo pqs�{kz nu ps{�lszn~{{� us{r~�{k sl j}qku}s{m oq~p}u� �l j}nu p~pkq �k u}s� j}~j
j}k p~nqxyszp{kjk ys{sqnlo pqs�{kz nu ~{us ps{�lszn~{{� us{r~�{k sl j}nu y{~uu �� pqspsunlo ~ unzp{k
{nlk~qxjnzk ~{osqnj}z��k ~{us ujtm� j}k kxp~j} p~qjnjnsl pqs�{kz� ~ oklkq~{n�~jnsl s| j}k p~j} p~qjnjnsl pqs�{kz �¨ �̈¥j}k /02¢ /012;2;54 /15¦£.3 nu js mkjkqznlk j}k znlnztz ltz�kq s| p~j}u nl ~ p~j} p~qjnjnsl s| ~unzp{k oq~p} G� �}n{k ~ p~j} p~qjnjnsl s| G nu ~ ys{{kyjnsl s| rkqjki mnu�snlj p~j}u P1, P2, . . . , Pr

nl
G
�}suk tlnsl nu V (G)

� ¡ p~j} p~qjnjnsl nu y~{{km ~ k L/02¢ /012;2;54 n| lslk s| j}k p~j}u }~u {kloj}zsqk j}~l k � |sq ~ onrkl psunjnrk nljkokq k � ¬}k k L/02¢ /012;2;54 /15¦£.3 nu js mkjkqznlk j}k znlnztzltz�kq s| p~j}u nl ~ kxp~j} p~qjnjnsl s| ~ oq~p} G� �j nu ~ l~jtq~{ oq~p} pqs�{kz �nj} ~pp{ny~jnslunl �qs~my~ujnlo nl yszptjkq ~lm yszztlny~jnslu lkj�sq�u ���� �«� ~lm nj nu vwxyszp{kjk |sq oklkq~{
oq~p}u �¨ �̈� ®~l kj ~{� ��«� o~rk ~ ps{�lszn~{ jnzk ~{osqnj}z |sq �lmnlo j}k znlnztz ltz�kq s|
p~j}u nl ~ kxp~j} p~qjnjnsl s| ~ jqkk� �}n{k �jknlkq ��­� u}s�km j}~j j}k pqs�{kz nu vwxyszp{kjk krkl|sq ysoq~p}u n| k nu yslunmkqkm js �k p~qj s| j}k nlptj� �tj nj nu ps{�lszn~{{� us{r~�{k n| k nu �ikm¥ }k~{us pqkukljkm ~ {nlk~qxjnzk us{tjnsl |sq j}k pqs�{kz� �nj} ~l� k � |sq j}qku}s{m oq~p}u� �tnjk qkyklj{���jknlkq ���� u}s�km j}~j j}k kxp~j} p~qjnjnsl pqs�{kz qkz~nlu vwxyszp{kjk sl j}k y{~uu s| y}sqm~{�np~qjnjk oq~p}u n| k nu p~qj s| j}k nlptj ~lm sl j}k y{~uu s| yszp~q~�n{nj� oq~p}u krkl |sq k = 3

�
§tqj}kqzsqk� }k pqkukljkm ~ ps{�lszn~{ jnzk us{tjnsl |sq j}k pqs�{kz� �nj} ~l� k � sl pkqztj~jnsl�np~qjnjk oq~p}u ~lm {k|j j}k pqs�{kz spkl |sq j}k y{~uu s| yslrki �np~qjnjk oq~p}u��sjnr~jkm �� �jknlkq:u �sq� ����� �k pqsrk j}~j j}k kxp~j} p~qjnjnsl pqs�{kz nu vwxyszp{kjk slyslrki �np~qjnjk oq~p}u� §tqj}kqzsqk� �k u}s� j}~j j}nu pqs�{kz nu vwxyszp{kjk |sq �t~unxj}qku}s{m
oq~p}u� ~lm j}tu� nj nu ~{us vwxyszp{kjk |sq nljkqr~{ ~lm y}sqm~{ oq~p}u� §sq uszk oq~p} y{~uuku� j}k
yszp{kinj� uj~jtu s| j}k kxp~j} p~qjnjnsl pqs�{kz nu n{{tujq~jkm nl §no� ¨�

�tq �sq� nu sqo~ln�km ~u |s{{s�u� �l �kyjnsl � �k u}s� j}~j j}k }~qzslnstu ys{sqnlo pqs�{kz ~lm
j}k p~nqxyszp{kjk ys{sqnlo pqs�{kz ~qk vwxyszp{kjk sl pkqztj~jnsl �np~qjnjk oq~p}u� ~lm nl �kyjnsl ��k u}s� j}~j j}k kxp~j} p~qjnjnsl pqs�{kz nu vwxyszp{kjk sl yslrki �np~qjnjk oq~p}u� ~ utpkqy{~uus| pkqztj~jnsl �np~qjnjk oq~p}u� �l �kyjnsl ­ �k pqkuklj ujqtyjtq~{ pqspkqjnku s| j}k y{~uu s| �t~unx
j}qku}s{m oq~p}u ~lm vwxyszp{kjklkuu qkut{ju sl j}nu y{~uu� �}n{k nl �kyjnsl « �k mkuyqn�k ~ unzp{k
{nlk~qxjnzk ~{osqnj}z |sq j}k p~nqxyszp{kjk ys{sqnlo pqs�{kz sl j}qku}s{m oq~p}u� §nl~{{�� �kyjnsl ?
ysly{tmku j}k p~pkq ~lm mnuytuuku spkl pqs�{kzu�

� ������	� �� 
 �	�� �� ��	�
�
¬}k |sqzt{~jnslu s| j}k }~qzslnstu ys{sqnlo pqs�{kz ~lm j}k p~nqxyszp{kjk ys{sqnlo pqs�{kz nl �­�
~qk k�tnr~{klj js j}k |s{{s�nlo |sqzt{~jnslu�
�ed������b ����d��� �d�a����luj~lyk� ¯q~p} G = (V,E)

� psunjnrk nljkokq K ≤ |V |
�

�tkujnsl� �u j}kqk ~ psunjnrk nljkokq k ≤ K ~lm ~ pqspkq ys{sqnlo tunlo k ys{squ uty} j}~j k~y} p~nqs| ys{squ ~ppk~qu jsokj}kq sl ~j zsuj slk kmok�
�e�d�f�����c� ����d��� �d�a����luj~lyk� ¯q~p} G = (V,E)

� psunjnrk nljkokq K ≤ |V |
�

�tkujnsl� �u j}kqk ~ psunjnrk nljkokq k ≥ K ~lm ~ pqspkq ys{sqnlo tunlo k ys{squ uty} j}~j k~y} p~nqs| ys{squ ~ppk~qu jsokj}kq sl ~j {k~uj slk kmok�
�



�k lkij pqsrk stq z~nl qkut{j� j}~j nu� j}k }~qzslnstu ys{sqnlo pqs�{kz nu vwxyszp{kjk |sq
ysllkyjkm pkqztj~jnsl �np~qjnjk oq~p}u� ¡ �np~qjnjk oq~p} G = (X,Y ;E)

nu ~ /.138202;54 ¦;/012;2.
¤10/¢ n| ~lm sl{� n| nj }~u ~ ujqslo sqmkqnlo s| nju rkqjnyku ����¥ ~ ?2154¤ 51�.1;4¤ s| j}k rkqjnyku s|
G = (X,Y ;E)

nu ~l sqmkqnlo {x1, x2, . . . , xr}
s| j}k rkqjnyku nl X ~lm ~l sqmkqnlo {y1, y2, . . . , yr}s| j}k rkqjnyku nl Y uty} j}~j �}klkrkq xiy`, xjym ∈ E

�nj} i < j ~lm ` > m j}kl �k ~{us }~rk
xiym, xjy` ∈ E �����
����d�� ���� �¢. ¢01354;58? :5£51;4¤ /15¦£.3 ;? �BL:53/£.2. �¢.4 1.?21;:2.� 25 :544.:2.� /.138L
202;54 ¦;/012;2. ¤10/¢?C
	
���
 �~qzslnstu ys{sqnlo nu s�rnstu{� nl vw� �l sqmkq js pqsrk vwx}~qmlkuu� �k tuk ~ jq~lu|sqz~jnsl|qsz �xw¡�¬�¬��v�

�kj ~ ukj A = {a1, . . . , a3m}
s|

3m k{kzklju� ~ psunjnrk nljkokq b ~lm {kj psunjnrk nljkokq un�ku s(ai)|sq k~y} ai ∈ A
�k onrkl� uty} j}~j 1

4b < s(ai) <
1
2b
� ~lm uty} j}~j ∑

ai∈A s(ai) = mb
�
1 ≤ i ≤ 3m

�
�k z~� utppsuk j}~j� |sq k~y} ai ∈ A

�
s(ai) > m

;n| lsj� j}kl �k y~l zt{jnp{� ~{{ s(ai)
~lm b �nj}

m+ 1
<�

�k yslujqtyj j}k |s{{s�nlo ysllkyjkm oq~p} �}ny} nu ~ pkqztj~jnsl �np~qjnjk oq~p}� �slunmkq ~ukj M = {m1,m2, . . . ,mm}
s|
m rkqjnyku� ~ ukj B = b1, b2, . . . , bb

s|
b rkqjnyku� ~lm ~mm ~ rkqjki vj}~j nu ysllkyjkm js krkq� rkqjki nl j}k j�s ukju� �k ~mm ~ ukj M ′ = {m′

