Avéhuon Tovidlonfic "Exgppaone ue Bayesian Alxtua

H METAINITYXIAKH EPT'AXIA EZEIAIKEYXHY

uTORAAETAL OTNY
optobeloa and tny I'eviny) Luvehevon Ewdurc 20vheoncg

tou TuAuatoc [TAnpogopinnc E<etactin Enttponn

ATO TOV

['edpyto Phya

W UEPOC TWV YTOYPEMOEWY YioL TN AN Tou

METAINTYXIAKOY AINIAQMATO: XTHN [TAHPO®OPIKH
ME EZEIAIKEYXH XTI TEXNOAOTNEX-EQAPMOI'EX

Méptioc 2006



EYXAPIZTIES

[o v exmévnon autic e dateBrc ogelhw v euyaploThow xuplwe Tov emBAétovTa
xafnynt xax. A L @otddn, v tny moAdtiun Borbelad Tou, TNV EUTLOTOOUYT TOU UOU
€delle xaL Tov ypedévo mou agiépwoe Yo Uéva. Emlone ueydio euyapiotd ogelhw otoug
gplhoug ouvadéhgouc uou A. Pwtiou, I. Kapauhrtowo, K. Xtegavidn, E. Owovéuou, M.
Toinovpa, K. Béyxin xau X. II€towo yia v auépiotyn cuunoapdotaoy Toug, 660 Xal GTNY
E. MraixoUon yu v ueydin tne foreia otny ouyypagr tng datelBic.



[IEPIEXOMENA

1 Ewaywy
1.1 Iepiypagd HpoBhfuatog . . . . . . oo oo oo
1.2 Tlepiypagh) TwV SESOUEVODY .« . . . o oL
1.3 EneZepyaocto dedouévwy and uxpoovotorylesc DNA . . . . .0 0000 0L L
1.4 Xtdyoc. . . ..o
1.5 Aountng Epyoaolag . . . .o oo oo
2 Yyetuxr, BuBhioypagpia
2.1 Ouadomolnomn . . . . ..
2.2 Evdpeorn puOuotixdy Sxtdov . . ...
3 Ipoereiepyaocia
3.1 Ilpoemelepyoaoto SeBOUEV®Y . . . . . . . . Lo
3.2 Avdxtnon Xauévoy TOV ..o
3.2.1  Avéxtnon youévey Twwov ue SVD L0000 oo
322 K-NN ..o o
3.2.3  Avdxtnon Ue TaALYSROUNGT) . . . . L Lo
3.3 Ouadomoinom . . . . ..
3.3.1  Meétpa andoTaoNg XAL OUOLOTNTAS .+« « v o v v v e
332 K-means . . . ...
3.3.3  Iepapywh Ouadomoinon . . . . . . . . . ...
4 Bayesian Aixtua
4.1 Ewoywyf . . . oo
411 Tewxol Opiopol . . . . . .. oo 0oL
4.1.2 Oproudc Bayesian Suxtdwv . . . . oo Lo oo
4.2 MdOnor twv napauétpwy Tou SXTliou Yol YVwoTh Sour . . .. ... L L L
421  Auwxpitée vetafintéc- Tlohuvuuxée (multinomial) xotavouée . . . .
4.2.2  Yuveyel uetafAntéc- Gaussian xatavour . . ... L. L
4.3 MaBalvovtag v dour tou Suxtdou . . ..o

4.3.1 Métpa AZohéynong (Scoring Metrics) . . . . . . . ... L
4.3.2  Ex tov npotépwy mfavétntec oty doury L. L. L L L L L L
4.3.3  Ex tov npotépwy mhavotntec oTic TopaUéTeous L oL oL L L. L . L.

i

10

14
14
15
15
17
17
17
18
18
19



434 PBupetxol Ahyopluot . . . . ..o oL

5 Bayesian Aixtua xou ENAirels Tiuég

5.1 Monte Carlo . . . . . .. .. L
5.2 Laplace Ilpocéyyion . . . . . . . ...
5.3 TlpoPhAuata Twy Topandve TeoceyyYloewy . . . . . . oL
5.4 Structural EM (SEM) . . . .. ...
5.4.1 Xdyxhon tou Structural EM . . . .. 0000000000
5.4.2 Tlpooeyyloewc tou Ellog Fi(S;)] - . . - . oo oo
5.5 Exmaidevon IMopauétpwy . . . . o o oo
5.0.1 Gradient Ascent . . . . . .. ..o Lo
5.9.2  Ymohoywoudg mopauétewy ue EM o000 o000
5.5.3  Mdbnon napauétpwy ye el Aedouéva . . ... L

Yvurepacuatoroyio (Inference) oe Bayesian Aixtua

6.1 Ilapddeirypa XUTEQUOUATOAOYIOG « v v o v o o oL

6.2 XuvdeTixd AEVTpol . ...
6.2.1 Mn xateufBuvéuevo ypdonua (Moral Graph) . . .. .. ... .. ..
6.2.2 Toeywvomolnomn tou YeapAuatog . . . . . L L. ..
6.2.3 Kotaoxeln tou Zuvdetinol dévipou . . . ... Lo
6.2.4 MéOodot Toiywvomolnong Tou yeagAUAToOS . . . . . . . . ... L.
6.2.5 Maximum Cardinality Search (MCS) . . . . ... ... ... ....
6.2.6 Anulovpyla Xuvdetixol dévipou amd T xAlxeg . . .. Lo L L
6.2.7  Awywprotixd ovvoha (seperator sets) xot Auvouwxd (potentials) . .

6.3 ApytteXTOVXES OVTOAAAYAC UNYUUATOY « o o o o v oo o
6.3.1 Ileptypagr alyoplOuou avtohhayig UNVUUATOY . . . . . . . . . . ..
6.3.2 Boaowéc npdleic otic noluvuuixéc (multinomial) xatavouéc
6.3.3 Boowéc npdleic oty Gaussian neplntwon . ... .o L

6.4 YBpwuh meplmtwon . .. Lo

6.5 Tomxol otabepol unoloyiouol (Stable Local Computations) . . . . . . . . .
6.5.1 Yn6 ouvhrxec Gaussian (CG) duvoutxd . . . . . . . ... ... L.

Ilepuypapy pooéyyiong

71 Tevixd . ..o o
7.2 Edpeon ML A4 MAP mapapétowy . . . . . ...
7.3 Avalhtnon xou allohéynon utodngloy Sxtimy . ..o Lo L

Ilewpdpota

8.1 TDMien dedouévar . . . . . . . L
8.2 Xdyxpiwon tou SEM ue v xhaoouxt| TpoceyyLon Yo eAATElS TWES L. L L .
8.3 SEM xou Stoxpttée WeTABANTESC . . . . . Lo
8.4 YBpwuh meplmtworn . ..o
8.5 Alxtuva lovidlwv . . . . .. oo

il

35
36
37
37
38
40
41
42
42
45
45

47
48
20
50
50
02
52
23
54
54
%)
56
o7
o8
60
61
62

67
67
70
71



8.6 Amddoor napahinilag

8.7 XuumepdouaTa XaL UEANOVTIXY €pYAOlol . . . . . L L L

iv



EYPETHPIO X XHMATON

1.1
1.2
1.3
1.4

4.1

6.1
6.2
6.3
6.4
6.5

7.1
7.2
7.3

8.1

8.2

8.3

8.4
8.5
8.6

To yowdilwua tne Qounc oe ulo uixpoouostolyla . . . . . . oL Lo 2
‘Eva uixpd pépoc and dedouéva mou npoxintouy and uxpoovotolylec DNA 4
"Eva Bayesian dixtuo yia to yovido SVST [2]. . . . .. ... 5
Ta BAuata mou axolovbodvtal yia TNV xXaTaoxeut| Tou puiutoTtixoy dixtiou 6

"Eva amhé Sixtuo yia tny enthuon Tou tpoAfuoatog yia éva autoxivnto Tou

OEV CEXLVE .« v . e e 25
[Mapdderyua Awxtiou %ol Twv Tvdxwy xatavounc mbavétntag . . . . . . . 49
Apywed Ipdpmuor . . o o o o oo 51
Moral T'edmuar . . . . . oo oo 52
Tewyowvonownuévo Dedgnuor . . o oo 0oL 53
DUWDETINO BEVIPO . . . . e 55
Eymuatid teplypagy okyoplBuou 9. . L L L Lo 72
[Mapdhhnho oyfuo v tny evpeorn 1wy ML f MAP napouéteny . . . . . . . 73
HapdAhnhog eupeTixde adydplBuog . . . . . . . . L oL 74

To doxyuaotind 3ixTuo Tou YeNoLIOTOLRCAUE Yia Vo EETACOUUE TNV anddooT
TWY GUVIPTHOEWY TOU YENOWOTOLOVUE YLo TNV LOYTEAOTOLNGY) TG XATAVO-
UACK TOOVOTNTOC. o o o o o o it 76
Avo moapadelypato attatdy oyéoewy Uetalld yovdiwy. (o) YALOOSW«—
FUN14 xou  (B) YALO35W+«— FUNI12. H gopd tou Béhouc and aplotepd
mpo¢ Ta 8eéLd mpoodiopilet 6TL To Yovidlo oTa aploTepd Tou BEhoug eapTdTal
and TO YOVIOLO 0T OEELE. . . . . . e 76
Yoyxpron tne mbavogdvelag oto oUvoho test twv dxTiwy mou Peloxel o
SEM e autd Tou ypouuxol uoviéhou agol €Youue avaxTAOEL TS EAMTELS
pée pe KNN (oe oyéon ue 10 1060676 TV YoaUuévoy TWdY 610 6UVolo

EXTOUOEUONG). « . . L L 79
Ov axpég mou Bploxel to ypauuxd yovtého ue KNN .. . ... 00000 L. 80
Ovoaxuée mou Boloxet o SEM . . . o . oo 000 oo 80

H mbavogdvewn yio to ALARM 8ixtuo we¢ ouvdptnomn tou 106ooTol Tekv
YUUEVOY TUWIOV .« o o o o o o 81



8.7 H mbavogdvewr yia to CAR DIAGNOSIS 8ixtuo w¢ ouvdptnon tou toco-
OTOU TOV YUMEVOY TULBY .+« . o v v v o ot e
8.8 H mbavogdveio yio to ASTA dixtuo wg ouvdeTnon TOu TOGOCTOY TWY Y-
UEVOY TUIOV o v v v vt o e e e e
8.9 To daxpLtéd dixtuo Tou yenouwtonotfioaue ota etpduata [61]. Ou uetalBin-
téc elvar W (tinog anofhitou), F (xatdotaon glitpou), B (xduon), M;
(Hétarha ota andBinta), E (anoteheouatixdtnta Tou giktpou), C (exmouni
C03), D (exmouny) oxévne), My ( exmounh uetdhhwyv) xoar L (Sarmepaoti-
xotnta and goc). Ou yetoPintéc W F xau B elvan Swaxpitée, ol undloineg
OUVEYELC. . . . o o
8.10 (a)Ou axuéc mou Peehnxay owotd oL ol axuéc Tou Beébnxay, evd dev undp-
YOUV 670 TpayUatixé dixtuo, yia 1000 xar 2000 dedouéva. o (B)H mba-
vogdvelo. Tou test ouvérou, yia 1000 xon 2000 dedouéva e oyéor Ue TOV
TOGOOTO YOUEVDY OESOUEVOV . . . . o . o v o i
8.11 "Eva uépoc tou YEVETIXOU SXTUOU TOU XUXAOU TOU XUTTUQOU TOU THPUUE
YEYOWOTOLOVTAS TOAUVULLXES XATAVOUES. . . . v v o o v o e e e
8.12 'Eva uépoc tou YeveTixoy SxTUou TOU XUXAOU TOU XUTTIPOU TOU THQUUE
yenowonowwvtag yeouur Gaussian xatavourn. . ... ..o
8.13 'Eva uépoc tou YeveTixoU SxTiou TOU XUXAOU TOU XUTTIEOU TOU THEUUE
yenowonowwvtag Radial Basis xatavouegs. . . . . ... 00000
8.14 H yettovid tou yowdlou CLN1 mou elvatl yvootd 6t evepyomoleital otny
apy 1 Tou xUxhou tou xuttdpou (o) Awaxpitée vetaPintéc xau (B)Xuveyelc
uetaPintéc (Radial Basis). . . . .. .. ... oo
8.15 H yettovid tou yowdiov CLN1 yia ouveyelc uetafhntéc (Fpapuxh Gaussian
OUTOVOUR). « o v v o ot
8.16 H yettownd tou yowdlou HTAL (a) Awaxpitéc petahntée xaw (B)Xuveyeic
vetofhntéc (Radial Basis). . . . . . .. ..o Lo
8.17 H yettowid tou yowdiou HTAL yia cuveyelc uetafintéc (Ipauuxd Gaussian
HOUTOVOUT). « o v v v v et e e e e e e e
8.18 To dixtuo yia 800 yovidia. . . . . . . L
8.19 O ypdévog oe oyéorn ue tov apliud tov dedouévwy yia ula etavdindn oto
ALARM 8ixtuo (ue 0.2% elhinelc twwéc) ya 5,10,20 eneepyaotéc.
8.20 O ypdvog oe oyéor ue Tov apliud TV Yoévey TGOV yia Yo ula enavaindn
oto ALARM dixtuo (ue 1000 dedopéva) yia 5,10,20 enelepyaotéc. . . . . .
8.21 O ypbdvoc oe oyéomn ue tov aplfud Tov xOUPwy Tou SixTvou Yo Yo uio
emavaindn oe tuyato dixtuo (ue 1000 dedouéva xar 0.2% elhnelc Tyuée )
v 5,10,20 eREZEQYAOTES. . . . L ...
8.22 O ypdvog oe wa uéon mepintworn omou €youue 20 xouPoug, 1000 dedouéva
xat 20% 1060676 youévey Twdy Y 5,10,20 enelepyactéc ... L. L. L.
8.23 O ypbvoc elpeonc Twv TopauéTewy Yia xdbe etavdindn tou akyoplbuou (a)
[ Sroxpitée petaBintée xar () Do ouveyelc petofintée. . . . . . . . L.

vi

85



8.24 O ypdvoc elpeone véou dixtvou yia xdbe enavdindn tou akyopifuou (a)
[ Sroxpitée petaBintée xar () Do ouveyelc petofintée. . . . . . . . L.

vil



EYPETHPIO [IINAKON

8.1 Ououvaptiioelc and Tic omoleg TpoépyovTal To dedouéva yio xdbe x6uo Tou
duettou 8.1. H ouvdptnon nou mapdyel dedouéva yia xdbe uetaSanti-»xoufo
TEOXUTTEL amd oLYSUAOUS GUVIPTACE®Y YLo x40 Tatépa Tou X6uBou GTo
Yedgnuo ue Ty npdcobeon Bopfou uéoou 0 xau Staomopdc 0. . ... L. L.

8.2 Xdyxpon uebodwv oto dixtuo 8.1 yia 100 enavarideic ue o = 0.2 xon
1000 dedouéva. Me «IT'P» dnhdvetar 1o 1060016 Twy axudy mou Bpébnxav
owotd and Ty xdbe uébodo, ue FP» o aplbudc Tov axudy Tou dixtiou tou
OeV UTAEYOLUY OTO aPYIx6 dIXTUO XaL 0 «EOVOC» ElvaL 0 UECOS YEOVOS TOU
YEELIoTNXE 0 ahYOELOUOC Yia TO avTloTOLYO WOVTENO. . . . . . . . . . ...

8.3 Xdyxplon TASOVEXTAUATWY YLO T UOVTEAN TOU YEYOLJIOTOLOVUE YLd TNV
F(Pax). o

8.4  Alxtua dtoxpttdy YeTaBAntdy Yo allohdynon tou SEM ..o o000

8.5  Apfudc axubdv mou Peélnxay cwoTtd wg GUVEETNOY TOU TOGOGTOU TV Y-
UEvey Ty xat tou aptiuot twv dedouévwy. (o) Ta to Alarm dixtuo,
(B) vy o CAR DIAGNOSIS dixtvo,(y) vyt to ASIA o dixtvo. . . . . . .

8.6 Ta oxop v oyéoeic uetald yovdiov (Ilohvwvuuxéc xatavoués) . . . . . .

viil



EIEZHIHZEIY Y YMBOAIZMON

D 20voho BEBOUEVLY
N Apibuée dedouévwy oto alvoro dedouévov m.y |D]
XY, Z,.. Movodidotates uetafintéc
X,V,%,.. Twéc v Tic avtiotolyeg yetaSAnTéc
S, T, .. 20voha UETAPBANTOY
S,t,... Tweéc yia Ta aviiotoryo obvoha uetaBAnTdY
U Xopog mou mepLéyet [ uetafintéc and éva medlo @ X, ..., X,
n AptBude petafhntody, Ty ||
& Axuxdxd urn xateufuvéuevo ypdgnua (DAG)
B Bayesian dixtuo.
M Aopt, evoc Bayesian duxtiou.
m To clvoho twv mhavdy doudv evéc Bayesian dixtiou.
Pa; To clvoho rnatépwy tng uetafintic X;
P Avéfeon Tudy j yio Toug Tatépeg e ueTaSAntic X;
0 [opduetool
S 20VOAO TUQUUETRWY
o YrepnapdueTeoL YLol TNV TOAUVUULXT XATAVOUTR
T ApBude tov mhavdy oy Yo Ty dtaxpLtd) uetaPAnth X;
i AplBude Ty mhavdy cuvduaoudy TGV Tov TaTépwy TS MeTaBAnTic X;
N; O apudc Tov eugavicewy ota Sedouéva TN TWWNS ¢ YL TOAUVUULXES XATAVOUES.
O, Avvauixd xhixdv

'Oty nopadelretol To dvew dplo evvoeltal 1 dbpoton ndvw o dhec Tic mbavEC TLUEC.

X




[IEPIAHUH

T'edpyioc Pryac tou Avioviou xoau tne Baowkixfc. MSc, Turua ITinpogopixrc, IMovent-
othuo Twavviveoy, Anplitog, 2006. Avdiuvorn Fowdioxrc "Exgpaonc ue Bayesian Alxtua.
EmfBiénovrag: Anurtelog I Pwtiddng.

Ta teleutalo déxa ypovia €yeL yivel mohl épguva ota Bayesian dixtuo to onola €youy
Beel egapuoyn oe mohholc Touelc. 'Evag Touéac mou el uehetnlel apxetd elvan 1) egapuoy
Toug Yl TNV elpean) TV puiuoTindy Sixtiwy Yowdiwy. llapbdha autd ToAAéc TpoxAfoelg
Tapapévouy avolytés. To npdto mpdBinua mou mpoonafolue va aviiueTwticovue elvat o
YELPLOUOC EMTOY TGV oTa Sedouéva otny Sladixaotio udlnone twv Bayesian Suxtdwv.
Yiofetolue tny mpoaéyyion nou npdtetve o N. Friedman pe tov Structural EM émou o
YELPLOUOC TV EAMMTOV TWOV yivetal otnyv Swodixacto udbnone tne Sourc tou Bayesian
duxtuou. To deltepo mpOBAnUa Tou xaholuaote va avTeTtonioouue elval 6TL 0 ypdvog
exmaidevone evéc Sixtvou Ue Ueydho aplBud UeTAPANTOY oL UdAoTo Ue EAMTAC TLUES
elva oAU yeydhoc. Ilpoonafolue va ddooupe ulo Abor oto TedBAnua e pio TapdAAnin
uhonoinon tng ohne dwduxactac. To mepduoto elval apxetd XavomolnTixd o oYEoT UE
Y anédoorn Tne mupahAnAlag xal oyeTixd Ue TNV egapuoyt Twv Bayesian dixtlwv o€
TEOBAAUATA UE TOAAES UETABANTES.



EXTENDED ABSTRACT IN ENGLISH

George, Rigas. MSc, Computer Science Department, University of Ioannina, Greece,
April, 2006. Reconstruction of Genetic networks using bayesian networks. Supervisor:
Dimitrios I. Fotiadis.

In the last decade many researchers have focused on Bayesian networks that have been
applied in various fields. One of these fields is the application of Bayesian networks in
order to learn the structure of the regulatory networks. However, there are still a number
of challenges that remain open. The first challenge that we are trying to resolve is how
to handle missing values in the procedure of learning Bayesian networks. We adopt the
approach of Structural EM proposed by N. Friedman, where the way of handling missing
values is incorporated in the learning of the Bayesian network’s structure. The second
challenge trying to resolve is concerning the fact that the learning time of a network
containing a great number of variables with missing values is enormous. The solution we
propose is by a parallel implementation of the whole procedure. The results are quite
satisfactory when concerning the parallel implementation. Therefore, we are capable of
applying Bayesian networks in problems that contain a great number of variables.
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KEDAAAIO 1

EISATOQH

1.1 Teprypagr meoBAAuaToc

1.2 Tlepuypagr dedouévmv

1.3 Enelepyacio Sedouévwy and uxpoouctolyleg DNA
1.4 Ytéyoc tne Epyaotac

1.5 Aouy tnc Epyootac

1.1 IlIepuypapy) IlpofAfuatog

H >dhaowey npooéyyion épeuvac otny uwoptaxy Bohoylo unhple 7 e&étaon xoL cUAhOYY
OeDOUEVWY VLU ULl UELOYOUEYT) OVTOTNTA, ETUXEVTPWVOTAY GTNY UEAETT EVOC UOVO Yovidiov,
utog ubvo mpwtelvng B wag povo avtidpaong Ceywpetotd. Auth 1 mpocéyyion €yel dMaoeL
aloonuelwta aroteAéouata, EMTEETOVTAC UaC axplf3r) Blohoyxd uovtéla.

QQo1600, Ue To épacua oty «Emoyr twv I'ovidlwvy éyel mpoxder ula tedelwe Sogo-
PETIXT| xAdoT) dedouévewy. X1o mapeAldy, 1 avdiuon autol Tou ueydiou 6yxou Sedouévwy,
ATOTENOUYTAY A6 ATAEC TEPLYPAPES TOU TOCU YoVidLa tay uéypel exelvn Tny otiyur dyvo-
ota, molo yovidua elvar umd ¥ umep exgpacuéva uTd oplouéveg ouvirxeg, xhr. Autd Ta
dedouéva elval guoxd yerowo oe gpeuyntéc mou eotidlovtal oe Ueptxd yovidio. AN
dev UTOPOUUE VO TEQLUEVOUUE VO XATACKEVAGOUUE €va TAYpeC Blohoyind LoVTEND, YLol To-
pddelyua Tou Yovdiduatog tne Loung mou €yel mepinou 6000 yovidia avarloviag 1o xdfe
YOoVidLo EeYmploTd.

'Etot, mpoxintel  avdyxn yio uehddoug mou unopolv va yewplotoly dedouévo palixd
XAl TOU UTOEOVY VO AVIAUGOUY UEYIAAL CUOTAUAUTI OE XATOL0 EVOLAUEGO GTAdLO, ywels va
gpTdvouy uéyel Tic Broynuixéc avtdpdoeic. Ta teheutalo ypdvia, uta tétotou eldoug avdiuon



Yyfua 1.1: To yowdlopa tne {ung oe ula uixpooustolyla

fo uropotoe va Bonfrfoel oty xaB0dHYNON TWY XAACKOY TEOGEYYIGEWY GTNY QPUOUAXONO-
yio xon oty Broynuelo wg ¥dptng yia T yovidia Tou yprhlouv mepattépw UEAETNS, AvAUECT
oTa YLALAdec Tou €youv avaxohugbel. Idavixd, éva clotnua Ue avomonTxée BLOTNTES
mpoBhedne xat avdivong oe éva evBldueco 6Ttddio Ho unopoloe va e€aheler Ty avdyxn yia
A xaTaVONoY, Tou OAoU cucTARUATOS ot Bloynuixd eninedo. H avdiuon tng yovidiaxng
exgpoorng Poaotletol otny undbeon 6TL 1 TANpoopia Yo TNV AELTOUEYLXY XATAOTAOT) EVOC
opyaviouol xabopiletal oe peydio Babud and tny Thnpogopla TNy EXPEocT TV YOWLSIWY.

"Eva puButetind dixtuo youdloy (¥ yevetixd dixtuo) elvar uot GUANOYT TUNUET®Y
Tou DNA o¢ éva x0ttopo mou ahkniemdpoly uetall Toug xaL Ue dAleg ouoieg oTo xUTTOpRO,
ehéyyovTag Ue autdHV Tov TpOTO Toug pubuolc ue Toug onoloug xdbe yovidio petaypdgetal
oe mRNA.

To puurotind dixtua Yowdlov poic mpdogata €youv apyloeL va XaTavooUvTaL Xl 1)
avaxdAudn Twv hettoupyldy xdbe yovidlou anotelel To emduevo Briua épeuvac otny Blolo-
yia, dote va unopéoet vo povteronoinbel 1 cuuneplpopd Tou xUTTAPOUL.

[ va anoxthcouue pia TAfen exdva and ta dedouéva Tne Yovidlaxng Exgpaong, slval
anapaltnTo xdfe yovidio vo mapatnenfel und apxetd dapopeTinéc cUVOXES xaL TEOTLUS-
TeP0 GE LOopPY) Ypovo-axolouidy éxppaonc [1]. Tétowa dedouéva unopolv va avaiufoly
Yprnowonoldvtog uta ueydin mowahio uebodwy 6mwg o dolue oty cuvéyela.



1.2 IIepuypopy| twv dedouévmy

To epyadelo mou pag dlvel T dedouéva elvat ou uxpoouotolylec DNA (DNA microarrays 7
DNA chips). H uixpocuotouyla elvar pa e mhdxo xou et otny empdveld tne ndpo ToA-
M oméc. Méoa oe autéc Tic onég Tonofeteltan xatapy v 1o DNA tou yowdlou mou 6éhovue
va aviyvelboouue. Luyxexpluéva tonolbeteital uovoxiwvo DNA tou guolohoyixod yowdiou
(DNA nou yvwpllouue 61t dev @épet LeTAANIEELS) TO 0TOLO TPOGBEVETAL OTNHY ENLPEVELL TOU
chip e xdnotec teyvixéc (to DNA xavovixd elvar Sixhwvo udplo Snhadh anoteleltat and
dVo cuumhnpouatixéc ahuoidec). Xtic onée Tou chip tonoletolue and tdvw, autéuoTta Ue
eWdd unyoaviuatoe DNA (tou ouyxexpuévou yovdiov oe oA uixpd xoupatdxia) Tou
acbevi| (autod Tou Béhouue va Solue av @épel UETAMNNEEELS GTO BUYXEXPLUEVO YOVISLO) TO
0T0l0 €YOUUE XAVEL XOL AUTO LOVOXAWYO XL TO E€YOUUE YpwUaTtioel tpdotvo. Extog and tou
aobevr) tonobetolue xat DNA guolohoyixol) atéuou 1o onolo éyouue yeouatioer xOxxivo.
Yy ouvéyela agrvouue o DNA va uBpdornomnfolv (va evwloldy ol Bdoeic petald toug
UE GUYXEXELUEVO TPOTO) o€ xatdhhnhec ouvbrixes (Vo x0dAhoouy uetalld Toug ool GTwe
avagépape oL ohuoldeg elval oLUTANPOUUTIXES). Xe auThY TNy @don To anoTéAecud dev
elvar opatd. o va dodue to anotéleoua Balovue to chip oe éva padpo xoutl xoL oTny
CUVEYELN TO GUPGYOLUE TEOTA Ue éva Milep TEAOLYOU YpOUATOS XUl GTNY CUVEYELN UE EVal
HOXALYOU YPAOUATOS %ol ATo0NXeloUUE TLC EOVES. LNV GUVEYELD XAVOUUE GUVTTETY TWV
dUo ewdvwy mou mpoxUnTouv. Avdloyo ue to ypodua mou Ha mpoxider and Ty LPedo-
Toinon Ty xouuatddy DNA uropolue vo aviyvelioouue mbavée UeTahAdZels 0To Yovidio
mou ueketdue. ‘OAn 1 mapandve Swodxaoto yivetol autéduata oL 10 uévo tou ypeldleTol
Vol xdvouue elval va etoludoouue ta Selyuata xor va enelepyoaotolue 1o anotehéopato. H
TEY VXY aUTH elval TOAY onuovTixy Yot urmopel vo aviyvetoet uetarldlerg o Tohd uixpd
Ypovixé Sidotnua (Aydtepo and i nuépa), eved uéypl oruepa ypewdlovtay eBSouddec 1
xal UAVES Yia var xataAfEouue oe topduola aroteléouata. (206TO00 1) TEYVXT UEYEL OTiuEpa
YETOLUOTIOLELTAL TEPLOGOTEPO OTNV EPELVA TaPd GTNY XALVLXT TpaxTixr) eCattlag aQevog oL
e avdyxne vo dtadobel oty xabnueptv Slayvwotixy Twv vocoxouelwy.

Ta dedouéva mou emhéyovial ouvibwe yia Ttepattépw encéepyacia elvat o Adyog TwV
hoyaplBumy e gwtevdtnTac Tou xehol (Tou dtwe avagépaue aviiotolyel oe U Bdomn)
and TNV edVa oL TRoExuPE UE yphior Tedalvou AEilep, TEOC TNV POTELVOTATO TOU XEALOY
oty ewdva Tou Tpoéxude e ypRorn xéxxivou Aéilep [1].

1.3 Enelepyoaoia dedopévmy and wxpocucstolyieg DNA

Agoi ohoxhnpwdel 1) npoenenelepyacia mou Eyel va xdvel xuplwg ue enelepyaoto Tng ewxd-
vag, TpoxUnTel évag Tivaxac (Uyfua 1.2), tou ol ypauuéc aviiotolyoly ot yovidla xo
oL othkeg ota melpduata. Ou aplfuol 6nwe avagépaue elval o Aoydplbuog Twv AoYwy g
puTEVoTNTAC oTic dVo ewxdves. Tlpwy npoywperioouue otny eaxplBworn twv elapthioewy Ue-
Tay TV YOWSlov TeEnel va aviyeTwrioouue SUo onuavtixd tpolafuata. Ilpdtov, dneg
golvetol xal oto Lyfua 1.2, xatd xavéve xdmnoteg Tiwéc and to dedouéva uac Aelnouv.



MEIPAMATA
FONIAIA

\Y/ on31  cin3-2  cb2-2  clb2-1  alphad  alpha7  alphal4  alpha21
YALOO1C 0.15 NaN -0.22 0.07 -0.15 -0.15 -0.21 0.47
YALOO2W -0.07 -0.76 -0.12 -0.25 -0.11 0.1 0.01 0.06
YALOO3W -1.22 -0.27 -0.1 0.23 -0.14 -0.71 0.1 -0.32
YALOO4W -0.09 12 016 -

YALOOSC -0.6 1.01 024
YALO07C 0.65 1.39 -0.29
YALOOBW -0.36 -022 -0.2

YALOOSW 0.25 -0.79 -0.22
YALO10C -0.3 06 -0.18
YALO11W -0.15 -0.71 -0.15
YALO12W -1.22 066 -0.64
YALO13W -0.34 -1.06 -0.45
YALO14C -0.84 -129 0.12
YALO15C -0.12 -0.54 -0.12
YALO18W -0.42 023 0.14
YALO17W 0.29 0.4 -0.09

-0.48 011 0.12
-053 -0.47 -0.06
-0.45 -0.13 0.35
-0.22 -0.06 0.22
-0.27 0.17 -0.12
0.13 0.13 -0.21
-0.43 03 023

YALO18C -0.29 NaN -0.42
YALO19W 0.26 -0.417 -0.23
YAL020C 0.44 -051 0.22

¢ XAMENEZ TIMEZ

Eyfuo 1.2: "Eva wixped uépog and dedouéva mou npoxtntouy and uixpocuotolyiec DNA

Enewdn n mhetodmnola twv uehddwv mou ypnouronotodval yio Ty eUpesT) TV puluLeTIXG)Y
dixtUmy, 6nwe to Bayesian dixtua mou Ho dolue oty cuvéyela, anaitody Thver dedouéva,
Oa mpémel va Bpolue xdmolo TpdTo va avaxTAGOUUE aUTES TIC TIUES 1 £6TW VA UTOAOYLGOUUE
xdnoteg npooeyyloelg Touc. Aceltepoy, o apliudc Tov yovdlny elval Tepdotiog, YEYovoC
TOU amayopeVeL TNV enelepyacio GV TV Youdlov. Ou mpénet va Ppebel xdmnotoc Tpdmoc
va UELOoouUE Tov apliud Tov dedouévov Yo enelepyaotia.

[o to mpdto medBinua n Ao divetar and alydplbuoug xar yebodoroyieg avdxtnong
YALEVOY TGV, Tou o e€eTAGOUUE GTNY GUVEYEL.

I to deltepo mpdPhnua ot Aoelg elval 8vo. H medtn elvar vo emiélovue xdnola
Yovidia eVOLapEPOVTOS, CUVADKC YENOULOTOLOVTAC OTATIOTIXY TECT MOTE Vo SLATLOTOCOVUE
av natlouy xdmoro puluiotind pdho xar alilel va ta uehethoovue. H Seltepn mpocéyyion
elval 1 ouadonolnon Tov yovidlwy o 0UddeC TOU €YOUY TAPOUOLY CYAMUTI EXPEUTTC XAl
Gpo uTbOeToLUE €YOLY TOPOUOLO PORO GTO GUVOAXS PLOULGTIXG BixTuo. LNy cuVEyela avtl
VoL UEAETACOVUE TIC AAANAETLOPAOELS LETUEY TV YOVBIWY UEAETAUE AUTEC TWV OUAdWY.

Agon éyouue Moetl T TARATAVE TEOBAAUATA, UTOPOUUE Vo TROYWEHIOOLUE 0T0 Booixd
Crrovuevo. Na Bpotue dnhady) tig e€apthioelc HETALY TV YOVBLWY XoL VO XATAOXEUAGOUUE
T0 pubuloTind dixtuo. Xto ouyxexpuuévo BEua, n BiBAloypagla elval apxetd extevric. XTo
ETOUEVO XePdhaLo Tapoustdlouue Tic Baowxdtepec puebddouc. Auth 1 epyaolo emxevipdve-
Tol og Plo and autée g uebddouc mou Baoiletar ota Bayesian dixtua. Ta Bayesian dixtua
Bo Ta e€eTdoouue avaluTINd 0TNY CLUVEYELN, AANG UTOPOUUE TEOS TO TUPOY VoL To TERLYPd-
Jouue cav xoateufuvduevo axuxhixd yeogpruata, tou xdle x6uPBog oto ypdgrua anotelel
uLar UETABANTY TOU TPOPARUNTOC, OTO CUYXEXPLEVO TROBANUA €va YOVidLo, xol xdfe axuy
avaroplotd Ty e&dptnon dYo uetafAnTdy, Ty, Ty eZdptnon dVo yovidlov (Xydua 1.3).

Eivow cagéc xow uévo and authv tnv arhoixt neptypagt 1660 Tatpldler To UOVIERO UE TO



Yyfiua 1.3: "Eva Bayesian dixtuo yio to yovidio SVS1 [2].

TpoPAnua Tou Héhouue va AOGOUUE.

Ye autd 1o onuelo unopovue vo cuvodloovue ta Bacixd otddia, tou Ho axorovbricouue
0¢ TNV evpea) Tou pubutoTixol dxtou (Bayesian dixtuo) énwe autd galvovtal oto Lyfua
1.4.

1. Enelepyacio euxdvoc

2. ECaywy?) dedouévov

3. Ipoenelepyaoio Sedouévwy, avaxTnon YALEVLY TULGOY
4. Ouoadornolnomn ¥ emAoYYH CUYXEXPLUEVLDY YOVSIKY

5. Edpeon pubuiotinod dixtiou

Ta dedouéva yior T Telpduata 660 avagopd TV Yovidlaxy éxpeoaor tou topabétouue
oto téhog mpofphav and teewc PBdoeic ( [3], [4], [5]) xar ouyxevipwtixd €yovue 460 Stapo-
PETIXG Tetpduata yior Tar yovidia tng Lounc.

1.4 Xtdyog

O Baowde otdyoc e epyactog autic elval 1 eVpeoT) Twy eEapTAcEWY UETAEY TOVY YOVBlwY
ue yenion Twv dedouévmyv Twv uxpocuotolytdv DNA. To Baowé gpyarelo mou Ha ypnot-
uormotioouue elval tor Bayesian Sixtuo. "Eva ueydho medBinua TV EQUOUOYOY YL TNHY
elpeon TV puiuoTxdv dtiny otny PiAoypagla, elvar 1 aduvaula Adyw umoloyloTi-
%00 %x60T0UC Vo eTeCepYAOTOUUE Ueydha dixtua. Ou npoonabnicouue va Cenepdoouue auTod



DNA CHIP

 EMNEZEPrAZIA EIKONAZ
MPOEMNE=EPTAZIA AEAOMENQN

cind-y [+ b2 chn2-1 alphal aphas alphatd  alphazi

YALOGIC 015 hah .22 oar 015 015 0.2 047
YALOOEW -0.07 =076 «0.12 «0.25 011 o1 0.0% 0.065
YALOOIW -1.32 027 01 023 014 0.7 01 032
YALOOSW -0 09 1.2 oe Q.14 002 048 <011 012
vaLOOSC 0.6 101 024 o8s 005 653 047 008
YALOOTC 065 1239 “0.28 =) 54 08 045 013 038
aioosw 038 022 02 o1 0 0z -0 032 QEQOMENA
YALOOOW 025 Q7% 022 0.54 003 0.27 017 Q.12
YALOIOC -0.3 08 018 0.0% -0.08 013 013 029
YALDI1W 015 071 015 «£.25 031 D43 03 033
ALBZW 122 068 0.54 017 0.0z 0.33 049 03
YALOITW 034 -1.08 -0.45 0.9 038 019 0-032
YALO14C -0.84 =126 412 o148 <01 018 «0.01 <028
ALBISC 012 054 012 018 00D 012 023
YALINSW -0 42 023 o4 032 008 (X} ) 017 <014

e ANAKTHZH XAMENQON TIMON

o OMAAOMOIHZH H' EMIAOCIH
FONIAIQN

e EYPEZH PYOMIZTIKQY AIKTYOY

PYOMIZTIKO AIKTYO NONIAION

Eyhua 1.4: Ta BAuata tou axoroufolvtal Yo Tny xataexeur Tou pubuloTixoy dixtiou
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T0 TEOPANUa Ue Yerion evéc mapdiiniou cuothuatog. Xtny ouvéyela Ho npoonabrcouue
va e€axplBdoouue av o Structural EM tou N. Friedman [6] unopel va yenouwsonownlel oe
ueydha dxtuo ue mapdAinin vionoinoyn. To mheovéxtnuo authc Tne webodou elvar dTL yet-
olletan T yauéveg Tiwéc otnv Swadixaoto g udbnong ondte dev anouteitar To 6TddL0 TNC
AVAXTNONG TOV YUUEVWY TWOY. Oa TNV oUYXELYOUUE UE TNV XAACLXY| TEOGEYYLOT OTOU oL
YAMEVES TUIES avaxTdVTaL UE xhaowxég Uebddouc. Télog Ba yenoluonotfcovue xal tic 3Yo
mpooeyyioelc yo va Ppodue eCapthioelg Yetalld yowdiwy.

1.5 Aopy g Epyactiag

Y10 xegdhato 2 Oa avagepboliue otny oyeter BiBAoypagla. Xto xegdhalo 3 neplypdpovue
Baowxée uebddoug mou yenowwornololvtal otny BiBAloypapla Yo avaXTNoY YUUEVWY TLUGY
xal ouodonolnon. Xto xepdhoio 4, xdvouue Ul eloaywyr ota Bayesian dixtua xa ovo-
AGouUe Tov TpoTo exudinong mopauétewy xal Sounc. LTo XEQIAALO 5 EMXEVIPWVOUIGTE
oTny TEPlTTwoY Tou OeV €YOUUE TATET OEBOUEVA XUl WS UTOPOUUE VO AVTLUETWTIGOVUE
autd To TEOPANUY oty TepinTwor Ty Bayesian SixtUmv. XNV CUVEYELWL GTO XEPIAALO
6 meprypdpouue Ty dradixacio cuurepacuatoroylog (inference) ota Bayesian dixtua, oto
xepdhato 7 meptypdgetal 1 TopdAAnhn vAoToinon xal Téhoc 0To xepdhato 8 mapabétovue
T TELPAUATO UAC.



KEDAAAIO 2

Y XETIKH BIBAIOTPA®IA

2.1 Ouoadorolnom

2.2 EvYpeon pubulotixdy Sxtiony

H teyvohoyla twv wxpooustolyldy, unopel va pag dGOCEL TLES YL TNV EXPEICT] EVOS
ueydhou aptbuod Yondloy. Adyw authc Tng SuvaToHTNTIC, OL ATOLTHCELS VLo ATOTEAEGUATA
otV eUPeST] TwVY eCapTACEWY UETALY TwV YOSl éxouy auinlel. O otdyog Twv epeuvnTdY
elval va e€axpBdoouy Tic cuvdéaelc Tou yevetxol Sixtou: Yo xdfe yovidlo, Béhouue va
yYvwpilovue oo dAha yovidio autd emnpedlel oL Ue Tolo TEOT0. e auUTO TO XEPIAALO
AVAPEROUNOTE OTLC PACIUOTEPEC EQYUGIEC OYETIXA UE TNV AVAXATAGKEUY) TOU YEVETLXOU
dxtdou, and Tov oYeTxd Uxped apLtbud dedouevwy Tou undeyouy dtabéolud.

2.1 Opadonoinom

YNy eplnTwor Tou 1) €peuva agopd €va ueydio apliud yovidiwy, 1 TpocEyyLon Tou axo-
houBeitar and toug epeuvntéc, elval 1 edpeon ouddwy Yovdlwy ue mapduola Exppaon [7].
Auté umopel va onuativel 61L 1 ouurepLpopd TNe Exgpacrc ot SLdpopes ueTaAAdEeLS 1) LoToUC
Tou €youy uetpnfel and uxpoovotolyleg elvat tapduowa [3]. To emyetphiuata Tou unopolue
VO YPNOWOTOLACOVUE, elval OTL YOVIBLo exgpaouéva Ue Tapduolo TeoTo elval mbavéy va
€Y 0LV TOPOUOLEC AeLTOUPYLES, 1) AAd eV UTdEYEL XAAUTEQOS TEOTOS TEOC TO TAPOV YLd TNV
avaALOT TOY dESOUEVLV.

[Tagdho mou Bewpnuixd elvar Voxoho amd uia amAY aVAAUCT) GUOYETLONG VA XATOAT -
Coupe oe Sixtua ahhnhenidpaong yowdlwv, Tohkéc epyacieg delyvouv 6TL 1 ouadonolinom
TOVY OESOUEVODY TNS EXPRACTIC TWV YOVIBLWY EYEL GOV ATOTEAECUA, OUAdEC YOVSLWY VoL €YOuy
nopbduota Aettovpyia. Ou Eisen et al. [3] dnuodpynoay éva devdpdypapua and 6ha ta Yo-
vidio Tou Saccharomyces cerevisiae (L0un), n éxgppaocy tou onolou €yet uetpnbel xdtw arnd
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dtapopeTinéc ouvlhfixes. And autd ta yovidia, 35% éyouv ueketniel oe xdmnota AentouépeLa
%l oL ouddeg mou Slvel 1 avdiuon Toug, delyvouv ueydia olvoia and cucyetldueva Yyo-
vidlo. Xuyxexpwéva 1 tepapyxt ouadonolnon xa to SedpoypduuaTa TEpLYpAPOVTAL OTNHY
Tapdyeago 4.3.4.

Ou Toronen et al. [8] ypnowonotovy self-orginizing map (SOM, Kohonen’s map) yia
ouadonolnon Twy dedouévmy Exgpacnc. Xe autdy To akyopliuo, emAéyeTol xdnowd YewUE-
Tpla Yo Toug x6uPoug, oL omolol Tuyata avitotolyilovtal o éva n-didototo ydeo. XNy 6u-
vEyeLo epapu6louy Lol ETavaAnTTLXy Stadixaoto Tou TeooupUOlEL TIC GUVTETAYUEVESC OAWY
TV ©0UPoY €tol Gote va xynfoly Tpog €va Tuyala emAeYUEVO onuelo Xal OGO TLO XOVTH
Beloxovtal, t660 Mo Yprhyopa xiveltoar o xéuBoc. Telwd, 6hol ov x6uPol xaTaveuovToL
oTLC ouddec xoL dnutovpyeltal €vag Ydptng and To apyixd TAEyUa 6Tou oL xdufol HTay
evanofetnuévol. Amé tnv otiyur) mou ol Toronen et al. elyav otnyv Sudbeon toug Uépog
and ta Sedouéva twv Eisen et al. [3], ta dlxtua mou mpoxintouy and v avdiuon touc,
dev TepLEyouY TOOEC OUADES 6GU TOL CUCYETLOUEVA WS TPOS TNV Aettovpyla Toug Yovidia
xaL To 8evlpoypduuaTa TN TeonyoLuevng topaypdgou. T'a tnv axpifeia ou Toronen et
al. [8] avayvopllouy To TedBANUL TV exppdocwy Tou dev eTNEedlovTaL Amd To GUYXEXEL-
uéva metpduato. Av umhpyav dedouéva and €va ubvo eldog melpaudTwy, Ta Yovidla Tou dev
emnpedlovton and autd ta metpduato o oynudtilay ula oudda oto xévipo Tou SOM. Autéd
onuatvel 6Tt 0 ahyophuog €yel TEOBANUA UE TNY AVAYVOELOT OYNUATWY EXPEUOTC TOU Elval
apxetd mopduola uetald toug. Ou Toronen et al. mou yperowonoinocav eniong Ta SOM’s
Yoo vou oynuatioouy ouddec and dedouéva ULxpoouoToLyL)Y, vhomoinoay éva @lhteo yia
Yovidia Tou dev €youv onuavTxh ahhayy oty €xgpact. 'Etot evioyuoav tny evaictnota
ToU GUOTAATOS XL amétpedoy xOUPoug va eTNeedcToVY and Ueydho 6UVOAA YOSV TOU
dev €youv Staxduavon otny exgpact. To cuurépaoud Tou TEOXUTTEL AR TNY AVIAUGT) TOY
Toronen et al., elvar 61t T SOM amoteholy éva allomioTo epyakelo yia TV ouadonolnon

OUGYETIOUEVWY YOVBLWY.

Ou Hartuv et al. [9] avéntu€ay éva xaivolpylo akydetbuo ouadorolnone, Baotouévo oe
uLa ypapolewpentixt| tpocéyyion. To xivnteo yia authy TNy yehétn ftav 1 avdyxn yLo ouo-
domoinon wa ouhhoytc and cDNA’s ue Bdon ta aroTunduata oAlyovouxieotdimwy. 201600
To anoTeEAEOUATA and AUTAY TNV epyacia elval cuyxplowa ue Ta dedouéva mou hauBdvovTol
and Ti¢ uxpoouotoyieg. Oplleton éva ypdgnua ouoldTNTAC, 6TO 0Tolo oL UXUEC LUploTa-
VTOL AV 1) OLOLOTNTO TOY XOUPWY Tou eVOVeL 1) axul| Eemepvd ©xdmoto xatd@hl. And autd
TO YpdNUa, TalpVouUE Uld «TOUT) ATOUAXEUVOVTAC €V EAAYLOTO aptOud axU®dY XalL UTo-
hoyiletat 1 ouvdeowbdTnTA TS TOURC. AV TO UTOYPAPTU TEPLEYEL TIEploabTERES antd n/2
axuég, ovoudletar uPnhd ouvdedeuévo. Autd to Briuata enavohauldvovtal, Uéypel TEMXY,
10 0bvoho Sedouévwy va opadonoiniel oe Eva apliud uPnid cuvdedeuéveny UTOYPAPTUATOY,
T ouddec. Ot ouyypagelc Edetlay 6Tl 0 ahY6plBUOC EYEL TOAVWVLIULXY TOANUTAOXOTNTO YO~
uniot Babuol, ue ueyohitepn emBdpuvorn tov akydeliuo mou evtonilel TNV eAdYLGTY TOUN.
To anoteréouata tou ahyopiBuou elvar xadd, 1600 yia To TpocoUeLwUEVa dedouéva, 660

XOL YL TOL TTROLY AT



H rapdfeon twv mapandve ueketdy, delyvel 6Tt 1 oyadonolnon twy yovidiwy clugpwva
UE Ta oyAUATA EXPEaoc Toug umopel va meplEyel Thnpogopla yia TRV Aettoupyla Toug.
Qotbo0, 6ol oL epeuvnTEC TOVILOLY TNV EMPUAAXTLXOTNTA TOUS, OYETLXY Ue TNV dtadixaota
ouadonoinong.

2.2  Edgeon pulutotixdy dixtiny

H mpdtn xatnyoplo uebddwy Paotletar oe nivaxeg Bapdv. 'Evoc nivaxac Bopdv anote-
Aeltat and n X n wée Bapdy, dmou 1 xdbe Twn delyvel TNV emppoY| EVOC GUYXEXPLUEVOU
yowdlou oe xdrowo diro. Ta mheovexthuata tng uovielomolnong puutotindy dixtiwy
ue mivaxes Bapdy avagépovtal and touc Weaner et al. [10], ot omolol napovciacay éva
akybptfuo (TReMM: Transcription REgulation Modelled with Matrices) yio éva xhoo-
oo Topdderyua evog uoviehou ue mivaxeg Bapdv. To Bden Wi, avarapliotody ) entppot
Tou yowdlou ¢ oto yovidlo j, xal 1 TAYenc eloodog oe xdnolo yovidlo j Slvetat and To
dbpotoua GAwY TV ELeOdWY TV Yol 4, tolarniacialéueva ue to Bdpoc touc. To
anoTéeoua autol Tou UTOAOYLOUOY, elodyetal ot Ul eéloworn xavovixoroinong 1 omola
dlvel cav €Zodo wa Ty éxgpaong omd 0 wg 1 yia xdfe yovidio j. H elpeon tov Tiudy
vivetat ouviflog pe xhaooxoic unyaviopolc udfnone, énwc simulated annealing [11] ot
vevetxoUg ahyoptBuoic. 'Otav apyilouue pio uehétn evég pubuiotixol dixtiou oe €va
oLYXEXEUIEVO BLohoyixd clotnua, Ta n X n Bden mou cuvlétouv Tov mivaxa elval dyvo-
ota. H 3o elvar, 6TL tar Bdern umopolv va mpoceyylotoly and To deSoUéva EXQpaons oTny
dtadlxaolo TS XATAOXEUNC TOU SLXTUOU.

Eivaw cagée, nog éva yovtého ue mivaxa Popdv AouPdver unddmn tic ahkniemdpdoeig
UETAE) OAWY TV CLYBLUOUOY TOY YOWdlwY, TOAEC and Ti¢ ontoleg €youy Twwh 0. Eneldy
dev elval ex TV TEOTEPWY YVWOTO Toleg elvan 0, T0 UTOAOYLOTIXG XOGTOC Elval UeYdAO.

[ v aughoouy tov aptiud twv Sedousvey and ta omola EEXLVIUE TNV AVAXATACHELT
Tou yeveuxol dixtbou, o D'Haeseleer et al. [12] dpyloav tny avdiuon Toug Ue TOV UTO-
hoyloud uag un yeauuxic xaumiing nageufohnc ot ypovoaxoioubieg €xppaone Ty
yovdlwy. 'Etol yenowonoinoay axolovbiec dedouévey and tela Siapopetind metpduata,
ue ToAY StagopeTixée xhipaxes ypdvou (ta ypovixd SwuotAuata UeTal) TV TELPAUETWY
nowxihouy and uloy| Gpa uéypel dvo uhvec). Koatdgepav va ouvdudoouy dedouéva and Tic
axohouBieg mou elyay Tapeufdiet pe xuBixn ntopeuBolh atov AoydpBuo Tou emnédou Exppa-
onc. To enduevo Brua elvar 1 edpeon Twv TWGOY otov Tivaxa Bapdyv 6nwe meplypddaue
oTny mponyoLuevn Tapdyeapo. Autd to Bden arknienidpoone mpooeyyllovtol ue yerion
EAAYLOTWY TETPAYOVLY 0TI axoloubieg Tou éyouv napeufdiel. To arotéheoua authc g
TpooeyyLong elvan €vo axplBéc Talplacua ota dedouéva. Tautdypova, Tapeyouy xaL xdrola
oyoha yio Ty uebodo. Tlpdtov, o unyavioude autdc dev ehaytotonolel tov aplbud Twy
arknhemidpdoewy uetadl v Yowdiwy: xdbe yovidio uoviehonoteltar and Tov oTaluLouévo
UEGO 6p0 OAWY TOVY GAAWY YoVISlwy. Aeltepoy, 10 anhd Ypouuxd TpocheTixd LOVTEND TnC
ahhnienidpaong Twv yovdiwy, urnopel vo agouoldoel Tig xUpleg OYECELS TOU GUOTANITOC.
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Téhog eneldr] Ta dedouéva mou elyay otny didbeon Toug oL epeuvnTéS dev HTay GUOLAL XaUTO-
VEUNUEVO GTOV YeOVO, UEYAAUTERO Bdpog SLVOTAY OTU TLO EULd XATAVEUNUEVA OTUElN OTA
dedouUEvaL.

Ot Chen xat Church [13] ntpdtewvay éva LovTélo dlagopixdy eELGHGOEMY Yo TNV EXPEAOT,
TV youdlov xau avéntulayv dYo uehddoug v Ty xataoxeur Tou dixtlou and Ta de-
douéva. ‘Exavay éva aplfud unobéoewy, uetall Tov onolwy, 6Tl UTAEYEL UL YROUUULXY
ouvdptnoy peTaypaprc yia xdbe yovidio xau étL 7 omebotpooddTnon Tng HeTdpaoTg
xdfe yovidlou €yel cov anotéheoua Toug pubuolc uetaypagrc. Eniong ayvooluvtar dideg
omtobo-tpogodothoelg dntwg Tou MRNA ota yovidia, agol cuvuroloyiCovtal oe auUTéC TWY
TeTElVOY. Ou ouyypagelc unofétouv 6Tl 0 Ghog UnyavoUoS UETAYPAPNS ElvaL OYETIXS EU-
otabfic (Yiot éva ToUAGYLoTOY Utxpd Yeovixd didatnua), HoTe 1 otobo-tpooddtnon and Tic
mpwtelveg oto mRNA vo uny éyet xopla entdpaor. Kafe mRNA xat udplo npoteivng yeid-
vetal tuyata xoL Tor oTolyelo Tou avaxuxhdvovTal 6To xUttaeo. Auwxplvouv 010 uovtého
TOUS, TNV UETAYPAPY, TNV UeTdppaot xal Tny Uelworn tou RNA xo tov npwtetvéy. T tny
eUpEDT] TOV TOPAUETEWY YENOoLULOTOLOUY ueTacyndoationd Fourier, ye tnv undleorn 6t to
ovotnua elvat euotabéc. Me v undbeon 6Tt To UOVTELD PeTaypuprc elval Yoouulxd al
10 oUoTnuo meénel va elvat eucstabéc, o Chen et al. xatdgepay va uewdoouy Spaotixd TNV
OLAOTAOT, TOU YOPEOU TV TUEAUETowY. XdpTn o8 authy TNV Uelwon, UTopoly XL eLedyouy
TEPLOGOTEPA YUPAXTNPLOTIXE GTO UOVTELO TOUC, ot oyéom UE To amhd uovtéia. (261600,
OL GUYYPAYPELC BEV AVAPEPOLY TOGT] ETMLPEOY| EYEL OTA ATOTEAECUOT TO TOAUTAOXOTEQO AUTO
uovTELO, dNAadn To Téoo onuavTixéc elval ol emnAéoy unobéoelc.

Ou Shmulevich et al. [14] ypnowuonoinoay Boolean dixtua yio tny elpeon Twy pubutoti-
%6V dixtimy. Ta Boolean dixtua, mou ewofyfnoay and tov Kaufmann [15] xau perethinxoay
extevéotepa ot [16,17], npoogépouy uta ehxuotixd Staxpttol ypdvou, boolean avamapd-
OTAOY) TOU LOVTENOU YOl TNV €XPEUCT, TWV YOIV, Y qUTd Tol LOVTEAN DLAXELTOTOLOVUE
™V éxgpaot Tov Youdloy otic xataotdosic ON (exgpaouéva) xat OF F (un exgpaouéva).
H éxgpaorn evoc yovdlou tnyv ypovixr otiyur t + 1 povtehonoweltor and wa Boolean ou-
vapTtnot tng onolag ot eloodot elvat to TohU k yovidwo v otiypr| t. Tumxd kK < n, émou
n o apludc Twv yovdiwy. Ovoudlovue auth Ty xAdon Twv woviélwy, Boolean dixtua
(BN (n, k)). Mepxd anéd ta ehxuoTtixd YopaxtTnetoTixd autdy Tov dxtiwy elva n anhdtnta
TNC Aoyixrc Toug oL 1) Slapdvela, OTws ol 1) TowtAla adyoplfumy yia Ty autéuatr elpeo
ToU Wovtéhou and ta dedouéva. Tlo hemtouepy| neptypagn undpyet otny avagopd [18]. Ltny
epyaoia [19] ta Boolean Sixtua enextdfnxay Gote va unopolyv va yewptaToly xal oYECELS
Tou €youy dldpxela ueyalUtepn g wlac ypovixnc meptédou, xat ovoudotnxayv Temporal
Boolean Networks (TBN).

Ou Friedman et al. [2] ypnowonoinoay Bayesian dixtua yia Ty uovtehonoinon tou ye-
vetixol dxtdou. Ta Bayesian Sixtua elvat éva moAd yprowwo otationxd epyaielo, 670
onolo to teheutalor dExa YpovLa €yel YIVEL UEYAAN EPEUVA AL OL EQUPUOYES TOU GUVEYMS
avZdvovtat. Oa Ta Teplypddouue avaluTixd oto xepdiato 4. ‘Onwe 1dn avagépaue éva
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and To ONUAVTIXOTEPA TEOLARUTO OTNY AVIAXATAOXEYT) TOV YEVETLXMY SIXTUOV elval o Te-
pdotiog apliudg Yowdlowy mou aviieTolyolyv ot x6ufouc 6To yevetxd dixtuo mou Béhouue
vo. xataoxevdoouue. o mopddetyuo av €youue n yovidio ta mbavd yevetixd dixtua ef-
vau tepinou n! av fewpricouue 6Tt xd0e yovidio unopel vo cuoyetiletol e 6ha ta dAAa.
Ou Friedman et al. vy va avtipetoricouy autd to mpéinua medtewvay €vayv ahyodpliuo
Tov onolo ovéuacay Sparse Candidate. Ytnv ouola yio xdbe xéufo-yovidio tou duxtdou
Beloxouv éva uixpd uToGUYOLO amtd TO TEPAOTLO GUVORO TV YOWSI®Y ToU €lval To mi-
Bovd va avixouv oto 6Uvoro Twv Yowdlwy Tou Tto ennpedlouv. T'w tnv povielonoinon
NS EXQPAOTS TOY YOWLlwY yenoluonolnoay T6oo SLaxpltéc 600 Xal GUVEYELS XATAVOUES.
Egopuélouv tov akybeiuo touc ota Sedouéva tou Spellman [20] vy to yowdlouo e
Loung (S. cerevisiae) atov xUxho Tou xuttdpou. EntheZav 800 yovidia mou 1 éxgpaon Toug
elye ueydin dwxduavon ota dedouéva. To anoteréouoto toug €delav 4Tl UTOPOUUE Va
népouue moAUTAoxeS Sougc axdua xol e Alya Sedouéva (~ 73). Ou Spirtes et al. [21]
avéluoay Ta TeoBhiuata tou tagovotdlovtal 6Tay yenouronototue Bayesian dixtua yio va
Beolue Tic eCopthoelg UeTall TV Yovdlwy.

Ou Imoto et al. [22] ypnotwonolnoay un mapauetpixéc otattotixés uebddous ntalvdpd-
unong ue Bdorn ta B-Splines xau ta Bayesian dixtua yia v yoviehomolnon un yeuuuixdy
oyéoewv uetadl Tov yowdlov. Me Bdon autd 1o povtého avéntulay éva vEo xpLTrplo
emhoyhc STVwY xat altohdynoay Ty uébodd toug oe 100 yovidia tng Loung.

Ou Murphy xow Mian [23] yenowuonoinoayv Suvouixd Bayesian Sixtua xou édetlav dtu
10 Yeauuxd povtélo twv D’Haeseleer et al. [12], o un ypauuixd uovtéro tou Weaver et
al. [10] »ou to Boolean Sixtua elvon unoxatnyoples tov Suvauxdy Bayesian dixtiwy.

O Hartemink et al. [24] Baclotnxay o€ éva LOVTENO TOU ETLTEENEL TOV YELPLOUG XpUU-
uEvey UetafBAnTtody xau Bactletar oto Bayesian dixtua xou Tic enextdoec toug. o va
aZLOAOYIGOUV TNV TEOGEYYLOT] TOUS, Yenotuonolnoay dedouéva yia To yovidio Tou pubutoTt-
%00 duetbou tou uetafolouol tne yahaxtélng otn Loun (S. cerevisiae). Emxevipdinxoy
xuplwe oTNY aZLOAOYTOT TOY JIXTUMY TOU TEOXVUTTOUY.

Ou Ong et al. [25] neptypdgouv pio tpocéyylon mou yetplletol dedouéva and ypovouxo-
houblec xaL unopel va yelploTel xUxhoug enavatpo@oddtnone xabde xal teplBailoviohoyt-
%€ ouvlrixec oav xpuuuéves Uetafintéc. Ernlong nopousidlouv éva xotvolpylo TpdTo yia
TOV GUVBLAGUS TN EX TWV TROTEPWY YVOONS XL TV dedouévwy. Aoxiuacay v péhodo
TOUC 0 SEBOUEVY EXPpaons Tou UETERONXaY ot puotoloyixéc alhayéc mou ennpedlouy Tov
uetaohioud Tou tryptophan cto E.coli. To anoteréopata Selyvouv 6t 1 uébodog eival
eavy) va Peloxel oyéoelc uetadl cuvohwY YoNSlwy Tou tpayuatixd cuoyetilovTal.

Ou Perrin et al. [26] ypnowwonolnoay uia npocéyylon ue ypouuxd Suvauxd Bayesian
dixtua cuvey v petafBAnTdy. O akydplbuog exnaldeuong yeyiotorolel Ty mbavogdvela ue
XATOLOUC TEPLOPLOUOVC TTOU EULYOOVY «YpHioLUES oUVOETELS. Auth) 1 TeoGEYYLoT LAOTOL ONXE

12



YLor €vor xovoUpYLo SuVaULXG UOVTEND aAANAETLORdoEWY TTou To ovouacay inertial model.
To anoteréouata toug oto S.0.S DNA repair 8ixtuo tou E.coli elvon apxetd evliappuvtixd.

Y1 mopamdve epyaoieg, ahhd %ol OTLC TEPLOCOTEPES EPYAOLEC TOU OVAPEQOVTUL OTNY
elpeon Towv pLOULGTIXGY dxTUmY axohoufolvtar yevixd ta axdéroufo Bruota. [lpdto yive-
Taw ulor amhy) mpoenelepyacia ot dedouéva. TNV ouVEYELXL YETOLLOTOLOUVTL akybetbuol
YLOL THY AVEXTNOT) TV YUUEVODY TGOV XAl TEAOC e@apublovTal YeBodol Yo TNV xoTaoXEVY
TV puluoTixdy dxtinv. ‘Onwg avagépinxe otny olvoldrn tng BiBAoypapiac ot alydpl0-
oL OPAdOTOINONES UTOPOYY Vo YENOULOTOLNHOUY YLa TNV €VPECT) TWY OUAd®Y YOVLBLWY TOU
€y oLy TapdUoLL ExppacT) HoTe va ueheTnlel 1 hettoupyla Twy Yovidlwy olugwva ue xdmola
yovidia Tng ouddag Twy onolwv 1 Aettoupyla elval tapduota. Ty undleon dti oe Lo oudda
TOL YOVISLAL €Y 0UY TOEOUOLY AELTOLEYIN UTOPOVUE VAL TNV EXUETAAAEUTOUUE VLo VO UELDOOOUUE
T0 x6070¢ GTNY elpean) TV PUOULOTIXOY JXTUOY. AVTl Vo XOTAGKEUAGOUUE TO SIXTUO UE
TOV 1epdoTIo aplhud Twv Yovdiwy xataoxeudlouue éva dixtuo pe Tohd uxpdTtepo aptbud
oUdd»V.
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KEDAAAIO 3

[IPOEIEZEPTAZIA

3.1 Tlpoerelepyaotia dedouévoy
3.2 Avéxtnon yoauévey Ty

3.3 Ouoadorolnom

3.1 Ilpoeneiepyaocia dedoyévwy

H mo ocuvnfiouévn uopgt, npoerelepyactog mou epapudletor Yoo Tny edpeor Tov puiuloTt-
%OV OXTUWY aTd TG UixpoouoTolyleg elval wa anAr Yoo XAUAXWoT TV UETAPAN-
Tév [1]. Auté elval ouvifoc ypriowo dtay oL LETABANTES TOU TPOPAAUATOS LA EYOUY TLUES
Tou SLaPEpoLY onUaVTIXG. XENOoULOTOLELTOL EVIS YRUUULXOS UETACYNUATLONOSC, HOTE OAES
oL YeTaPBAntég va €youv mapduoieg Twéc. L va to metUyouue autd, and xdbe uetoBAnth
X, agalpolue To UECO TNS Xl dtalpolue Ue TNy Staomopd mou opllovTal we:

1 N
Jj=1
1 N
2 V2
o? = —N—1j§_1:(% X)) (3.2)

6mou j =1, ..., N, ta delypata pag. Me z;; dnhdveton 1 j-ooth Tur) tng X; ota dedouéva,
ue X; 1 uéon T xat Ue 0; 1 daomopd tne petaPhntic X;. H j-001H Tiuh Tne suponouévng
ueTafBAnTric Xi, oplletanl wg e&hc:
Iij — Xz

)

(3.3)

wij =

Ot xAaxwuéveg UETAPANTES Exouv UEGO UNDEY Xal BLaoTopd o1 Ue €va.
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3.2  Avdxtnon Xouévey Tieay

To npdhto mpdPfinua mou napovoldletal elvar ot ta dedouéva dev elvat TArer, dnhady oc
xdmoto melpaua 1 €xgpaon xdrolou yovdiou unopel va heimel (missing value). Auté ogel-
Aetat 600 oty pebodohoyla xat ota cuoTAuata culhoyric Sedouévey (UxpoouaTolyleg
DNA), 660 xat 6tny @Uor v dedouévmv, apob elval niavév xdnoto yovidio, und xdnotec
OUYXEXPLIEVES OUVOTIXES Vo uny exgpdletal. XTo TpdTo Prua, meénel vo avaxtniolv ol
elnele (A youéveg) tiwéc. ESG mpénel vo avagépouue 6Tl 0 YELPLOUOS TOY EMTGOY TV
unopel va ylvel xou og exéuevo Briua tng enelepyaoiog, To onolo avahbouue 6To xeQIAAULO
5.

H mpdytn xau mo amhoixr tpoceyyion mou YenoLuloTolelTtal, elval 1 avixTnoy Twv Youé-
VOV WOV ovixadlotdviog T ye undevixd 1 ue to péoo tne avtlotowymne yeauunc [27].
Avo mo eelyuévee tpooeyyloel elval autéc towv K-NN xoar SVD [27].

Ou Oba et al. [28] ypnowonoinocay tnv Bayesian PCA uéfodo yio tnv avdxtnon yauévov
oy, ot Kim et al. [29] yenowonoinoav uébodo ehaylotwv tetpaydvoy xat EM. Ku
oL 8Yo uebodol elyav oyetxd xailtepa anoteréouata and tov K-NN otic nepiocdtepec
TEQUITMOELS aAAE AoYw TN anhdtntag tou, o K-NN elvol 1 pébodog mou ypenoiuoroteitol
ouyvotepa. Iapaxdte napovoidlovue o avaiutixd T uebddouc ue ypron K-NN, SVD
xaL TaALYSpoUNoTS.

3.2.1 Avdxtnomn yoapéveyv tpway ue SVD
Avaxtnon ue SVD yenowuonoldvrag nAvpr, dedouéva

H npdtn uébodog mou eZetdlouvue xal €yer eQopUOCTEL YL TNY AVAXTNOT YALEVOY TLUGDY
elvar 1 SVD [27]. 'Eotw X o nx N nivaxac pe ta dedouéva, 6mou n aplBudc Tov UeTaBAnTdy
(vyovdiov) xar N o aptbudc tov tewpaudtov. 'Eote tdpea X¢ 10 unoclvolo twy uetafAntdy
mou dev €youy eAimelc TLéS xal X™ oL UTGAOLTES TOU €YOUY TOUAGYLOTOY Ulol YoUUEVT) TLU.
Oewpolye Tov truncated SVD Ttou X%

X$=U,D,V}, (3.4)

onou D elvau évag Staydviog nivaxag mou tepteyet g J < N singular twuég tou X, V xau
U; oL avtlotolyol opBoydviol tivaxes Twv J 8eZidy xat aplotepdy singular Stavuoudtoy.
O SVD tdéne J unopel va epunveulel and Slapopetinéc ontixés yovieg.

Mio epunvela mou pag Bohever yio to TEOBAnua, elvor auth e makvdpdunone (re-
gression). 'Eotw X; xdnow ypapun tou X¢ Oswpodue tnv makvdpdunon ehaylotov
TeTPAYOVLDY Twv N Twdv e X, ota singular Swavicuata vy, vs, ..., v, Tou 10 xabéva
elvan didvuoua Sidotaong N xal 8 1o Sidvuoua Twv cuVTEAEOTOV TaAvdpdunone. H maiuy-
dpounot auty AGveL TO TAPUXATE TEOBANUL TWV EAUYIOTWY TETRAYDOVKY

N J
win || X; = Vo [P= min D (e — Y vs)°, (3.5)
=1

J=1
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6mou vy o otowyeto 1, § tou nlvaxa V. H Aon elvau B=WVIv)"WIX, =VIX, (o Vy
opfoydwiog dpa VIV = I) xou pac divel Tpée & = V;b. 'Eto OUUPWVL X0l UE TNY GYECT
(3.4) to XV; = U;D; 8lvel 6houg T0U GUVTEAEGTEC TAALVIPOUNONS YLt OAES TS YOUUUES
o 10 X, = U;D,;VF bec tic tiwée. Agod éyer Beebetl o Vy, o SVD npooeyyile xdbe
yeauuy) Tou X¢ ue To ddvuoua tou dlveTal e Takvdpdunct otov V.