1,m
′
2, . . . ,m

′
m−1}

s|
m − 1rkqjnyku ~lm ~ ukj B′ = {b′1, b

′
2, . . . , b

′
b−1}

s|
b− 1 rkqjnyku �k ysllkyj j}kz js j}k rkqjnyku s|M ~lm B~u |s{{s�u� �k ysllkyj k~y} rkqjki m′

i

�
1 ≤ i ≤ m − 1

� js j}k rkqjnyku mi+1,mi+2, . . . ,mm

� ~lm k~y}
rkqjki bi 1 ≤ i ≤ b− 1

� js j}k rkqjnyku b′i+1, b
′
i+2, . . . , b

′
b

� vkij �k yslujqtyj |sq krkq� ai ∈ A ~ jqkk Tis| mkpj} slk �nj} s(ai)
{k~rku� l~zk{� yi

1, y
i
2, . . . , y

i
s(ai)

� ~lm qssj xi

� j}~j nu� krkq� {k~| nu ~m�~yklj js
j}k qssj¥ lsjk j}~j j}kqk ~qk 3m

uty} jqkku T1, T2, . . . , T3m

� ¬}kl �k ~mm ~ ukj P = {p1, p2, . . . , p3m}s|
3m rkqjnyku� ~lm �k ysllkyj k~y} rkqjki pi

js j}k qssj xi

s| j}k jqkk Ti

�
1 ≤ i ≤ 3m

� �k ~{us
ysllkyj pi

�
2 ≤ i ≤ 3m

� js j}k s(ai−1)
{k~rku s| j}k jqkk Ti−1

� ¬}k rkqjki p1
nu ~{us ysllkyjkm js j}k

rkqjnyku s| M ′ ~lm j}k rkqjki v � ¡mmnjnsl~{{�� |sq k~y} rkqjki pi ∈ P
�
2 ≤ i ≤ 3m

� �k ~mm rkqjnyku vi
j

�
1 ≤ j ≤ m − 1 + b − s(ai−1) + 1 + 3m − i ~lm ysllkyj j}kz js rkqjki pi

� �k ~{us ~mm rkqjnyku v1
j

�
1 ≤ j ≤ b+ 3m− 1 ~lm ysllkyj j}kz js j}k rkqjki p1

¥ {kj G �k j}k qkut{jnlo oq~p}� ¬}k oq~p} G nu~ ysllkyjkm oq~p} ~lm nj nu n{{tujq~jkm nl §no� ��
�lk y~l k~un{� rkqn|� j}~j j}k oq~p} G nu ~ �np~qjnjk oq~p}¥ {kj X ~lm Y �k nju j�s uj~�{k ukju� �jnu k~u� js u}s� j}~j j}k oq~p} G = (X,Y ;E) ~mznju ~ ujqslo sqmkqnlo s| nju rkqjnyku� ~lm� j}tu� nj nu~ pkqztj~jnsl �np~qjnjk oq~p}� �kj X ~lm Y �k j}k sqmkqnlou s| j}k rkqjnyku s| X ~lm Y � qkupkyjnrk{���k mk�lk X ~lm Y ~u |s{{s�u�

X = {b′2, b
′
3, . . . , b

′
b, v,m

′
1,m

′
2, . . . ,m

′
m−1, v

1
1 , v

1
2 , . . . , v

1
b+3m−1,X1,X3,X5, . . . ,X3m−2, x3m}

Y = {b1, b2, . . . , bb,m1,m2, . . . ,mm,Y1,Y3,Y5, . . . ,Y3m−2, y
3m
1 , y3m

2 , . . . , y3m
s(a3m)}

�}kqk Xi = {xi, pi+1, y
i+1
1 , yi+1

2 , . . . , yi+1
s(ai+1)

, vi+2
1 , vi+2

2 , . . . , vi+2
4m+b−s(ai+1)−i−2}

�
i = 1, 3, 5, . . . , 3m− 2

�
~lm Yi = {xi, y

i
1, y

i
2, . . . , y

i
s(ai)

, vi+1
1 , vi+1

2 , . . . , vi+1
4m+b−s(ai)−i−1, xi+1}

�
i = 1, 3, 5, . . . , 3m− 2

�
�j nu k~u� js ukk j}~j j}k jsj~{ ltz�kq s| kmoku nl G nu

(

m

2

)

+

(

b

2

)

+m+ b+ 3m2 + 3mb+ 3m+mb+

3m−1
∑

i=1

i =

(

4m + b + 1

2

)

§sq krkq� }~qzslnstu ys{sqnlo s| G ~lm krkq� p~nq s| mnujnlyj ys{squ i, j � i 6= j
� j}kqk ztuj �k ~j zsujslk kmok �nj} nju klmpsnlju ys{sqkm �nj} i ~lm j � ¬}tu� nj |s{{s�u j}~j j}k }~qzslnstu y}qsz~jnyltz�kq y~llsj �k {kuu j}~l 4m+ b + 1

� ~lm n| nj nu k�t~{ js 4m+ b + 1 j}kl �k }~rk� |sq krkq� p~nqs| mnujnlyj ys{squ i, j � 1 ≤ i, j ≤ 4m + b + 1
� ~ tln�tk kmok �nj} nju klmxpsnlju ys{sqkm �nj} i ~lm j �

­



m
′

1 m
′

2 ���m′

m−1 b
′

2 b
′

3 ��� b
′

b

m1 m2

���
mm

b1 b2

���
bb−1 bb

v ���b + 3m − 1 ��� ���b − s(ai−1) + 4m − i ��� ���b − s(a3m−1) + m

p1 p2
���

pi pi+1
���

p3m−1 p3m

x1 x2 xi x3m−1 x3m

y1
1 y

1
2

���

y1
s(a1) y2

1 y
2
2

���

y2
s(a2) yi

1 y
i
2

���

yi
s(ai) y3m−1

1 y3m−1
2

���

y3m−1
s(a3m−1) y

3m
1 y3m

2

���

y3m
s(a3m)

§notqk �� �{{tujq~jnlo j}k yslujqtyjkm ysllkyjkm pkqztj~jnsl �np~qjnjk oq~p} G�

¬}tu� �k }~rk ~l ki~yj ys{sqnlo s| G¥ ~l .F0:2 :5£51;4¤ s| G �nj} k ys{squ nu ~ }~qzslnstu ys{sqnlo s|
G
�nj} k ys{squ nl �}ny}� |sq k~y} p~nq s| ys{squ i � j � j}kqk nu ki~yj{� slk kmok ab uty} j}~j a }~u ys{sq

i ~lm b }~u ys{sq j �
�k ls� y{~nz j}~j j}k }~qzslnstu y}qsz~jny ltz�kq s| G nu ;{kuu sq k�t~{ js< 4m+ b + 1

n| ~lmsl{� n| A y~l �k p~qjnjnslkm nl m ukju A1, . . . , Am

uty} j}~j ∑

a∈Aj
s(a) = b

� |sq ~{{ j � 1 ≤ j ≤ m
�

(⇐=)
�tppsuk ls� ~ �xp~qjnjnsl s| A nl A1, . . . , Am

uty} j}~j ∀j :
∑

a∈Aj
s(a) = b kinuju� �k u}s�}s� js �lm ~ }~qzslnstu ys{sqnlo s| G tunlo 4m+b+1 ys{squ� �k ys{sq j}k rkqjnyku s| j}k ukjuM ~lm

M ′
�nj} ys{squ 1, 2, . . . ,m

� j}k rkqjnyku s| j}k ukju B ~lm B′
�nj} ys{squ m+ 1,m+ 2, . . . ,m+ b

� ~lm
rkqjki v �nj} m+ b+ 1

� §sq yslrklnklyk ~lm k~uk s| pqkuklj~jnsl� {kjM �k j}k ukj yslj~nlnlo ys{squ
1, 2, . . . ,m

� {kj B �k j}k ukj yslj~nlnlo ys{squ m+ 1,m+ 2, . . . ,m+ b
� ~lm {kj K �k j}k ukj yslj~nlnloys{squ m + b + 2,m+ b + 3, . . . , 4m + b + 1

� �|
ai ∈ Aj

j}kl �k ys{sq j}k rkqjki ysqqkupslmnlo js ai�nj} ys{sq j � h~y} ys{sq j ∈ M
nu ~uunolkm js j}k j}qkk rkqjnyku xi

ysqqkupslmnlo js j}qkk ai
j}~j }~rk

jsokj}kq ki~yj{� b lkno}�squ s| mkoqkk �� �k ~uunol js k~y} slk s| j}kuk b lkno}�squ ~ mn�kqklj ys{sq|qsz B
� ~lm lkij �k ~uunol js k~y} rkqjki pi

s| j}k ukj P ~ mnujnlyj ys{sq |qsz K
� �ky~{{ j}~j k~y}

rkqjki pi

�
1 ≤ i ≤ 3m

� nu ysllkyjkm js m+ b+ 1 + 3m− i rkqjnyku ;ukk §no� ¨<�vkij� �k ys{sq j}k qkuj m−1+ b−s(ai−1)+1+3m− i lkno}�squ s| k~y} pi

�
1 < i ≤ 3m

� �k ~uunol
~ mnujnlyj ys{sq |qsz j}k ukjM\ci

js m− 1 lkno}�squ s| pi

� �}kqk ci nu j}k ys{sq pqkrnstu{� ~uunolkmjs j}k rkqjki xi
ysqqkupslmnlo js ai

� �k lkij ~uunol ~ mnujnlyj ys{sq |qsz j}k ukj B\Ci
js b− s(ai−1)lkno}�squ s| pi

� �}kqk Ci

nu j}k ukj s| j}k ys{squ pqkrnstu{� ~uunolkm js s(ai−1)
lkno}�squ s| j}k rkqjki

xi−1
ysqqkupslmnlo js ai−1

� §nl~{{�� �k ~uunol ~ mn�kqklj ys{sq js j}k qkuj 1 + 3m− i lkno}�squ s| pi

�
tunlo ys{sq m+ b + 1 ~lm j}k ys{squ ~uunolkm js j}k rkqjnyku pj

�
i+ 1 ≤ j ≤ 3m

� vsjk j}~j� �k }~rk
~uunolkm ~ ys{sq js m lkno}�squ s| p1

� ~lm� j}tu� nl sqmkq js ys{sq j}k qkuj b+ 3m− 1 lkno}�squ s| p1
�

�k tuk ys{squ |qsz K ~lm B
� ¡ }~qzslnstu ys{sqnlo s| G tunlo 4m + b + 1 ys{squ qkut{ju� ~lm j}tu�j}k }~qzslnstu y}qsz~jny ltz�kq s| G nu 4m+ b+ 1

�
(=⇒)

�k lkij utppsuk j}~j j}k }~qzslnstu y}qsz~jny ltz�kq s| G nu ;{kuu sq k�t~{ js< 4m+b+1
�

�slunmkq ~ }~qzslnstu ys{sqnlo s| G tunlo 4m + b + 1 ys{squ� �nj}stj {suu s| oklkq~{nj� �k z~�utppsuk j}~j j}k m rkqjnyku s| j}k ukj M }~rk mnujnlyj ys{squ |qszM
� �}n{k j}k b rkqjnyku s| j}k ukj

B }~rk mnujnlyj ys{squ |qsz B
� ¡{us� �nj}stj {suu s| oklkq~{nj�� �k ys{sq rkqjki v �nj} ys{sqm+B+1

�
unlyk v nu ~m�~yklj js ~{{ j}k rkqjnyku s| j}k j�s ukju� ~lm rkqjki p1

�nj} ys{sq cp1
= m+ b + 2

� vsjk
j}~j p1

nu j}k rkqjki }~rnlo j}k z~inztz mkoqkk� j}~j nu� 4m+B
� ~lm� j}tu� ys{sqm+b+2

nu ~m�~yklj
«



js ~{{ ys{squ� �ky~tuk �k ys{sq ~{{ tlys{sqkm lkno}�squ s| p1
�nj} mnujnlyj ys{squ |qszM∪B ∪ K\cp1

�
�k y{~nz j}~j krkq� rkqjki pi

�
1 < i ≤ 3m

� j~�ku ~ ys{sq |qsz K
� �lmkkm� {kj cm ∈ M

�k ~ ys{sq
~uunolkm js p2

� ¬}k mkoqkk s| rkqjki p2
nu k�t~{ js 4m+ b − 1

� �s�krkq� ys{sq cm y~l �k ~m�~yklj js
(m− 1+ b+3m+1)− (1+1) < 4m+ b− 1

sj}kq ys{squ� ~lm� j}tu� �k lkkm slk zsqk ys{sq nl sqmkq js
ys{sq slk zsqk lkno}�sq s| p2

� �unlo unzn{~q ~qotzklju� �k u}s� j}~j rkqjki p2
y~llsj j~�k ~ ys{sq|qsz B ∪ {m+ b + 1,m+ b + 2}

� ~lm j}tu nj j~�ku ~ ys{sq |qsz K\cp1

� �kytqunrk{�� ~u y~l k~un{� �k
pqsrkm �� nlmtyjnsl sl i � j}k u~zk }s{mu |sq ~{{ pi ∈ P

�
2 < i ≤ 3m

� j}~j nu� pi
j~�ku ~ ys{sq |qsz

K\L
� �}kqk L nu j}k ukj yslj~nlnlo ys{squ cp1

, cp2
, . . . , cpi−1

� �}ny} ~qk j}k ys{squ ~{qk~m� ~uunolkm js
rkqjnyku pj

�
1 ≤ j < i

� vsjk j}~j� n| cK nu ~ ys{sq |qsz K ∪ {m + b + 1}
� j}kl nj y~llsj �k ~uunolkm

js ~l� sj}kq rkqjki s| G unlyk ~l� p~nq s| ys{squ (cK, j)
�
1 ≤ j ≤ 4m + b + 1

� ~{qk~m� ~ppk~qu nl j}k
}~qzslnstu ys{sqnlo� �ky~{{ j}~j� |sq krkq� p~nq s| mnujnlyj ys{squ i, j � 1 ≤ i, j ≤ 4m+ b+ 1

� j}kqk nu ~tln�tk kmok �nj} nju klmxpsnlju ys{sqkm �nj} i ~lm j ��k ls� u}s� j}~j ~{{ j}k rkqjnyku s| j}k ukj B′ qkyknrk ys{squ |qsz B
� �nlyk k~y} rkqjki ui ∈ B′

�
2 ≤ i ≤ b

� nu ~m�~yklj js ~j {k~uj slk rkqjki nl B � lslk s| j}kz y~l j~�k ys{sq m+ b+ 1
� �kj u ∈ B′�k slk rkqjki j~�nlo ~ ys{sq |qszM

� ~lm {kj du

�k nju mkoqkk� �}n{k ~{{ j}k sj}kq rkqjnyku j~�k ys{squ|qsz B
� ¬}k ltz�kq s| kmoku s| G }~rnlo slk klmpsnlj ys{sqkm �nj} ~ ys{sq |qszM j}~j }~rk lsj

~ppk~qkm �kj nu mb − du

� ¡{us� j}k ltz�kq s| kmoku s| G }~rnlo slk klmpsnlj ys{sqkm �nj} ~ ys{sq|qsz B j}~j }~rk lsj ~ppk~qkm �kj nu mb � ¬}tu� j}k ltz�kq s| p~nu j}~j }~rk lsj ~ppk~qkm �kj nl G�nu
mb− du +mb−mb = mb− du

� �}n{k j}k ltz�kq s| tlys{sqkm kmoku nu mb � j}~j nu� j}k kmoku s| j}k|sqz xiy
i
j

�
1 ≤ i ≤ 3m

�
1 ≤ j ≤ s(ai)

� ¬}nu nzp{nku j}~j �k lkkm zsqk ys{squ� ~lm ysluk�tklj{�� ~{{
j}k rkqjnyku s| j}k ukj B′ qkyknrk ys{squ |qsz B

� �unlo unzn{~q ~qotzklju �k y~l u}s� j}~j j}k rkqjnykus| j}k ukj M ′ qkyknrk ys{squ |qszM
�

vsjk j}~j p~nqu (µ, ν)
�
µ ∈ M

�
ν ∈ B

� }~rk lsj ~ppk~qkm �kj� �nlyk krkq� p~nq s| ys{squ ztuj
~ppk~q� �k ~uunol j}kuk p~nqu js j}k mB kmoku j}~j }~rk �sj} klmpsnlju tlys{sqkm� vsjk j}~j j}kukkmoku ~qk j}k kmoku xiy

i
j

�
1 ≤ i ≤ 3m

�
1 ≤ j ≤ s(ai)

� �}kqk xi
ysqqkupslmu js ai

~lm yi
j
ysqqkupslmu

js j}k jxj} lkno}�sq s| xi
}~rnlo mkoqkk �� ¬}k rkqjnyku xi

y~llsj j~�k ~ ys{sq |qsz B
� sj}kq�nuk j}k

s(ai) > m
tlys{sqkm lkno}�squ yi

j
y~llsj �k ys{sqkm �nj} m ys{squ |qsz M

� ¬}tu� rkqjnyku xi
~qk

~uunolkm ~ ys{sq |qszM ~lm rkqjnyku yi
j
~qk ~uunolkm ~ ys{sq |qsz B

;qky~{{ j}~j b
4 < s(ai) <

b
2

<� vsjk
j}~j nj nu k~u� js ~uunol ~ mnujnlyj ys{sq js j}k 4m+ b−s(ai−1− i

lkno}�squ s| k~y} pi

�
1 < i ≤ 3m j}~j}~rk mkoqkk k�t~{ js slk¥ qky~{{ j}~jm−1 lkno}�squ s| p1

�k{slonlo js j}k ukjM ′ ~qk ~{qk~m� ~uunolkm
~ ys{sq |qszM

� �|
cpi

nu j}k ys{sq s| rkqjki pi

� �k tuk mnujnlyj ys{squ |qszM∪B∪K\{cxi
,F ,L, cpi

}
�

�}kqk F nu j}k ukj yslj~nlnlo ~{{ ys{squ ~{qk~m� ~uunolkm js j}k s(ai−1)+1 lkno}�squ s| pi
~lm cxi