Auté enlong uag Aéer 6TL v xdfe ypouur, X; tou X™ ue xdmowa ehhny) otouyela,

unopoUyv vo avaxtnioly Ta yauéva otolyela Ue Ui Tapdpola TAALYSeOUNoT):

J

mﬁin Z (l‘il—zvljﬂj)z. (36)

un-eAnég Jj=1

'Eotw V; n ustwuevn exdoyr Tou Vy Ue apapeUEVES TS XATIAANAES YouUUES ONnAUdT) aUTEC

Tov Teptéyouy ernelc Twéc. H Aion oty ellowon (3.6) yivetaw 8 = (VIV) 'V X7,
7 ’ Z ’ (*) Doz (*) 7 *

xaL oL exTUWAoELS Yo Tig eEAMmtelg Twég elvan V)3 drou V™ 10 cuumhipwua Tou V] oTov

mivoxa V. Enueidvouue 6t ol otiheg Vi Sev elvar mhéov opboydviec.

Avaxtnon ue SVD yenounonotdvtag 6ha o dedopéva

H npornyoluevn npocéyylorn unopel va egopuootel uévo étav ta mAfern dedouéva elvol
apxeTd xoL Ta EAALTY dev cuvelopépouy atny Bdorn Tou SVD. Autéd guoxd dev oy el ndvta.
H mpooéyyion mou mepiypdgetol oty cuvéyeia yenotdonotel 6ia ta dedouéva. Lo va
Aubel To TEOBANUA TNC AVAXTNONS TWV YOUEVLDY TLUGOY, avAYETAL 6TNY AUCT TOU TARAXIT

TEOBAAUATOS
min || X —m1t -~ U;D,Vi |*. (3.7)
Ur,Vi,Dy
‘Ornou || - [|*, ulo eduer tetparywvixt| vépua, 1 omola abpoilel 1o tetpdymvo 6hwv Twv

oTolyelwy ayvonvtag ta otolyela 6mou o X €yel ehlnelc Twéc. O m elvan €va Sidvuoua ue
10 péoo xdbe ypauunc tou X xau 1 éva dudvuoua ue uovadeg didotaong N. Av 8ev undpyouv
ehimelc TLéC, 1 AVor elval TeTpluUévn: To m elvol To SLEVUCUN TOY LECWY TWY YRUUU®DY
tou X xou ot Uj, Vj xou D; Sivovtan and tov J tdine SVD tou xevipiworoimuévou X. Agod
N Aon 16&€ne J Beebel yia To mpbBinua, yenotuoroteitol Yo var «yeuicouv» oL eAMTElS TUIES
Tou X. H dwdixaocia mou axolovbeiton neptypdgpetor and tov Akydebuo 1.

AlyébplBuog 1 Ahydplfuog avixtnong yauévoy Tuey ve SVD
1 =0
OétovtoL oL ehhmelc TUWES LoeC e TO UECO TV Un YAUEVLDY TLUGY xdbe Ypauunc, Tapd-

yovtac évav mhhen wivoxa X (O

repeat
Yroroyiletar v SVD Ao yia to mpdPinua (3.7), yio Tov mAven mivaxe xat TopdyeTo
o X' avtixaBiotdvToc Tic elTelc Téc otov X ue autég mou pac divel 1 Adon,.
t=1+1

until O époc || X@ — XD || /|| X@ || va yiver uxpdtepoc and xdmoto bplo.
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3.2.2 K-NN

Auty| elva 1y Théov ouy v Tpocéyyior oto TpdBAnua Tou divel ToAD xahd anoteréouata [27].
H meprypagn Tou adyopifuou cuvodiletor ota e€hc Bruata:

1. Yrohoyiletou n Euxheldio andotaon petalld Tou yowdiou X; %ol Twv dAhwy Yovdiwy
oto X¢, ypnowonoldvtac uovo ta onueta mou dev elval edwnr oto X;. Avayvwpeilo-
vtow to. K xovtivotepoa.

2. Yroloyilovtau oL ehhnelc Twég tou X; malpvoviog Tov U€co 6po TOV aviioToly eV

onuelwv ota K xovtivotepa.

3.2.3 Avdxtnom pe nakvdpdunom

Auth n ey elvan wia xhaowry EM mpocéyyiorn v Ty edpeor) UECKDY XOL TLVEXGY
oupuetaBintétac yia tohudidotatec Gaussian xotavoués, yia ey dedouéva [29]. O
TpoPhendueveg TWES Yo yauéva ototyelo tapdyovtal otny Swadixactia tou alyopifuou. H
Baowh Wea elvat, yio xdbe 7, va yenowonoinfel takivdpdunon tng oThing Tou j, oe xdbe
dhhn oA exTéC aUTAC TO 7, Yia va Bpolue Tig ehAinelc Twweg oty J. Ilo ocuyxexpuuéva,
yio x40 oTHAY J:

1. Agapotivtar ot ypauuéc Tou X ot onolol Tepléyouy eAMTElC TWWES 0TIV GTAAY .

2. Hpaypatonoleltar mtaiwvdpdunot tng «xabaphicr TAéov oThing oe xdfe drihn yoauun
Tou (Uetwuévou) X.

3. XpnotwonoloUvtol oL GUVTEAEOTES TS TaAlvdpdunone yia v yivouv npoSAédeis oye-
TIXA UE TIC eAATELS TLEC TNC OTAANG 7.

Enedn Oa undpyouv elhinelc Tyuée xat oTic dhheg othieg €xel dnuovpyniel ula mopai-
Aoy e mapamdve daduactac. Xenowonoteltar uto enavainmuxy Swadixactio (EM), énou
€youv avixataotabel ol ehhnelc twwéc ue unobéoeic (apyxd to péoo tng xdbe ypauurc)
xaL qUTES oL untofécelg avavedvovtar xaldg 1 Stadixaolo Tpoywedet.

Fevixd n tedevtala mpooeyyion €xel xalltepn anddoon oe oyéon ue g K-NN xon
SVD. Tapdha autd eival mord mo apyr. Metald K-NN xat SVD oe uelétec nou éyouy
viver [27], éxer deybel metpapatind 6t n uébodoc K-NN éyel ehagpidc xahiteprn andédoor
agoV 1 SVD €yel to uelovéxtnuo 6Tt ol singular Tiwéc xuplopyolvtol and T O XOoLvd
oY fuaTa Exppaong, onoTe av €Youue eEANTELS TWWES OE OTAVIAG LOPPHC Oy AUATA EXPEIUCTS
dev umopolv va teofieplovv.

3.3 Opadonoinom

"Evac onuoaviixde otdyog tng avdAuong tou UeYdAou 6Yxou SeB0UEVWY ATd TLC ULXPO-
ovotolyiec DNA, elvat va Zeywploouy Baouxés noppéc Tig Yovdlaxhc €xgpaong, oL oToleg
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divouy Ty xdpta TAnpogopla yio Ty Plohoyia Ty detyudtwy. [ovidia ue tapduota Exppaon
oe dudpopec auvlirixec pubuilovtat cuviiwe and Toug IBloug Tapdyoviec. Xav éva epyarelo
TEPLYPAPNC, 1 OUAdOTOINOT, TWY OYNUATOY Exppaone uropel va uag amoxalllel Tétoleg
oyéoeic. Ta ntocotxd enineda éxgpaone n yovdiwy oe d cuvirixec unopolv vo Bewpniolv
oav n onueta o éva d-didotato ydeo. Ou arydpelbuol ouadornoinorng Badlouvy oe ouddeg on-
ueto mou elvat xovtd otov d-8ldotaorg ydeo. H ouadonoinon éyet anodeybel Tohl yerowun
o€ uehétec Tou xopxivou [30].

3.3.1 MEétpa andoTACTG XAl OUOLOTNTAS

H «ouototnton uetalld yovdlomy ylvetal ouyxexpuuévr av €youue oploel éva UETpo andaTo-

ong 1 €va UETRo ouoLOTNTOS ToU Unopel v teplypddel TocoTiXd To TOC0 buoLeS i AvOUOLES

elvan d0o exppdoec yowdiwy uetalld touc. Do n yovidua, yio xdle Leuydpt (X, X)) and
_1 e ! I I 7 ! 7

To (%) Cevydpla yovdloy uropet va petenbel n opotdtnto Tou Yio T eineda Exppacng

umd Tic N ouvirxec. 'Eva eupéwe ypnowuonololuevo Uétpo elval 1 euxheldlo andotacy:

N
do( X, X)) = ZX,W Xi5)2. (3.8)

"Eva diho Bohnd uétpo elvat 0 ouvtereoThc cuoyETLONE TOL UTOAOY(LEL TGO CUOYETLOUE VA
elvan ta enineda éxppaong Twv yovdiwy X xou X; und N diagopetinés ouviixes:

Z (ij Xk)(XlJ X) ‘
\/Zz 1 (X — Xk \/ZZ (X — )

R(Xp, X)) = (3.9)

3.3.2 K-means

M eupéwe yenotuorototuevn uébodog ouadonoinong elvat o alydplduoc K-means xat 3ud-
popec Topalhayéc tou [31,32]. 'Eyel to mheovéxtnua 6Tl dev emiBdher auotnet| oyéon o
%d0e yovidlo, 1o onolo umopel va elval TpoBAnuotixd amd TV oTLyUr) Tou Sev Uy EL ams-
Auta Stadoyxnr) oyéon LETALY TV oYNUATLY Exgpaonc. e authy Tny Uéhodo, T Yovidia
TalyopovvTol ooy vo avixouy ot ula and g k ouddec. H ouuuetoyr xdbe yovidlou oe pla
ané g ouddec C1, Cy, ..., Ck ue xévTpo ay,as,...,a; € RY, unoroyileton avabétovrag
%dfe yovidlo ¢ olugova Ue To oyfua éxgpoaonc Tou X;, oTNY Oudda UE TO XOVTLVOTEROD
xévtpo [3]. O otdyoc elvan 1) elpeon eunelpind, TV BEATLOTOV XEVIPWY a1, ..., Ak, GOTE TO
loJolINVIE

1 n

E=- min || X; —a; |?, (3.10)
n <= 0<j<k

vo ehaytotornoleltal, 6mou n o apludc Twv UeTaBANTOY. Autéd emituyydveTal Ue TNV axd-
houln Sodixaata:
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ANyépiBuog 2 K-means Alydpifuoc

1:=0

AvabBétovtal Twé o apyd wévtoo ol o' ue aubaloeto TedTO
TOVTAL TWES OTAL APy O )y ey Oy U PETO TPOTO.

repeat

1. Ouadomowotvton ov petafintéc(yovidia) X, ..., X, otic k ouddec.
Na X;, 7 €1,...,n]
Av || Xj — am [IP<]| Xj — a; ||* v xé0e 1 # m,
avabétetol 1o X; oty m oudda.
2. Avave®dvovTal To XEVTPA TV 0UdS®Y

ait =Y X100
j:x;ect)

1=1+1
until Na urn yivouv enuavtxéc alhayéc ota xévipa TV ouddwv (Llugwva e xdnolo
XpLTRRLO).

3.3.3  Iepopyxn Opadonoinom

Aut 1 uéhodoc opadonotel yovidia oe €va dévtpo 1 devdpdypauua [3,33]. Ttny apyr, xébe
Yovidio arotehel pia EeYwELOTH 0UAda. ZEXLVGOVTOC and TS 1 OUAdES, oL 800 ouddes Ue TNy
ULXEOTERT) ATOGTAGY) GUYYWYELOVTAL GE Uil VEXL OUdda oL oL ouddeg avavedvovtat. Auth
7 Saduxaotor emavahouBdvetal Uéypl vo Tpoxider uta oudda.

Do v avavewfet o tivaxog arnootdoewy 6tav dbo ouddec C; xat O ouyywvevovtal o€
uta véa Cy, 1 epdTnom xAewl elval Té¢ va oplotel 1 andotaor tng véag ouddag Cf xal Ty
GAADY OUddWY.

1. Xy single linkage npoceyyion, n andotaot tne ouddag Cy and pia Ay undpyouoa
oudda Cs, utohoyiletal g e€hc:

d(Cy, Cs) = min(d(C;, Cs), d(C}, Cy))
6mou d To UETPO ATOOTAOTS 1) OUOLOTNTOC IOV YPNOLLOTOLOVUE.
2. ¥tnv complete linkage npocéyyion, n andotaor unoroyiletal wg e&ng:

d(C,, Cy) = max(d(C;, Cy), d(C;, Cy)).

3. Xtnyv weighted pair group mpooéyyLon,
d(Cy, Cs) = (d(C;, Cy) + d(C}, Cy)) /2.

4. Ytnv unweighted pair group npocéyyiom,
d(Cq, Cs) = a; - d(CZ, CS) + aj - d(Cj, Cs)),

|Ci| Yol G = |Cj]
|Ci|+1Cj] J |3 [+1C51°

oTmou a; =
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ANybpibuog 3 Iepapyint| ouadoroinon

repeat
1. Bploxovtal 8o ouddeg C; xar O 6mou

d(C’Z, C]) = min#sd(C’T, Cs)

2. Yuyyowvevouue 1o C; xau C; oe pla véa oudda C.

3. Avtuablotavral ta C; xaw C ue Ty véa oudda Cf,.

4. Avave®VETaL O TVAXOC ATOCTIGEWY TWV VEWV OUIdWY.
until 'Ok ta yovidia va Bploxovtar otny (8t oudda.
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KEDAAAIO 4

BAYESIAN AIKTYA

4.1 Ewoayoy

7

4.2 Exrnaidevon Twv ToapauéTemy Tou dXTbou UE YVWoTY Sout

4.3 MaBaivovtac 0 Sour| Tou duxtiou

4.1 Ewoayoy

[Tolréc teyvinéc yio exnaldeuor Paotlovtal xuplng oe dedouéva. Xe avtibeorn, n yvdorn tou
TepléyeTal o€ gumelpa cuoTRuaTa cuviiwe Tpoépyetar and ewixodc. Ta Bayesian dixtua
ouvdudlouy T xaAUTERa oTolyEla ot and Tic dUo mpooeyyioec. [lo cuyxexpluéva, 1 avo-
TapdoTaoT xdmolou tpofiiuatoc ue Bayesian dixtua emitpénetl va ouvSudoouue oTATIOTIXG
dedouéva Ue TNV uTdpyouca YVOoT).

"Eva Bayesian dixtuo elvor uia ypaguxy| avanapdotaon tne yvodonc. Emnpdoheta, 1
avanopdotaon €yel TuTxéc TLhavoTiXéC EVVOLeS, YEYOVOC TIOU TNV XAvel BohxY| YLo GTATL-
ouxh enelepyaoia [34]. Tryv teleutala dexaetio, ta Bayesian dixtua éyouv elehybel oe
utar TOAY SLadedouévrn avamapdoTaoT yia Vo Teplypddouus TNy oefotdTnTol 0TV YVOOT).
o mpbogata, ol epeuvntég avéntulay uehddoug yio Ty udlnon Bayesian Suxtdwv pe cuv-
duooud ex TV TEOTEPWY YVOoNS xat dedouévmy. Ot teyvixée mou avartdybnxay elvat
XOULVOUPYLES Xl EEEALOOOUEVES, ahhd €youy anodelylel eVTUTWOLOXE ATOTEAEOUATINES OE
0pLoUEVA TEOPAAUATA.

Xenotwwonowdvtag Bayesian Sixtua, 1 dwadixacio exraldeuone éyet wg e€hc: Apyixd elod-
YeTaL 1) undpyouoa TAnpogopta ot €vo Bayesian 8ixtuo OTwE XATA TNV XATAOKEVY| EUTELRWY
CUCTNUATWY. XTNV GUVEYELX, YPNOLLOTOLOUVTAL T SESOUEVA YLOL VAL TNV EVIUEPGCT) UTHC
NS YYOOTS, dnutoupydvtac éva 1 teplaodtepa xatvoupyta Bayesian dixtua. To arotéhe-
oua TEPLEYEL EVOY ETAVATPOGBLOPLOUS TNG apyXc YVOoNE Xat ouvilng TNV avayvoeLoT
VEWY dlaywpLopoy xat ouoyetioewy. H npocéyyion auty| elval avextixt) 660 avagopd hdbr
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NG apyLxh) YVOoNng. Axduo xal 6tay 1) apyixr| Yvoor dev elval TAeng, autd to oTolyela
unopoUyv va yenouwsonotnfoly vy Ty Beitidon tne Siadixaciag pdbnong.

H udbnon ue Bayesian dixtua elvar e Tolhd onuela TapdUoLd UE AUTHY TOV VEURWILXOY
dxtVwv. H Siaduxacia mou egapudletar ota Bayesian dixtua, wotdco, €xel d0o onuavtixd
mheovexthdata. Ilpdrov, unopel elxoha va xwdixonownlel n undpyouca YvOoT xaL VoL yeT-
owonolnfel ue oxond TNy alENoT TNS ATOTEAECUATIXOTNTOC %ol TNe axpifelac oty udbnor.
AeVtepov, ol xéufol xaL oL axuéc Tou SixTiou cUVADKS aVTLETOLY0UY GE oVaYVOELOLIOUS
Ol wELoUOUC XAl OLTIATEC OYECELS. LUVETKOC, XATOLOC UTOREL o EUXOAN VA UETAPEAOEL
xa vou avTiAnglel Ty yvohon mou eunepteyel auTy| 1 AVITARIoTACT).

4.1.1 Tevuxol Opiopol

Hapaxdtw napatifevial yepixol ogrouol mou Ha gavoly yprouwol oty cuvéyela.

Iapayovtixd Movtéha

Hpdra etodyetal 1 évvola Tov napayovixdy povtélwv (Factored Models). Xpnotuonolot-
vrat o xegarata yeduuoto X, Y, Z yio ovouata UETABANTOY xat T aviiotolya uxed ,y,2
Yo GUYXEXPLIEVES TIUES TOU Talpvouy ol UeTaBANTES. XUvoha UETABANTOY dNAGVOVTAUL UE
évrova yeduuato X,Y,Z xot aviloTolyo oL TIES Tou Talpvouy oL UETABANTES EVOC GUVOLOU
UE Uxpd €vTova YpduuaTa X,y,z. XTnyv exnaideucy) and dedouéva To eVOLAPEQOY €Y XELTAL
oto va Bpovue tny xalitepr e&hynorn Uéoo and éva oUvolo mbavdy eényroewy. Autéc ol
mhavéc e&nyrioeic opllovtal and éva ovvoro utobécewy mou AauPdvovtar undédr. "'Eotw
uta xhdomn woviehwy M té€tolan Gote xdbe uovtého M € M va napauetponoteltal and éva
didvuoua OM. Kébe emhoy tiwov tou OM opiler pia xatavous mbavotnrac P(-: M, 0M)
ota mhavd cvvora dedouévwy, 6mou M dnhdvel v undbeon dTu 1 xatavour mou moped-
veu Ta dedouéva, mpogpyetal and To woviého M. 'Eva mapayoviixd uoviého M yia éva
obvoho uetafantedy U = {Xi, ..., X, } elvar wa mapaueton) owoyévela Ue TopauéTpous
oM = (0¥, ...,0M) 1o onolo oplle. uta and xowvol xatavoud mbavétnTa TN LoPPAC:

P(Xy, .., XM, 0M) =[] M (X1, ... Xo; ©)), (4.1)

6mou xd0e fZ-M elvan évag tapdyovtag Tou onolou 1 TLwh e€aptdTal dno xdnoleg YeTaANTES
X1,..., X, "Eva mapayoviind poviého elvat Stoywpeloldo 6Tay o yOeog ThV IXAVOY TLUOY
Ty Tapauétpny OM mooxinTel and 10 eLwTEpd YLVOUEVO TV XAVOY TGV TV TUEUUé-
tewv OM v xdbe fM. Me dhha hoyia, 6Ty UTopoUy Vo GUVBUGTOUY LXOVEC TUPUUETEO-
TOWOELS BLAPORETIXMY TOEAYOVTWY Ywpelc Teploplouols. Ixavég TIES yia TLg TapaUETEOUS
M 7 ’ 14 M M __ A
O elvar autée mou avorooly Toug meploplouole B > 0 xou Yo 0% = 1 6mou k 1
avdleon twrc v TRV PeTaPANTY 4, xou j plo avdleorn oy v T ueTaSAnTée and Tic
ornolec e€apTdTaL N UETABANTY 7.

Yrébeon 4.1. 'Oha ta povtéda M elvan Staywplouo tapayovtixd UovTEAd.
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YréOeon 4.2. T éva yoviého M, xdBe petafintd elvar avedpetntn and toug Tpoydvoug
e, 800€VToC Tou GUVOLOL TWV TATEPWY TNC.

P(X1, o X, | M, 0M) = [] £ (X Pass ©) (4.2)

Auth 1 ouvOxn ovopdletar xav urd ouvlrixn avelaptnoia 1 ouvOrixn Markov xau elvan
Baowxy| undleon ota Bayesian dixtua.

4.1.2 Opiopdc Bayesian duxtiowy

'Eva Bayesian dixtuo elval évor axuxxd xateufuvduevo ypdgnuo Tou ovamapLoTd Lo
and xowvol xatavour mbavotnrag oto oUvoho uetafSAntdy U Mnopel vo dnhwlel and
wo teumiéta B = (G, P,0). To npdto otoyelo G, elvar éva axuxhixd xateuhuvéuevo
Yedpnuo mou ot xoufor avitotolyoly otig uetaBantéc X, ..., X, tou U xou avanoplotd
10 axéhouvbo ovvolo umobéoewy aveaptnotac: xdfe petafinth X; elvon aveldptntn and
6heg Tig dhheg yetaPintéc Sobévtog Tou cuvdhou Tty Tatépwy tng. To déutepo otolyelo
P elvar eva odvolo and tomxd vovtéda Py, ..., P,. Kd&fe tomxd uovterho avtiotoyilel Tic
mbavéc Twég Pa,; tou ouvélou Pa; matépwy tou X;, oe éva uétpo mbavdtntac yio 1o X
Tao tonxd povtéha nopaueTponolovvTaL and T tapauéteouc ©;. 'Eva Bayesian dixtuo B
opllel utor povaduey| and xowvot xotavour mhavotnrog Pp yio o U mou divetar wg edhc:

n
Py(X1,... X,) = [ [ P(Xi|Pas; ©5). (4.3)

i=1
Eivat mpogavég 6ti Ta Bayesian Sixtua elvan napayovtixd woviéha. Emniéoy elvar Stayw-
plowo and Y oTLYUR TOU 0 GUVOLUOUOS TWV IXAVOY TUUGY YLd TS TOTUXES TAPAUETOOUS

optlet éva pétpo mbavoTnTog.

H enduevn undbeon elvar wg mpog Ty emthoyy TOV TapayOVTWY 0T ToEAYOVTLXd Uo-
vtéha. Ou mopdyovieg amatteltar va avixouy atny exfetin owxoyévera [35]. 'Evac mapd-
yovtag elvo ex0eTin6g av xaL L6Vo av UTopel Vo 0pLoTEL UE TNV Lop®T

f(X:0)=e®sX) (4.4)

émou t(0) xou s(X) elvar cuvapthoelc pe Swavuouatixée Tée dac ddotaone xat () to
eowtepd Yvouevo. Ot exBetixol napdyovtes mepthauPdvouy i tolvwvuuxés (multino-
mial), yovodidotatee xar moAudidotatec Gaussian xatavoués OTwS xoL GAES YVOOTES

xatavoués [35].
Yré6eom 4.3. 'Oha 1o poviéha oto M nepéyouy wévo exbetixolc taupdyovreg L.

Mot axoun Baowy| unébeorn ota Bayesian dixtua elval 1 avelaptnolo Twv dedouévwy.

L Aev onuatver toc Sev unopolue va éyouue Tapdyovtes tou dev elvor exfetixol. 'Onwe Ha Sodue oty
OUVEYELXL YPNoLUoTololue xaL Un exBetixols napdyovies. Ye oA Suwe fewphuata xat cuUTEPAoUATA
oty cuvéyeta elvan amapattnTn tpolndbeo.
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YréOeon 4.4. To otrywdtuna 610 advolro dedouévwy D npoxintouv aveldptnta uetall
Toug, dobévtog evog Bayesian Suxctiou.

N
P(D|M) =[] P(Di|M) (4:5)
i=1

[ va Setovue Ty avarapdotaot, ac AdBouue unddn 1o yHEo TNe enthuorg Tou TEOBAH-
UATOC EVOC auToXLVATOU Tou dev Eexwvd. To mpdto Briua yia Ty xataoxeur; evéc Bayesian
dixtUou elval va arogacloouue T UETUBANTES XAl TIC XATAOTAOES Tou Uoviéhou. Mia
mhavh emthoyt| yLo tic ueTafhntéc tou mpoPifuatoc elvat  Mratapla (M) ue xatootdoelg
xa i xou xax?, ta Kadowa (K) ue xataotdoec yeudto xou ddeio, o Metpntiic (MT) ue
xatootdoels yeudro xal ddeto, I'ipva nlow (I') ue xotaotdoels var xaw dyt xal Exxivyon
(E) pe xataotdoerc var xou dyt. Puowd Ha unopovoaue va AdPouue urGPn xot TOAEC
GAAEC UETABANTES 0TS XAl OTO QUOLXO TEOBANUA, ) AXOUA VO AVATUPACTACOVUE XATOLES
ano T UETAPANTES Ue ouveyelc Tuuée.

To embuevo Brua otny xataoxeuy| evog Bayesian dutdou elval 1 xataoxeuy| evog xa-
TeLBUVOUEYOU axLXAX0U Ypaghuatoc Tou Ha xwdixonotel Tic unobéaelc Yag yla TRV LTS
ouvBixn aveaptnolo Ty petafintdy. Aobévtoc tou ouvblou U = {X;,.. X, }, n and
xowvol xatavour, Tou U unopel va ypogel, Ypnouoroldvtag Tov xavova TN ahuctdag Twy
mhavotitey we e€nc:

n
P(Xy,.., X,) = [[ P(Xil X1, oo Xia) (4.6)

i=1

Topa yia xdfe petafinti X;, Oa undpyel xdnoto unoovoro Pa; C { X7, ... X, } tétoio dote
o X; xou { X1, ... X, } va elvon und ouvBrinn aveldptnta wetalld Toug Sobévtog Tou cuVHLOU
Pa,;. 'Etol

P(X;|Xy,....X,) = P(X;|Pa;) (4.7)

Ou uné ouvlrinr aveloaptnoles xabopilouv vy Sour tou Bayesian duxttou. Ou xdéufol
oTny Sout| avtioTolyoty ot UeTABANTEC oTo mpdPhnua. Ot matépec Tou X; avtioTolyoly
070 oUvoro Pa;. Xto mopddetyua uag, yenowwonowwviag v oewpd M, K, MT,I' xau E
TeoxUTTOUY oL UTd cuVOxn avelupTtnoleg

P(K|M) = P(K)
P(MT|M,K) = P(MT|M,K)
P(T|M,K,MT) = P(T'|M)
P(E|M,K,MT,T) = P(E|K,T)

(4.8)

Yuvende natpvouue Ty dour| Tou Uyfuatog (4.1).
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Mmrotapio Kavowa

4 4

Yyfua 4.1: "Eva amhé dixtuo yio v eniAuor Tou mpolARuatog yia €va autoxivnTto Tou
dev Eexuvd

4.2  Mdbnon towv noapapétpmy Tou dxTiou YLd YVLOoTH dou

'Eotw o ydpog uetafantdy U = {X7, ..., X, } xau éva 6Ovoho detypdtov D mou mpoépyetal
and TNy and xowvou xatavour tou ydeou. evixd yia éva tuyalo Selyuo mou mpoépyetal
and uia xatavoutr mhavotnTag, oL ex TwV TEoTépwY THAVOTNTES YLo TIC TUPAUETEOUS TNS
xatayounc Unopovy va avavewbolv. Auth n avavéwon elval oyetixd anhi (otny tepintwon
Tou to. Sedouéva elval Thipn) dTay oL ex TwV TROTEPWY THAVOTNTES AVAXOUY GTNY OLXOYEVELY
Ty ouluydy xatavoudv [35]. Ilo cuyxexpuuéva av utotelel 6t éva Yvwotd dixtvo M
OVATOELOTA TNV 0O XOLVOU XATAVOUY TOU YOPOU Xdl OTL OL TUPAUETEOL elval aveldpTnTeg
uetall Toug, urtopolyv va Beebody ol tapauéteol Tou Talpldlouy xaiTepa ota dedouéva D

XAl OTLC €X TWV TPOTEPWY TLHAVOTATES TOV TOPUUETOWY.

4.2.1 Awaxpités petafBAntée- Ilohuvupxés (multinomial) xatavouéc

"Eoto 1 Swxplth uetaBAnth X; ue aptbud mhavody xotactdoeny r; xon moapauéteous i =
P(X; = k|Pa; = j)). To enapxf| otatiouxd (sufficient statistics) elvor tor Nyji dnhadn o
apliudc Ty yeyovotwv X; = k xau Pa; = j 6nou k ula mhovh ©ur tne uetafantic X; xau
J ulor mBoavy avébeon 1wy oto ovvolo natépwy Pa; tng uetaPintic X;. Ov Mazimum
Likelihood (ML) mapduetpot divovtan and tny oyéon:

Oiji = %

ij

(4.9)
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6mou Njj = > 12 Nijk. 'Eotw tdpa 611 xdfe olvoho mapauétowy O = {01, ..., 0ijx }
axohoulel pia Dirichlet ex Twv mpotépwv xatavour
T
y _ aijr—1
P(@ZJ‘M) =cC- Heijk (4.10)
k
6mou ¢ wa otabepd xavovixonolnong xau a;j, Unepmapduetpol tne Dirichlet xatavourc. H
eX TOV LOTEPWY TLHAVOTNTA TWV TUPAUETEWY SOBEVTWY TOU UOVIEAOU X0l TV SES0UEVKDY
elva:
i
B _ %jk+Nijr—1
P(©y|D, M) =< - ][ 674 (4.11)
k
émou ¢ i G otabepd xavovixonoinone. Ov Mazimum a posteriori (MAP) napduetpot

elva Noo ot
0., — ik T %ijk 4.12
ijk NZJ + aij ( )

7 Ti
omou aij = Y L Lijk-

4.2.2 Yvuveyelc petoflAntéc- Gaussian xatavoun

"Eotw 1 ouveyric uetainth X; xoul 1o olvoro matépwy tng Pa;. H und ocuvirxn xatavour
elvat
2\—% 1 2
f(.’L'Z'j|pUJZ‘j) = (27TOZ~) zexp (—T‘Q(l‘w — ’LLij) )
13

OTOU U = [ +ZkePai bi(2kj — 1k), b, OL GUVTEAECTES TAALVIPOUNONS GTLS AXUES ELGERY O-
UEVEC OTOV xOUPB0 ¢ 0N TOUC TATEPES TOU, [ij, 0; TO UEGO XL 1) SLUOTOPY TNS LETUBANTAC ¢
xal pg T0 U€co Tou matépa k. IoodUvaua, uropel vo ypagel wg

Tij = fi + Z be(2kj — p) + oW (4.13)

kePa;

émou Wi ~ N(0, 1) ula tuyaio uetafints keuxot Hoplfou.

H npooéyyion nou axolovbeitat elvat 1 povtehonolnon tne and xowvod xatavounc xdbe
UeTOBANTAC xo Twv tatépwy e oav wa MVG (minimum variance gaussian), o unohoyi-
OUOC TWV EMAPXOY OTATIOTIXOV XL 1) eVpeon) Twv ML napauétpwy tne. To enapxy| otati-

Ié 7 I I N N
otwd vt wor MVG xatavounr v N delyuarta elvon sy = >, @0 xor Qn = Y, Zexf
OTouU T BLdvuoua UE TIS [-LoOTEC TWES TNE UETABANTAC XAl TV TATEPWY TNG OTA OESOUEVA.
Ouv ML mapduetpol yia tnv and xowvod xatavour divovtal and i axdlovlec oyéoelc:

1 1 &
fi= sy = ;u (4.14)
ol R 1 :AT
Yy = Qv —ip (4.15)
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agol Var[X] = E[XXT] — (E[X]E[X]T). 'Eotw tdpa X; to noudl xou Xy o natépeg

X3 Ux Y X2
X = , = ! , Yx = , 4.16
( X ) Hx ( Hx, > . ( o1 Moo ) ( )

Ou mopduetpol Tou x6uPBou Slvovtar and Ty und cuvixn xatavouy, Tou X; dofévtoc Tou
Xo. Ipoxintel

pixyx, = B[X1]| X2 = 20] = px, + Y1235 (22 — px,) (4.17)

AL
XX x, = Y11 — Z31222721221- (4.18)

Yuyxpivovtac tic (4.13), (4.17) xau (4.18) ot Tomxéc napduetpot yio xdbe x6ufo divo-
vTal w¢ e€1¢

B =Y15,, (4.19)
1= px, — Bpx, (4.20)
2 - 211 - Bzgl (421)

4.3 Moabaivovtag tnyv doun Tou dxtiou

Yy ouvéyewa eletdlouye TNV TepinTwon mou eluacte aféfalol dyt ubvo Lo TIC Tapo-
UETEOUS, OAAL ot Yl TV dour Tou duxtdou. H afefadtnra autd| uropel vo exgppaocTtel
avafétovtoag ua ex Twv tpotépwy mbavotnta P(M) oe xdbe mbavh Sour, M € I tou
dxtUou.