∈ Mnu j}k ys{sq ~{qk~m� ~uunolkm js rkqjki xi

�
§nl~{{�� {kj ai ∈ Aj

n| ~lm sl{� n| j}k rkqjki xi

;�nj} lkno}�squ yi
j

< nu ys{sqkm �nj} ys{sq j ∈ M
�

�k y{~nz j}~j |sq ~{{ j �∑a∈Aj
s(a) = b

� �lmkkm� k~y} ys{sq j ztuj �k ~m�~yklj js uszk ys{squ |qsz
B
� ~lm k~y} ys{sq |qsz B

nu ~uunolkm js ki~yj{� slk rkqjki �}ny} nu ~m�~yklj js ~{{ xi
ys{sqkm �nj} j ��klyk� ~ ysqqkyj �xp~qjnjnsl kinuju�

¬}k j}ksqkz |s{{s�u |qsz j}k ujqslo vwxyszp{kjklkuu s| �xw¡�¬�¬��v� unlyk j}k jq~lu|sqz~jnsl
y~l �k mslk k~un{� nl ps{�lszn~{ jnzk�
�k }~rk u}s�l j}~j j}k ysllkyjkm pkqztj~jnsl �np~qjnjk oq~p} G pqkukljkm nl j}nu p~pkq� }~u

(

4m + b + 1

2

) kmoku ~lm h(G) = 4m + b + 1
� �l �>� nj �~u u}s�l j}~j n| G nu ~ oq~p} �nj} ki~yj{�

(

k

2

) kmoku� j}kl ~ pqspkq rkqjki ys{sqnlo s| G �nj} k ys{squ nu p~nqxyszp{kjk n| ~lm sl{� n| nj nu ~
}~qzslnstu ys{sqnlo� ¬}tu� n| G nu ~ oq~p} �nj}

(

k

2

) kmoku� j}kl ψ(G) = k
n| ~lm sl{� n| h(G) = k �­���sluk�tklj{�� |sq j}k oq~p}G� �}ny} nu ~ pkqztj~jnsl �np~qjnjk oq~p}� �k }~rk j}~j ψ(G) = 4m+b+1

°



~lm� j}tu� stq qkut{ju ~{us pqsrk j}~j j}k ~y}qsz~jny ltz�kq nu vwxyszp{kjk |sq ysllkyjkm pkqztj~jnsl�np~qjnjk oq~p}u� �sluk�tklj{�� �k y~l uj~jk j}k |s{{s�nlo j}ksqkz�
����d�� ���� �¢. /0;1L:53/£.2. :5£51;4¤ /15¦£.3 ;? �BL:53/£.2. �¢.4 1.?21;:2.� 25 :544.:2.� /.1L
38202;54 ¦;/012;2. ¤10/¢?C
�k }~rk u}s�l j}~j }~qzslnstu ys{sqnlo ~lm p~nqxyszp{kjk ys{sqnlo ~qk vwxyszp{kjk pqs�{kzu |sq

j}k y{~uu s| pkqztj~jnsl �np~qjnjk oq~p}u� �sluk�tklj{�� j}k j�s pqs�{kzu ~qk vwxyszp{kjk |sq j}k
y{~uu s| �nyslrki �np~qjnjk oq~p}u� �}ny} pqspkq{� yslj~nlu pkqztj~jnsl �np~qjnjk oq~p}u� ¡ �np~qjnjk
oq~p} G = (X,Y ;E)

nu :54>.F sl j}k rkqjki ukj X n|
X y~l �k sqmkqkm us j}~j |sq k~y} k{kzklj y nlj}k rkqjki ukj Y j}k k{kzklju s| X ysllkyjkm js y |sqz ~l nljkqr~{ s| X ¥ G nu ¦;:54>.F n| nj nu yslrkisl �sj} X ~lm Y � �sluk�tklj{�� �k y~l uj~jk j}k |s{{s�nlo qkut{j�
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� ������ 
 �	�� �� ��	�
�
�k lkij pqsrk j}~j j}k kxp~j} p~qjnjnsl pqs�{kz nu vwxyszp{kjk |sq :54>.F ¦;/012;2. ¤10/¢?¥ qky~{{j}~j ~ �np~qjnjk oq~p} G = (X,Y ;E)

nu yslrki sl j}k rkqjki ukj X n|
X y~l �k sqmkqkm us j}~j |sq

k~y} k{kzklj y nl j}k rkqjki ukj Y j}k k{kzklju s| X ysllkyjkm js y |sqz ~l nljkqr~{ s| X �¨>��
����d�� ���� �¢.

k
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���
 ¬}k kxp~j} p~qjnjnsl pqs�{kz nu s�rnstu{� nl vw� �l sqmkq js pqsrk vwx}~qmlkuu� �k tuk ~jq~lu|sqz~jnsl |qsz �nlxw~y�nlo�
�kj ~ ukj A = {a1, . . . , an}

s|
n k{kzklju� ~ un�k s(ai) ∈ Z+ |sq k~y} ai ∈ A

� ~ psunjnrk nljkokq �nl
y~p~ynj� B ~lm ~ psunjnrk nljkokq K ��k yslujqtyj j}k |s{{s�nlo oq~p} �}ny} nu ~ yslrki �np~qjnjk oq~p}� �slunmkq ~l nlmkpklmklj ukj
Si = {si

1, s
i
2, . . . , s

i
s(ai)

}
s|
s(ai)

rkqjnyku ~lm ~l nlmkpklmklj ukj T i = ti1, t
i
2, . . . , t

i
s(ai)−1

s|
s(ai) − 1rkqjnyku |sq krkq� ai ∈ A

�
1 ≤ i ≤ n

� �k ysllkyj krkq� tij ∈ T i js rkqjnyku si
j ∈ Si ~lm si

j+1 ∈ Si �
1 ≤ j ≤ s(ai)

¥ {kj Pi

�
1 ≤ i ≤ n

�k j}k qkut{jnlo mnuysllkyjkm oq~p}u� k~y} yslj~nlnlo 2s(ai)−1 rkqjnyku�¬}tu� �k y~l ~uusyn~jk k~y} Pi

�nj} k~y} ai ∈ A
� �k ~mm ~l nlmkpklmklj ukj C = {c1, c2, . . . , cn−K}s|

n−K rkqjnyku ~lm �k ysllkyj k~y} cj � 1 ≤ j ≤ n−K js krkq� rkqjki s| ~{{ ukju Si � 1 ≤ i ≤ n ¥ {kj
G
�k j}k qkut{jnlo oq~p}� ¬}k oq~p} G nu ~ ysllkyjkm oq~p} ~lm nj nu n{{tujq~jkm nl §no� ��
�lk y~l k~un{� rkqn|� j}~j j}k oq~p} G nu ~ yslrki �np~qjnjk oq~p}¥ �k mk�lk j}k ukju X ~lm Y ~u|s{{s�u�

X = {s11, s
1
2, . . . , s

1
s(a1), s

2
1, s

2
2, . . . , s

2
s(a2), . . . , s

n
1 , s

n
2 , . . . , s

n
s(an)}

Y = {t11, t
1
2, . . . , t

1
s(a1)−1, c1, c2, . . . cn−K , t

2
1, t

2
2, . . . , t

2
s(a2)−1, . . . , t

n
1 , t

n
2 , . . . , t

n
s(an)−1}

�nlyk X nu sqmkqkm us j}~j |sq k~y} k{kzklj y nl j}k rkqjki ukj Y j}k k{kzklju s| X ysllkyjkm js y|sqz ~l nljkqr~{ s| X � j}k yslujqtyjkm �np~qjnjk oq~p} G = (X,Y ;E)
s| §no� � nu yslrki sl j}k rkqjkiukj X �

�k ls� y{~nz j}~j j}k oq~p} G }~u ~ kxp~j} p~qjnjnsl nljs K p~j}u s| {kloj} ~j zsuj k = 2B − 2n| ~lm sl{� n| A y~l �k p~qjnjnslkm nljs K mnu�snlj ukju A1, A2, . . . , AK

uty} j}~j j}k utz s| j}k un�kus| j}k njkzu nl k~y} Ai

nu
B
sq {kuu�

>



s11 s12 ��� s1
s(a1) s21 s22 ��� s2

s(a2) ��� sn
1 sn

2 ��� sn
s(an)

t11 t12

���
t1
s(a1)−1 t21 t22

���
t2
s(a2)−1

���
tn1 tn2

���
tn
s(an)−1 c1 c2

���
cn−K

§notqk �� �{{tujq~jnlo j}k yslujqtyjkm yslrki �np~qjnjk oq~p} G�

(⇐=)
�tppsuk ls� j}kqk kinuju ~ p~qjnjnsl s| A nl A1, . . . , AK

uty} j}~j j}k utz s| j}k un�ku s| j}knjkzu nl k~y} Ai

nu
B
sq {kuu� �k u}s� }s� js �lm ~ kxp~j} p~qjnjnsl s| G nljs K p~j}u s| {kloj} ~jzsuj k = 2B−2

� �kj αi

�k j}k ltz�kq s| njkzu yslj~nlkm nl k~y}Ai

�
1 ≤ i ≤ K

� �k yslujqtyj n p~j}us| {kloj} 2s(aj) − 2
�
1 ≤ j ≤ n

� j}~j nu� j}k p~j}u pj = [sj
1, t

j
1, s

j
2, t

j
2, s

j
3, . . . , s

j

s(aj)−1, t
j

s(aj)−1, s
j

s(aj)
]
�

1 ≤ j ≤ n
� vsjk j}~j k~y} p~j} pj

ysqqkupslmu js k~y} ut�oq~p} Pj

s|
G
� ¬}kl� �k tuk αi −1 rkqjnykus| j}k ukj C js ysllkyj j}k αi

p~j}u ysqqkupslmnlo js j}k k{kzklju s| j}k ukj Ai

nljs slk p~j} s| {kloj}
αi − 2 − αi + 2

∑

a∈Ai
s(a) ≤ 2B − 2

�
(=⇒)