'Eotw 61t P(D|M) exppdler tnv undbeon 6t ta dedouéva D elvan éva tuyalo delyua
an6 v Bayesian Sour M. Arné tov xoavéva tou Bayes yio Ty ex Twv uotépwy mbavotnta
Tou dxtdou M dolévtog Tou cuvdlou Sdedouévwv D mpoxidntel:

P(M|D) = ¢- P(M)P(D|M) (4.22)

6mouc=1/%,, P(M')P(D|M’) otabepd xavovixonotnone xau M’ 6ho tor mbavd uovréha.
H ex twv votépwy mbavétnta 1oy tapauéteny dobévtoc tou dixtiou M xal Tou cuvdlou
dedouevwy D dlvetal wg:

P(O|M)P(D|©y, M)

POy|D,M) = P(DIM)

(4.23)

OTOU

P(D|M) = / P(D|Oys, M)P(O 4| M)dOy, (4.24)

elvar  mibavogdveia nepibwpiov (marginal likelihood). "'Eotw xdmoia unébeon h, opi-
Coupe v mbavotnta 1 unébeon h va elvar ahnirc dobévtog Tou cuvdlou Bedouévwy D,
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Luyilovtagr (averaging) 6o to mbavd LOVTEAA XOL TLS TOPUUETEOUS TOU GUUPWYL UE TOUS
XAVOVES TV TLHAVOTHTWY:

P(h|D) =) P(M|D)P(h|D, M), (4.25)
M
P(h|D,M) = /P(h|@M,M)P(@M]D7 M)dO . (4.26)
Do mapddelyua, av b 1 undbeon 6tL enduevn napathpnor elvat Ty, TOTE TPOXUTTEL
M

émou P(xn41Oa, M) 1 mbavopdvela yio to woviého M. H mopandvew npocéyyiorn ava-
pépetar ouvilog we Bayesian «[Uytouar uovtédwy (Bayesian model averaging). Hopotn-
polue 6Tt dev pabolvetar plo pévo dour,. Avtifeta, Luyllovtaw dha ta mbavd povtéia
and TNy £x TOVY VoTépwy mbavogdvea Touc. H uéhodoc auty dev elvor xatdhinin yia xdbe
eldouc avdhuon. T'a mopddetyua, umopel va embuuolue ubévo éva 1 Ueptxd HovTéAA Yia
TNV %aTavonor Tou neoPAfuaTtoc 1 Yo Yeriyopes mpoPhédelc. Xe authv Tty meplntwon,
emAéyouue éva 1 uepxd «<ahd» wovtéha and oha ta mhavd. H nopandve npocéyyiorn ovo-
udletat emdoyrf povrédou (model selection) dtav yivetow emhoyt| evic LovadLxol LOVTENOU
xaL emtdextixnd «[Uytouar uovtédwy (selective model averaging) étav yivetal emthoyt tapa-
Tavw Tou evog povtélou. O mapandve npooeyyioelg elvar enlong yprowues 6tay dev elval
eQuxTo Vo «LuyloTolvy dha Ta mhavd LovTéha.

4.3.1 Meértpa A&ohoymong (Scoring Metrics)

To o onuavtixd epdTnua elval xotd té6co unopel va npoceyylotel n nbavétnra P(zyy1|D)
YETOWOTIOLOVTOG EVOL ULXPO OYETIXE 6UVOAO UOVTEAWY. AuTté To cpdtnua elval dUoxoho
vo amavnel Bewpnuxd. Qotdoo, mtolhol gpeuvntéc Edetlay metpauoTind OTL xal U6vo ula
okt dour dixtdou cuyvd umopel va ddoel Ut ToAD xalh| mpooéyylon [36]. Autéd to
ovunepaoua elvor xar 1 Paowxr) autla Yo To UEYdAO €pELYNTIXG EVOLAPEPOY TOU UTAEYEL
oyetxd ue to Bayesian Sixtua to teheutala ypdvia.

Me dedouévo 1o mponyoluevo cuunépacua, €va Ghho onuavTixd Béua elval o Tpoadlopt-
oudc Tou oo Txah” elvor pia dour) Sixtvou. H mpoaéyyion mou xuplog yenotuonoteital
elval 0 6uYBLACUGS EVOC UETPOU 0ZLOAOYNONS XoL eVOC eupeTixoy akyopibuou. To uétpa
aloAdYNoNe Talpvouy Ul X TV TPoTépwY YVOOT), €va 6Uvoho dedouévmy xal éva 6Gvoho
doudy Ttou Stdou xor utoloyllouy néco xahd tonpLdlel xdbe dixtuo ot dedouéva xol
oTNV eX TV TROTEPWY YV&oT. Ot eupetixol ahydpliuol uag divouy Tic Souéc Tou TEdXEeLTaL
var a&lohoynfouy.

"Eva mpogavée uétpo yio ulor dour elvar 1 oyetint| ex twv votépwyv mhavotnta Tou
dixtlou Sobéviwy Twv dedouévwy. La mapdderyua, uropolue vo yeddouue P(D, M) =
P(M)P(D|M) # va urohoyloouue tov napdyovta Bayes P(D|M)/P(D|Msgy) 6mouv Mg
elvat éva dixTuo avapopdc OTWS TO XEVH dlXTUO. TNV CUVEYELX TEPLYPAPOUUE TS GNUOVTL-
x6Tepec mpooeyyloeg Tne mhavdtnToc Twv dedouévwy dobévtoc Tou Sixtvou M.
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Bayesian Dirichlet (BD) uétpo

Yné oplouévec unofiéaelg oL utohoyiouol Tou anattovvtol Yo Ta Bayesian «{0yiopa» uovté-

AV, ETAOYT LOVTELOU, ETMAEXTLXO «LOYLOUI LOVTEADY UTOPOUY VA YIVOUV ATOTEAECUATIXG

xaL oe xAeloty) wopgn. Ov unobéoelg autég elval:

1.

3.

Kdfe petafSinty elvon Staxpits]. XpnowwomoloVue T, xoL pa;; Yo Vo SNAGGOUUE TNy
k-ooth mbavy xatdotaon tne wetaBantic X; xat Ty j-ooth mbavh avdfeon twudy
Tou cuVOAOL TaTEPWY Pa; 6To wovtého, tne uetaBintic X;. Ertong, yenowonololue
Ti xal g; Y vo dnhdoovue tov aplbud Twv mibavody xataotdoewy tne X; xal Tov
aptiud tov Thavody avabéceny TwohY Tou cuvoiou Pa; aviiotolya.

Kdbe tonueh xatavour, P(zig|paij, Oar, M) anoteheltan and éva 6Uvoro and moAvw-

YUULXEC XATAVOUES, Ul ToAumYuULXY xaTavour| Yo xdle ¢ xau j. 'Etol
P(zix|paij, Om, M) = 0ji,

6mou 051, TAPAUETPOL TOU Lxavomoloy G, > 0 yio xdbe ¢, j xan k xat 27/::1 O, = 1
v xdfe @ xau j. Do euxohla etodyetol T0 GUVORO TUPAUETOWY

O] Y {eijb ExD) eijk}a
v x8&0e @ xat j.

To cUvoia napauétpwy O;; elvar auoPalo aveldptnta:

P(Oy|M) = I]:[IJD Q| M).

i=1 j=1

. Kdbe otvolo napduetpwy O;; €yer uia Dirichlet xatavoun:

P(©|M) = Dir(Oyjlaij, ..., aijr, “Hefjﬁ :

UE UTER-TopaUETEOUS ik > 0 Yot %80 4, j xau k.

To olvoho dedouévwv D elval mAfpec.

Yrb autéc tic ouvlixeg, ol mapduetpol Tapauévouy aveldotntol dobévtog evog Tuyaiou

delyuatog Tou D mou dev mepieyel youévn tapathienon,

P@MQbeﬁpMMQML (4.28)

i=1 j=1

2l 1) €x TV UoTEPWY xaTtavout| Thavogdyvelag yio xdbe ©;; axohoubel ulo Dirichlet xato-

vouf

P(@Z]’D, M) = Di?"(@ij|(lij1 + Nijl; . aijri + Nijri)7 (429)
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6mou Nyji 0 aplude Ty tepintdoewy 6to D érou X; = xy;, xav Pa; = pa;;. Emnpdobeta,
Tatpvouue Yoo TV tepliopronolnuévr mhavogdvela

P(D|M) = HH N,JFN”

=1 j=1

- F(Nzﬂc + Nijk)

(V) , (4.30)

k=1

OmoU aij = Y 3 Gijr xoL Ny = 00 Nije. H anédelln dlveton otny avagoped [36].

BIC xav MDL uérpo

Mot dAAn tpocéyyion, Toh) Sladedouévr), elval 1 TEOGEYYLOT TNE EX TWY LOTEPWY TLHAVOHTN-
tac. Yrotifetar 6Tt 1 mbavdtnTo cuYxeVTEGVETUL YUp® and TNV MEQLOYY) TWV TUALUUETEWY
On TOU LEYLOTOTOWO0V TV EX TWV UCTEPWY mhoavotnra. Ondte ypnowonoleltor 1 npo-
oéyyion P(D|M) ~ P(D|M,0,). 'Ouwc dev uropel va yenowonotnfel autoldola auth
N TocOTNTA ENEWSY) euvoel Ta o ToAUTAoxa dixtua. Autd ogelletal 6TO YEYOVHC HTL BEV
tifevtal toyupol teploplouol oTic Tapauétpouc Oy, Me Alya Adyla Tapatneeital To QoLvo-
uevo tng unepexmaldeuone (overfitting). o autd axpBde tov Adyo ypenolonoteltol xat
€va xpLThplo 1o Omolo dlvel peydhutepo Bdpog ota To amAd dixTud G OYEOT) UE TA THO
nohUmhoxa. O Akaike [37] npdretve to €€ pétpo allohéynong

log P(D|M, ©y) + Dim(M) (4.31)

é6mou M 1o poviého xat Dim(M) o aptBudc twv hoywd aveldptntwy nopauétomy Tou
M. Auté 1o pétpo aliohéynone ovoudleton Akaike information criterion (AIC). o éva
Bayesian 8ixtuo, éyouue

Dim(M) = H gi(r; — 1) (4.32)

O Schwarz [38] mpdeLve éva TopdUoLo UETEo aZlohbynong ue bpo towhic PEN = £ Dim(M) log(N)
10 onolo elvat Yvwotd we Bayesian Information criterion (BIC). 'Eva napéuoto ue to BIC
uétpo elvar xat to minimum description length (MDL) 6rou cav towd opiletat o aptbudc
TV bit Tou yeedlovtal Yo va xwdixonotnfoly ta dedouéva dobévtog Tou uoviérou.

M onuavtixy napatienon elvor 61t xaldc o aplbude Twv dedouévov D minoidlel
fewpntixd To dnelpo, to BD ue ouotbuopen (uniform) ex tov npotépwy mbavétnta otic
rapapéteous, To BIC xoau MDL pag divouy to (o uétpo. Auvotuyde autd otny medln dev

elva eqpuxto.

4.3.2 Ex twv npotépwy mbavotnteg otny doun

H ex tov votépny mbavétnta oL apxetd uétpa allohdynone otn Hewplo andgoaong amot-
ToUv TNy avébeon ex Twv mpotépwy mbavothtwy o dhec Tic mbavée Souéc. Iapaxdtw
TEPLYPAQOUUE €Va TEOTO TOU auTH emTUYYdveTal, Onwe 360nxe and touc Heckerman et
al. [39].
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H npoocéyyion aut| anaitel o yphotng vo @Tder Ty doun evog ex TV TROTEPWY Ot
xt0ou v To TeéPinua. H uébodoc urobétel 6TL autd Tto Sdixtuo elvar 1 «xahbteprp umo-
feon Tou yprotn Y Ty Sour; Tou dxtdou mou avanaploTd TS QUOLXEC ThavoTnTeS. Ao-
fOeloag plag ex Twv mpotépwy dounc Tou dixtvou P, utohoyllouue TS eX TV TEOTEPWY
mhavotnree v dxtbov M wg ehic. Do xdfe yetafinth X; oto U, éotw §; dnhdvel
Tov apthud twv xouPwv oty ouupetexr dtagopd tou Pa;(M) xau Pa;(P), mou elvat
Pa;(MJPa;(P)\(M O Pa;(P)). Téte, to M xot 10 X TV TEOTERGY dIXTUO dlopé-
POUY OUVORXE xatd & = Y o 8; axuéc. Yrohoyllouue v ex Ty tpotépwy mBavétnTa
Bétovtac oav mowi| yio To M wa otafepd 0 < k < 1 yua xdbe tétoa axur]. "Etot tibeta

P(M) = &° (4.33)

6mou v wa otafepd xavovixonolnong, mou uropel va ayvondel.

Oétovtag dapopeTinég mowvég yia xdfe xoufo X; xau yia SiapopeTind clvoha TaTépwY
yio %80 w6ufo, dlvetal neptoabdtepr manpogopla. To néco ueydhn elvar 1 Towvy yio xdbe
%x6uPo, Snhdvel To Téo0 Loyven elvan 1 tenollinon wog yia TRV Yettovid Tou xéufou. Mua
G mepintwon elvar vo tefel xatnyopnuatixd 6Tl xdmoleg axuéc TEEnel va epgaviCovTat
oty Soun. Xtny e€lowon (4.33) tibeton undevixn n ex Ty npotépwy mbavétnta oe dixtua
TOU OEV TEPLEYOLY TOUG TEQLOPLOUOUS TTOU €Y 0LV OPLOTEL.

4.3.3 Ex twv npotépnyv mbavotntes otig napaétpoug

"Onwe %ol 6TIC SOUEC TEETEL VOL 0PLETOVY EX TWY TEOTER®Y TLHAVOTNTES oL YL TLC TUQOUE-
Teouc. Auti| 1 TAnpogopla umopel va ypnowuonounlel yio va unoloyicouue ta AIC xow BIC
xprthpla o aroteieouoatixd. ITohhol epeuvntéc éyouv mpotelver napduoleg npooeyyloeic
btav éyovue Told mboavd dixtua [36,40]. H npocéyyion mou axohoubeitar elvan Baotouévn
ota anoteréopato Twv Heckerman xot Geiger [41]. Av dhec oL enLTpenTES TUWES TWY PUOL-
%0V mbavothtwy elval thavée, 6T 1 avelapTnola TwV TALAUETEMY Xdl 1) looduvauia TwY
unoféoewy, anattel ov uowés mbavdtnteg yia TApec Soués dxtimv va €youv Dirichlet
xatavoues omwe opllovtar atny e€lowon (4.10). Emnkéoyv Ha npénet va Loy el o teploptoudc

aijt = N'P(z; =k, Pa; = j|Ms,), (4.34)

6mou N’ elvar to toodivauo péyebog delyuatoc Tou yehotn, Mg, éva onolodritote Thripeg
dixtuo xau P(x; =k, Pa; = j|Msg.) elvar ) mibavétnta tou yphot yio z; = k xou Pa; = j
Yoo T TedTY tepintwor ota dedouéva. Ynd autég Tic ouvbrxeg, yio éva Thvpeg dixTuo,
OL X TOV TEOTERWY TLHAVOTNTES 0TI TapauéTeous opllovTal

1. A6 v xoatooxeln Tou ex TOY TEOTEPWY SLxTVou.

2. A6 v undleon yia to péyefoc Tou Loodlvauou SelyUoToc 0TO EX TWV TEOTEPWY
dlxTuo.

[ot vor xaBoplotody oL ex Twv TpoTépwy TapdueTpol Yio Un thrpelc Souéc ol Heckerman
et al. [39] xdvouv v e&hc undleon:
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YréOeon 4.5. Av oe 800 douéc Mgy xow Mg, 1 uetaBAnth X; €yel Toug (8loug matépeg
ota Mgy xaw Mgo, tHTE
P(0i|Ms1) = P(O;;| Mss) (4.35)

v g =1,...,¢.

Auty) 1 BLoTNTO AmoXaAElTAL TOTUXOTNTA TALUUETEWY, ENELSY| LG AEEL OTL OL XATAVOUES
ue TopaéTeoug O, eCapTtdvTol Lovo amd TNV Tomx Tt Sour| Tou dxtlou oTny UeTaPinth X,
Onhadry and Ty uetaBAnTh X; %ol TOUC TUTERES TNC.

Kdvovtag tic unoféoeic yia aveloptnolo xal ToMxOTNTA TOV TAPAUETPWY, ElvVaL aThd va
XATACHEVAOTOVY OL €X TV TRoTépwv Thavotntee yia éva mAfpec dixtuo. Xuyxexpluéva,
dedouévou g aveloptnolug TOY TAPAUETONY, XATACHEVALOVTAL OL EX TWV TPOTEQKY TLho-
voTnTeg Yo xdle x6ufo Leywplotd. Emmniéoyv, av o x6uPBoc X; éyel tatépeg Pa;, oto d00év
dixtuo, elval duvatd va avayvoplotel €va TAdpes dixtuo dénou To X; €yel autolc Toug To-
TEPEC oL VoL ypnotdonolniel 1 TomxdTNTA TV TopaUéTewy O6Te va xafoplaToly oL ex Twv
Tpotépwy ThavoTNTES Yo aUTOY Tov x6uPo. To anotéheoua elval pla ewdxr teplntwon Tou
BD, nou ovoudletar BDe (1o "¢’ mpoxintel and 1o 1oodlvoauo we npoc tny nthavopdvela-
equivalent), xou avafétel (dto uétpo oe L6odlvaues doués Tou dixtlou.

4.3.4 Evupetixol Alybpibuol

Ye auTh TN Tapdypao TepLYpdpoule eupeTIX0US alyoplfuoug Yia avayvdpelon Sixtimy ue
ueydho Uétpo allohdynone. ‘Olol ou alydetbuol mou Ba meptypddouue Pootlovtal otny
TapAyYoVTIXT WOLOTNTA.

Oplopdg 4.1. Aoleloog utag Sounc dixtbou Yo éva ydpeo U, héue 61t To UéTpo allohdynong
e Sounc elval mapayovtixd av unopel vo ypogel ooy €vog TopdyovTac UETpwy, OToU TO
xdfe pétpo elvar uta ouVaETNOT ATOXAELOTIXG TOU XOULOU XAl TOY TATEPWY TOU.

T opddetyua oty eZlowon (4.30), n mbavétnta P(D|M) nou divetar and to BD ué-
TEO Elval ToEAYOVTIXY. LUVETKOC 0V XL OL EX TWV TEOTER®Y TLHAVHTNTES Elval TapaYOVTIXES
elvatl xat To BD uétpo napayovixé. Ondte unopolue va yeddouue

P(D, M) = ﬁ s(X;|Pay) (4.36)

émou s(X;|Pa;) elvar ouvdptnon tou X; oL Ty matépny tou. Ta neptoabtepa Bayesian
xau un Bayesian pétpa etvor mapayovtind. Aobévtog evég mapayoviixol uétpou, unopoty
va. auyxetioly ta uétpa dvo dxtlwy Tou Slapépouy xatd ula npdoleorn ¥ agalpeor axunc
Tou delyvel oto X;, unohoyllovtag uévo tov 6po s(X;|Pa;) xat vy tic dbo douéc.
Korapydc, ag e€etdoouye tny edixt| nepintwon émou avalnreital o dixTtuo ue To ueyoa-
N0Tepo UETPO, avaueoa oe OAEC TIC SoUEC 0TIC omoleg xdbe xoufBoc €yel To TOAD évay TaTépa.
T xdfe axury X; — X, avatiBetan éva Bdpoc w(X;, X;) = log s(X;|X;) —log(X;|0). Ané
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v e€lowon (4.36) , TpoxUntel

log P(D,M) = ) logs(X;|Pa;) (4.37)
=1

= ZUJ(X“PCLZ) + znzlogS(X“@),

=1 =1

émou Pa; ov matépec tou X;. O dedtepoc bpoc oty ediowon (4.37) elvan (8toc yio Gheg
T douée. ‘Etol petald tov Soudv otic omoleg xdfe xduBoc €yel To mold évav matépa,
Tpoxdntel To 8lo anotéleoua, eite Pabuoroydvrac ta dixtua ue To dfpoloua Twy Bopdy
Yor w(X;, Pa;) elte ye 1o uétpo e mbavogdveras. Tdpa ac unobécouue 6L Bélouye va
Beovue To "xalitepo” SixTuo and To 6¥volro dxtiwy dTou xdbe x6uPoc dev £yl TapATEVW
ané k matépec. Avotuyde, to TedBinua yio k > 1 eivar NP-dvoxoro (NP-hard) [42].
Ondte oTpe@dUAoTE G EUPETIXOUC ahyoplhuouc.

Ot meptoodtepeg and Tig supeTixéc uebddoug yia v udfnon tne dourc evoc Bayesian
O TUOU, XAVOUY BLABOYIXES AMAAYES OTLS AXUES TOU BIXTUOU XAl YPTOLLOTOLOUY TNV TApYO-
VT WBLOTNTAL Yol VoL aélohoyhoouy authy Ty alhay?. Ou mbavég adhayée elval ehxolo va
avayvoplotouy. T'a xdbe Leuydpl petafintdy, edv undpyel uetadl Toug axuy, autr unopel
va agonpelel  va avtiotpagel. Edv Sev undpyel petalld toug axun, unopel vo npootelel
utar Té€tota axury. "Ohec oL ahhayég mou ylvovtal dev meénel va SMuLoupYoly XxaTeuhuvouevo
x0xho 6to ypdonua. Ankdvovion Ue E ot mbavéc adhayéc oe éva dixtuo xat A(e) 1 Swa-
popd 070 PETPO TOL BixTVoL amd TNy ahhayth e € E. Aobévtoc évoc mapayoviixol uétpou,
edv ulo axur oto X; npootebel n agaipebel, apxel va vnoloyiotel uévo o dpog s(X;|Pa;)
via vor xafoploovue 1o A(e). Av 1 uio axur| uetald tov X; xav X; avuotpagel 16t ubvo
ot 6pot s(X;|Pa;) xau s(X;|Paj) apxel vo unohoylotolv.

AlyépLBuog 4 Ahydbpfuoc Local Search
i := 0. Emiéyeton éva apyxd ypdpnua.

repeat

1. Yroloyiletar o A(e) yw x4fe e € E

2. Hpoyupatorotettal 1 ahhayy| e ue to yeyalitepo A(e), epboov elval etxd
until Na unv undpyet Betxd A(e).

"Evog anhée evpetindc alybplBuoc avalftnone elvan o local search [43], mou neplypdpe-
Taw o6 Tov Ahyopliuo 4. Me v ypriomn mapayovixdy U€Tpwy allohdynong, anogedyetol
o vnohoyiouds 6hwv v A(e) uetd and xdbe allaynh. Suyxexpuéva, av xavéve ond Ta
Xi, Xj xou toug motépeg toug dev éyel alhder, to A(e) mapauével To (8lo v dheg TiC
ahhayéc e oe autolc Toug xouPouc 660 To BixTuo elvar axuxiixd. Emdoyvéc yio apyixd
dixtuo elvar To ddeto dixtuo, éva Tuyalo dIxTuUo XAl To ex TV TEOTEPWY dixTuo. Eva mihavé
TeoBAnua yio omotadrinote Tomxy| uébodo avalitnong elvar o eyxhwPiopds oe Eva Tomxd
uéyroto. llbavég uehddor yio v anoguyy| ulog tétolag xatdotaong elval o eravainmTinds
hill-climbing xot simulated annealing uef6dot. Xto enavainmtixd hill-climbing, eqopud-
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Ceton Tomuery avalitnon uéypet TNy evpeot evog tomixol yeylotou. Tote, tuyalo ahhdlel 7
TEEYOUoA doUr TOU BXTUOoU, OOV ETAVAAAUBAVETOL AUTY 1) dladixaolo apXETES POPEC.

Ye pla exdoyr, tou simulated annealing opyixonolelton 10 olotnua oe ua Hepuo-
xpaoto Ty. X1nv ouvEyeld ETLAEYETOL XATOW OAAOYY) TUYOlO YOl EXTLUATOL 1) EXPEACT)
p = exp(A(e)/Tp). Av p > 1 téte mpayuatonoeitor 1 allayn e, adhde epopudletal 1
ahhay?) pe mbavotnta p. H dwadixacto emhoyhc xou extiunone enavodaudvetal o @opéc 1
uéypl va oupfBoly B ahhayéc. Av dev €yel mpoxtder xdmola ahhayr oTiC o emavarfders, o
ahyoplhuog tepuatiletal. AMOC uetdveton 1 Hepuoxpaoctio TorarniactaldUuevy Ue xdmoLa
otabepd 0 < v <1 xou ouveyiletar n Swadixaotio avalitnone. H avalhtnon otauatdel tny
avalrtrnon étav 1 Hepuoxpacta yaunidoel mdvw and § gopés. 'Etol o akydpibuog ehéyyetol
and névte napouétpous: Ty, o, B, v xar 4. Xuvhboc o alydpluog apyixonoteltal ye ddeto
dixtuo o ue apxetd peydro Ty, ondte apyd xdle emTEenTy) ahlayy) TpayUoTOTOLETOL,
dnuLovpyodvtog étot éva tuyato dixtuo. To uelovéxtnua ToV 6TOYAOTIXGY UeHOSWY OTwS
auth Tou simulated annealing elvat 61t amattovvtar tohhég emavarhdeic yio va Ppodue éva
"xahd” Sixtvo. 'Etol o aplbudc tov anapaitntey entavaribeny auldvel Spouotixd ue tny
aiZnon Tou apltiuol TV XOUB®Y XAl GUVETKOS Xal TwY TLHAVEY Sixtiny. Avtibeta, £yel ano-
deuyOel 6TL o hill-climbing alydpiBuol divouy Tohd xadd anoteréopata oL Uia TapdAANAn
éxdoor autol Tou akyopluou yenowwonololue xal euelc.
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KEDAAAIO 5

BAYESIAN AIKTYA KAI EAAINTEIY TIMES

5.2 Tlpooéyyion Laplace
5.1 Monte Carlo
5.4 Structural EM

5.5 Exnaidevon lHapaugtpny

Ye autd to xepdhato e€etdlovue TNV TEPITTOOT ToU To SedoUEVa UaC €Y ouV EAMTELC TULEC.
Yrobétouue 6tL dev €youue yenowwonotioetl UebEdoug avaxTnone EAMTOY TGV OTKS ou-
Téc avagéplnxay otny tapdypago 3.2. Eletdlouue pehddoug mou yepllovtal Tig eAlnelc
Twéc ot Stadixaotio udbnone twv Bayesian Sixtiny. "Otay oL TapatneRoeLs YLo UEELXES
uetaBAnTéc Aelnouy, ol Tapduetpol Tadouy va elvat TAéov aveldptnteg HeTaly Toug oL dev
unopoUv va yenoLuorotndoly oL xheLoTol TUTOL, TOU AVIQEPUUE GTO TROTYOVUEVO XEQPIAALO,
yioo va xafoplobel  mbavogdveia neplwplov. Mepuéc npooeyyloec Yo Tov utoloyloud
¢ mbavogdvelog replioplou oe authy Ty Tepintwon elvan ol tpoceyyioeig Monte Carlo
(Gibbs devypatolndia, Sevypatolndio onuavuxdtnrac (Importance sampling)) ot ot npo-
oeyyloec ueydhou delypatoc (Laplace mpooéyyion) [44]. Ou Monte Carlo npooeyyioeic
elvar axpBelc adld ouvifwe dev elval amodotixée, eve oL mpooeyyloeic ueydiou Selyuo-
To¢ elval Mo anodotixés and drodrn utoloyloTixol x6oToug alhd elvon axplBelc wovo dtav
€y ouuE UeYdAo oUvoho dedougvwy. Elval onuavtind va onueidoouue 6T Exel onuacio 6tay
yelprlouaote ehhny) dedouéva vo haudvouue unddn tny dtadixactio ye Ty onolo auTtd Aei-
mouv. [ mopddetyua, yio évor youévo dedouévo oe ulo UEAETH Qapudxwy dev umopel va
ayvonietl n mbavétnTa, cav anotéheoua Tou Qapudxou, o aclevic va elval ToAd dppwoTtog
Hote va AMdfouue TN Uétpnon. Xe avtifeorn av Ta dedouéva Aelmouy AOYw EpYAOTNRLAXGDY
A&y, elval Aoywd va ayvoricouue autéd To altio agol fewpeital tuyalo. 'Otav undpyel
utor Stadueaotor e€ontlag g onolag Ta dedouéva Aetnovy, To Lovtéro (1 ta povtéha) Ho meé-
el va emextoabel(0dv) Gote vo avamaplotd xat authy Ty dadixaoto. Mo anhd npocéyyion
elvat 1 npboleon Suadixdy petafantodv (Ii...,In), 6mou I; n yetafintyh mou delyver av 7
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uetaPhnth X; Aelnet ¥y 6yt. O Rubin [45] uehetd autéc tc dradixaaleg xal pebddoue yia
TOV YELPLOUS TOUC.

To Baowd mpdBinua Twv npooeyyloewy Monte-Carlo xat ueydhou Selyuatog, elvat to
UTOROYLGTIXG XOGTOC Yol TNV TeTY Xt 1) analtnoyn yia Ueydho opliud dedouévov yio tnv
delUteprn. Omdte yio ueydha dixtua mou elvar xau To TEOBANUA Tou avTiueTwrilovue, 1
TedTN TEOGEYYLoT elval anayopeuTxy) and dnodn uroloyiouxold xoéctouc. Emedy| dnwe
avapépaue Ta dedouéva pag dev elvon emopxy), TouAdyLotov otov Babud tou Oa xabictoloe
TI¢ TpooeYYloelg Ueydhou delyuaTog LxavononTixéc Sev UTOPOUUE VA APXECTOUUE OUTE OE

autéc. 2071600 o T TAPOUCLACOUUE ToEAXETW.

5.1 Monte Carlo

Mia Monte-Carlo uébodoc, mou napovoidotnxe and touc Geman, Geman [46] elvar n Gibbs
detypatorndlo. Aobévtog evic suvorou yetaPintdy X = (X7, ..., X,,) xot xdnotac and xot-
voU xatavour| mavétntog p(x), utopolue va yenouronotfioouvue éva Gibbs Seryuatoldmy
YLl VoL TpoaEYYLOTEL 1) avaevOuevY T uag ouvptnone f(x) we tpog v p(x). Hpdra,
emAéyetal uio apyxr xatdotaoy Ty HeTaANTOY oto alvoro X ue xdrotov tpéno (m.y.
toyala). Lty ouvéyela, avalpeltal n tpéyouca xatdotaorn e Xi, xat utohoyiletal 7
xatavour mbavétntde neg, SobEvTog TV ®ATAOTACEWDY TV LToholnwy 1 — 1 UETABANTAOV.
EnavohauBdvetat auth 1 Swadixaoto yio xdfe uetaSint Xo, ..., Xy, dnutovpydvtog €tol éva
véo Selyuo x. Metd 1 Swduxacia avatpéyel 610 nponyoluevo Brud, xpaTdvTaS ToV UECO
6po e f(x) mdve ota delypata nou xataoxevdlovtat. Metd and xdnoto oyetixd uwxpd
aplud enavoriPewy - Yvwoth wg @dor «burn inr- ou mbavég Tiwég Tou x Ba tpoxUnTouy ue
mhavétnta p(x). Luvende, o uéooc bpoc e f(x) téve oe autd ta delyuata Bo cuyxhivel
otV Epx)(f(x)). O tpdémoc mou urohoyileton 1 mbavogdveia meptbupiou elval yvenotog
wc uéhodoc Yrognpiov (Candidate method). Auth 1 mpooéyyion elval Baolouévn otov

xavova tou Bayes

P(D|03, M)P(6},|M)
P(03,|D, M)

v onotadfrote wwur tou 8. T v vroroyiotel n nbavétnra P(D| M), emhéyetal xdnota

P(D|M) =

(5.1)

T 03 (my tuyala), unohoyiletar o aplfunthc axpBoe xol npoceyyiletal o mapovoua-
otfic ue évay Gibbs Sevyuatorfntn. T va tpoceyyiotel n mbavétnta P(6;,|D, M), npdta
APYLXOTOLOUYTOL OL TWES TWV UT) TORATNRNUEVWY UETUPANTOV Yio xd0e tepinTworn ue xdmolo
Tpémo (m.y. tuyoda). Yav anotéhecpa, éxouue éva Thhpec oUvoho dedouévev D.. Xtnv
ouvéyeLa, enthéyetal xdroto Tl Xy (Letafinth X; otny neplntwon 1) tou dev elvat mapa-
TNENUEVN 6To apyxd delyua D, xau emavunohoyiletal n XaTtdotaoy T cUUGOVA UE TNV
xatavouy| mbavétnrog

P D \wg| M)
X Plagl D\l M)’

émou D \zy dnhédver o obvoho D, 6mou 1 mapathienon x; €xet agatpebel xaL to dbpoloua

P(f@‘l’Dc\UCil, M)

(5.2)

0TOV TUPOVOUoTY elval Tvw o dheg Tig mbavée xataotdoelg g uetafintic Xy Ou
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6por otov apthuntr %ol oTov mapovouaoty elvat mbavogdveles teplBwelou Tvw oTo TAK-
pec 0Uvoho dedouévev xaL €T6L UTOPOUY Vo UTOAOYLGTOUY YenolUonoldvTac Ty ellowo
(4.30). EnoavohouPdvetor auth 1 enavextiunon tTov TLUGY Yio OAES TLS U1 TORUTNETUEVES
Twéc oto D, mopdyovioag éva véo mAfpec alvoho dedouévov D.. Yrohoylletor n ex tov
voTtépwy xatavouric mbavétnrac P(0) | DL, M). Télog, enavalauBdvovtal to mponyolueva
Tplo BAuaTa, xat yenotonoteltar o uéoog 6poc tou P (64, DL, M) cov npocéyyLon,.

5.2 Laplace Ilpocéyyion

Avuth n uébodog avixer oty xatnyoplo twv Yebddwy ueydhou Selyuatog xar elvar 1 o
dtadedouévn and dhec. H Poaouny| Wéa nlow and tic npooeyyioeilc ueydhou detyuotog elvar
6t 600 10 delyua N audvet, o 6poc P(Oy|D, M) < P(D|Oy, M) - P(O | M) unopet va
TpooeyYLoTel ooy ula ToAudidotaty Gaussian xatavour. Xuyxexpluéva, Hétovue

g(Onr) = log(P(D|Op, M) - P(Oy|M)). (5.3)
Enlone, oplleton O, vor elva N wuh tou Oy mou ueyltotonotel Ty ¢(Oy). Auth 1 T
enlonc ueytotonoel v P(O | D, M), o elvat yvwotd ooy mazimum a posteriori (MAP)
Twry Tou Oy dobévtoc Ttou D. Xpnowonolhvtag toiudvuuo Taylor deutépou Babuol Tou
9(O1r) YOpw and to Oy yLa va tpooeyylotel 1 g(Oyy), TpoxinTel

9(0m) = 9(Bar) — (@1 — Bar)A(Ox — B}, (5.4)

6mou A o apvntixdc Hessian trne g(64) umohoyiouévoc ato Oy, Yddvovtac tnv g(O))
oty exBetixh xou ypnowonotdvtag tny elowon (5.3) mpoxintel

P(DIOx, M)P(Ox|M) ~ P(DIBar, M)P(O1| M) expl—5(Oss — B30)A(Ons — Byr)T}

(5.5)
"Evat, 1 npocéyyion tou P(Oy|D, M) o< P(D|Oy, M) - P(Oy|M) eivar Gaussian. Oho-
XANEOVOVTAC %ol TG 8U0 TAEURES W Teog Onr xat malpvovtag tov hoydpetbuo €youue tny
TEPOGEYYLOT

~ ~ d 1
log P(D|M) =~ log P(D|Ou, M) + log P(O | M) + 3 log(2m) — 5 log | Al, (5.6)

orou d 1 Sdotaon tou M, dnhadt| o aplBudc Ty TapaUéTeny 610 O AutY 1) TpocEY YL
Yl ohoxhfipwon elvat Yvowoth oav Laplace npocéyyion. OuKass et al. [47] éxouv delet, 6t
untd oplouévec TpoutobBéceLs, To oYETd opdiua e Tpooéyylong elvat O,(1/N), énou N
o aptiude Twv deyudtov oto D. 'Etol v npooaéyion Laplace unopel va elvat moAd oxpiBric
yia ueydho V.

5.3 IIpofMjpata TV topandve TEoceYYloswy

E3& xdvouue utor advoldn twv AOywv yia Toug omolouc ol dVo Tapamdve npoceyyloelc

dev xdvouv yia To TEOBANUA Tou avtweTtwriloune. Ag Buunfolue Toug eploplouols Tou
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tiBovton and to nEdBinua
1. "Eyouue usydia dixtua yovidlwy.
[\
2. Ta dedouéva pac dev elval «emapxi).