�k lkij utppsuk j}~j G }~u ~ (2B−2)xp~j} p~qjnjnsl nljsK p~j}u� �nlyk j}k ukj X yslj~nlu
∑n

i=1 s(ai)
rkqjnyku ~lm j}k ukj Y yslj~nlu ∑n

i=1 s(ai) −K rkqjnyku� j}kl ~ znlnztz p~j} p~qjnjnsl
y~llsj yslj~nl {kuu j}~l K p~j}u� �sqksrkq� unlyk k~y} rkqjki tij ∈ T

;
1 ≤ i ≤ n

�
1 ≤ j ≤ s(ai) − 1

<
ukku sl{� j}k rkqjnyku si

j
~lm si

j+1

s|
X
� ~ p~j} yslj~nlnlo rkqjnyku s| j}k ut�oq~p} Pi

y~l �k ysllkyjkm
js ~ p~j} yslj~nlnlo rkqjnyku s| j}k ut�oq~p} Pi′

sl{� j}qsto} ~ rkqjki s| j}k ukj C � �}ny} yslj~nlu
n − K rkqjnyku� �k y{~nz j}~j� nl sqmkq js s�j~nl ~ p~j} p~qjnjnsl s| ls zsqk j}~l K p~j}u� �k
�quj }~rk js yslujqtyj n p~j}u pi = [si

1, t
i
1, s

i
2, t

i
2, s

i
3, . . . , s

i
s(ai)−1, t

i
s(ai)−1, s

i
s(ai)

]
�
1 ≤ i ≤ n

� ~lm j}kl�k }~rk js ysllkyj j}kz tunlo rkqjnyku s| C nl uty} ~ �~� j}~j ls p~j} yslj~nlu zsqk j}~l 2B − 1rkqjnyku¥ lsjk j}~j �sj} klmpsnlju s| k~y} p~j} pi
~qk nl X ~lm k~y} pi

ysqqkupslmu js ~ ut�oq~p} Pi

�
�lmkkm� {kj qi �k ~ ut�p~j} s| pi

~lm {kj pj

�k j}k n− 1 p~j}u ysqqkupslmnlo js j}k n − 1
ut�oq~p}u

Pj

� �}kqk pj = [sj
1, t

j
1, s

j
2, t

j
2, s

j
3, . . . , s

j

s(aj)−1, t
j

s(aj)−1, s
j

s(aj)
]
�
1 ≤ j ≤ n ~lm i 6= j

� ¬}kl� j}kqk kinuj
rkqjnyku s| j}k ut�oq~p} Pi

j}~j ~qk lsj nly{tmkm nl j}k p~j} qi � �}ny} |sqz ~ p~j} q′i � ¬}tu� �k }~rkjs ysllkyj n+1 p~j}u tunlo n−K rkqjnyku s| j}k ukj C � �}ny} qkut{ju js K+1 p~j}u� ~ ysljq~mnyjnsl��sluk�tklj{�� nl sqmkq js s�j~nl ~ p~j} p~qjnjnsl s| ls zsqk j}~l K p~j}u� �k �quj }~rk js yslujqtyj
n p~j}u pi

�
1 ≤ i ≤ n

� ysqqkupslmnlo js j}k ut�oq~p}u Pi

� ~lm j}kl �k }~rk js ysllkyj j}kz tunlo
rkqjnyku s| C nl uty} ~ �~� j}~j ls p~j} yslj~nlu zsqk j}~l 2B−1 rkqjnyku� �kj P ′ = {p′1, p

′
2, . . . , p

′
K}�k j}k ukj s| j}k p~j}u s| j}k (2B − 2)xp~j} p~qjnjnsl s| G� h~y} slk s| j}kuk K p~j}u yslj~nlu ~jzsuj B rkqjnyku s| X ~lm n| ~ rkqjki si

`

�
` ∈ [1, s(ai)]

�k{slou js ~ ykqj~nl p~j} j}kl ~{{ rkqjnyku si
j

�
1 ≤ j ≤ s(ai)

� �k{slo js j}k u~zk p~j}� �sluk�tklj{�� j}k ukj A y~l �k p~qjnjnslkm nljs K mnu�snljukju A1, A2, . . . , AK

uty} j}~j j}k utz s| j}k un�ku s| j}k njkzu nl k~y} Ai

nu
B
sq {kuu�

¬}k j}ksqkz |s{{s�u |qsz j}k ujqslo vwxyszp{kjklkuu s| �nlxw~y�nlo� unlyk j}k jq~lu|sqz~jnsl
y~l �k mslk k~un{� nl ps{�lszn~{ jnzk�

� ��	� ��
���
��� ��	�
�
¡ oq~p} G nu y~{{km �80?;L2¢1.?¢5£�� sq QT xoq~p} |sq u}sqj� n| G yslj~nlu ls nlmtykm ut�oq~p} nuszsqxp}ny js P4

sq C4
;ysqm{kuu p~j} sq y�y{k sl ­ rkqjnyku<¥ |sq mk�lnjnsl ~lm spjnzn�~jnsl pqs�{kzu sl j}nu

y{~uu ukk �¨�� ¨°� ¨?� �©� � �̈� ¬}k y{~uu s| �t~unxj}qku}s{m oq~p}u nu ~ ut�y{~uu s| j}k y{~uu s| ysoq~p}u
~lm yslj~nlu j}k y{~uu s| j}qku}s{m oq~p}u �°� ¨��¥ ukk §no� ¨�

?



��� ���������	 
��
���
��

�kj G �k ~QT xoq~p} �nj} rkqjki ukj V (G) ~lm kmok ukj E(G)
� ¬}k lkno}�sq}ssmN(x)

s| ~ rkqjki x ∈

V (G)
nu j}k ukj s| ~{{ j}k rkqjnyku s| G �}ny} ~qk ~m�~yklj js x� ¬}k y{sukm lkno}�sq}ssm s| x nu mk�lkm~u N [x] := {x} ∪N(x)

� ¬}k ut�oq~p} s| ~ oq~p} G nlmtykm �� ~ ut�ukj S s| j}k rkqjki ukj V (G)
nu

mklsjkm �� G[S]
� §sq ~ rkqjki ut�ukj S s| G� �k mk�lk G− S := G[V (G) − S]

�
¬}k |s{{s�nlo {kzz~ |s{{s�u nzzkmn~jk{� |qsz j}k |~yj j}~j |sq krkq� ut�ukj S ⊂ V (G) ~lm |sq ~rkqjki x ∈ S

� �k }~rk NG[S][x] = N [x] ∩ S ~lm j}~j G− S
nu ~l nlmtykm ut�oq~p}�

����e ���� �¨°� � �̈� A6 G ;? 0QT L¤10/¢< 2¢.4 651 .>.1@ ?8¦?.2 S ⊂ V (G)< ¦52¢ G[S] 04�G[V (G)−S]01. 0£?5 QT L¤10/¢?C
¬}k |s{{s�nlo j}ksqkz pqsrnmku nzpsqj~lj pqspkqjnku |sq j}k y{~uu s| QT xoq~p}u� §sq yslrklnklyk� �kmk�lk

cent(G) = {x ∈ V (G) | N [x] = V (G)}.

����d�� ���� �¨°� � �̈� �¢. 65££5�;4¤ 2¢1.. ?202.3.42? ¢5£�C
�;� � ¤10/¢ G ;? 0 QT L¤10/¢ ;6 04� 54£@ ;6 .>.1@ :544.:2.� ;4�8:.� ?8¦¤10/¢ G[S], S ⊆ V (G),?02;?�.? cent(G[S]) 6= ∅

C
�;;� � ¤10/¢ G ;? 0 QT L¤10/¢ ;6 04� 54£@ ;6 G[V (G) − cent(G)]

;? 0 QT L¤10/¢C
�;;;� �.2 G ¦. 0 :544.:2.� QT L¤10/¢C A6 V (G) − cent(G[S]) 6= ∅< 2¢.4 G[V (G) − cent(G)] :5420;4? 02£.0?2 2�5 :544.:2.� :53/54.42?C
�kj G �k ~ ysllkyjkm QT xoq~p}� ¬}kl V1 := cent(G)

nu lsj ~l kzpj� ukj �� ¬}ksqkz ­�¨� wtj
G1 := G

� ~lm G[V (G) − V1] = G2 ∪ G3 ∪ · · · ∪ Gr

� �}kqk k~y} Gi

nu ~ ysllkyjkm yszpslklj s|
G[V (G)−V1]

~lm r ≥ 3
� ¬}kl unlyk k~y} Gi

nu ~l nlmtykm ut�oq~p} s| G� Gi

nu ~{us ~ QT xoq~p}� ~lmus {kj Vi := cent(Gi) 6= ∅
|sq 2 ≤ i ≤ r

� �nlyk k~y} ysllkyjkm yszpslklj s| Gi[V (Gi) − cent(Gi)]
nu

~{us ~ QT xoq~p}� �k y~l ysljnltk j}nu pqsykmtqk tljn{ �k okj ~l kzpj� oq~p}� ¬}kl �k �l~{{� s�j~nlj}k |s{{s�nlo p~qjnjnsl s| V (G)
�

V (G) = V1 + V2 + · · · + Vk,
�}kqk Vi = cent(Gi).