Ané ta mapandve unopolue va xataidBouue yiotl xol ot 3Uo npooceyyloelg dev Tatptdlouy
070 TpolBAnua uac. Ou Monte-Carlo npoceyyioeig €youv ueydio unohoyLoTixd x6GTOC 1Al
emouévwe dev Umopovv va yernoworondoly yio ueydia dixtua. Ernlong ou mpooeyylioeig
ueydhou delyuatoc npotinobétouv tny elpeon Twv MAP napauétpny yio Tov utoloyloud
Tre mbavogdvelag xdbe urtodigLou dixtvou dpa elval xoL auTég apxeTd ypovoPopes. Ipdyua
Tou QaiveToL Xal amd To YEYOVOS OTL 1) amddooT Toug €xel extiunlel ubvo yia uxed dixtua.
Enuovtixétepo lowe elvor 6Tt Tar Sedouéva uag OTKC avapépaue SeV ETUEX0UY YLO VO 3GOCOUY
autég oL TpooeYyioelg xahd aroteAéouata. Katagedyouue howmdv o1ny mpoceyyLon Tou
Friedman [48] mou ovoudZletal Structural EM.

5.4 Structural EM (SEM)

H yvevinr| 3éa elvar mapduoia ue authiv tou xhaowxol EM, dnioadi yivetar npoondfela avtl
vo. peylotonoinfel n mbavogdvelo v dedouévwy va ueytotonoiniel i avauevouevn tibovo-
pavera. H mpdtn mtpocéyyion elval 1 edpeon tng xahdtepng doung xdvovtag tny dtadixaocta
¢ avalhtnong péoa otny Sradixacia tou EM. "Eyovtog cav dedouévo éva apyixd dixtuo
urohroyilovtar oo MAP nopduetpol tou, yenowwonowdvtag EM 7 gradient ascent o Ta
OVOEVOUEVOL OTATIOTIXG TOU YeetdlovTal Yo va exTiuioouue Ta utodhgia Sixtua. Aol
avtixabiotavtal ot ehAmele TWéS Ue To avauevoueva oTaTloTixd, n avalritnon yivetal oe
TAYien Sedouéva xat UTopoUy Vo Y enotuototnfoly ol IBLOTNTES TV UETPWY aZLOAOYNONS Yid
aroteheopatixy avalhtnom.

Anhédvovror we H ow youévee tuée xow O ol napatnenuéves. "Onme xat mpty unofétetol
OTL €Y OUUE UL XAAOT) LOVTEAWY TOU TAPAUETEOTOLELTAL amd Eva Stdvuoua O, TETOLO HOTE
%40e emitpen Ty emAOYT TGOV Yot To Oy va SnhdveL uia xoatavout) mbavotntag 6To 6Uvolo
uetafAntdv LU Entone éyouue ex Tov npotépny mHavoTnTo 0TA LOVTENX XUl OTIC TUQOUE-
Teoug. [ euxoiia unoBétouue bTL €youue SlaxpLTéc UETABANTES, WGTOCO To AMOTEAEGUITA
eQapUOlovTal eUX0AA oL OE GUVEYELC UETABANTES Ue ®ETOLOUC TEPLOPLOUOVS OUAAOTNTOC
xal oLVEYELS oTLc ouvapThoelg Thavogdyvelag ota wovtéra M. 'Onwg %07 avagépaue do-
Oévtoc evég Bayesian Suxtdou xd0e yetafPints e€aptdtal U6vo and Toug TATERES TNE OTO
Yedognuo oVugwva ue TNy undbeon 4.2. ESG xdfe nopdyovrac fi avixel otny exbBetixny
OLXOYEVELXL X0l UTOPEL VoL Ypapel oTnv Lop@n

f(X;0) = O (5.7)
6mou t(0) xar s(X) cuvapthoeLlc ue davuouaTixés TYéC (dlag SLEoTao S XaL - TO ECWTEPLXS

TOUC YLVOUEVO. TNV TERINTWOY TWV TOAUYUULXOY TOEAYOVIWY UTOQOUY VO YRUPOUY ©C
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e&nc:

t(@i’pa) = <10g0U1,Pai7"'710g0U17Pﬂi>7 (58)
S(X> - <1U1,Pai(x)7"'71U17Pai(x>>7 (59)

6TOU Wy, ..., U oL Thavég Twég Tou X; xat 1y(x) elvar 1 av ou tuée Ty yetafintédy Y € X
070 y TatpLdlouv Ue autéc Tou X, aihidg 0.

[Tpwv mpoywenioovue Ha xdvouue axdua dYo uToBEoELS YL TO UOVTENO UAC EXTOC aTtd
g (4.1) xon (4.3).

Yné0eon 5.1. T xd0e yovtého M € 9 ue k mopdyovies, 1 eX TV TEOTEPWY XATAVOUT
TV 0TS TAPAMETEOUS EYEL TNV LOPYT

k
reY,e),. .oy |M) =] PO M). (5.10)

YnéBeon 5.2. Av fM = fM via xdmoww M, M’ € I, t61e

POM|M) = POM|M". (5.11)

Yr6 1c mpolmoBéoeic 4.1, 4.3, 5.1, 5.2 xau éva olvoro dedouévov D = {u', ..., u™}
Thjpwy avabéoewy TwoY oto U, 1 ex TV LoTépwy mbaveTNTA TV dedouévwy dobévtog
eVOC UOVTENOU M TOU TEQLEYEL N TAPAYOVTEC-UETABANTES fi, ..., fr, umopel va ypagel wg
elnc:

POIM) =[] F(D sitw), (5.12)

OTOU

Fy(S) = /e“(@i)'SP(@i)d@i. (5.13)

To t;(+) %ot s4(+) n exBetind| avanapdotaon tou tapdyovra f;.

T va Bpovue éva MAP uovtého apxel vo ueyiotonowmBel n mbavétnta P(D|M)P(M),
agol o TapdyovTag xavovixoroinorng elval (8log vl Gha ol LOVTEAX TOU GUYXELVOVTOL.
‘Orwg AN avagépaue av To 6Uvoro D twyv dedousveny dev elval TAfjpeg dev unopel va uto-
hoyiotel ) mbavotnra P(D|M) arnoteheouatixd. Xtny ouvéyela unobétetar dtL unopel va
unoloylotel ¥ éotw va extunlel n mbavétnta Touv Thpec cuvéhou dedouévev P(H, O|M)
(und Tic mpotnobéceic 4.1, 4.3, 5.1, 5.2). Enlong yivetar n undbeon dtL yio éva ouyxexpt-
UEVO LOVTENO UTopel Vo uToAoYLloTel anotelecuatixd 1 thavotnta TedBiedne Tou enduevou
YEYOVOTOC

P(X|M, D) = /P(X|M, ©)P(6|M, D)do (5.14)

Av xau auté dev Loy el ot TapaYoVTIXd UOVTERA, UTopel Vo UToloYLoTel anoTEAEOUATIXG

ULY TROCEYYLOT TV TARATAVL TeoPAédewy, yenowworoldvtac tny MAP npocéyyion,.
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ANybpBuog 5 Structural EM
[l i = 1.0 uéypL v odyxion

Yrohoyiletat n ex twv votépwy thavétnta P(O,,m| M, 0)

E-Step: T'ia xdbe M vrnoloyiletal

QM : MY) = Eflog P(H,0, M)|M?,0] = > P(h|M®,0)log P(h,o0, M)
h

M-Step: Enhéyetor 1o yovtého M+ rou yeyiotonowel Q(M : M®)
Av Q(M : MOH)) = Q(M : MU+D)

return M®

O Alyépibuog
'Eotw P(H,O|M) n mbavogdvelo tou thipoug cuvélou dedouévwy, o peudoxddixas yia

Tov ahyobpliuo elvol

5.4.1 X0yxAior tou Structural EM

To mapaxdtw Oedpnua uag Selyvel nwg xdbe eravaindn divel xar wa xaidTepn TpocéyyLom.

Ocdpnua 5.1. Arodevxvietar 6t av MO MM 0 MO wa axodovlia Sixtiey mov Boi-
oxet o SEM téte

log P(0, MDY —log P(o, MY) > QMY : M) — QM@ : M®) (5.15)

Anédeln

P(h,o0, M(+1) | Z P(h,0, M@V)  P(hlo, M®)
- = (0] - . -
P(o, M®) & P(o,M®)  P(hlo, M®)

P(h, 0, MO+))

log

= log ) _ P(hlo,M")

- P(h,o0, M®)
, P(h,0, M0+D)
(i) » 95
> gh P(h|o, M) log P(h, o, M)

P(H, o0, M)
P(H,0, M®)
— Q(M(”l) . M(i)) _ Q(M(i) . M(i)).

— Ellog MO, 0

Onédte and 1o Oedpnua tpoxvntel 61t av ot xdbe Brua Peloxetar éva dixTuo mou ueyioTto-
Totel 1) €0Tw EYEL UEYAAUTEQO AVAUEVOUEVO UETEO 0ELONOYNOTG, TOTE AMOdESELYUEVA YIVETOL
uLo xaAUTepn emAOYY, Ue TNV évvola Tou Pétpou allohdynong tepliimwplou Tou dixttou. Autd
odnyel oe wo o yohapt exdoyr) Tou akyoplBuou dtou arrdlouue 1o M-step:
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Oglouég 5.1. M-step Eniéyerton éva MO+ této0 Gote
Q(M(”l) . M(i)) > Q(M(i) . M(i))

To Oedpnuo 5.2 delyver 1L 1 dradixacio cuyxhiver 6tav dev undpyet entthéoy Bedtiwon
070 UETpo allOAOYNONS TOU OToyeleTal. MoV EUUEST) ouVETELd, UTopel va detybel 6TL 7
Stadixaotio gTdvel o éva €00 onuelo UTO QUOLOROYIXES YeEVLXd GUVOTXEC.

Octdpnua 5.2. Fotw MO MY . MO we axolovbia Sixtiwv rov Beloxer o SEM.
Av 0 apitfudc Ty povtédwy ato elval menepacuévos i undpyet uta otallepd ¢ tétota dote
P(D|M,0u) < ¢ yia dha ta uovtéda M xar ti¢ napauétpous Oy, 16t undpyet to dpio
lim,, o P(0, M®).

Avotuyoe, dev umopel va undpyetl Yvoorn yia to onuelo adyxione. T tov xhaowxd
EM, onueto oUyxhiong elvar to otatind onueta tng ouvdptnong nou Béhouue vo yeyioTto-
mouficouye. Aev untdpyel xdTl avtloTolyo oToV SLaxpeltd YGpo TwV UoVIEA®Y Tou yivetol
N avalAtnon. LTny TpayUaTixdTnTd, To TLo TRoPANUaTIXG onuelo Tou alyoplBuou elval
6TL umopel vor suyxhivel oe xdnoto und-BérTioto povtéro. Autd umopel v cuufel edv To
uovtého dnulovpyel Utor xatavouy mou xablotd tor utodrigLo wovtéda yelpbdtepa 6Tay ee-
TalouuUE TO avoueVOUEVO UETEO alloddynong. AatoBnuixd avouéveTtal TETOL QULVOUEVA Y
elvat mo ouyvd xalodg o Adyog tng elnric Thnpogoplac mpog o dedouéva auldvel. Mua
mhovn Ao elvat 1 emavdindn Tou adyopibuou and nohhd StogopeTind onueto €vaping.

IMagayovTixy WéTnTa

Mt mohd onuavTe) Tapathenorn Tou oTnyY oucta elval xoL TO UEYAAO TAEOVEXTNHUA TOU
SEM elval 1 egopuoyy Tou oe topayoviixd uovtéia. Anodetxvietal 6T

Ellog P(H,0, M) = iE[IogFi(SZ-)], (5.16)

6mou I onowadfimote exOetiny) xatavour| xat S; ot TWéS Twv YeTaPAntdy Tng xatavounc. To
oNUAVTIXO UE auThy TNV WoThTa elvor 6TL umopel va e@apuooTel 0TOLOGNTROTE EVPETIXOS
ahyoplfuog ue Tov (Blo TpéTo Tou YeNoLoTOoLElTAL OTNY TERITTOOY UE TATEN dedouéva.
Boowlouevol e authy, o yewxde Akydpliuoc 5 unopel vo e€edixeutel yioo mapayovTixd
uwovtéla divovtac tov AlydplHuo 6.

5.4.2 Tlpooceyyioeig Touv Ellog F;(S;)]

'Eva onuavtixd Thtnua mou uével und oulftnon elvat toc vrohoyiletar to Ellog F;(S;)].
H mo anhy) mpooéyyion elval 1

Ellog Fi(5;)] = log F;(E][Si]) (5.17)

Tou LoyleL ue Ty mpotndheon 6t 1 auvdptnon log Fi(S;) elvon ypouux we npoc S;. O
Friedman [48] €deie 4Tt yevixdtepa anotehel uio xahfy Tpooéyyion, alld unopel vo Tpo-
oeyylobel xau ye dhhoug tpdmouc. To epdtnua mou tlfetan elvon Twe unohoyllovtar ol
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AAyépibuog 6 Structural EM - Iapayovtixd Movtéla
repeat

[ e = 1.0 uéypl va gtdoovue oe onuelo oVYXALOTC.
Yrohoytlouue tic MAP nopauétpoug OMY v M xon O.
Hpayuatonowolue avalrtnon ota utodrpla dixtua, alloloydvtoag To xabéva ue

Score(M : MY) = ZE[log FiM(SZM”O,M(i)’@M(“]
"Eotew MY 1o UOVTELO UE TO UeyohiTepo UETpo antd auTd mou alohoyRinxay.

until Score(M® : M®) < Score(MO+D . M®)
return M®.

OVOUEVOUEVES TWES TwV oTaTloTxdv. H mpooéyyion nou yenousonoleitor elvat 1 edpeon
Ty MAP ropauétpov Bacléuevol oto uoviého MW xai 1 yerowonolnef touc vy tov
UTohOYLIOUG TOU avVaUEVGUEVOL PéTpou aflohéynorng Tou poviého MY O MAP rapd-
uetpol 0ev Umopolv va Beebody omwe eldaue otny nagdyeago 4.2.1, adld yernotuonolovue
uebddoug dnwe ot gradient ascent ¥ o EM, tic onolec uefddouc e€etdlovue otic nopaypd-
pouc H.5.1, 5.5.2.

5.5 Exmnaidcuon Iopapétpwy

[ va utoloyiotody oL tpoceyyloewg mou meptypddaye, Teénel va xabopiotovy on MAP 4
ML Twég Tou O, Autd umopel va emiteuyfel pe dYo tpdémouc. O mpdtog elvar va yeroLuo-
notfioouue gradient ascent uefddoug, 6mou axoloubeltal 1 napdywyoc Tov P(Oy|D, M) %
P(D|Oy, M) oe éva tomxd erdyroto. O drhoc tpémoc elval o xhaowxéc EM ahydpibuoc.
O TapoLCLAGTOVY Xdl OL U0 GTNY GUVEYEL.

5.5.1 Gradient Ascent

Ye authy TV nopdypago eEetdleTal TS UTopoUUE Vo Bpolue TIC TOEAYOYOUS TV TAQd-
uétpwyv evéc Bayesian dixtdou [49]. Katopydc n tpocéyyion auth otnpiletar 60 yeyovic
6L unopolue va Sovue tny mhavétnta Py(D) ooy uta ouvdptnon Twy napauéteny 8. Autd
UELOVEL TO TEOBANUA 0TNY €VPECT] TOU UEYLOTOU ULOG TOAUBLAGTATNG UN YRUMULXTS GUVEp-
tong. O alyobplfuot yio tnv enthuon autod tou mpoflAfuatog xatd xavéva axolouboly
€VOL UOVOTIATL OE ULoL ETLQPAVELD OTIOU «GUVTETAYUEVESY Elval ol Tapduetpol , «3hocr 1 Ty
TN ouvdptnong xat tpocnaloly va Beeboly 610 «nhdtepo» onuelo GTNg eEM@AvELaS. TNV
TpayUaTIXOTNTO Elvat euxoNGTERO VoL LeYLaToTowBel 1 ouvdptnom mhavogdvetac log Py(D).
And v oTiyur) Tou oL GUVaETHCELS Elval LOVOTOVES, 1) UEYLoTOTOINGY NG Ulog oUvETdye-
TOL xoL TNY Ueytotonoinot g dAAng. H mo amhy) uwopgt| authc tng mpooeyyiong elvor o
gradient ascent (hill-climbing). e x80e onuelo 0, unohoylletar n tapdywyoc VO, to dud-
YUOUO TWV UEPLXOY TORAYDYWY TNS GUVARTNOTS TLHoVoQAvELLS kg Tpog Tig Tapauéteoug. O
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ahyopLhuog T6Te wdvel Eva uixpd Briua otny dievbuvor tng tapaydyou oto onuelo 0+ aVe,
6mou « ula mopdueTeog yia To uéyebog tou Priuatoc. Autdc o akydpliuog cuyxiivel ot éva
TOTXO EAdYLOTO Yo apxeTd uxpd a. Ilpénel va Angpbholy unddn or meplopiouol mou tiho-
VTl omd THY QUGT TOV TApaUETP®Y TOU avaTaploToUy ulo ouvdptnorn mbavotnrac. Autol
slvan 6t Oy € [0,1] xou D777 O = 1. Autol ov meplopiopol pmopody va ixavorotnfody
npofdihovtac to VO oe ua meploplopévn emgdvela. Fevixd, n mpoBolr emtuyydvetol
TalpVOVTUG TO XAVOVLXOTONUEVO BLAVUCUA OTNY ETLPAVELN TEQLOPLOUGY, TEOBIANOVTAS TO
SLdvUoUA TOPAYOYWY OE 0UTO XOL APALEOVTAC TO opyIxd Sldvuoud and autd. XTny nepi-
TTwon auTh, 1 emgdvel teploploudy anentel Y i, Ok = 1, Vi k. Av vy xdmowa Ty
TV ¢ xaL k €youue J dlagopeTixéc TWES Yl TO 7, To dudvuoua mou elvar opboxavovixnd
oIV ETLPGvELd TEPLOPLOUGY Exel T 1/v/ T Yo xdbe éva ané ta oyetnd otoyela. ‘o,
1 TeoPoky) Tne mapaydyou Ha €yel 6Tic B€oELg TOU AVTLGTOLYOVUY 6TO 4jk, TO UEGO TWV GTOL-
YELOY TNC TApAYHYOU TOU avTLoToLYoUY 6T0 Bk, ..., Uik Agalpdvtac autd to SLdvuoua
and To apEyxd SLEVUOUN TOEAYDYOU TPOXUTTEL TO XuvoViXoTolnuévo Sdvuoua. Ilapatn-
EOUUE OTL GTO XOVOVIXOTOLAUEYO SLAVUoUa Tapay®dyou, To dpoloua Tou aviioTolyel ota
otouyelo By, Yo ouyxexpuuéva 4,7 xal k elvon undév. "Etol av xdvouue éva uixpd Briua
%0t piixoc tou daviopatog, to dhpotoua Y il Oy Ho mapapeiver auetdfinto. Ondre, av
Eexwvhioouue amb éva oNUElo TNG ETLPAVELUC TEQLOPLOUMY, ATUQITNT TOUPUUEVOUUE GE OU-
Y, 6T elvat emBuuntd. Mo evakhaxtixd uébodog Yo TV IXavomolinon Twv TEpLOpLoUDY
TOU YENOLUOTOLELTOL EVPEWS OTNY OTUTIOTIXT, elval va eloayBoly xdmoleg UTepTapaUUETEOL
TOU ATO XUTUOAEVNC IXAVOTIOLOYY TOUC TEPLOPLOUOUS. LE AUTHY TNV TEPINTWOT ELGEYOVTOL

OL TURAUETEOL Wijk
07k
Wigh = S ga (5.18)

3'=1"ij'k

Ané tov tino gatvetal elxoha oS xavoTolotyTal oL teptoptouol uac. Emniéoyv éva Tomixd
UEYLOTO WS TEOS TO Wi i Elvar elomng Tomxd UEYLOTO oL Yo To ;5 o aviiotpoga. Ondte
unopoUue va Behtiotonolioouue we teog To ;. H napdywyog unopel va Peebel unoloyi-
Lovtac 1) (Un XUVOVLXOTIOLNUEYY) TORAYWYO WS TPOS TO By, XaL 6TNY GUVEYELX BploxovTag

TV TUEAYOYO WS TPOS TO Wyjk UE TOV XAVOVAL TNE ahuoidag.

Tomnuxol unohoylowol Tng ToEAYHOYOU

H yenowédtnra tov uebddwy Pactouévey oe mapaydyoug eCaptdtol and tny Suvatodtnra
vo. utoloyloouue TNy mapdywyo anoteiecuatixd. Autde elvar xar 0 AOyog Tng eupelog
xerione tou gradient descent ota vevpwwvixd Sixtua. Ilopaxdtw delyvouue wa napduola
xaTdoToon Tou toyUel o Yo mlavoTixd dixtua. Xtny mpayuotxdTnTa, Yo mhavoTixd
dixtua, o ahybplBuoc cuunepacuatoloyioc (inference), mpayuatonotel Ghoug toug amo-
pattnroug vnoloyiouols. H napdywyog umopel vo urohoyiolel tomxd yio xdfe x6uPo
yenowonowdvtag thnpogopia and tov akybdelbuo cuunepacuatoroyioc (Kegdhato 6).
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Yrohoylouds tng mopay@you

Hoapaxdtw delyvetal nwe unogel va utohoYLoTel 1 cuvelGpopd xdle TeplnTtwong oTny TopEd-
Yoyo Leywelotd. Ytny cuvéyeta abpollovtal Ta anotehAécuaTd.

61n Pg(D) Jln H?il Pg(Dl>
= — A
i Odln Pg(Dl)
=1 90

7 8111 Pg(Dl)/(‘?HUk
Z Py(Dy) '

=1

Tdpa otody0¢ elvar va Bpelel éva anhdg alyderbuog yia va utohoylotel xdle pla and Tic
31HP0(D1)/39ijk
Py(Dr)

Yo TLg mopaéTeoug By, ewodyovton ta X; xon Pa; nalpvovtag Tov uéco 6po twv mbavoy

EXPRUOELS . T va mdpouue ula Exppaon oe dpoug g Tomxhc TAnEopoplag

TGOV TOUC:

dnPy(Dy) /00y, g5 (g Po(Dlwiye, pai) Po(wije, paiy) (5.20)
Py(Dy) a Py(Dy) )
s g Po(Dilwiye, paae) Po (i [paiss) Po(pains))
B Py(Dy) ‘

H Baowr Biétnta autic tne éxgpaong elvar 6t o 6pog 0,5, eupaviletal ubvo oe ypouxt
LOPPY). LTNY TEAYUATIXOTATA, 0 6p0¢ 0,51 eugaviletal uévo oe €vav 6po oto dfpoloua, yia
j =7, K =k. T autdy 1o 6po, Py(xij |pai) elvar anhd b;5,. 'Eto

OPy(Dy)/00i56 _ Po(Dilai, paix) Po(pair) (5.21)
By(Dy) Py(Dy) '
Pa(ﬂiz‘pPaz‘k’Dl)Pa(Dz)Pa(PCbik)

Py(wij, pair) Po(Dy)

Pa(ﬂfz‘ppaik’Dl)
Po(w4j|pag)
Py(xij, pair| Dy)

Ok

Kd0e ahydpiuoc cuurepaouatoroylog yio mlavotind dixtua, étav exteheitol ue dedouéva
Dy, urohoyilel xat tov 6po Py(xij, paix|D;). T mopddetyua o ahybpliuoc Luvdetindy 3é-
vtpwyv (Junction tree) twv Lauritzen xat Spiegelhalter [50], unohoyiZet Ty ex TwVv UoTEpWY
mhavétnTa v xdfe xAixa 610 cUVBETIXG déVTpo Tou avTisTolyEl oTo apyxd Bayesian 3i-
x7tvo. And Ty otyur mou xdbe x6uBoc oL ol tatépeg Tou eugaviloviol ToUNdyLoTOY O
utor xAixo, ov avtiotolyeg mbavétntee uropolyv va Bpeboly anakelgoviog Gheg TiC dAAeS
uetafAnTéc otny xhlxa.

44



5.5.2 Ymoloyioudg nopapétpwy pue EM

Yy apyh tifetar oto olvoho mapauétpwy Oy pla Tuyalo apyxh T, XTNny cuvéyela
UTOAOYILOVTAL TO AVOUEVOUEVY ETOEXT OTATIOTIXG Yol €Val TAYPEC 0UvoA0 SEBOUEVKY, GTIOU
7 oavoEVOUEVT) TUUY utohoylletor we Tpog TNV and xovol xotavour) Tou cuvéiou X und
TNV S0OUEVT TWT| Tou Op xat Ta Yvwotd Sedouéva D. o Bayesian dixtua pe dtaxpitég
uetafintéc, uvnohoyilovue

N
Ep1p,0y,m) (Nijk) = ZP(Iz’mPCLz’j’Ih O, M), (5.22)

=1

orou xy, elvat 1 mbavy| un TAfene l-ooty tepintworn oto D. 'Otay 10 X; oL OAeg oL Ueto-
BAntég 070 6Uvolo TwV TaTEépwy Pa; elval TapaTnenUEveS oTny TERITTOoY Ty, 0 avTioToLyog
6po¢ elval amhd undéy 1) éva. Xe dhhn nepintwon unopel vo yenowwonownbel évac ahyoplbuog
ouunepaouatohoyiac (inference) oe Bayesian dixtua. Autde o utoloyioude anotelel xaL o
Expectation $ruo tou EM adyopifiuou. Xtny cuvéyela yenoluonolodvTol To avoueVOUEVa
ETAEXY| OTATIOTIXG, OAY VoL ELVAL TA TEAYUATIXY ETOEXT OTATIOTIXG antd €va TARES GUVOLO
detyudtov D.. Av xdvouue unoroyioud twv ML nopauétpmy, unopolue va xaboploouue
TS TWES TV TapduéTewy Oy Tou yeytotorooty P(D Oy, M). Autéc oL tiuéc divovton
and v oyéon

Ep(|D.0,,.m) (Niji)

T :

Ay Géhovpe tic MAP nopapetpoug, urnopolue va xaboploovue Tic TLwéS tou #,, mou ueyt-

Hijk = (523)

OTOTOLOUY TNV €X TOV LOTERWY THAVOTNTA TWV TopAUETRPOV:

o Gkt Ep(2)D,0,.m)(Nijr)
ik = =7 :
’ k1 (Qijk + Ep(a|D,6,.m) (Nijk))

(5.24)

Auté 1o Bua ovopdletar maximization Bruc touv EM akyopifuov. Ou Dempster et al. [51]
€dellay 6Tl 1 emavdindn tov dVo Brudtoy cuyxiivel oe tomxd uéyioto. O EM adydpelb-
UOC UTopel vou eQapuooTel GTay UTdpyouy Ta enopx)) oTATLoTXE (0L TOTIXEC GUVIPTACELS
xatavoufic havétntac aviixouy otny exBetixs ouxoyévela), Tapdho Tou UTEEYOUY XAl ENE-
xtdoetc Tou EM mou egapuélovial xor o€ To TOAITAOXES TOTUXES XUTAVOUES.

5.5.3 MdOnon nopapétpwy pe eAny Acdouéva

Ye avtiotoyia ue T mapaypdgouc (4.2.1) xat (4.2.2) nou elyape TApn dedouéva, mopaxdTte
TEPLYPAPOUUE TWS EXTOLOEVOUUE TLC TUQUUETPOUS Yol TOAUVUXES Xal Ypouuixés Gaussian
xatavoués otav Ta dedouéva elvar edlnelc. Xtnv oucto mepiypdgetar to M-STEP tou
EM aiyoplOuou mou elvar 1) avavéworn Tov TapapéTowy, eved otwe eldaue to E-STEP eival
7 €UpEST) TWY AVAUEVOUEVWY ETopXOY otatloTix®dy (expected sufficient statistics). Xtny
Teplntwon mou Ta dedouéva dev elval TATeN avTixafloTolue To EToEXY OTATLOTIXA UE TA
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OVOUEVOUEVOL ETAEXY] OTATLOTIXG. TNV Slaxplty| TepinTtwor €youue

E[Nik] = Y P(X;=k, Pa; = jle), (5.25)
£

_ ZP(Xsz,PGi:jyez)

, P(eg)

H avavéwon tov oy tov tapauétpony yia Ty ML nepintwon Siveta and tny oyéon (5.23)
xou oty MAP repintwon and tnyv oyéon (5.24). Xty cuveyt| nteplntwoy ta avauevoueva
emopxn) oTaTIoTLHd Elvon

svo= Y E[Xiled, (5.26)

Qv = Y E[X.X[|ed. (5.27)
y4

And otic oyéoeic (4.14), (4.15) avtxabiotodue 1o sy, Qn U T sy xou @y aviioTolya.

‘Onwg HO1 avagépaue T660 Yoo Ty extiunorn twv ML mapauétpwv 660 xau v tny
extiunon véwv unodnplwy yperaldvtal o avVaUEVOUEVR OTATLOTIXA Xdle xoTovounc Tou
dixtlou. T va utohoytotoly mpénel vo extiunfel n mbavétnra Pz, pagle) [52]. T va
exTiunfel auty n mbavétnra ypeewdletor éva epyalelo ouunepacuatoroylog yia Bayesian
dlxtua.
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KEDAAAIO 6

YIYMIIEPAYMATOAOTIA (INFERENCE) TE
BAYESIAN ATIKTYA

6.1 Tlapddetyua Xuunepacuatoroylog
6.2 Yuvdetixd Aévtpa (Junction Trees)
6.4 YPpldux?, mepintwon

6.5 Ytafepol Tomxol unohoyiopol (Stable Local computations)

Yov oupnepaouatoloyia ota Bayesian dixtua opiletar o utohoyiouds tne mbavotnrag
P(Xg|Xg = z.) 6mou Xg éva ovvoho uetafShntdyv und epdtnon xat Xg ol YVWoTtéc UeTa-
Brntéc . Do mapdderyua, otny wteuxy Sidyvoon, ou uetaPintéc Xg Ou avtinpoodrevay ta
TOEATNENUEVO CUUTTOUOTA Xat oL LeTaPAntéc Xg to mbavd altio autdv TV cUUTTOUS-
V. Auth 1 toodtnTa unogel va utohoyiabel and Ty and xowvol xatavour, P(X,....Xy)
YENOLLOTIOL)OVTAS TOV Xavova Tou Bayes:

P(Xq,Xg)  2ngque P(Xu =h,Xq, Xg)

P(Xg|Xg) = P(Xp) ZthP(XH:h;XE)

'Etol oty oucta ) ouunepacuatoloyia tooduvauel e Tov unoloyioud Twy teptiwplonoln-
oewv (marginals) tov and xovol xatavoudyv. Av dhec ol uetofAntéc elvor duadixée, Tote
o utohoylouos Tou Y, P(Xy, ..., Xy) anotel ypovo O(2V). H épeuva emxevipdvetal 6To
va. yivel o Tapandve utoloylouds 660 1o SuVaTd To ATOSOTLXE. AV 1 AT6 ®OLVOU XATAVOUY
avaraplotdtal and évo Bayesian 8ixtuo, unopel va ypagel oe napayoviixt Lopet og e&hc:
N
P(Xy, ..., Xy) = | [ P(Xi|Pay). (6.1)
i=1
Téte 1 mepfopLonolnon unopet vo ylvel o arodotixd «oTpdyvovTag Ta abpolouata uéoa
and toug mapdyoviegr. [ mapddetyua Oewpolue To Bayesian dixtuo tou Xyfuatog 6.1.
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H and xowvol xatavour| miavotnrog unopel vo ypagel we edng:
P(A,B,C,D,F,G) = P(A) « P(B|A) « P(C|A) « P(D|B,A) « P(F|B,C) x P(G|F)

Ac¢ unofécouue 6tL Béhouue va meplbwpronotfioouue dheg Tic uetafintéc. llpogavde to
arotéheoua O elvan 1, wotéo0 1 8o elvan (dtar xou dtav Béhoupe va mepliwplonolioouue
€Vl UTOOUYORO TwV UETUPANTOY. Autd unopel va ypoagel og e€rc:

Y P(AB,C,D,F,G) = ) P(A)x) P(B|A)x) P(C|A)
A,B,C,D,F.G A B C
«» P(D|B,A)x Y P(F|B,C)*>» P(G|F)
D F G
Aouledovtog and dedld mpog T aploTeERE, TEOXUTTEL
> P(A)« P> (B|A)*> P(C|A)*> P(D|B,A)* Y P(F|B,C)x Aa_p(F),
A B C D F

6mou Agr(F) =)o P(G|F). Hpogavde oe authy tny neplntwon Agp(F) = 1 yo xdbe
F, adld autd unopel va unv Loyvel yevixd. Xto emduevo Brua nalpvouue

> P(A)xP) (B|A) ZP ClA) % Ap_c(B,C) * ZP D|B, A),

émou Ap_c(B,C) = > 5 P(F\B,C) * Ag_r(LF). Ynuewdote nwg autde o Gpoc umalvet
uetd to dbpotoua ndvew oto C, tapaxduntoviac to dfpotoua ndvew oto D. Fevixd ol 6pol
UETAXLVOUVTAL 660 TLo aploTepd yivetal, Khote va ehayloTonolniel To utoloyloTind xH6GToC.
O neploplouds €yxettal 6To YEYOVOC OTL GAec oL ueTaBAnTég mou eugavilovtar oe évay 6po
Tpénel va elvat oty euféheta Tou xatdiinhou tereoty| afipolouatoc. Me tov cuuBolioud
Ar—c(B,C) dnhdvetat o dpog nou npoépyetat and to dbpoloua Tdvw oto F xat mnyaivel
o7o dfpoloua oto C. Ilnyaivel oto C %o dyt oto B emedry 1o C elvon Ynhdtepa otny oelpd
dtaypapric (4Bpotong). Ipénet va elvan cagés dtL 1 oepd ue v onola TpayUaTOTOLOUVTAL
oL afpoloelg, xabopilel To péyebog Twv evdilduecwy bpwy A, To onolo ennpedler dpacTixd
TO UTOROYLOTIXG POpTO. 2TV ouvEyela Oa anoxaholue aUTHY TNV Oelpd SLoypa@nc UE TOV
6po m. Mnopolue va cuveyloouue Ue Tov (8to TpdTo Uéypet va umoloylotel 1 emuunty
neplfoplonoinon. H déa tng xatavourc Twv afpoloudtov ota yivoueva €yel aveddptnra
uehetnlel ToAAEC Qopéc xaL €yel ToMAd ovéuata: peeling, symbolic probabilistic inference
(SPI), variable elimination, bucket elimination x.t.h.

6.1 Ilapdderypa Xunepacuoatoroyiog

"Eotw 10 dixtuo tou Xyfuatog 6.1 xa ov wivaxeg xatavounc mbavétnTag mou gaivovtal.
'Eotw 611 €youue Tapatnenoet 6Tt To Ypaoldt elvan Bpeyuévo.
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Yyfua 6.1 Tapdderyuo Auxtiou xal TV mvaxey xatavours mhavétnrag

Yrdpyouv d%o mbavég e&nyrioeig yu' autd. Na €yel Bpélet 1 va €yel uypaoia. Oéhouue
dnhadyy va unoroylooupe e mbavotntee P(S = 1|[W = 1) xaw P(R = 1|{W = 1). H ané
XOLYOU XATAYOUT| UE TOV xavOva TNg aAuoidag elvol

P(C,S,R,W) = P(C)*P(S|C) « P(R|C,S)« P(W|C, S, R).
Exyetarheuvduevol tig eaptrioelc and To dixtuo €youue

P(C,S, R, W) = P(C) * P(S|C) * P(R|C) x P(W]S, P).

Tére
B B _ P(S=1,W=1)
PS=1W=1) = POW =1)
> PC=s,R=r,W=18=1)
B PW =1) ’
B B _ PS=1LW=1)
PR=1W=1) = POV =1)
> P(C=5S=sW=1R=1)
PW =1) ’
6mou

P(W=1)=> P(C=sS=sR=rW=1).
r,C,8
T Stoxpttée petafintée n and xowvol xatavour €yer uéyeboc 2". "Apa mpochHétovtoc
xatevbelay otny and xowvol xatavour mbavétnTag £yel exbetind) toluthoxdtnTa. I'Vautd
npénel va Bpeboly mo anodotixol TpdToL.
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6.2 Yuvdetixd Aévipa

Ac unoBécouue 6t BéNovue vo unoloyicouue tny bavotnta P(X;| Xg) yioaxdbe i ¢ E. O
uropoloaue va xahéoouue Ty dduxacta e dtaypaghc Twy uetafintdy (variable elimi-
nation) O(N) gopéc, ula yio x80e i, ahhd autd Bo fitay avaroteheouatixd ywelc Aoyo, and
TNV GTLYUY TOU TpayoTtoTolovuaL ToAES popéc Tic Bleg mpdlelc. 1lo ouyxexpuuéva and
™y oTiypA Tou 1 Swypawt| aroutel ypévo O(N), N xhhoeic aratoty O(N?) ypbvo. Stny
ouvéyela e€etdletal éva TpoTog utohoylouol Ghwv Twv N meplfnplonolnoewy oe ypbdvo
O(N). H Boowt) éa elvar 1 anofixeuon tov evddueony dpwy A Tou dnuoupyolvio
xafdc dovhedouue and delld mpog Ta aplotepd Léoa and Tic abpoloelc, xal YeTd 1 emava-
Yenowonolnor Toug xafde Soulebouue and aprotepd Tpog o dedid. Ou A Oa amolnxeutoly
oe wa deutepevouoa dour) dévtpou mou ovoudletar Yuvdetind dévrpo (Junction Tree).

Kataoxeur, Luvdetixol d€vipou

Ta Baowd BAuata yioo Ty xataoxeuy evog YuvSeTixol d€évtpou and éva apyixo Bayesian
dixtuo elvan tor e€rc:

e Mn xateufuvéuevo ypdgnua (Moral Graph). Avatpodvton ou xateuvfiveels Tou ypa-
pruoatoc. Evdvovtal ol tatépeg xdbe xoufou.

e Toywvoroinon (Triangulation). Anuoupyeltal to Tprywvonomuévo yedgnua, Ttolo
OOTE VA UNY UTdpyeL XOXhOC UAXoUC UEYAADTERO TOU 3 .

e Maximum Cardinality Algorithm (Kruskal) % xdnoloc dhhoc akydetBuoc, yia vo
Beebel 1 oelpd draypapic (elimination).

e Bploxovtat ol xhixeg and tnyv oelpd Sloypaprc.

o Anutoupylo Tou Luvdetixoy dévipou and Tl xhixec.

6.2.1 Mn xatevbuvéuevo vedpnua (Moral Graph)

Avargodvtar ou xateufivoelc 6To apyixd Uog XxaTteuOuVOUEVO YRAQNUO XL GTNV GUVEYELD
evidvovton oL natépeg xdbe xouPou uetall toug avd dvo (yo booug Sev undpyet HOn olv-
deom). To anotéheoua elvar éva un xateubuvouevo yedonua. Autd to BAua eaopalilet
6L 670 Tehxd dévtpo yia xdfe x6ufo Oa undpyel Touldylotov ula xAlxa mou Oo TepLéyel
TOV %0UPo oL OAOUC TOUC TATERES TOU.

6.2.2 Tpiywvonoinon tou yeagpruatog

Kartapydc ue tov épo tprywvornoinuévo yedgnua dnidvetal xdfe un xatevbuvéuevo ypd-
pnua av vy xdfe xUxho uixoug ueyalltepo Tou 3 umdpyel ua yopdt. Xtdyog elvar and
To moral ypdgnua vo dnulovpynbel éva Tprywvonotnuévo yedgnua, teoabétovtac 660 To
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Yyfua 6.2: Apywed Ipdonua

AMyotepo emnpbdobetes axuéc. H BBhoypagla ndve oto Béua elvon extevéotatn [53]. H
ouviing texvud| elvon 1 edpeon wo oelpdc (elimination, removing, triangulation) mou va
TepLéyel 6houg Toug xouPouc oto yedgnua. H uébodoc anotelelton and tny Siadixaacio Sio-
veaghc (elimination), tou axohouBel v oelpd erthoyhc xat agatpel Ghouc Toug x4UBOUC
and to ypdoenua. Av ue adj(X;) Snhdvetal 1o 6Uvoho TV YEITOVODY Tou X;, 6TO U1 XOTEL-
Buvouevo ypdonua, 16T UE TOV 6p0 agalpeon Tou X; dnhdveTal 1) dtadixaota ue Tnv omola
Tpoabétovtac xatdiinhec axuéc uetatpénouue to vroypdgnua X; | adj(X;) o éva mhfpec
UTOYRAPTUA XL 0TNY cUVEYELN agatpeltal pall Ue TS ELoEpYOUEVES GE QUTO OXUES ATd TO
Yedognua. To tpiywvormownuévo yedenuo Gp Ho elvar to anotéleouo tne npéolbeong Twy
axu®y Tou ewedyfnxay otny @don tne dwarypagic oTo Un xateuuvouevo ypdognua. TNV
ouveyeLa Tpénel va Bpeholv oL xAixeg Tou TeLywvoroimuévou yeaghuatoc. H Stadixacto mou
axohoufeltal elvat 1 e&nc:

1. £=10

2. Agarpeitar évac x6uPoc X; (ouvibuc olugwya ue Ty oepd dlaypaphc) and to yed-
onua. Ilpootifetoan 1o C; = X;Jadj(X;) oto £

3. Av n C; dev meptéyel 6A0UC TOUC EVOTOUELVAVTES XOUBOUC ETAVAAAUBAVETOL TO TPOT)-
yoUuevo Brua.

4. dlproviletaw 1o £ agatpdvtac Ta un maximal cbvola

To noapayduevo £ elvat To 6UVoho TwvV Xhxdv oto G
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Yyhuo 6.3: Moral [pdgnua

6.2.3 Koataoxein tou Xuvdetixold dEvipou

Ipwv meptypddoue TNV %ATAOXELY amd TO GUVORO TOV XAXOY TOU GUVSETLXOY SEVIpou
TapaféTouue ToV 0ploud Tou LuvdeTixol dEvTpou.

Oprouég 6.1. 'Eva Yuvdetind Aévrpo elvar €va ypdgnuo ue Uop@r) d¢vTpou aTo onolo ol
x6uPol Tou elvon T atolyeta Tou £, 6mou £ 10 6UVOA0 TV XAXGOY Ao €Vo U XATELOUVO-
UEVO Ypdpnua, xul 6To onolo Loydel 1 axdhoulr Wiotnta:

[ xdbe Ceuydpl xOuPwyv V' oxar W oto dévipo, 6loL oL x6uPol oto povormdtt uetall
Tov V oxar W repieyouv Tic uetafintég mou avrxouy oto VN W.

Yrdpyer éva ouoTNUATIXOS TEOTOS YA TNV XUTUGXEVY) TOU GUVOETIXOU BEVTPOU amd To
TELY WVOTIOLNUEVO YRAPTUA XL TO OUVOAD TWV XAXGY TOU.

6.2.4 Mébodol Torywvonoinong tou ypagpruatog

'Onwe avagépaue To Baoxdtepo onuelo 6ToV TapdTdve aAydeliuo Yo TNV XATACKELT) TOU
JT elvon n emhoy tne oetpdc dtaypaghic (elimination) dote va ndpovue 660 T0 AYOTERD
emnpdoletec axuée yivetal. llapbdho mou umopel va emiieyel onowd¥note oelpd amd Tic
ouvohxd | X|!, to mpdPinua edpeonc e PélTiotng oetpdc anodelxvietal 6t elvor NP-hard
meoBinua. o autdy axpBog Tov Adyo moldlol eugetixol alydplfuot €youv mpotabel otnv
Bphoypagia. Xweillovtal oe 3o Baocixéc xatnyopleg:

1. Greedy uéfodor. Auvtol elvor eupetixol alydelbuol mou oe xdbe Priva emAéyetol 7
emOUEVY UETABANTY Yl va agatpelel oVupwva ue xdnoto xetthplo. Ta tpla mo Yvwotd
xpLthpLa elva 0 apliudg Twv axudy tou tpootifevtal dtay agatpeital N uetaBAnT X;
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Yyfhua 6.4: Toryovoromuévo TNpdgnua

(min-size), o aplBudc TV LeTABANTOY ToU TEPLEOVTAL TNV XAlXa Tou dnuLoupyeiTal
and Ty agaipeon T petainthc X; (min-size), xo 1o Bdpoc/uéyeboc tne xhixac nou
dnutoupyeltat and ty agalpeon g uetafintic X; (min-weight). Autol ou ahydprbuol
dlvouv xahég Aioelg oYeTIXd YR Yopd.

2. Teverxol alydptBuor xar teyvixés ouvdvaotixic BeAtiotonolnone (combinatorial
optimization). H déa elvar va egapuootel évag akydpliuog petaeupetinic glong
Talpvovtag oav auvdpTtnor x6oTouc TNV ehaylotonolnor Tou ueyéoug tou ydhpou
XATAOTAGEWY TOU GUVETIXOU dévTpou. Emouévwe, xdfe mibav Abon avanapiotdtal
oav yLa oelpd agalpeong xa To UEtpo alltoAdynorg tng uroloyiletar cav to dfpoloua
Tou UeYEHoug TV XAXGY ToU ToEdYOVTAL AT TNY TELYWVOTOINGT) TOU YRAPAUATOC

YENOLUOTOLOVTOS AUTHY TNV GELRd.

6.2.5 Maximum Cardinality Search (MCS)

Yty mpdtn xotnyopla akyoplBuwy avixel xar o MCS nou ypnowwonowoaue euelc yLoo tny
Tplywvomolnon tou ypaghuatoc [54]. Ebva évag anhéc ahydptbuog ypauuxhic tohunhoxod-
TrTog Tou malpvel cav eloodo éva un xoteubuvouevo yedgnua xar Log divel Ty aviiotpogn
oelpd dtaypagric. To mheovéxtnua Tou elvar 6TL elvar amhdg xa Ypyopog xat Slvel oyetixd
xohd amoTeEAEoUATA.
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ANyépiBuog 7 MCS ue eloodo éva ypdgpnuo G xal €€080 TNy oeLed analotpnc m
BEGIN

1:

2: [ dhoug Toug x6uPBouc u tou ypapruatoc G, w(v) =0

3: Fori=nto1do

4: Eméyetal ulo axun z mou dev €yel aplhunbel ue to yeyaditepo Bdpoc. Oftouue afz) =
T.

ot

T xdfe un aptBunuévn petahntd y € N(z) thetoa w(y) = w(y) + 1
6: END

6.2.6 Anuoupyio Xuvdetixol dEvipou and Tig xAixeg

Ané to onueto autd dev yperdletal To un xateubuvouevo yedgnua. Wdyvouue va Bpodue To
BérTioTo 3évTROo amd Tic xAixeg mou €youue Beet. I va dnutoupynbel to Béhtioto dévipo,
TEEREL vo. 6UYBEDOUY oL ¥Aixeg €ToL OOTE TO TAPAYOUEVO JEVTPO TV XAXODY VO LXAVO-
motel Ty WLOTNTA Tou LuvdeTtixol dévtpou olugwva ue Tov Opltoud 6.1 xoL éva xpLThplo
BehtiototnTag mou Oa oplotel mapaxdtw. To xpitiplo BektiotdtnTog euvoel to dévtpa mou
eAAYLOTOTOLOUY TO UTOAOYLOTIXO YeOVo Tou amonteltal Yo TNy Sadixacia TN oUUTEQR-
ouatohoyloc. Aofévtog evée ouvdlou xhix®y, unopel va dnutovpynbel éva SEVTpo XAXGDY
elodyovtog avadpouxd axuéc UETall TV XAOY PEYEL oL XAIXES Vo elval eVWUEVES UE
n — 1 axuéc 6mou n o apliudc Tov Mixwy. H napaxdte dwdxacia neptypdgetal otny
avagopd [55]. Katoapyde opilleton o XYuvdetixd ypdgnua (Junction graph) to omnolo éyet
ooy x6uPouc T xhxeg xou v x&fe Levyoc xhxdv U, V ue touhy S = U NV # 0 éyouue
uLa aUvdeon ue Bépoc |S|.

Ochdpnua 6.1. Eva oxecletind 0évtpo yia éva ouvdetixd ypdynua elvat ouvdetind 0évToo
av xar uovo ay elvar oxeAetixnd 6évipo uéytotouv Bdpouc.

To Bedpnua 6.1 anodelyOnxe and tov Jensen [56]. Ondte apxel va fpodue Eva oxeheTid
dévtpo ueylotou Bdpouc. Autd umopolue va emiteuyfel ue xdnolov and Toug ahyoplBuouc
Prim 7 Kruskal. Euelc emAéape tov Kruskal xou to nepiypdgouue 6tny ouvéyeLa.

ANy6pBuog Kruskal

Enuéyeton enavohnmntind pla oUvdeor uéyiotou Bdpoug mou dev dnutovpyel xUxho. O akyo-
etBuoc tou Kruskal doulevet ue éva ddoog and uepxdc oxeletixd dévtpa ueyiotou Bdpouc.
‘Otav ya oUvdeor emhéyetar, U0 emUEPOUS BEVTRA CUVOEOVTAL OE EVA VEO UEPLXMOC OXE-
Aetxd dévtpo ueylotou Bdpouc. Autdc o ahydbpliuoc 660 xal Tou Prim, éyouv cav anoté-
heoua €va oxeletind dévtpo ueylotou Bdpouc (Goudran and Minoux [57]).

6.2.7 Awyoplotixd clvoha (seperator sets) xar Auvvauixd (poten-
tials)

Aot éyel xataoxevaoTel T0 GUVSETIXG dEVTPO avduesa oe YeELToVLXES Xhixec Bploxouue To
daywptoTixd alvolo (seperator set) mou TEpLEYEL TLC XOLVEC UETABANTES TwV SUO YELTOVIXGY
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Tyfua 6.5: Yuvdetixd dévtpo

xhxodv. Kdbe xhixa xar dwaywpiotind ovvoro Oa meptéyel Tnv and xowvol xotavour Twv
ueTaBANToY ou Teptéyel. Tic xatavoués autéc ovoudlovue Suvauxd (potentials).

6.3  ApylTEXTOVIXES AVTOAAAYNAG UNVLUAT®Y

Yndpyouv 800 YVWOTES 0pyLTEXTOVIXES VLo ouUnEpaoiatohoyia o Luvdetind dévtpa( Lau-
ritzen xou Spiegelhalter [50], Shenoy xat Shafer [58]). Ou Stagopéc Touc elvar eNdytotec.
Yuvhfug yenowwonoteitor 1 Lauritzen xou Spiegelhalter mou elvat ot ehagpdc mo Yeriyoen.
Bootlovtar oe avtadlay unvuudtoy wetall yertovudy xhxdyv. Ilpw mepiypddouue tnv
Stadixaola Teénel va optotoly ol Baoixéc mpdiels uetalld Ty Suvauixdy (potentials) xat
Ta unyouato LeTadd Tov xhixdy. Ta Suvauixd neptypd@ouy TNy and xolvold xaTavour| Twy
ueTafANTOV xdbe xhixac. Xtny cuvéyela Tou xegalalou o Suvauxd cuuohilovtol ue @
xaL Oev TEEMEL VO TOL UTEESEPOVUE UE TIC TAPAUETEOUS TS ontoleg ouufohilaue ue To (BLo
oUUPoho oTa TEONYOVUEVA XEQPAAALAL.
Optlovton tpeic Baoixéc npdiele

1. H mepfoplonoinon evég duvauxod ¢x ¢ mpog éva alvoro Y

Z dx (6.2)

X\Y
2. O mohhanmhaoiaouds uetalld 8o duvauxdy.
3. H Sualpeon uetald 8Vo Suvauixodv.

Avédoya xau ue to eldog TN xatavouric Tou £youue auTtéc ol tedlelg opllovtal SLa@opeTixd
6mwe Oa Solue otnv cuvéyeLo.

Optopdeg 6.2. Avtarroyr) Mrviuartog
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Av Bewpnbolv d%o yertovixég xhixeg X xon Y ue duvouixd ¢x %o ¢y xal Sl weloTixd
oUVOAO @R T6TE TO UNvuPa amd TNV xAixa X otny Y aroteieitar and dVo Bruata. Tibetou
€va véo duvauxd ato R, anofnxedovtac to makd (Projection).

O%’ — or (6.3)

praed

PR — Z Ox (6~4)

X\R

Tifetar éva véo duvauxd oto Y (Absorption)

Pr

e (6.5)

¢y — R
6.3.1 Ilepiypagn adyoplbuou aviarhayng unvupdteny
To Boowd Pruata tou alyopibuou elvor
e Apywomoinon
o Bioaywyr ITAnpogoplac
e Yulloyr IIknpogopiac (Collect)

o Katavour, [Tinpogoploc (Distribute)

Apywxonolon

Kdébe uetafinty V' avatifetol oty xhixo mou meptéyel 6houg toug matépeg tne. Metatpé-
TouUE TO duVoUXS TNe avtioTolyne xAixac éotw X we edric

77/})( — ¢XP(V|P(lv) (66)

Evcaywy? IIknpogogiog

Ewodyovtar ta otiywdtuna yia Tig LetaBAnTtéc mou elvan yvwotd. Eaptdton and tnyv xo-
Tavoury xau Ba to meprypddouvue otic Mapaypdgpoue (6.3.2, 6.3.3).

Yulroyr IIAnpogoplag

Kdfe xoufoc (xhixa) agpol éyet MafBet unviuata and 6ha tor tadLd Tou 6TéAVEL UAVUUL GTOY
matépa Tou Uéypl va gtdoouue otny plla tou dévtpou. Tdpa n plla meptéyel TNy owOoTH
and ®OLVOU XATAVOUT TWV UETABANTOV TC.
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Katavour ITAnpogoplag

Kd0e x6upoc agpod Adfer urvuua and Tov Tatépo ToU GTEAVEL UAVUUA 0TA ToLdLd TOU UEypL
va evnepwloly 6l ta @Ulha. Metd ot To deUtepo Tépaoud €YOUUE EVOL OUVETES GUVOETIXG
dévtpo . Kdbe Suvaund xAixac B dtaywpelotinol cuvolou TEQLEYEL TNV OWOTY ATO XOLVOY
XATAVOUN TWV UETABANTOV TNC.

Ogf6tnTa Tou oyNuatog

Devixd n anddelln tne opbdtnrog elvat apxetd dvoxohn. Ilpdtec anodellelg Arav oe unome-
pintdhoelc Bayesian dixtbwv énwe polytrees [34]. Qotdoo 1o yeyovie dt avatifetar xdfe
Tapdyovtac P; oe ula uovadur| xiixa pag eCaogaiiler 6tu dev unohoyiletal napandve ond
600 mpénel Thnpogopla. Enlong, n Biétnto twv cuvdetixdy dévipwy, eacpaiilel 6T 4Tav
dVo unodévipa oTEAVOLY Urvuud o évay x6ufo, 1 TAnpogopia cuvdudletar owotd. Mia
anddelZn tou Lauritzen-Spiegelhalter oyfjuatoc Siveton oty epyaoio [59].

6.3.2 Boaowéc npdlelg otig tohuvuuxés (multinomial) xoatavouég
To Suvauixd elval mivaxeg mou repéyouy v mhavétnTa Yo To aviioTolyn avdlbeon TLudy
TOU GUYOLOL LETABANTOV TOUC.

Ewcaywyy mAnpogopiog

"Eotw 6t éyovue Ty nopathenon 6t wa wetaBinty V malpver tny twur v. Do va etooy Oet
auTH 1) TANEOYOopla 6TO GUVBETIXO BEVTPO apxel o ula xAlxa Tou mepteyel TNy ueTaBinth V
va UndevioTtoly oL TWES 6To Suvaixd Tng xhixag émou V' # v. Katd tnv @don tng ouhhoyric
xal TS xoatavounc auth 1 tAnpogopta Sladidetat ato dévtpo, Yio autéd dev ypeeldleTal va
etoay el 1 mAnpogopla oe dhec T xAixeg and Ty apyH.

Ilepbwpronoinoy
'Eotw o nivaxag mou teptéyel Ty amd xolvol xatavour] Twv dtaxpttdy uetaBintdy (X, Y, Z).
Téte 1 meplfoplonoinon wg mpog Ty wetaPAnth Z oplletar wg ehc
rz
P(X,Y)= > PX)Y.Z2)=) PX)Y,Z=z)
(X,Y,2)\Z i=1

6mou 1z 0 apluds Ty THVOY TWOY Tou Z xat z; 1 i-ooth mbavi] Tyuy.

IToMarAaoiapds xow Avaipeon

"Eotw d0o oUvoha dtaxpttyy petofintdyv X xou Y ue avtiotouya duvouxd ¥x xol Py
Oplletar cav moAhamhaotacud to duvauxd Ue obvoro yetointov V =X UY émov V; =
Xo—i % Yy xon @ = 1...r,. H dalpeon ylvetar avtiotolya ue tov nolanhactaoud.
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Yuppixvewon tng thnpogopios (Evidence Shrinking)

H ouppilxvworn tng mhnpogoplog elvat pia BeAtiotonolnom 1oy YuvSeTindy dévipwy Ue Slo-
%ELTéC LeTofANTéC Wote va ueltwbel 1 SLoTaon TV XAXOY xoTd TNV ELOAYWLYT TNS TAY-
pogoptac. T mapdderyua ag unobécouue 6Tl €youue uta xAixa C' ue duadixéc dtaxpLtéc
uetafintéc X, Y xav Z. H didotaon tou duvauxol elvon 23 = 8. Yrofétouue tdpa 6TL
€youue TNV Thnpogopla X = 1 xor Y = yp. Av undeviotolv oL avtiotolyeg TLEC 0TO duVa-
uxd 16T U6vo dvo Tée Oa elvan didpopeg Tou undév. Ov umdroneg anid Ha Stadoboty 6To
OEVTEO Ywpelg Vo ETNEEGCOLY TO ATOTEAECUA, ATAd ETBUPUVWYTAC TO UTOAOYLOTIXG XOGTOG
Tou alyopifBuou. Autd mou yivetar elvon 1 oupelxvworn Tou Suvauxod Gote to uéyebog Tou
va uetwbel oto mpayuatixd w@éluo, oto topdderyua pag avtl yua 8, yivetatr 2. H Siagopd
elvol 6L mpénel va ewoayfel n Thnpogopla oe xdbe xhixa mou meptéyel T UeTABANTES Yia
TI¢ omoleg €youue TAnpogopla, Gote va TpoxUdel Eva ouvdeTind 8EVTEOo Pe 660 Lo SuVATO
ueLwUEVES xhixec. XNy ovala xdle puetaSAnTy yia v omola €youue Thnpogopia agatpeitol
and o 8évipo, uetdvovtog €tal Ty dudotaon Tou npoliiuatog [60].

6.3.3 Baowég npdeig otny Gaussian nepintwon

Kavovixd Xoapaxtnenotixd

'Eotw 611 éyouue yia %80 x6ufo V oty yevu meplntowon wa und cuviixn xatavouy,
oVugpova ue v (4.13) €youue:

Flalz) = ¢~ exp[—g ((x — i~ BT2)'S e — i~ B2)], (6.7)

[o va oplotoly ot Paoixég npdlelc mpénel va Yetatpanel oe xovovixt wopgr. H xavovuxy
wop®Y| yiar pia Gaussian xotavour Yed@eTal YEVLXE WC:

1
f(x)=c- exp[—i(:erKx +hTx + g, (6.8)
6mou K, h xat g ovoudlovtar xavovixd yopaxtnpiotixd. H oyéon (6.7) unopel va ypapel
oe:
sl =eani—3 (o =) (s e )
x|z) = exp[—=
P Ut ) st BT |\ 2
S |
O Sy | 6.9
+<:r Z)<—BZ—1/I> S X+ logdl, (6.9)
6mou ¢ = (21) /2|52, Onde TEOXUTTEL TO GUVORD TWV XAVOVIXGY YOGUXTNOLOTIGY
1

9=—5 'Y i+ loge, (6.10)

Iy
h— S (6.11)
—BY i

E—l _E—IBT
K = < Byl py-ipr ) . (6.12)
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Ewcaywy? twv dedopévwy

'Eoto 1 mapathenorn 6t wa uetafBintd Y nalpver ty tiuy) y. Auté €xel cav arotéheoua va
uetwbel 1 SidoTaon Tou YdEOU TV PETUBANTOV XaL TEENEL Vo eVNUEpOGOUUE xdbe duvouxd
mou meptéyel Ty Y. To véo duvauxd elvar

. 1 1
¢*(x) = explg + hyy — §yTKyyy) + 2" (hy — Kxxy) — §xTKXXx}. (6.13)
Enouévwe unopodue va oploovue to véa xavovixd yopoxtnplotixd, ¢ = (g + h;‘jry —

%yTKyyy), iL = (h$ — KXXy) prded f( = KXX-

IToM\anAaoclacuds xal daipeom

Hpdta enextelvovtar tor 3Vo Suvauixd 6Tov BLo yOEo UETUBANTOVY TEochéTovTag oTiC Xa-

TdANheg SlooTdoelg Undevixd xat utohoylleTol i TOV TOAATAAGLOGUO
(91, 71y K1) * (92, ho, K2) = (g1 + g2, b + ho, K1 + K>),
xaL avtioTolyo ue — yia tny Slalpeo.

Ilepbwpronoinom

'Eotw éva duvauxd ¢y oe €va olvoro uetaSintedv W. Mropolue va utoloyloouue to
duvauxé evog utoocuvorou V- C W e neplmplonolnoy, tou SnAdvetal we ¢y = ZW\V Ow.

h K, K
'Eotow y = h , h = ) oxon K = MR ) umopel vo SeuyBel 6t
Y2 h2 Kgl KQQ

/¢ yiys ) ldys = $ly=; 9, h, K], (6.14)
6Tou ]
g=g-+ 5( log(27) —log |Ku| + ki K{ 1), (6.15)
h=hy— Ky Kii'hy, (6.16)
K = Koy — Ky K['K15. (6.17)

Evpeomn duvopixd petafAntdy nou elvat didonaptes 6T0 3EVTEO

Ytov akydplfiuo avalhtnone onwe nepiypddoue oe xdbe enavdhndr dnulovpyeltol €va véo
dixtuo pe ula wévo akhayy 6to TEEYwV dixtuo. Auth 1 ahhayy unopel va elval elte mpod-
obfeon ulac axure, elte agalpeon elte evarhayyr. Autéc ol mpdlelc €youv cov anoTENEoUA
Ty ahhay?) evog B 1o Tohd 800 Tomxdy xatavouny. o va allohoynbel To véo dixtuo mou
mpoxUntel mpénet va Ppefoly o avauevouEVa ETAEXY CTATLOTIXG TNE VEUS 1) TWV VE®Y Xa-
TAVOU®Y ToU TEoXVUTTOUY. Autd entTuyyaveTal UE XATOLES 0AAAYES GTO GUVSETIXG BEVTPO.
H yevurr) 3éa elvar va aviixatactaboly ol elhmelc Tuuéc Ue TS avaevoueves TWWES xd0e
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XATAVOUNC TOU TEOXUTTOUY and TO GUVETES GUVOETIXG dEvTpo. Av 1 véa xatavour elval
unoeUvolo e maAde (autd cuufalvel ue TV Starypapy) xdmolov TaTépa), TOTE Ta TEEYUTA
elvol oyeTxd anAd. XTo duvoulxd Tou BEVTRPOU Tou TEPLEYEL TNV xaTavour Tou xoufou, yi-
vetal meptiwplonolnoy otic uetafBintéc mou Sev eugavilovtal oty véa xatovour. ‘Otav
oL yetaPintéc elvon Sudomapteg oe Sudpopec xAixeg to BAuata mou axohoufolvtar elval ta
elnc:

o Xpnotuonoteltal To EAGYLOTO UTOBEVTPO TOU TEQLEYEL OAEC TIC UETABANTES EVOLUQERO-
VT0G¢, ONAUdY AUTEC TOU TEQLEYOVTAL GTNY VEXL XUTAVOUT.

o Lo xdbe @liho Tou véou dévtpou, yivetal meplimplonoinon otic uetafSAntéc Tou dev
TEPLEYOVTAL OE AUTEC TOU EVOLAPEROVYTOC OUTE OTO LAY WELOTIXG GUVOAO TOU %xOUfou.
2Ny ouvéyela av ¢ To SuvaULx6 Tou PUAAOU xaL P NS xhixag mo xovtd otny eila,
T0 Vé€o duvauxd P g xhixog mou elvar o xovtd ot plla TpoxinTel we:

AL
Vs

61OV Yg €lVaL TO SUVALIXG TOU BLY WELOTIXOU GUVOAOU.

W (6.18)

o Agarpodvtar ta UM and To dévTpo xau emavahauBdvetal 1 Stadixacia €ng 6Tou 1

otla va mepLéyel udvo Tic weTafBANTéSC evOlapépovToc.

To duvaixéd Tou TPOXUTTEL ARG TNV TAPATAVE Stadixacia EYEL TLC AVOUUEVOUEVES TUUES TNC
VEOC XATAVOURC KOS TEOS TO TREY oV dixTuo.

6.4 YPpuwuxr neplntwon

Hapaxdtw Oa napoucidoouue To TpdBinua Tne cuunepacuatoroyiog ot uBpdixd dixtua dr-
A1) oe SixTua Tou TEPLEYOLY TGO dlaxplTéc 600 xat ouveyelc uetafintéc. Ilply tepdoovue
OTNV TEPLYPAPT TPETEL Vol 0pLoToVY dU0 VEES EVVOLEC

Optopés 6.3. Ioyupd Xuvdetixd dévtpa (Strong Junction Trees) Av Juvdetxd
dévTpo e xhixec C xal plla R € C tétolo OoTe v Ghec TLC YELTOXES xAixee, C xat D ue
C xovuvdtepa otny plla, Té1E Loyvel

S=CNDCA, (6.19)

N

D\C CT, (6.20)

6mou A T0 6UVOAO TV dlaxplTdyY YETABANTOY xat I' twv cuveydy.

! 4

Oprouds 6.4. YBpuduxd duvaptxd Ou xatavoués autéc Tepléyouy 1600 cuveyel 660 xal
Sraxpitée petafantéc. o xdbe mbavy avdfeon twrc ¢ tov Swoxpttdy uetaintdy Y, n
XATAVOUT] TV GLVEY®Y UeTABANTOY X elvan ulor Gaussian xatavoun mou €yel TNV Lopy

FXY =) = N(X, p(z), (1)), (6.21)
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6mou (1) o 3(i) To oo xat o mivaxag oupueTaBAntétnTac oty i-ooth nhavy avdbeon
A /. /.
TWOV TOV JaxXpLTOY UETUBANTGY Y.

Yrdpyouv 800 yvwotol akydpifuol nou Baoctlovtar oe Yuvdetind dévipa yia Tnv uPpL-
duxt| mepintwon. O npdtoc ahydptbuog [61], elvar oty ousla elvar enéxtaon e ouveyolc
Teplntwong mou eldaue TapATAVW. YE aUTH EYOUUE EVAL GUVOAO XOVOVIXDY YAQUXTNOLOTL-
%GV v %80 Sttt . H udvn mpdén mou €yel Slagopd and to mopandve elvol 1
neplfoplonoinon yio uLor Staxplty) Tuh 6ToU To UEGA XOL Ol TUVAXES GUUUETIBANTOTNTAC
Tou Suvauxoy e£opTOVTaL and AUTHY TNV UETABANTY, dnhady) xdmola cuveyelc UeTABANTY
TN XA €Yl TATERA OTO YRAPNUI TNV GUYXEXPUIEVT) SLoxELTh UETAPANTA. Xe authv Ty
Teplntwor mpoxUnTel wia Yewxt Gaussian xatovour):

Do gi) = 3w x Qs uli), B(0). (6.22)

Ondte mpéner va xpatnfel pla Alota and dpouc. H meplfwplonoinon dhwv tov cuveydy
ueTafANTOV Oa mpémel vor yiveTat TpLy amd auTh ToV SaxElTdY and TS onoleg eEAPTMOVTIL.
Auté urnopel va emteuylel av xotd TV xotaoxedn tou Luvdetixol 8évipou Sloypapoly
TpdTa oL ouveyelc UeTABANTES xaL oTny cuvéyeta oL Staxpttéc. Mo tétola oelpd Sty papric
ovoudletal LoyueY| TeLywvorolnot xat odnyel oe Loyued cuvdeTind dévtpa. (loTéo0 dev
unopel va arogeuylel 1 tapamdve neplntwon yio TRV edpeor tne Teplwelonolnong Ueto-
BANTOY mou elval UToGUYORO ULag xhixag ¥ UETABANTOY Tou dev avixouy ot ula UGvo xhixa.
H »haowr tpocéyyion elvat ) ouyywvelor tng uextrc Gaussian xatavourg o k ototyela.
o k=1 mpoxdmrel:

pi) = > pii), (6.23)
i) =Y il i)l 1)/p(i), (6.24)
S(0) = D86 0)pG0,9)/p(0) + Y (G, 5) = i) (i 5) = i) pi 5)/p(i)(6.25)

H ornola elvar 1 xahitepn npocéyyLon ue Bdon v andotaor Kullback (KL) [62]. Xtnv na-
PATEVW TEOCEYYLOY) €Y0UY EVTOTLOTEL XxdToleg aptBunTixéc aotdbeleg mou ogelhovTal xuplng
OTNV UETATPOTY GE XAVOVIXA YOpaxTNenoTixd xor aviiotpogo Twv Gaussian xatavoudv.
T v enthuon autod Tou npofhiuatoc ot Lauritzen xau Jensen [63] npdtetvay éva véo
oYU TOU TEQLYPAPETAL TULUXITE.