�sqksrkq �k y~l mk�lk ~ p~qjn~{ sqmkq � sl j}k ukj {V1, V2, . . . , Vk}
~u |s{{s�u�

Vi � Vj

n|
Vi = cent(Gi)

~lm Vj ⊆ V (Gi).

�j nu k~u� js ukk j}~j j}k ~�srk p~qjnjnsl s| j}k rkqjki ukj V (G)
s| j}k QT xoq~p} G psuukuuku j}k|s{{s�nlo pqspkqjnku�

����d�� ���� �¨°� � �̈� �.2 G ¦. 0 :544.:2.� QT L¤10/¢< 04� £.2 V (G) = V1 + V2 + · · · + Vk
¦. 2¢.

/012;2;54 �.�4.� 0¦5>.� ;4 /012;:8£01< V1 := cent(G)
C �¢.4 2¢;? /012;2;54 04� 2¢. /012;0££@ 51�.1.� ?.2

({Vi},�)
¢0>. 2¢. 65££5�;4¤ /15/.12;.?�

�BG� A6 Vi � Vj < 2¢.4 .>.1@ >.12.F 56 Vi
04� .>.1@ >.12.F 56 Vj

01. �5;4.� ¦@ 04 .�¤. 56 G C
�B�� �51 .>.1@ Vj , cent(G[{

⋃

Vi | Vi � Vj}]) = Vj

C
�B�� �51 .>.1@ 2�5 Vs

04� Vt
?8:¢ 2¢02 Vs � Vt, G[{

⋃

Vi | Vs � Vi � Vt}]
;? 0 :53/£.2. ¤10/¢C

�51.5>.1< 6 51 .>.1@ 30F;30£ .£.3.42 Vt
56 ({Vi},�)< G[{

⋃

Vi | V1 � Vi � Vt}]
;? 0 30F;30£

:53/£.2. ?8¦¤10/¢ 56 G C

=



V1 cent(G)

V2 V3 ��� Vi−1

Vi

§notqk ­� ¬}k j�pny~{ ujqtyjtqk s| j}k ykljxjqkk Tc(G)
s| ~ QT xoq~p}�

¬}k qkut{ju s| ¬}ksqkz ­�� pqsrnmk ujqtyjtq~{ pqspkqjnku |sq j}k y{~uu s| QT xoq~p}u� �k u}~{{ qk|kq jsj}k ujqtyjtqk j}~j zkkju j}k pqspkqjnku s| ¬}ksqkz ­�� ~u :.42L21.. s| j}k oq~p} G ~lm mklsjk nj ��
Tc(G)

� ¬}k ykljxjqkk Tc(G)
;ukk §no� ­< s| ~ QT xoq~p} nu ~ qssjkm jqkk¥ nj }~u lsmku V1, V2, . . . , Vk

�
qssj V1 := cent(G)

� ~lm krkq� lsmk Vi

nu knj}kq ~ {k~| sq }~u ~j {k~uj j�s y}n{mqkl� �sqksrkq� Vs � Vtn| ~lm sl{� n| Vs

nu ~l ~lykujsq s| Vt

nl Tc(G)
� ¬}tu� �k y~l uj~jk j}k |s{{s�nlo qkut{j�

��d���ed� ���� � ¤10/¢ G ;? 0 QT L¤10/¢ ;6 04� 54£@ ;6 G ¢0? 0 :.42L21.. Tc(G)
C

�ab�d�ec��� ���� �kj G �k ~ QT xoq~p} ~lm {kj V = V1 + V2 + · · · + Vk

�k j}k ~�srk p~qjnjnsl s|
V (G)¥ V1 := cent(G)

� �kj S = {vs, vs+1, . . . , vt, . . . , vq}
�k ~ uj~�{k ukj uty} j}~j vt ∈ Vt

~lm Vt

nu ~z~inz~{ k{kzklj s| ;Vi

�
�
< sq� k�tnr~{klj{�� Vt

nu ~ {k~| lsmk s| Tc(G)
�
s ≤ t ≤ q

� �j nu k~u� js ukk
j}~j S }~u j}k z~inztz y~qmnl~{nj� α(G) ~zslo ~{{ j}k uj~�{k ukju s| G� �l j}k sj}kq }~lm� j}k ukju
{
⋃

Vi | V1 � Vi � Vt}
� |sq krkq� z~inz~{ k{kzklj Vt

s| ;
Vi

�
�
<� pqsrnmk ~ y{n�tk ysrkq s| un�k κ(G)�}ny} nu j}k uz~{{kuj psuun�{k y{n�tk ysrkq s| G¥ j}~j nu α(G) = κ(G)

� �~ukm sl j}k ¬}ksqkz ­�� sq�
k�tnr~{klj{�� sl j}k pqspkqjnku s| j}k ykljxjqkk s| G� nj nu k~u� js u}s� j}~j j}k y{n�tk ltz�kq ω(G)k�t~{u j}k y}qsz~jny ltz�kq χ(G)

s| j}k oq~p} G¥ j}~j nu� χ(G) = ω(G)
�

2

��� ������
	������� ����	��

�l sqmkq js pqsrk j}k vwxyszp{kjklkuu s| j}k p~nqxyszp{kjk ys{sqnlo pqs�{kz |sq ysoq~p}u ~lm nljkqr~{
oq~p}u� �sm{~klmkq ��� yslujqtyju ~l nluj~lyk s| ~ mnuysllkyjkm oq~p} �}ny} nu unzt{j~lkstu{� ~ ysx
oq~p} ~lm ~l nljkqr~{ oq~p} ~lm zsmn�ku nj nl sqmkq js s�j~nl ~ ysllkyjkm nluj~lyk s| ~ oq~p} �}ny}
qkz~nlu ~ ysoq~p} ~lm ~l nljkqr~{ oq~p}� �lk y~l k~un{� rkqn|� j}~j j}k yslujqtyjkm oq~p}u ~qk ~{us�t~unxj}qku}s{m oq~p}u� ¬}tu� }nu pqss| ~{us kuj~�{nu}ku j}k vwx}~qmlkuu s| j}k p~nqxyszp{kjk ys{sqnlo
pqs�{kz |sq j}k y{~uu s| �t~unxj}qku}s{m oq~p}u� ~u �k{{ ~u j}k vwx}~qmlkuu s| j}k }~qzslnstu ys{sqnlo
pqs�{kz |sq mnuysllkyjkm �t~unxj}qku}s{m oq~p}u� �sluk�tklj{�� �k uj~jk j}k |s{{s�nlo qkut{j�
��d���ed� ���� �¢. /0;1L:53/£.2. :5£51;4¤ /15¦£.3 ;? �BL:53/£.2. 6 51 �80?;L2¢1.?¢5£� ¤10/¢?� 2¢.¢01354;58? :5£51;4¤ /15¦£.3 ;? �BL:53/£.2. 6 51 �;?:544.:2.� �80?;L2¢1.?¢5£� ¤10/¢?C
�k lkij pqsrk j}~j j}k kxp~j} p~qjnjnsl pqs�{kz nu vwxyszp{kjk |sq �t~unxj}qku}s{m oq~p}u�

����d�� ���� �¢.
k
L/02¢ /012;2;54 /15¦£.3 ;? �BL:53/£.2. 6 51 �80?;L2¢1.?¢5£� ¤10/¢?C
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���
 ¬}k kxp~j} p~qjnjnsl pqs�{kz nu s�rnstu{� nl vw� �l sqmkq js pqsrk vwx}~qmlkuu� �k tuk ~jq~lu|sqz~jnsl |qsz �xw¡�¬�¬��v�
�kj ~ ukj A = {a1, . . . , a3m}

s|
3m k{kzklju� ~ psunjnrk nljkokq B ~lm {kj psunjnrk nljkokq un�ku s(ai)|sq k~y} ai ∈ A

�k onrkl� uty} j}~j 1
4B < s(ai) <

1
2B
� ~lm uty} j}~j ∑

ai∈A s(ai) = mB
�
1 ≤ i ≤ 3m

�
�k z~� utppsuk j}~j� |sq k~y} ai ∈ A

�
s(ai) > m

;n| lsj� j}kl �k y~l zt{jnp{� ~{{ s(ai)
~lm b �nj}

m+ 1
<�

�k yslujqtyj j}k |s{{s�nlo oq~p} �}ny} nu ~ �t~unxj}qku}s{m oq~p}� �slunmkq ~ oq~p} G(V ∪C,E)}~rnlo ~ y{n�tk Kai
(Vai

, Eai
)
sl s(ai)

rkqjnyku |sq k~y} ai ∈ A
uty} j}~j Vai

∩ Vaj
= ∅
�
i 6= j

� ~lm
V =

⋃

ai∈A Vai

� ¬}kqk ~qk ls kmoku nl G �kj�kkl rkqjnyku nl mn�kqklj y{n�tku� �l ~mmnjnsl� G }~u 2m
�ysllkyjsq� rkqjnyku C = {v1, v2, . . . , v2m}