6.5 Tomxol otabepol vnoloyiopol (Stable Local Computations)

[o tv entivon Tou TeoPAAUATOC TwY aptBunTxdy aoTtabeldy Tng Tponyodueyne Tpooéy-
vione ou Lauritzen xou Jensen [63] avéntulav éva véo oyfua tou Baoiletal 610 xhaowxd,
e dddoone unvupdtwey (Lauritzen xou Spiegelhalter) addd tor Suvauixd xan tor unviuato
Tou yenotuonolody elvar apxetd Stagopetind. Ilpdta mepiypdgouue ta véa duvauixd xou
oTNY oLYEYELX TIS Paoixeg hetToupyleg Tou oyfuaTog.
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6.5.1 Yné ouvbhrixeg Gaussian (CG) duvouixd

210V ahy6pliuo TOU TEQLYPAMETAL GTTV GUVEYELDL YeNoLloTotouvTaL oL utd cuviixec Gaussian
xatavouéc (CG) mou mpwtorapovotdotnxay and toug Lauritzen xor Wermuth [64]. Oa tig
neptypddouue ev ouvtoula. Ileploodtepes minpogopleg mapabétovtar otny avagopd [61].
"Eva CG duvauuxd avarnapiotdtar wc ¢ = [p, A, B,C|(H|T), étouv ye (H|T) dnidveta
7 dlauépLoT TOU GUVOAOU TOY GUVEYMY UETABANTOVY ot XeQuhy) xal oupd. Anidvovtal ol
uetafBAnTéc g xepaiic Ue Y xan tng oupdc pe Z ue dlaoTAGELS T xaL s avTioTolya. Eva
omolodhnote 6Uvoho ThAVOY TIUGY Yo TIg SLaxpltés UeTaBANTéS Tou Suvautxd dnidveTol
ue 7. 'Etol xdbe duvauxd, €yel €val 0UVORO GUVEYDY UETABANTOY, XEQUAAC X0l OURd, TOU
xdmoo and autd unopel va elval xevd. LNy TapaTdve avoTapdoTAGT) EYOUUE

o p={p(i)} n mbavétnra tng daxpltrc TS i OTWS XAl 6T0 «GUVNHLGUEVOY dlaxpltd

duvauxo.
o A={A(i)} évac nivaxac and r x 1 Staviouata.
e B={B(i)} éva olvoho anb r X s nivaxec.

o C ={C(i)} éva alvoho and r X 1 Betxd NULOPLOUEVOUS GUUUETELXOUS TVAXEC.
To Suvauxd tou avanaptotdtol and ¢ = [p, A, B, C|(H|T') xabopllel tny CG nakivdpdunon
P(I=1i)xp(i), LY|I=1i7Z=2z)=N,(A)+ B(i)z,C(i)) (6.26)

Enéxtaorn xou peiwon

‘Eva CG duvauixd unopel va enextabel npoohétovtac Staxpitéc 1) ouveyelc uetof3intéc
oty oupd Tou. ‘Otav mpootifevtar dtaxpitée uetaPintée, anid whetar p*(i,j) = p(i).
'Otav mpootifevtol cuveyelc uetaSAnTéc 0Ny ovpd, enextelveton o B nivaxag npocétovtag
uUNdeVIXd 0TS OTAAEC TOU AVTLOTOLYOUY OTLS VEEC UETUABANTES TNEG 0LPJS, OTOTE TEOXUTTEL
évoc véog Thvaxac
B* ={B(i): 0}. (6.27)
‘Ouota, av o B éyet othleg mou €youv uovo undevixd tdte umopolv va agatpeboly ol
UETUPBANTEC TNG 0URPASC TOU AVTLOTOLYOUV 0T OTHAES We Ta undewxd. To Sduvauxd mou

TpoxUTTEL OVOoUdleTaL EAdyLoTO.

Ilepbwpronoinom

'Onwe xat 670 apywd oyfua 1 teptiwplonolnor evog Suvaulxol oplletal ot pepixéc U6Vo
TepLnTOoeLC XL exlong oL teplwplonolnoelc ndve oTic ouveyelc uetafintéc unoroyllovtol
Tewv T teplwplomolnoelc Tdve oTic Staxprtéc. O mepliwplomolfoels Tdvw oTLC GUVEYELS
opilovton ubvo oe petafintéc tne xegahhc tou SuvauxoV. To Suvauxé [p, A, B, C|(H,T)
«ndew 0¢ eENg

B,y Cnn C12

A) g ,C = (6.28)

H=(H, Hy) A=
( 1 2)7 A2 J B2 021 022
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TOU AVTLOTOLYOUY 0Ty dlauéplon Tng xegahric oe dUo unocUvoha uetaBAntdy. H nepifio-
plonolnom tou ¢ oplletal wg e&rg:

¢t = [p, A1, By, Cui) (Hy|T) (6.29)

Autéc ou neplbwplonolfoeig ovoudlovial toyupés xafdg aviioTolyoly 6Tov UTOAOYLGUS
TOV XOUVOVXGDY TEQLHWELOTOLACE®Y TwY avTioTolywy utd ouvbrxn Gaussian xotovoudy.
'‘Otav 6heg ot petafSAnTéc and v xeorr €xyouv agaleelel tdTe UTopoly va agalpeholv ol
ueTafBANTES 0LRdC oL TEOXUTTEL EVal GLYNOLOUEVO SLaxELTd SUVALXO.

Ou meplbwplonotioelc mdvw oe dtaxpltée uetaBintée opllovtal udvo av 1 ovpd elvol
adela, omdte dev €youue xol tov mivaxa B. Téte n neplwpiomoinon tou CG Suvauixos
¢ = [p, A, —, C|(H|—), ue ovvoho Saxprtdy petafBintodvy dwueptouévo oe U U W, ndvw
oto W optletar we e€nic:

oM = [p, A, -, Cl(H|-) (6.30)

OToU

pliv) = ), (6.31)
1

Cliy) = ﬁ(;U)Zc(i)+[A(i)—fl(iU)HA(i)—zzl(iU)]Tp(i)» (6.33)

émou i = (iy, tw). Auth n neptboplomolnon, 6nws Hd1 éyouue avapépet, ovoudletal aclevic
xau elval uta mpooéyylon tng uwewxthic Gaussian xatavournc.

‘Auecog ouvduaowog

O dueocog cuvduaocuds optletar yio ouyxexpluéva (euydpla SUVaUXGY XL autd dlagopo-
notel to oyfua and ta undpyovta. O duecog ouvduaoude dbo Suvauxdy ¢ = [p, A, B, C|(H1|Th)
xou P = [q, E, F, G](H2|T,) opiletar uévo av n toun tne xe@ahic tou deltepou duvouixd

UE TO GUVOAO TV GUVEY®DY UETABANTOV TOU TpOTOU elval xevd oUVONO:

HyN Dy =0 (6.34)

E3¢ mévta unobétouue 6t T duvauixd elvar ehdylota. Av 1 ouvBrinn (6.34) wavorotelta,
TéTE emextelvovTon T Suvauxd HoTe Yo TIC enexTdoelc va toyVel Th = Hy UTy. Autd
emtuyydvetal enextelvovtac ™y oupd Ty we Ty U (To\Hy) xou tnv oupd Ty pe Ty U Hy UT].
Yy ouvéyela, dtaueptletar to F oe F = [Fy : Fy| 6nou Fy (ry X 1) mou avuotolyel oto

Hy xou Iy (2 X s1) mov avtwotolyel oto 1. Téte opiletar o duecoc ouvduaoudc we

[p7 U7 V7 W](H‘T) = [pa A> B7 C](H1|Tl)®[Q7 E> F> G](H2|T2) (635)
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p = g (6.36)

A
U — 6.37
E+F1A>’ ( )
Vo B ) (6.39)
F,+ I\B
C CFT
W = ! . 6.39
ﬁx7G+ﬂm?> (6.39)

Autéc o ouvduaoudc avtiotolyel oty cuVNilouévr 6Uvlear UG cLVOTXT XaTAVOUMY. X1-
UELOYOUUE OTL oV UTdpyouy To p®1Y %ol YX¢ tdHTE elvon toodivaua. Erlone o duecoc
oLYBLAOUOS LXavOTIOLEL TNV WOLOTNTA

(dev)on = ¢e(den) (6.40)

2 4 4 7 ! 2 ! 4
ue Ty évvola 61t av optlovtar xat ot 8o cuvduacuol, To anotéheoua fa elvar to do [65].

YuunAneohuoto
Av 1 xepadd evée CG Suvauxd ¢ = [p, A, B, C|(H|T) dapepiletar we

Al B, 011 C12
H=(H,, Hy), A= B= C= 6.41
( 1 2)7 <A2 )7 <82 )7 <C21 022 ) ( )

xat [p*, A1, By, Ci1|(H:|T) elvan m toyuph| nteptbwplonoineyn tou ¢, téte opiletal 1o ouunii-
ooua QYT e [q, B, F,G)(Hy|H, UT) émou

qa = p/p’, (6.42)
E == AQ - CglcﬂAl, (643)
F = [Cglcﬂ . BQ — CmelBl], (644)
G = 022 - 0210;1012. (645)
6nou C; o devdd-avtiotpogoc tou ;.
Loy el
p, A, B,C|(H,T) = [p", A1, By, Cu](H1|T)®lq, E, F, F|(Hz|H U T). (6.46)

H armocivieor tou duvauxd oe neptiwplonolnuévo ol GuUTAHpwUo avTioTolyel emaxpl3og
oTny arocuvbeor Tne xatavounc thavotntoc otny teptbwploTolnuévn xal TNy Uté cuvix
AUTAVOUT.

Avadpoutxds ocuvduaouog

Ynyv ouvéyela opiletal évag mo Yewxdg ouvduaouds Twv CG Suvaulxdy. Autéd arattelta

Yo TNV apyL@oTolnoT Tou Teplypdgetal oTny ouvEYeld. Oewpolue Al dUo duvouxd ¢ =
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[p, A, B,C|(H,|Ty) xo ¢ = [q, E, F, G| (Hs|Ts). Av HiNHy # () o cuvduaoude dev oplletar
Tpog To Tapdy. Av 1) Tour| elvan xevi|, o cuvduaouds oplletat o

@Y = PR 1 pRY =1 ® ¢. (6.47)
av optletal €0tw €vag and Toug 8Uo dUECOUS GLUYBLACUOUS TV dEELOY Ueh®dY. Av opllovtal
xat oL 8Yo, oL cuvduacuol elval lodbvauol. Av xavéva and ta dlo dev oplletal, mpénel va
Loy VeL

H, N Dy # () xow Hy N Dy # . (6.48)

'Eotw Dys = Hi\Dy xav Dy = Hy\Dy. Av xou ta dbo elvan xevd t6te 0 ouvduaoude dev
optletar. AMde anoovvtifietal xdnolog napdyoviag, T.y. o ¢ av vrnotebel 6tL Dig # 0,

¢ = ¢1(D1\D12)®¢|(D1\D12) — ¢’®¢”’ (649)
xat yivetal Tpoondfela vor GuVSUAGTOUY To ¢ XoL 1P w¢ eENC

$@ U = (¢ @ V)¢". (6.50)

Auth 1 e€lowon unopel vo Oewpnlel avadpouwx?) ue v évvola 6TL 1) Sladixacia mou me-
oLypdnue emavohauPdvetal v to (¢ ® ¢), evd o duecog ouvduaouds oplletal and

HUTAOHEUT.

Yuihoyrc mAneogoplag

"‘Otav éva uvuua otny @dor culhoyhg otehvetal and uia xAixa C oe ula yertovuxy) tne D

Tpog TNV plla, ue Saywetotixd ovvoro S = C' N D, ta duvauxd ¢ otov C xon ¢p otny
Z H * *

D aarélouv xat yivovtal ¢ xal ¢, Ue

66 =05, O =obp ® o8 (6.51)

7/ * /7 Ié / ’ / 7

6ToU ¢ To cLUTAPWUA TOU ¢¢ UeTd and Teplimwplonoinon oto daywpeloTind clvoho xal
@7, UE oUVBLOGUSG TOU dEYIXoU duvaulxd ue TNy Teptbwplonoinor tou ¢go. H anddeln 61l o
ouvduaou6e elvan xahd optouévog divetal otny avagopd [63].

Kotavour ninpogoplag

‘Otav éva ufvuua 6ty @don xotavoung otéivetal and ula xAlxa C oe ulo yertovxn g
D poxpitepa and tny ella ye Staywelotixd olvoro S = C N D, éyel Adn AdPel urvuua
and tov yeltova tou mpog TNy eila. Kdvouue tnv undleon 61l to Saywplotixd Suvaulxd

S" mpog v pila neptéyel Ty acbevi teplinplonoinom Tou Suvauxol

bs = ¢ (6.52)
‘Otav otéhvetal €va uRvuua, €va véo duvauxd dnulovpyeital ¢g oto S. Ilpdta utoloyi-
Cetar 1 aolevic meptboplonoinon tng xAixag C

¢ = peRdc. (6.53)
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Y1y ouvéyela utoloyilouue Ty Teplfnplonolnon kg Tpog To SlayweloTixd 6UVoAo
¢s = (') =o', (6.54)

O ouvduaoudg elval xahd oplouévog eneldy) UeTd TNy @aorn cUAROYNS, To CUUTATPWUATIXS
Suvouxd amofinxedtnxay otc xAixeg, dpa 1 TouR NS XEQPaAiC Tou ¢c xaL tou S’ elvat
%ev6 alvolo, xat ot (aofevelc) neplbwptonotioels elval xahd oplouéves agol 1 oupd Tou
P TEPLEYETOL OTNY XEYAAY TOU g TOU EYEL 6aY GUVETELL 0 ouvduaouds (6.53) va Eyel
xevt) oupd. opdho mou oto [63] emhéyetar va uny amobnxedouue e (mbavde acbevelc)
TEPLOWELOTONGELS GTA BUVIUXE TV XAXGY, euelc emthéyouue va To arobnxedovue yiotl
yivetal mo elxohn 1 dwayelpion Tou Thnpogoplag 6w Ou dolue ota cuvéyeLa.

Ewcayoyy IIinpogoeiog

H Swiyelpion tne minpogopiac yivetor uetd v apyxorolnon (@dor oukhoyic). H dia-
Yelpion tng dtaxpitic TAnpogoplag yivetar émwe ouviBong xal ypetdletar vo etoayfel 0
mhnpogopla Yo xdfe uetaSAnty uévo oe ula xAixa mou meptéyel TNy avtioTolyn UeTABANTY
. T Tig ouveyelc uetafintéc ta mpdyuata elval xdnowg Stagopetixd. [lpdta 1 mhnpogopla
npéneL va etoayfel oe dhec Tic whixec mou meptéyetal 1 uetaBinth. Enlone oto [63] éyovue
TOV JLAYWELOUO, oV 1) UETABANTY TEQLEYETUL OTNY XEQAAT 1y 6TNY oupd %xdbe Suvauxd. AMNG
6Twe emAéloue euelc va xdvouue TNV apyLxoTolncT OAeC oL UETABANTES TEPLEYOVTAL OTIC
XeQUAEC TV duvauxd. Ondte Bo eletdoouye uwévo authy Ty mepintworn. H opbdtnta
arodewxvietal oto [63].

'Eoto 1 uetaBAnty Yy eugaviletol ye twun yo. Ewodyetow oe 6ha ta duvauixd to omola
uetatpénovtal oe ¢ = [p*, A*, — C*|(H*|—), émov n xepahfy H* mpoxintel ye agalpeon
e Yo . Awaxplvovtol tépa U0 TEpLITOOELS

1. Av urndpyel j dote Cy(j) = 0 xar yo = As(j), tihetar yio xdbe i

xau v xdfe p*(i) > 0 tifeton

A™(i) = Au(2), €7(2) = Cua (9)- (6.56)
2. Adde

— 2D exp[—1(y, — Ay(4))?/Coali v Cga(1

p*:{ e x5 (v — 42(0))*/Coa(0)] Ay Cali) #0 } 657)
0 AXNLoe
xat yioo xdfe p* (i) > 0 tifetan

A™(i) = A1 (1) + Cra(i) (y2 — A2(4))/Ca (i), (6.58)
C* (1) = Cu1 (i) — Cr2(i)Ca1 (i) / Caa(2). (6.59)
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KEDPAAAIO 7

[IEPITPA®H [IPOXEITIZHY

7.1 T'evuxd
7.2 Edgeon ML 4 MAP noapauétony

7.3 Avalrtnon xar aloddynor utodmeloy Sixtdny

7.1 Tevixd

Ye autd TO XEQPIAOLO TEPLYPAPOUUE TOV ToEdAANAO ahybpLhuo Yo Ty elpeoT) TOU XaAUTe-
pou Bayesian Suxtdou and ta dedouéva mou avarntilaue. H oeiplaxd vhonolnon Sev elval
anodotixy vl TV elpeon UEYIAwY SIXTUOY TOU ElVAL X0l 0 OTOYOC HOC. LMUELOVOLUE
OTL OTY) TPEYOUOA TPOGEYYLOT) OEV ELOAYETAL €X TWY TRPOTEPWY YVOOTN Gty dour| Tou di-
xTt0ou. O eupetindc akydpliuog elval xowog Yo GAeC TIC TEPLTTOOCELS XAl TEQLYPAPETAL
oTNY TapdYpapo 7.3.

IapdAAniog K-NN yio avdxtnor youévey LGy

[Mpdta mpooeyyllovue Tic elhmelc Twwéc xdvovtac yenon tou K-NN oe uo moapdhhnin
uopgn. Av €youue P enelepyaotéc xar K ehnelc Tiwég t6te avabétouue oe xdbe eme-
Eepyaoth K/P ehnelc TLpéc Tpog avdx o Ye Tov xAaooxd alybplliuo tou neplypddape
otny napdyeapo 3.2. H Swaducaoctio elval mohd amhy), oyetixd yefyoern xal €yel uehetnetl
extevde otny Pihoypapla [27], ondte dev mapabétoupe metpduata oo qUTHY TNV dladixa-
ola. H avdxtnon yauéveyv tudy ue SVD €yel uhonounbel oelpraxd.

Oupadonoinor

Av 0 aplBudc Twv YeTafBAnTdy elvol ToAD ueydhog uropel va uetwlel, ypnowworoldvtog Le-
popyxr ouadorolnor oe mapdAAnhn wopt|. ‘Onwc avagépaue otny Topdypago 3.3.3, ot
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ANyépibuog 8 Ilepiypapt) TlapdAinine Iepapyixfic ouadonolnong

1. Ye xdfe enelepyaoth avatifevtal vy urohoyioud (C * C)/P anootdoec émou C o
apLBude ouddwy xar P o apliudc enelepyaotdy.

2: O xdfe enelepyaothic uTtohoyilel TiC ATOOTAGELS TOU TOU €YouV avaTebel.

3: Avoxataoxevdletor o nivaxac atooTdoewy and TI¢ anooTdoele Tou €yel unohoyloel o
xd0e enelepyaotic.

4: Xpnowonoteitor napdihnhog quick sort aiydelduog yia vo Peolue Tig ouddeg Ue T
ULXEOTERT) ATOCTUOT).

5. O xevtpxoc eneepyoaotic anogacilet yio Tic Véeg ouddeg xal ouveyilouue 6To Brua
1 uéypL va mpoxtdel pia ubvo oudda.

xdfe enavdindn e Lepapyxfc ouadorolnomne Teénel Vo PTLAEOVUE €va TivaXa aT00TACERY
ueTal) TV ouddwy. Xt mpdto BAuato 6Tou oL ouddec elvol mhpa TOAAES, TO UTOAOYL-
0TX6 X607T0¢ EUPEGTC TOU TUVAXA ATOGTACEWY Elval UYNAS xau ulo TapdAnAT enelepyaotia,
emtoyUvel Ty dadixaota. H dwdixaoia teprypdgetar and tov ahyodpbuo 8. O akyodplbuocg
K-means éyel vhonoinfel oetpaxd.

AvTipetdniom yia TAver dedouéva

Av to dedouéva pag elvar mAvern, B €youue emhélel va o avaxthoovue pe K-NN té7te
€youue 11 SuvatotTnTa Vo emAéEouUE UETAEY GUVEYMY XaL SLaXELTOV UETABANTGOY. TNy
TeplnTwon Twy SLaxetTdV UETABANTOY €Y0VUE Ul ETLAOYY YO TNV XATAVOUT| TNS TUXVOTHTOC
mhavOTNTAC, TNV TOAUWVUULXT XATAVOUY. TNV TEPITTWON TWV GUVEYDY UETIBANTOVY 1)
xatavouy| pag etvar uia utd ouvlrxn Gaussian xatavour Ue Yevixr uop®n

p(z|PA;) =c- exp(—fiz(x —pn— f(PAY))Y), (7.1)

émou ¢ elvan ula otafepd xavovixonolnong xat f(PA,) 1 ouvdptnon yua toug natépes PA,
Tou z 6710 povteho. Ot emhoyéc yia Ty f elvar morréc. O PacixdTepes xal AUTEC TOU
Yenowonoloaue 6to cUoTnUa Mag elval ol e€Xg:

1. T'pouuixd 1 ToAuwvuue,
2. Neupwwxd dixtua [66],

3. B-Splines [22],

4. Radial Basis Kernel [67].

Av 1 f elvar ypauuixy, éyouvue v yeauuwxr Gaussian nepintworn. H edpeorn tov nopo-
UETEWY TOV TOAUWVURIXOY xal Ypouux®dy Gaussian xatavoudy yio mhvjer dedouéva Eye
TepLtypagel otic mapaypdpoug 4.2.1 xon 4.2.2. T Tic uTOAOLTES TEPLTTAOOELS YLo Vo Bpovue
TIC TOUEAUETEOUC IOV UEYLOTOTOLOUY TNV TLhavogdyveLld, yenoldonotfoaue YvwoTtés uebddoug
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ehaytotonoinorne onwg Gradient descent, BFGS, DFP. 'Onwc #dn avagépaue n mibavopd-
velo TV 8edopévey D Sobévtog Tou uovtéhou M ypdoetal we e€ric

log p(D| M) = log / p(D|Os, M)p(©u1| M)dOss.

Xenowornowotue v Laplace mpooéyylorn tou napandve ohoxhneduatog oto onueto Our

mou ueytotonoleltar 1 mbavopdvela ondte TEOXUTTEL

log p(D|M) = Zlogp(D[@M,M) + log p(O | M) — 3 log 2w — Elog]A\, (7.2)

i=1

émou |A| n opllovoa tou Eootavol (Hessian) nivaxa, d o apludc twv nopauétpwy oto
UOVTELO.

H dwadixaota mou axorouvbeltal elval 7 edpeorn evog tonxod ueylotou tng p(D|@M, M)
Xl oTNY oLVEYELX oE exelvo To onuelo utohoyilouue tov Ecolovd nivaxo. Av ayvoroouue
TOUg 6poug Tou Bev e€apTdVTaL amd To apliud Twy dedouévwy N €youue otny oucia to BIC
uétpo aZlohéymore (o 6pog —1log|A| elvan avéhoyog tou —2log N).

o to ypauuxé uoviéro, ta veupowxd dixtua xav Ta B-Splines, ypnowonoouue
uétpo BIC. I T Radial Basis 6mou urnopoloaue va utoloylocouue avalutixd tny deltepn
TopdYwYO, yenotuonotfioaue Ty npocéyyion (7.2). T to veupwwixd Sixtua €youue oTny
oucla UL eX TOV TPOTEPOY TLHAVOTNTA GTIS TUPAUETPOUS, VA AVAXOUY GE ULOL XAYOVLXT
xatavour ue uéco 0, xau dtaomopd 1. T to B-splines xow Radial basis €youue uia ex 1oy
TpoTépwV xatavour eCoudhuvone (smoothing) yio tic napauétpouc ToU TEPLYPAPETAUL GTNV
avagopd [22], 1 onola euvoel TiC TLO OUONES XAUTONES.

AvTipetonion yia eAALTY) dedouéva

Y1y meplntwor mou €xouue eAMTY Sed0UEVA, UTOROVUE v Ta avaxThoouue pe Ty K-NN
TpocéyyLon elte va ypnowonotioouue Tov Structural EM ohydpifuo. O akydpifuog unopel
va Sty wpeloTel oto axdrovlo TuruaTa:

e Edpeon twv ML 7 MAP nopauétpwy.

Alyépibuoc avalrtnone.

AZiohdynon twy unodgnploy dixtiny

Kortaoxeu| tou ouvdetinol dévipou.

AdyéplBuoc ouunepacuatoroyiog.

H edpeon twv ML  MAP napauétpwy nepiypdgetor otny noapdypago 7.2. O aiydpelbuog
avalitnong xol allohdynone Twv vrodnelny dixTiny TeplypdpeTal oty Tapdypapo 7.3.
Tov alydpbuo cuurnepacuatohoylog Tov mepiypddaue oto Kegdhaio 6. H xataoxeuy| tou

OUVOETIXOU BEVTEOU Elval TO UOVO XOUNdTL TOU GLOTAUATOS Tou elval oeplaxd. [ €va
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ANybpibuog 9 Tevixde arydplfiuoc edpeone tne xalltepnc dounc evog Bayesian Suxttou
1: repeat

2:  Ymohoyilovue tic ML § MAP rapauétpouc tou tpéyovtoc dixtiou

3:  Bploxouue ta eguxtd (mov dev oynuatilouy xUxho) véa dixtua xor xdbe eneepyaotic
alrohoyel K/ P unodhigla dixtua 6mou K o cuvohixés aptbude twy duixtioy xar P o
apLhude TV eTeCEPYAOTOVY.

4: O enelepyaoTthc-ouUVTOVIOTAC hauPdver Ta uétpo allohdynong yio xdbe dixtuo amd
6houC TOUC eNelepYUOTECS.

5. O enelepyaotic-ouvtovotic emhéyel To xohitepo unodhgLo dixtuo ue ueyaldTERO
uétpo allordynore and To Teéyov dixTuo.

6: until No unv urdpyet utodhglo dixTuo e ueyahitepo UETPO alLONOYNOTC

puotoroyxd aplud xouPwv uéypl mepinou 200, autd dev anotelel mEOBANUA, agol TO
UTOAOYLOTIXG %H0TOC TN eUpEOTC TOU CUVOETIXOU dEVTpou elval TOAY Ulxpd ot oyéon Ue
TIc dhheg Aertoupyleg. Kdle enelepyoaotic €xel to dixd Tou ouVdeTIXG BEVTPO UE GUVETH
mdvta Suvauxd. O alydelbuoc ouunepaouatoroyiug extedeltal oe xdbe enelepyaoty yia
Ta dedouéva Tou Tou €youv avatedel.

To BAuata tou axoroufolvtar teptypdgovtal cuvonTixd and Tov akydplduo 9 xaL oyn-
uotxd oto Lyhuo 7.1.

7.2 Elpeon ML 9 MAP napapétpwyv

o v elpeon twv ML 1 MAP nopauétpwy yenowonoieitar nopaiiniior oto dedouéva.
Anhadt| «ondue» To apyxd civoro dedouévwy oe P xouudtia 6ca elvat xal ol eneplepya-

7 7 1 7 7 7 . N
otéc. Ye autéd 1o onuelo o AdYog Ty dedoudvwy Tpog Tov apliud Twv enelepYaotiyY F
Oo mpémer va elval apxetd ueydhoc dote vo undpyel aLENUEVO GPEROC OO TNV EXTEAEOT)
oe TopdAANAY wopgn. Av o Adyog elval uxpdc TéTE 1) emBdpuvon and TNV emxolvevia
UeTady TV enelepyYdoTOY UTEPXAAUTTEL TO OQEROC TNC TopaAAnAlag. Xtnv mapaAinila

exuetalhevduaote Ty aveaptnolo Twv dedouévey olugpunva ue Ty urndbeon (4.4).

N
p(DIM) = []p(DilM), (7.3)

=1
N

logp(DIM) = > logp(Di|M), (7.4)
=1
N/P 2+(N/P) N

logp(DIM) = Y logp(Di|M)+ > logp(D;|M),... > logp(Di|ML.5)
i=1 i=N/P i=(N—1)x(N/P)

Ynv mepintwon nou €youue mhhprn dedouéva xau un yeouuxd vovtéha (m.y. Radial
Basis, B-Splines xat ANN), ypnotuonolotdue xdnotov ahydetbuo Bedtiotonolnong, n napak-
Anhlo Twv dedougévwy YiVETAL 0TOV UTOAOYLOUS TNG CUVAPTNONS TOU EAUYLOTOTOLOUUE Al

OTOY UTOAOYLOUO TNE ToEAY DY OU.

70



Y1y neplntoon nou dev €youue ThYen dedouéva xdbe enelepyaothc €xel £va avtlypapo
Tou oUVBETIX0U B3évTpou xaL umoloyilel Ta emapXY OTATIOTIXG YLo TO 6UVOAO Bedouévmy
mou Tou €yel avotebel. Ltny ouvéyela o xevipxde enelepyaothic mou extehel oL Ypén
OLVTOVLOTH TNC SLadixaolog CUAAEYEL Ta ETLUEPOUC ETOEXT] OTATLOTLXS o Tor ablpollel. Xt
ouvéyela Pploxel i ML ¥ MAP napauétpoug yio xdfe xatavour xar evnuep®dvel Toug
UTOAOLTOUC eTEEEQYAOTES. Ly NUoTIXY| TEpLYpa@r galvetol 010 LyAuo 7.2.

7.3  AvalAtnom xou agtohdynomn unodnepiny dixtdony

AqgoV éyouv unohoyiotel oo ML 4 MAP mopduetpol yia to tpé€yov dixtuo xau €youue
unoloyloel to uétpo alloldynong xdbe UeTaBANTHC-XOUB0U, GTNY GUVEYELN TPETEL VoL OV
Crthcouye véa Sixtua xon vo emhéCouue to xahbtepo. Ilpdta o xevipixde enelepyaotic
avahouBdvel va anogaotoet yio utodhiota Sixtua Tou elval enttpentd (Sev dnuLoupyoly xi-
xho). ES3G mpénel va onueldoouue Gt yroo tohd peydia dixtua, ue neptocdtepouc and 100
x6uPouc, urdpyet 1 SuvaTdTNTA (TEOC TO TUEAY YLo DAXELTES UOVO XATAVOUEC) VOL YPNOLLO-
notfioouue ula exdoyr) tou Sparse Candidate alyoplBuouv [2] yia vo peldooupue to unolo-
Yot x60toc. ‘Etol avtl xdbe xoufog va éyer N-1 vrnodrglouc matépeg, Bploxouue éva
utooUvolo p UeTABANTOY, 6mou ouviflug p K N — 1, Bacléuevol 670 xpitfiplo auolBalag
ninpogopiac (Mutual information criterion) [2]. Xtnv cuvéyeta xdfe enelepyaotic nalpvel
éva utocUvoro utodneloy Sixtdwy xau to adioroyel. Lo tnv allohdynon yenoluonotel To
avtlypa@o mou €yel Tou cuVSETLXOY BEVTEOoU xaL TV duvauxdy. Kdbe véo dixtuo dragpépet
OTNV YELTOVLA £VOC UOVOU XOUBoU-UeTafANTAC, dNAady) oe éva ubvo Tomxd Lovtéro. And To
oLVIETIXG DEVTPO o Tar Suvauixd dnutoupyelton 1 véa xatavour, (6.3.3) xou otnv cuvéyela
uroroyilovTal T avoUeVOUEVY 0TATLOTIXG TNS Véag xatavourc. H Siagopd pe tny edpeon
TOV AVOUUEVOUEVLY GTATIOTIXOV 070 BHua 6Tou BploXouUE TIC TUPAUETPOUS TOU TREYOVTOG
duxtUou elvar 6Tt dev eqapudloupe oe xdbe TpdTUTO TOV AhYbpliuo cuunepaouaTolOY g
aAAG GTay €youue ENMTELC TWES TIC AVTLXAOLOTOVUE UE TLS AVOUEVOUEVES TUUES TIOU TEOXU-
TTOUV OTWS TEpLYpddoe oTny Tapdypa@o 6.3.3. Aol éyouv Ppelel Ta avauevéueva emapxt
oTATLOTIXE, UTOAOYILOVTOL Ol TUEAUETPOL TNG XATAVOURC X0l UE TLS TUQUUETPOUS YVWOTES
unopolue vo allohoyricouue Ty véa xatavour. H Siagopd oto uétpo alordynong elval
To UETPO a&LOAGYNONC TNS VEUC XaTavounc Uuelov autd tne Tahde Tou dtou xéufou. Xtnv
OUVEYEL, 0 XEVTPLXOC eNeepYaoTAC GUAEYEL Tal UETEA aLoAdOYNONE XAl aTopacilel YLo TO
%aAUTERO VEO BIXTUO, %Ol EVNUEPMVEL XAl TOUC UTOAOLTOUS Lo TNV OROQUCT) TOU. Dy Tdo-
T N mapandve Sladixaota galvetor oto Lyfue 7.3. H emdoyr tov unodngploy Sixtiwy
yivetal avdhoyo e Tov alydpetbuo mou €youue emaéet. o hill-climbing alydpiBuo to 6V-
voho TwV vEwv unodnplwy dnutovpyeltal ue npocbéoelg, agatpéoeig ol EVAANIYES aXUOY.
Enuetdvovue 6Tl o xdbe enavdindm, uetd Ty mpdTy, yeetdletal vo alloAOYHOOUUE UOVO
Ta Slxtua Tou TPogpyovTal and TPOGHECELS, AQULEEGELS XAl EVOAAAYES UXUOY TOV XOUB®Y
oy aARGEay xatd TV mponyoluevy enavdindn. Aniadh evd oto mpdto (Brua, €youue
N - (N —1) unodrigpa dlxtua, otny cuvéyeta €youe To ToAD 2+ N, YEYOVOS TOU SLEUXOAUVEL
v Staduxacia uddnone.
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AIABAIMA AEAOMENQN

APXIKO rPA®HMA

AHMIOYPTIA
2YNAETIKOY AENTPOY
Y
NAPAAAHAH
EKTIMHZH MAPAMETPQON
WEYAEY
Y

MNAPAAAHAH ANAZHTHIH
NEQN AIKTYON

STAMATHMA
AMNODATHL

VIIVMIVVIV VIdAX

T
AAHOEZ

STAMATHMA

Eyfuo 7.1 Eynuatind meptypagy| ahyopibuou 9.
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APXIKOMOIHZH
NAPAMETPQN

|

|

ANAGEZH AEAOMENQON

BAZH AEAOMENQN

KOMMATI
AEAOMENQN TA
TON EME=EPTAXTH

#N

KOMMATI
AEAOMENQN TA
TON EME=EPTAXITH

KOMMATI

AEAOMENQN A
TON EME=EPTAXTH
#1

i

7 NAPAAAHAO INFERENCE

EXPECTED EXPECTED EXPECTED
STATISTICS STATISTICS STATISTICS

AMO #1 AMO #2 'K AMNO #N

. SYAAOTH EPXECTED
| / 1 STATISTICS -
\ STON ENEZEPTAZTH #1

KPITHPIO

STAMATHMATOS AANHOEZ—» ITAMATHMA

Eyhuo 7.2 Ioapddinho oyrua yia tnyv elpeon Twv ML 4 MAP rmopauétpwy
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EYPEZH K YITOWH®IQON AIKTYON
ENE=ZEPrAXTHX #1

AIAMOIPAZMOZ ZE N
EMNE=EPTAZTEZ

K/N AIKTYA
ZTON
EMNEZEPTALTH #2

K/N AIKTYA
STON
EMEZEPTAXTH #1

K/N AIKTYA
STON
EMEZEPTAXTH #N

AZIOAOIHzH AZIOAOIHzH AZIOAOIHZH
YMNOWH®ION YMNOWH®ION YMNOWH®ION
AIKTYQN AIKTYQN A AIKTYQN
EMEZEPTAXTHX EMNEZEPTAXTHZ EMNEZEPTAXTHZ
#1 #2 #N

ZYAAOTH KAI AMTO®AZH ®IA TO
KAAYTEPO YMOWH®IO AIKTYO
EMNEZEPrAYITHXZ #1

Eyhua 7.3: Iopdhinhog eupetinde ahyodplhuocg
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KEDAAAIO &

[IEIPAMATA

8.1 I\ dedouéva

8.2 Ydyxplon tou SEM ue tnv xhoooixh tpocéyyion yio ehhmels TUUéS
8.3 SEM xau daxpLteég uetaBAnTég

8.4 YPpwdunt| Ileplntwon

8.5 Aixtua I'owdiwy

8.6 Anddoon Iapariniiog

8.1 IIAvipn dedopéva

210 TEOTO UEPOS TWV TELPAUATWY GUYXELVOUNE TS CUVIPTACELS TOU YPTOULOTOLCUUE YL
v wovtelonolnon tne f(Pa) oty eZlowon (7.1) v wovtéha ouveydy uetafintédy. T
TNV GUYXELOT, AUTY YPNOLULOTONOUUE BESOUEVA TOU THPAME amtd TO dIXTUO TOU Ly AUaTOS
8.1. Erov Ilivaxa 8.1 dlvovta ot xatavouéc yio xdbe x6uPo tou dixtdou. Teélaue Tov
ahyoplfuo elpeone Tou Bayesian Suxtvou yia xdbe xatavour|, ue 100 enavarfdelc otny
x40 ula. Enlong Oéoaue o = 0.2. Xtov llivaxa 8.1 napalétouue tov pyéco aplfiud twv
axuddy mou Beébnxay owotd («TP») xat tov uéco apthud twv axudy mov Beébnxay and tov
ahybpLhuo evéd dev unhpyav oto Tpaypatxd dixtuo (FP»). Erione gailvetar xau o uéoog

XPOVOC Tou YEeWdoTnXe 0 alybpliuog yia xdle yovtého.