�}ny} |sqz ~ y{n�tk nl G� hrkq� vi ∈ C
nu ysllkyjkm js

krkq� u ∈ V
� �j nu y{k~q j}~j G nu ~ �t~unxj}qku}s{m oq~p}�

�k ls� y{~nz j}~j A }~u ~ �xw¡�¬�¬��v� j}~j nu� A y~l �k p~qjnjnslkm nljs m mnu�snlj ukju
A1, A2, . . . , Am

uty} j}~j∑

a∈Ai
s(a) = B

|sq 1 ≤ i ≤ m
� n| ~lm sl{� n| G }~u ~ p~qjnjnsl nljs m p~j}us| {kloj} k = B + 2

� vsjnyk j}~j j}k yslujq~nlju sl j}k njkz un�ku klutqk j}~j k~y} Si

ztuj }~rk
ki~yj{� j}qkk k{kzklju |qsz A

�
(=⇒)

�|
A }~u ~ �xw¡�¬�¬��v Ai = {xi, yi, zi}

�
1 ≤ i ≤ m

� j}kl �k y~l tuk j}k j�s k{kzklju
v2i−1, v2i ∈ C js ysllkyj j}k ysqqkupslmnlo ut�oq~p}uKxi

,Kyi

~lmKzi

nljs ~ p~j} Vxi
, v2i−1, Vyi

, v2i,

Vzi

s| {kloj} B + 2
�

(⇐=)
�k lkij utppsuk j}~j G }~u ~ (B + 2)xp~j} p~qjnjnsl nljs m p~j}u� P1, P2, . . . , Pm

� �nlyk G}~u m(B + 2) rkqjnyku� k~y} Pi

ztuj yslj~nl ki~yj{� B + 2 rkqjnyku� �ky~tuk s| j}k un�k yslujq~nlju�k~y} Pi

ztuj yslj~nl ~j {k~uj j�s ysllkyjsq rkqjnyku |qsz C
�

�k y{~nz j}~j� nl sqmkq js s�j~nl ~ p~j} p~qjnjnsl s| ls zsqk j}~l m p~j}u� �k �quj }~rk js
yslujqtyj 3m p~j}u p1, p2, . . . , p3m

ysqqkupslmnlo js j}k 3m y{n�tku� ~lm j}kl �k }~rk js ysllkyj j}kztunlo rkqjnyku s| C nl uty} ~ �~� j}~j k~y} p~j} Pi

�
1 ≤ i ≤ m

� yslj~nlu ki~yj{� B + 2 rkqjnyku��lmkkm� {kj qk �k ~ ut�p~j} s| p~j} pk
ysqqkupslmnlo js y{n�tk Kak

~lm {kj pj

�k j}k 3m − 1 p~j}uysqqkupslmnlo js j}k qkuj 3m−1 y{n�tku� ¬}kl� j}kqk kinuj rkqjnyku s| y{n�tk Kak

j}~j ~qk lsj nly{tmkmnl j}k p~j} qk � �}ny} |sqz ~ p~j} q′k � ¬}tu� �k }~rk js ysllkyj 3m+ 1 p~j}u tunlo 2m rkqjnyku s| j}kukj C � �}ny} qkut{ju js m+1 p~j}u� ~ ysljq~mnyjnsl� �sluk�tklj{�� nl sqmkq js s�j~nl ~ p~j} p~qjnjnsls|
m p~j}u� �k �quj }~rk js yslujqtyj 3m p~j}u pi

�
1 ≤ i ≤ 3m

� ysqqkupslmnlo js j}k y{n�tku Kai

� ~lm
j}kl �k }~rk js ysllkyj j}kz tunlo rkqjnyku s| C nl uty} ~ �~� j}~j k~y} p~j} yslj~nlu ki~yj{� B+ 2rkqjnyku�
�nlyk �k }~rk 3m p~j}u� ysqqkupslmnlo js 3m y{n�tku� ~lm 2m ysllkyjsqu� k~y} Pi

ztuj yslj~nl
ki~yj{� j�s ysllkyjsq rkqjnyku� �k y{~nz j}~j lslk s| j}k p~j}u Pi

yslj~nlu ~l kmok �kj�kkl j�s
rkqjnyku s| y{n�tk C � �lmkkm� {kj Pk

�k ~ p~j} yslj~nlnlo ~l kmok |qsz y{n�tk C � j}~j nu� nj yslj~nluj�s rkqjnyku s| C � �nlyk s(ai) <
B
2

�
1 ≤ i ≤ 3m

� n|
Pk
yslj~nlu p~j}u |qsz j�s y{n�tku� j}kl nju {kloj}nu {kuu j}~l B + 2

� ¬}tu� ~j {k~uj slk zsqk ysllkyjsq rkqjki |qsz C
nu lkkmkm nl sqmkq js ysllkyj ~j

{k~uj slk zsqk p~j} pj
js j}k p~j} Pk

� �sluk�tklj{�� �k }~rk ~ p~j}� j}~j nu� Pk

� tunlo ~j {k~uj j}qkk
ysllkyjsq rkqjnyku s| C � ~ ysljq~mnyjnsl� ¬}kqk|sqk� lslk s| j}k p~j}u Pi

yslj~nlu ~l kmok �kj�kkl
j�s rkqjnyku s| y{n�tk C ��nlyk k~y} Pi

ztuj yslj~nl ki~yj{� j�s ysllkyjsq rkqjnyku� ls p~j} Pi
y~l }~rk rkqjnyku |qsz zsqk

j}~l j}qkk y{n�tku Kai

� �nlyk j}k {kloj} s| k~y} Pi

nu
B + 2

� k~y} Pi

ztuj ysrkq j}k rkqjnyku s|
ki~yj{� j}qkk y{n�tku Kai

~lm j}k un�ku s| j}k ysqqkupslmnlo j}qkk k{kzklju s| A ztuj ~mm tp js B ��sluk�tklj{�� j}k ukj A y~l �k p~qjnjnslkm nljs m mnu�snlj ukju A1, A2, . . . , Am

uty} j}~j j}k utz s|
j}k un�ku s| j}k njkzu nl k~y} Ai

nu k�t~{ js B �¬}k j}ksqkz |s{{s�u |qsz j}k ujqslo vwxyszp{kjklkuu s| �xw¡�¬�¬��v� unlyk j}k jq~lu|sqz~jnsl
y~l �k mslk k~un{� nl ps{�lszn~{ jnzk�

¨¨



V1 cent(G)

V2
V3 ��� Vi−1

Vi

���

���

§notqk «� ¬}k j�pny~{ ujqtyjtqk s| j}k ykljxjqkk Tc(G)
s| ~ j}qku}s{m oq~p}�

�nlyk j}k y{~uu s| �t~unxj}qku}s{m oq~p}u nu ~ ut�y{~uu s| nljkqr~{ oq~p}u� �}ny} nu ~ ut�y{~uu s| y}sqm~{
oq~p}u� j}k pqss| s| j}k vwx}~qmlkuu s| j}k kxp~j} p~qjnjnsl pqs�{kz |sq �t~unxj}qku}s{m oq~p}u ~{uskuj~�{nu}ku j}k vwx}~qmlkuu s| j}nu pqs�{kz |sq j}k y{~uu s| nljkqr~{ ~lm y}sqm~{ oq~p}u� ¬}tu� �k y~luj~jk j}k |s{{s�nlo qkut{j�
��d���ed� ���� �¢.

k
L/02¢ /012;2;54 /15¦£.3 ;? �BL:53/£.2. 6 51 ;42.1>0£ 04� :¢51�0£ ¤10/¢?C

� �
���
��� ��	�
�
�l j}nu ukyjnsl �k ujtm� j}k p~nqxyszp{kjk ys{sqnlo pqs�{kz sl j}qku}s{m oq~p}u ~lm mkuyqn�k ~ {nlk~qx
jnzk ~{osqnj}z �~ukm sl ujqtyjtq~{ pqspkqjnku s| j}k y{~uu s| j}qku}s{m oq~p}u�
¬}k yslykpj s| j}qku}s{m oq~p} �~u nljqsmtykm �� �}r �~j~{ ~lm �~zzkq nl ¨=>> �«�� ¡ oq~p} Gnu ~ 2¢1.?¢5£� ¤10/¢ �«� °� ¨�� n| ~lm sl{� n| G msku lsj yslj~nl 2K2

�
P4
sq C4

~u nlmtykm ut�oq~p}u�¬}kqk kinuju ~l ~{jkql~jnrk k�tnr~{klj mk�lnjnsl �¨=�� ¡ oq~p} nu j}qku}s{m n| j}kqk kinuju ~ p~qjnjnsl s|
V (G)

nljs mnu�snlju ukju K � I ~lm ~l sqmkqnlo {ul, u2, . . . , un}
s| j}k lsmku nl I uty} j}~j K nlmtyku ~y{n�tk nl G� I nu ~ uj~�{k ukj s| rkqjnyku ~lm NG(u1) ⊆ NG(u2) ⊆ · · · ⊆ NG(un)

� ¡ p~qjnjnsl s| V (G)u~jnu|�nlo j}k ~�srk mk�lnjnsl �n{{ �k y~{{km ~ (K, I) /012;2;54 s| G�
��� � ���� ���������

¬}k y{~uu s| j}qku}s{m oq~p}u nu ~ ut�y{~uu s| �t~unxj}qku}s{m oq~p}u¥ ukk §no� ¨� �sluk�tklj{�� |sq
~ j}qku}s{m oq~p} G j}kqk nu ~ jqkk ujqtyjtqk �}ny} zkkju j}k pqspkqjnku s| G� j}~j nu� j}k ykljxjqkk
Tc(G)

�}ny} nu unzn{~q js j}k ykljxjqkk s| ~ QT xoq~p}¥ ukk §no� ­� �nlyk ~ j}qku}s{m oq~p} G msku lsjyslj~nl ~l nlmtykm ut�oq~p} nuszsqp}ny js 2K2
� k~y} lslx{k~| rkqjki Vi

}~u ki ≥ 2 y}n{mqkl� �}kqk~j zsuj slk s| j}kz nu ~ lslx{k~| y}n{m �}n{k j}k qkuj ki − 1 y}n{mqkl ~qk {k~rku yslj~nlnlo sl{� slkrkqjki¥ ukk §no� «� vsjk j}~j j}k ykljxjqkk Tc(G)
s| ~ j}qku}s{m oq~p} G qkpqkuklju ~ (K, I) /012;2;54s|

G¥ k�tnr~{klj{�� onrkl ~ (K, I) /012;2;54 s| G� �k y~l yslujqtyj j}k ykljxjqkk Tc(G)
�

��� ��
�����
	��� ��	��
�� 
���	��� � 
�	����
�	 ��	��
��

¬}k p~nqxyszp{kjk ys{sqnlo pqs�{kz sl ~ j}qku}s{m oq~p} G y~l �k us{rkm nl {nlk~q jnzk tunlo nju
ykljxjqkk Tc(G)¥ ukk §no� «� ¬}k rkqjnyku Vi

s| j}k {k|jzsuj p~j} s| j}k jqkk |sqz ~ y{n�tk ~lm j}tu
k~y} rkqjki vi ∈ V (G)

�k{slonlo js j}nu p~j} ztuj qkyknrk ~ mnujnlyj ys{sq� �| n′
nu j}k ltz�kq s|

j}k rkqjnyku s| G j}~j �k{slo js j}k {k|jzsuj p~j} s| Tc(G)
� j}kl �k y{~nz j}~j j}k rkqjnyku s| G j~�k

¨�



ys{squ |qsz j}k ukj C = {1, 2, . . . , n′} ~lm j}k ~y}qsz~jny ltz�kq ψ(G)
nu
ψ(G) = n′

� �lmkkm� {kj
C′ ⊂ C

�k j}k ukj s| j}k ys{squ ~uunolkm js j}k {k|jzsuj {k~| s| Tc(G) ~lm {kj c′i ∈ C′
� �| �k ~uunol ~

lk� ys{sq� u~�� n′ + 1
� js ~l tlys{sqkm rkqjki s| Tc(G) j}kl j}k p~nq (n′ + 1, c′i)

y~llsj ~ppk~q� �}ny}nu ~ ysljq~mnyjnsl� �sluk�tklj{�� �k tuk j}k ukj C js ~uunol ys{squ js j}k tlys{sqkm {k~rku s| Tc(G)
nluty} ~ �~� j}~j ls rkqjki vi ∈ V (G) j~�ku ~ ys{sq ~{qk~m� ~uunolkm js ~l ~lykujsq j}~j �k{slou js j}k{k|jzsuj p~j}�

vsjk j}~j� n| n′
nu j}k ltz�kq s| j}k rkqjnyku s| G j}~j �k{slo js j}k {k|jzsuj p~j} s| Tc(G)

� j}kl
n′ k�t~{u j}k y{n�tk ltz�kq ω(G)

� ~lm� j}tu� ψ(G) = ω(G)
� §tqj}kqzsqk� �~ukm sl j}k pqspkqjnku s|

j}k ykljxjqkk Tc(G)
� nj nu k~u� js u}s� j}~j j}k y{n�tk ltz�kq k�t~{u j}k y}qsz~jny ltz�kq χ(G)

s|
j}k oq~p} G¥ j}~j nu� χ(G) = ω(G)

� ¬}tu� �k pqspsuk j}k |s{{s�nlo {nlk~qxjnzk ~{osqnj}z �}ny} }s{mu|sq ysllkyjkm ~lm mnuysllkyjkm j}qku}s{m oq~p}u�
�£¤51;2¢3 B0;1 753/£.2. 75£51;4¤
A4/82� ~ j}qku}s{m oq~p} G¥D82/82� ~ p~nqxyszp{kjk ys{sqnlo s| G }~rnlo ψ(G) = ω(G)¥
¨� �slujqtyj j}k ykljxjqkk Tc(G)

s|
G¥

�� �s{sq j}k rkqjnyku s| j}k {k|jzsuj p~j} ;y{n�tk< s| Tc(G)
�nj} mnujnlyj ys{squ |qsz j}k ukj C =

{1, 2, . . . , ψ(G)}
�

�� �s{sq k~y} {k~| rkqjki s| Tc(G)
tunlo ~ ys{sq ~{qk~m� ~uunolkm js j}k un�{nlo rkqjki j}~j �k{slou

js j}k {k|jzsuj p~j} s| Tc(G) ~lm yslj~nlu ~ y{n�tk�
­� �| j}kqk ~qk ~l� nus{~jkm rkqjnyku� ys{sq j}kz tunlo ~ ys{sq |qsz j}k ukj C �

�j nu �sqj} lsjnlo j}~j ~ mnuysllkyjkm j}qku}s{m oq~p} nly{tmku sl{� slk ysllkyjkm yszpslklj }~rnlozsqk j}~l slk rkqjki¥ k~y} slk s| j}k qkuj s| j}k ysllkyjkm yszpslklju yslunuju s| sl{� slk rkqjki¥sj}kq�nuk j}kqk �st{m kinuj ~ ut�oq~p} nuszsqp}ny js 2K2
� �sluk�tklj{�� �k y~l ys{sq j}k nus{~jkm

rkqjnyku tunlo slk ys{sq �k }~rk ~{qk~m� tukm� ¬}tu� j}k |stqj} ujkp s| j}k ~{osqnj}z nu pkq|sqzkm�}kl j}k oq~p} nu mnuysllkyjkm� �l ysly{tunsl� �k uj~jk j}k |s{{s�nlo j}ksqkz�

����d�� ���� �.2 G ¦. 0 2¢1.?¢5£� ¤10/¢C �¢. /0;1L:53/£.2. :5£51;4¤ /15¦£.3 ;? ?5£>.� ;4 £;4.01
2;3. 54 G 04� 2¢. 0:¢15302;: 483¦.1 ;? ψ(G) = ω(G)

C

� ������� �� ���	���
�k }~rk ujtmnkm j}k yszp{kinj� s| j}k }~qzslnstu ys{sqnlo pqs�{kz ~lm j}k p~nqxyszp{kjk ys{sqnlo
pqs�{kz sl ut�y{~uuku s| �np~qjnjk oq~p}u� �pkyn�y~{{�� �k }~rk pqsrkm j}~j �sj} pqs�{kzu ~qk vwx
yszp{kjk |sq j}k y{~uu s| ysllkyjkm pkqztj~jnsl �np~qjnjk oq~p}u ~lm� j}tu� j}k� ~qk vwxyszp{kjk |sq
j}k y{~uu s| �nyslrki �np~qjnjk oq~p}u� ¡p~qj |qsz j}k vwxyszp{kjklkuu qkut{ju� �k }~rk pqspsukm ~
{nlk~qxjnzk ~{osqnj}z |sq j}k p~nqxyszp{kjk ys{sqnlo pqs�{kz sl ~ ut�y{~uu s| y}sqm~{ oq~p}u l~zk{�
j}qku}s{m oq~p}u�
�k }~rk ~{us ujtmnkm j}k yszp{kinj� s| j}k kxp~j} p~qjnjnsl pqs�{kz ~lm pqsrkm j}~j nj nu vwxyszp{kjk |sq j}k y{~uu s| yslrki �np~qjnjk oq~p}u� ¯nrkl j}~j j}nu pqs�{kz nu ps{�lszn~{{� us{r~�{k |sq

pkqztj~jnsl �np~qjnjk oq~p}u� �k }~rk u}~qpklkm j}k mkz~qy~jnsl {nlk �kj�kkl ps{�lszn~{{� us{r~�{k
~lm vwx}~qm y~uku s| j}k kxp~j} p~qjnjnsl pqs�{kz� ¬}k uj~jtu s| j}k pqs�{kz qkz~nlu spkl |sq j}ky{~uu s| �nyslrki �np~qjnjk oq~p}u¥ j}nu y{~uu pqspkq{� yslj~nlu pkqztj~jnsl �np~qjnjk oq~p}u ~lm nu ~
pqspkq ut�y{~uu s| yslrki �np~qjnjk oq~p}u�
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� �̈ ª� ¡umqk� ª� �s~llnmst� ~lm ���� vn�s{spst{su� ¬}k }~qzslnstu ys{sqnlo pqs�{kz nu vwxyszp{kjk|sq nljkqr~{ ~lm pkqztj~jnsl oq~p}u� ¬���©©°x©«� �kp~qjzklj s| �szptjkq �ynklyk� �lnrkqunj�s| �s~llnl~� �©©°�
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p~qjzklj s| �szptjkq �ynklyk� �lnrkqunj� s| �s~llnl~� ¨===�
�¨>� �� �npu�n ~lm §�w� wqkp~q~j~� h
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