Ané tov ivaxa 8.1 mpoxUntel 6Tt 6TwS elval oVOUEVOUEVO Ta VEUPWVIXA dixTua Ta
Radial Basis Kernels xoat tao B-Splines €youv xahitepa anoteAéouoto 6e GYECT UE YRUU-
U6 UOVTERO ahhG elvan o apyd. Aev TpoyYwpeHoaUE O TEQLOGOTEQN TELPAUATA YLATL Ta

75



) \

Yo e

Yyfua 8.1: To Soxwuaotind dixtuo Tou yenolonoltiooue Yo vo eEETAGOVUE TNV amd300M

TOY CLYIPTHCEWY TOU YPNOULOTOLOVUE YLOL TNV LOVIEAOTOINGT) TS XATAVOUNICY TLOAVOTNTAC.

0.52 1.50
0.15 0.86
-0.22 0,21
-0.59 -0.44
-0.96 -1.08

-1

-133

-1.70 -1.38
-2.07 -3.03

-2.44

-3.67
-4.31

-2.81

-5.060 <439 3T <305 <238 -LTD -Lod <037 0300 09T 1Led -4 <191 143 <094 046 0.03 052 L0000 1.9 1.9 2.6

() (5)

YyhAuo 8.2: Avo napadelyuata attiatdy oyéoewv uetalld yovdiwy. (o) YALOOSW«—
FUN14 xou (B) YALO35W«— FUNI12. H gopd tou Béhoug and aptotepd mpog o delid

Tpoadlopilel 6Tl To Yovidio oTa aploTepd Tou Béhoug e€apTdTal and To Yovidio ota dedid.
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X, = XJ+2sin(X;5) — 2X; + N(0,0?)
Xy = {1+ exp(—4X3)} "+ N(0,0%)
X3 = N(0,07%)

X, = X2/3+N(0,0%

X5 = X3— X2+ N(0,07)

X¢ = N(0,0%)

—1+ N(0,0?%)  (Xg 0.5)

X; = Xs+ N(0,0%) (- 05<X8<05)
1+ N(0,0%), (< 0.5X3)

Xy = exp(=X4—1)/2+ N(0,07)

Xy = N(0,0%)
X190 = cos(Xg) + N(0,0%)
(8.1)

[Tivaxag 8.1: Ou ouvaptroelc and Ti¢ onoleg Tpoépyovtat Ta dedouéva Yo xdfe x6ufo Tou
dixtdou 8.1. H ouvdptnon mou nopdyet dedouéva v xdle uetaBAnth-x6ufo mpoxinTel
and oLYSUAOUS CUVIETACEWY Lo xd0E TaTERA TOU XOUBoU 0To Yedgnua Ue TNy Tpbdabeon
fopvBou uéoou 0 xau Swomopdc o.

anoTeAEoUATA ELVOL AVOUEVOUEVO XOL TO UOVTEAA TOU YEYNOLIOTOLoUUE €youy uehetnel
extevidg otny PBhoypapla. EdG mpéner va onueidoouue 6tL oto melpaua vag to Radial
Basis Kernels €youv xalitepn anddoon yiotl yenowwonoliooue 10 UETpo aZloAdYNone Tou
divel ) Lyéon (7.2) xou mov nepLéyel neplocdtepn TAnpogopta and to BIC pétpo. Ievixd ol
attatés oyéoels uetalt yovdiwy dmwe gatvetal xol and ta Ly huata 8.2(a)-(B) dev elvou
TOAUTAOXES, %ol UTOEOUY Vo xafoploToly and amhd yeouuwxd uovitéia. 'Etol n yeron
TOAUTAOX WV JOVTEAWY, OTOC T VEUPWVLXE SIXTUA, TOU €lVOL X0l TLO ATALTNTIXS and drodn
UTOAOYLOTIXOU Ypdvou, Bev elval utoroylotxd anodotixh. M ok Ador elvan 1 yerion
B-Splines # Radial Basis Kernels xou eduxd ta Radial Basis Kernels érou unopotue va

uroloyioouue avohutixd tov Hessian nivaxa.

8.2 Xdyxpion tou SEM ue tnv xAacowxy) npocéyylomn yLo eAALnelg
TUUES

’ 4 I 7 7 z 7 7 !
Orav ta dedouéva pag dev elvar TAfer, 10T unopoVue va axohouficouue dUo npoceyyioeic:

1. Egapuélovue xdmota anéd g hehBoS0UC TOU avagEépaUE YL AVAXTNON TOV YAUEVGDY
ey (KNN, SVD) xou oty ouvéyewa ota tAfen Sedouéva (hdyvouue va Bpodue To
«ahUtepo» Bayesian dixtuo
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Movtéro f(Pa) TP | FP | XPONOX
Linear 6.22 | 3.592 4.89
ANN 8.81 | 2.25 278.12
B-Splines 8.63 | 2.58 60.78
Radial Basis Kernels | 9.18 | 2.10 58.34

[Tivaxag 8.2: Xiyxpron uehodwy oto dixtuo 8.1 yio 100 emavariderc ue o = 0.2 xar 1000
dedouéva. Me «TP» dnhdvetal 10 1060016 Twv axuody tou Beélnxay cwotd and tny xdle
uefodo, ue «FP» 0 aptBudg Ty axudy Tou Sixtiou Tou dev UTAEY0UY GTO APYLXO SIXTUO XL
0 EHVOO Elval 0 UG0S YPOVOC TOU YPELAOTNXE 0 AAYOELOUOC Yol TO avTioTolyo LoVTéAo.

Movtého f(Pa) Yroloyiotxéd xéotoc | Axpifela
Linear v
ANN v
B-Splines v v
Radial Basis Kernels v v

IMivaxoc 8.3: XOyxplor, TAEOVEXTAUATWY YLOL TO UOVIEAA TOU YENOULOTOLOVUE YLoL TNV
f(PCL)().

2. XpnowonotoUue tov Structural EM vy tnv udfnorn Bayesian duxtdov ue un mhvien
dedouevaL.

To mheovéxtnuo g ne®dTNg uehddou elvan 611 exyetahhetetal TAYPWS GAEC TLC LOLOTNTES
Twv Bayesian dxtlwy, yeyovog mou Uog eMLTRENEL TNV Yprion Tov YeYopwy alyoplfuwy
avalitnong xo alohdynong dixtiwy. [evixd dtav €yovue uxpd T0GOGTO YAUEVODY TLUDY
oL u€fodol anoxaTdoTaong YAUEVLDY TGV divouv ToAd xohd arotehéouato onoTE 1) Ypriom
aUTAC TN Tpoaéyylong evdelxvutal.

And v My 6tav yeplduoote Tic eAMTelg TLwég Uéoa otny Stadixaolo g edpeong
eVOC 1) UepX®dY " XahGdY” dXTOWY TOU UEYLOTOTOLOUY TNy Thavogdveld Twv Sedouévwy,
€YOLUE TO TAEOVEXTNUA OTL Yiot x&fe ueTaBAnT? €youue xou éva oUvoho TaTépmy amd To
omolo e€apTdToL Xal XATE GUVERELL UTAEYEL xoL XAAUTERT €EHYNOT YL TNV XATAYOUY| TOU
dnutoupyel ta dedouéva oe oyéon ue Tic uebddoug avixtnone youévwy Twwdyv. Emnniéoyv
€yel amodetyfel 6TL oL elhimelc TWée ToAAEC Qopéc Bonfolv 6Ny anoguyr urepextaldeuong.
To Baoxé uelovéxtrua elvon 6TL 1 udhnomn e erhmelc Tég elvar Alyo o¢ okl mo apyég
and TN udbnon ue mhipec olvolo dedouévwy. Euelc doxwwdooue xol ocuyxplvoue xal Tic
dVo xatnyopiec Uebodwy. Xe autd To cUvoro melpaudTwy Ho tpoonalfcouue vo Bydiouue
xdmota cuunepdouata vl Ty anddoon tou SEM. Tlpdta Oa cuyxplvouvue to SEM 6tayv
€youue ouveyelc UETAPANTES xal oUVER®S ypauuxd Gaussian JoviEAd UE TNV XAooLxY
TpocEyyLon 6mou avaxtolue tpdto TLg eAArelc Tiwég ue KNN. o va a&ioloyfioouue autée
T dVo uebddoug grdoue éva tuyaio dixtuo ue 20 x6uPouc Tou Eyel TeplTOL TNV UOPGT
dévTpou xat €yer ouvolxd 20 axuéc. O péyiotog apliude tatépnmy yio xdle yetaBAnTy elvol

2, on6Te 10 OlxTUO pag elvar oYETXd aAd, XAl Ol ATALTACELS YL TO GUVOAO eXTalbeuoTng
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ZYTKPIZH KNN-SEM

25

20

—&—KNN-250
—=—KNN-500
KNN-1000
KNN-2000
—%—SEM-250
—e—SEM-500
—+—SEM-1000
——SEM-2000
FIXED

NIOANO®ANEIA TEST SET

% XAMENON TIMON

Yyfua 8.3: Xdyxpior g mhavogdvelag 6To 6Uvolo test Twv dixtiny mou Beloxel o SEM
UE UTE TOU YRoUULXOU LOVTEAOU agol €youue avaxthioet Tig ehhnele tuéc ue KNN (oe
OYEON UE TO TOGOGTS TV YAMEVLY WY 6TO 6UVOLO EXTAlBEUGTC).

elvan uixpéc. Autéd gaiveton ota telpduata. Xto Lyfua 8.3 Brénouue Ty mhavogdvela 6To
oVUvoho test yio 250, 500, 1000, 2000 delyuata ocuvdéhou exnaldevong, T6GO Yol TNV TEOTY

Teplntwon 660 xol yia Ty deltepn. And to oyrua Byaivouv tpla mpdTa cuunepdouaTa

1. H anddoon tou SEM elvar waxedy xakitepn and autric tne avdxtnone ue KNN. Auto
elva yevixd avauevouevo agol o SEM otny ouola avaminedvel Tig eAATELS TIUES UE
auTéC Tou ueyloTonololy TNy mbavogdvela Tou wovtéhou Tne xdbe emavdindng Tou
ahyoptBuou. And v dAAn 1 avauevéuevr dlagopd otny anddoon Ho Hrav Uxpd-
Tep av 0 opliudg TV UETABANTOY ATay UEYOAUTEPOC GUYXELTIXE UE TOV OYXO TV
dedouevwy ondte o KNN fo urnopotoe va anoddoet xahitepa.

2. H dettepn nopatrhenon elval 6t enetdr to dixtuo elvon apxetd anhd n dagpopd otny
an6doon oe GYEor) Ue ToV aplud TV SelyudTwy 610 oUvoho exmaideuong elval uixpt),
xoll auEdvel Alyo 6tayv €youue TohhEC eANLTElS TLUEC.

3. H xounihn ue évdeln FIXED elvar 1 ueyalitepn mibavogdvela 6to 6Uvoro doxuurc
(test set) (avtiotouyel ota 2000 delyuoata Tou cuvdlou exnaldevonc) yia To dixTuo
ue mpaydotery Sour), agol Berxaue tig ML napauétpouc tou. Autd onuaiver 6T
elpoote ToA) X0VTd 6TNY XxaAUTERN ATO300T) TOL Ho UTOEOVGE VoL £YEL O CUYHEXPLUEVOC
ahyopliuog %ol Ue autd 1o 6Uvoho SeSOUEVWLY.
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TPAMMIKO MONTEAO ME KNN
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Eyfuo 8.4: Ou axuéc mou PBeloxel To ypouuixd woviého ue KNN

SEM
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Eyfua 8.5: Ov axuée mou Beloxer o SEM
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AIKTYO KOMBOI | AKMEX.
ALARM 37 46
CAR DIAGNOSIS 17 18
ASIA 8 8

Mivoxac 8.4: Alxtuo Staxpltdy UeTaPAnTdY yia adlordynon Tou SEM

o
°
N
S
@
8
a
3

——250
— —=—500
1000
2000

NIOANO®ANEIA £TO TEST SET

EAAIMEIE TIMEE %

Eyfuo 8.6: H mbavogdvewr yio to ALARM dixtuo w¢ ouvdptnon tou nococtol 1oy

YALEVWY TUUGV

8.3 SEM xou draxpitéc petofAntéc

Hapoxdtw napabétovue metpduoata yioo Ty adtohdynon tng anédoorne tou SEM yua Suo-
xpttéc (molvwvuuxéc) xatavoués. Do va edéyEoupe v anddoorn tou akyoplfuou tov
doxwudooue oe tpla yvwotd dixtua (ALARM, ASIA, CAR DIAGNOSIS) xo eiéyEaue
v mbavogdvela Tou exmtatdeuévou SixTVoU xal ToV aptiud TV 6WOTOY axu®y Tou Berxe
0 aky6pluog o8 GUVEETNON UE TO TOGOOTH TWV YoUUEVWY TGV 0T0 6UVOAO exTtaldeuoTg.
Ta tpla dixtua mou yenowonotoaue divovtal otov Iivaxa 8.3. To anoteréouata tou Tpo-
xUnTouyY elval To avauevoueva. 'Oco teplocdTeRa dedOUEVA £YOUUE XAl OGO UXPOTERO Elval
TO TOCOGTO TWV YOUUEVWY TWOV Td00 xahitepn elval xat 1 anédoor tou SEM. Ta arotelé-
ouata elval napduota ue autd tou Friedman [6]. "Otav ta dedouéva elvar oyetixd enapxh
o€ GYE0T UE TNV TOAUTAOXOTNTA TOL SLXTVOU TapouctdleTal Ut GYETIXY aTalepdTNTa 1600
e mbavogdvelag Tou Sixtdou 600 xaL Tou aplBuod Twy axudy Tou BeloxovTal 6woTd, oe
OYEOT) UE TO TOGOGTO TV EAALTGV TLOY, 660 AUTH TO TOGOOTO QPUOLXA XUMALVETIL OE €va

puotohoyxd mhatoto uéypet meplnou 30%.
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Eyhua 8.7: H mbavogdveia yio to CAR DIAGNOSIS 8ixtuo we ouvdptrnon Tou To6o6ToY

TOV YALEVLY TGOV

8.4 YPBpwuxn neplntwon

Ye autd To Uépog TV TElpaudTwy, eetdlovue Tov UBedxd alydpliuo xal Ty anddoon
Tou ot teyvntd dixtua. To teyvntd dixTtuo mou doxdoayue, elval autd Tou Lyfuatog 8.9,
Tou yenowonotfinxe anéd tov Lauritzen [61]. "Hdn éyouue nepiypdder oto xepdhato 6.4 tov
uPpeixd ahyodebuo. H mpdtn napathienorn mou €youUe Vo xdvouue and To Tetpduata elval
6Tl v Ty exnoldeuot) evog tétolou Sixtlou ypeedlovtal TeplocdTepa dedouéva amd TiC
TpornyoUueves teptnt®doels. O Adyog elval 6TL oty neplnTwon Tou pia GUVEYNC UETABANTY
€yel Eva 1) meplocdTEpoUC dlaxpltolc Tatépec Tote mpoxUntel Ua CG xatavour. Toéte oe
%40 mhavd olvoho TGOV TwY Tatépwy €youue xou Wa Gaussian xatavour Tng omolag Tig
TOEAMETEOUS TEETEL VoL Bpovue. AV XdToLo TETOL0 GUVOLO TWGY dev euavileTol enapr®de
ota dedouéva de Oo unopécouue va Bpolue anoTeEAECUATIXG TLC TopaUETEOUS TNE gaussian
xaTavounc xol autd elvat éva ToA) oLy v galvouevo. Anéd Ty dAAn o uropoloe xdmoLog va
utooTneigel OTL amd TNY GTLYUR TouU €val GUVOLO THAVGY TYUGY TOV SLOXPLTGOY TATERMY EYEL
uxe?) mbavotnra, dev pag evdlagépel va feolUue TNY xoTovour TwV GUVEY®Y UETABANTOY
og AUty TNV TeplnTwon.

A¢ mpoywpricouue ota cuunepdouata and to Telpduata. Aoxuudoaue Tov alyopliuo
0710 dixtuo tou Lyhuatoc 8.9 yia 1000 xar 2000 dedouéva. Yto LyAua 8.10(a) Brénouue
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Alarm
XAM.TIMEY %\AEAOMENA | 250 | 500 | 1000 | 2000
0% 16.3 | 20.7 | 23.1 | 25.2
10% 16.3 | 20.7 | 23.1 | 25.2
20% 12.3 | 14.6 | 17.3 | 19.3
30% 5.5 | 10.5 | 134 | 14.8
40% 04 |31 |7 10.5
(@)
CAR DIAGNOSIS
XAM.TIMEY % \AEAOMENA | 250 | 500 | 1000 | 2000
0% 8 11 |13 13
10 % 58 |75 |9 10.3
20% 6 6 76 |8.6
30% 42 |55 |56 |6.9
40% 1.6 [ 3.8 |44 5.3
(B)
ASTA

XAM.TIMEY % \AEAOMENA | 250 | 500 | 1000 | 2000
0% 4 6 7 7
10% 3.1 |41 |56 5.7
20% 2.6 | 3.6 |47 |54
30% 1.2 |27 139 |48
40% 0.7 {16 | 2.2 3.2

(v)

Hivoxog 8.5: Aplhudg axudyv mou Beébnxay cwotd wg cuVAETNGT TOU TOGOGTOY TWY Yo-
UEVRY TWAY xaL Tou optBuol tov dedouévey. (o) T to Alarm dixtuo, (B) yia to CAR
DIAGNOSIS dixtuo,(y) yia to ASIA o dixtuo.
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Eyfua 8.8: H mbavogdvelo yia To ASIA 3ixTtuo wg 6uvdpTnoT Tou TOGOGTOL TWY YoUEVWY
TGOV

TIC axpéc mou Beébnxay 6wotd xol TIC axUéc mou eugaviCovtal, aAld Sev UTdEYOLY 6TO
apyx6 dixTuo 0 OYEoT UE TO TOGOGTO TWV YAUEVRY TWOV. O aptiudc Tov axuoy Tou
mparyuotieol dixtdou elvan 10. O akydprbuoc Beloxet uéypt 6.32 (uéooc bpog) axuéec ue tny
owoT xutéuhuvon. Xt axuéc mou epgavilovtal aAAd SeV aVTLGTOLYO0VUY GE TEAYUOTIXES,
TePLEYOVTAL XaL AUTEC Tow Eyouy Adboc xatelbuvor. T'evixd 7 anddoon tou alyopibuou dev
€yel UeYAAN Slapopd ue authv Tou alyoplfuou yia ubvo ouveyelc uetafAntéc. Xto Xyfua
8.10(B) éyoupe ty mbavogdvera (vl to test 6Uvoho) Tou dixtlou Ge 6YEoT UE TO T0600TH
YouEvoy TGy yia 1000 xal 2000 dedoueva.

Y1oyoc pag etval 1 epeor Twv YEVETX®OY dixTiwv. H apyud Wea yia tnv yerorn Twv
UPBEWBLXGY SIXTUMY HTAV VO TLC TOPACTACOVUE WS SLAXELTEC UETABANTEC TOTE Uial UETABANTY
Aelmet 1y 6yt Me autdy tov Tpémo Hu unopoloaue va eCaxpi3doouue av Loyvel 1 undbeon 6Tt
Ta yauéva dedouéva oto medBinuo mapdyovton tuyata. H Swalcbnon Aéel 1L xdTi tétolo
LoyUEL €V UEPEL X0l OUYXEXPWEVO B umopoloe vo duxatohoynbel and to yeyovog Ot 1
teyvoroyia Twv uxpocsuctolytdy DNA Sev eyyudton 6t dev undpyet B6pufog oTic etxdveg
TETOLOC WOTE VAL UTAREEL AmOAELD XdTolwy TGOV, Elval yeyovoe dume oti elval mo mbavé
xdmota Sedouéva vo helmouy eneld?| To avtioTolyo yovidio dev exgpdletal. Ondte wa tétola
dtadixaotio dev umopolue va Ty exAdBouue cav tuyala. Enedr) duwg ta dedouéva and
Ti¢ uxpoovotolyiec DNA dev elval enoapxn, mpoxintouy aptbuntixd Adbrn otnyv egapuoyy
Tou aAyoplfuou. Oa unopécouue va alloloyrooupue TNy undheon 6tav cuAhéCouue €vay
eavoronTixd apldud dedouévey. 'Eva axdua uetovéxtnuo authc tne uebodou elval 6t dev
ETLTPETEL OE OLUXPLTES UETAPANTES Vo €youv ouveyelc tatépec. Oo mpénel va emextelvouue
v uéfodo Gote va dpouue autdy Tov Teploploud [68].
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AKMEE

(w)
O

Eyhuo 8.9: To Soxpltéd dixtuo nou ypnowonotioaue ota mewpduata [61]. Ov uetafintéc
elvar W (tdmog anoPiitou), F (xatdotaor @idtpou), B (xduon), M; (uétadha oto and-
Banta), E (anoteheouatixdnta tou gplhtpou), C (exnounh C02), D (exmournh oxdvnge), M
( exmouny uetdMov) xat L (Starepactixdtnta and goc). Ov yetaPfintéc W, F xau B elvat
dLaxpLTES, oL UTOAOLTEC GUVEYELC.

MIGANO®GANEIA

1000-TP. 1000-FP 2000-TP 2000-FP 0 02 04
% XAMENQN TIMON % XAMENQN TIMQN

() ®)

Yoyfiua 8.10: (o) O axuée mou Beéhnxay 6wotd xa oL axuée mou Peébnxay, evd dev undp-
YOUV 610 TeaypaTxd dixtuo, yior 1000 xar 2000 dedouéva. xou (B)H mfavogdvewa tou test
ouvorou, yia 1000 xow 2000 dedouéva oe oYéor UE TOY TOGOGTO YOUEVWY BESOUEVWY .
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8.5 Aixtua 'ovdlwy

Egopuélouue ti¢ pehddoug uag o dedouéva mou €youvue and uxpoouotolyleg DNA xa
ouyxexpéva and Tov xUxho Tou xuttdpou otn Loun (S. cerevisiae). Luyxexpluéva Ta
dedouéva €youv oulheybel and tpei Bdoeic ( [3], [4], [5]), ohhd dev agopolv bheg Tov xUxho
Tou xutTdpou. Ta YVvewoTd Yovidia Tou €youy %xdTolo pOAO 6TOV XUXAO TOU XUTTAPOY elval
108. Ko ta 108 mepLéyovtal otny [3]. Ondte €yovue npoywpehoel 0Ta Tapaxdte: TELpdUoTd.
Ta xowd xat otic Teelc Bdoelg elvar 88, Aoxwudooue Ue T0 0UYOLO dedOUEVLY Xal and
TIC TPELS XL XL U6VO amd auTthy UE TOoV XUXAO Tou xuUTtdpou xal Oo mpoonalfiocouue va
doUue méco Tatptdlouy to anoteréouata Uac e TNy BBAoypagla. Yta Eyfuata 8.11, 8.12,
8.13, divouue TuRUATA TOV SXTU®Y TOU THPAUUE ontd Ta OEBOUEVA UE DLUXPLTES, YRAUUMULXES
xou Radial Basis xoatavouéc avtiotoiya. Xta yduata 8.14(a)-(B), 8.15 napabétovue v
yeitovid Tou yowdiou CLNT mou elvat yvwotd 6t evepyomoteital 6tny apyn Tou xUxhou Tou
XUTTEpoU (rohuwvuuxd, yeauuxd xou Radial Basis povtéha) xat ota LyAuota 8.16(a)-
(B), 8.17 mapabétouue v yertond tou yowdlou HTA1L, avtiotouya. Tapatnpoldue dtL ol
Baowéc oyéoelc eupavilovTal XL UE TLS TRELS XATAVOUES TOU AVAPERUUE ToEATdvw. "Onwg
XL UE TO APy X0 SIXTUO UTOPOVUE VA TApATNENOOUUE OTL UE GUVEYELC UETABANTES TO SlxTUO
uac yivetal mo ouvextixd xoL xdbe yovidio eugaviCetal ue yeyahltepy YeLtovld oe oyéon
ue Tig avtiotouyeg ue Radial Basis xat Staxpitéc moAuwvuuxég xatavoués. Mropodue va
TopATNEHoouUE 6TL 6TV Yeltowd T660 Tou CLN1 660 xoaw tou HTAL eugavilovton yovidua
YeLToVIXd 6710 ypwubonua. Xto Nyfua 8.18 napabétouue to dixtuo yio ta 800 yovidia Tou
ex@palovral 6Tov xUxho Tou xuTTdpou olugwva te Ty [20]. Xtov [ivaxa 8.5 tapabétouue
ToL 6%0p YLot Tl 88 yovidia tou Sixtou tou Befixe o alyopLiuoc ue SlaxpLtéc (TOAIMVUULXES)
XOTOVOUEC.

8.6 Andédoon napaAAniiog

Ye autd 1o xegpdialo mapabétovue xdnoleg TAnpogoplec 660 agopd TNV anddoor Tou ou-
oTAUOTOC pag xou eldedTERa TNV ambdoon TN mapaiinilog. "Hin €youue avageplbel ota
TpoBhiuata Tou TapouotdlovTal xul TNy Tapdypao 8.7 émou BéTouue xaL TOUC GTOYOUC
yioo TV uehovuxy) gpyaota, eetdlovue Bewpnuixd av %ol Ue molo TedéTo autd Ho umo-
polUoayv va Aubodv. llopaxdtw napoucidlovue SLoypduuATa UE TOV YpOVO EXTENEGTC TOU
oLYOALXOU ohyoplBuou ahAd xat yiar SLd@opo UTO-TUAUATA TOU GUVOAXOY GUGTAUITOS, OE
oyéon ue Sdpopoug Tapdyovies. Ol mapdyovieg nou eEetdoaue xat tou Tatlouy onuavTixd
p6ho otV anddoon tou ahyopifuou elvar o aptbudc Ty dedopévewy (500, 1000, 2000), o
aptBude Tov x6uPov (20, 40, 80) xat 10 1060016 TV YauEvey TWOY (0%, 20%, 40%). T
TNy aélohdynon tou akyopliuou 660 agopd tov opliud TV dedouévwy Xal T0 T0G00TH TWV
YAUEVLY TV yYenowonolfoaue 1o ALARM 8ixtuo mou elvat oyetixd ueydio xou apxetd
ouvextxd. Tty a&lohdynon tne anddoong Tou cuvohixol alyopibuou Eextvdue and éva
Yedonua ue apliud axuodv Teplnou loo ue tov apliud Twv XOuBwv. XnUELdVouUE 6Tl GTO
TedTO UEPOC 6ToU afloAOYOVUE TNY ATO300T, TOU GUVOALXOY GUOTAUATOC, EYOUUE SLAXPLTES
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Eyfuo 8.11: "Eva uépoc tou yevetixol dxTtiou Tou xUxAOU TOU XUTTAEOU TOU THRROUE
YENOULOTOLOVTAS TOAUVUULXES XATAVOUES.
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Eyhuo 8.12: "Eva uépoc tou yevetixol dxTiou Tou xUxAOU TOU XUTTAEOU TOU THRROUE

yenotuonodvtag yeouuxy) Gaussian xotovo



Yyfuo 8.13: "Eva uépoc tou yevetixol dxTtiou Tou xUXAOU TOU XUTTAEOU TOU THRROUE
yenowonowdvtag Radial Basis xatavouéc.

() ()

Yyfua 8.14: H yeirtovid Tou yovidlou CLN1 mou elvan Yvwotéd 6L evepyomoteitar otny apy
ToU xUxhou ToL xUTTdEou (a) Ataxpitéc uetafhntéc xar (B)Tuveyelc vetafintéc (Radial
Basis).
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Yyhua 8.15: H yettovd tou yowdlou CLN1 yia ouveyelc uetapintéc (Fpouuxd Gaussian
XATOVOUT).

() (5)

Eyhuo 8.16: H yertovid tou yowdlou HTAL (o) Awoxpitée uetafintée xar (B)Xuveyelc
uetofintéc (Radial Basis).
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Yoyfua 8.17: H yertowd tou yowdiou HTAL yia ouveyelc yetafintéc (Fpopunr; Gaussian
XATOVOUT)).
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Eyhuo 8.18: To dixtuo yia 800 yovidia.
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TONIAIO | TIATEPEY YKOP | TONIAIO | MATEPEYX YKOP
CLB5 | CLB6 CLB2 | -184.018799 CLN1 | POL30 CLB2 | -276.057404
HTB1 | HTA1 HHF?2 | -224.821945 CIK1 | CDC5 CDC21 | -202.294968
TEC1 | RME1 DBF2 | -328.231110 SICT | YRO2 CTS1 | -220.363342
DBF4 DBF2 | -222.290390 FARI | YRO2 CLB2 | -308.008362
HHT2 | HHT1 HTAL | -201.520752 RFA1 | POL30 CTSI | -283.895630
ASF2 DPB3 | -206.732086 SPO12 DBF2 | -187.640579
RAD17 RNRI | -129.854187 SPC42 MCDI1 | -164.882492
CHS3 CDCY | -230.800049 CWP1 | PSA1 SEDI | -379.234344
CLB4 HHF1 | -171.648529 PCL1 SWE1 | -147.812424
KIN3 CDC20 | -306.692810 | RAD27 CDC14 | -256.909760
KRE6 FKS1 | -245.097153 DBF2 CDC20 | -251.577332
HTA2 | HHT1 HTA1 | -243.610870 GIC2 GOG5 | -282.786438
RFA2 RNRI | -255.774734 POL2 POL30 | -201.187744
SST2 STE?2 | -292.814453 | RAD53 CLB6 | -278.980042
CDCY RAD27 | -209.481552 CDC21 RAD27 | -271.750793
MNN1 PRI2 | -298.795441 ASF1 MSH6 | -255.202209
HSL1 MSHS6 | -230.915283 MOB1 CDC20 | -158.390396
SWEI1 RAD27 | -139.560806 POLI1 MCDI | -238.995667
POL30 RAD27 | -329.169098 PRI2 MCDI | -190.888138
RNR1 MCDI1 | -347.515289 CDC20 CDC5 | -229.480896
MSH2 MSHS | -214.345444 GOGC5 GAS1 | -183.783112
HHT1 HHF2 | -279.417175 MSIH6 MCDI1 | -232.054291
HTAI HHF?2 | -257.019470 CDC14 -144.234497
HHF?2 HHF1 | -197.817963 CLB1 CDC5 | -229.087067
MCD1 POL30 | -254.514771 CLB2 CDC5 | -280.543274
CLB6 MSH6 | -305.550903 SWI5 CLB1 | -233.496719
PSA1 GAS1 | -255.377533 POL12 POL30 | -260.787842
ACE2 CLB1 | -243.681183 STE2 MFA2 | -240.585434
FKS1 GOG5 | -255.018402 HHF1 PSA1 | -337.690979
DPB2 MCDI1 | -228.404266 CDC47 DBF2 | -319.509888
GAS1 MCDL1 | -300.393799 PMS1 RFA1 | -192.224380
HPR5 FKST | -201.522049 TIP1 GOGS5 | -381.517609
ASE1 CDC20 | -177.098755 SWI4 CLB6 | -188.702576
MFA2 FARI | -268.860352 PDS1 MCDI1 | -251.448532
NUF1 CTK1 | -132.690033 TIR1 POL1 | -253.328262
RMEL | YRO2 SIC1 | -343.889343 RFA3 MSH?2 | -195.494690
CHS1 RNR1 | -263.931488 CDC2 CLB6 | -232.835999
KAR3 CLNT | -227.910370 CDC5 | PSAT1 RNRI | -343.583893
PRI1 RFA1 | -115.610130 UNG1 CDC14 | -154.437592
EGT2 | POL30 FARI | -379.215790 SED1 | HHF1 YRO2 | -306.080200
CTS1 | HTA1 EGT?2 | -331.899170 KAR4 | TEC1 AGAL | -206.993347
NUM1 RFA3 | -205.622498 CLB3 CHS3 | -120.567841
DPB3 RFA2 | -170.222382 |93 HTB2 | HTA2 HHF?2 | -256.511169
ACA1 | TIP1 SST2 | -320.109772 YRO2 | MNN1 HHF?2 | -414.080109

[Mivaxag 8.6: Ta oxop yia oyéoeic uetall youdlov (ITohvwvuuixée xatavouéc)
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Eyfhua 8.19: O ypdvog oe oyéorn ue tov aplbud tov dedouévov yio plo emavdindyn oto
ALARM dixtuo (ue 0.2% eluneic tée) v 5,10,20 enelepyaotéc.

ueTafAnTéC.

And o Yyfuata 8.19, 8.20, 8.21, 8.22 unopolue vo mopatneRoouue OTL ETLTUY YA VE-
Tl xahf emtdyuvon oe oyéon ue 6houg oyedov toug mapdyoviec. H mopalinila ota
EMUEPOUC TUNUATA TOU GUOTAUNTOS Onhadh otnyv elpeor Twv ML mapauétpwy xar otny
aZlohdYNoT TV UToPRELwY dxTiwy eCapTdTal and SaPopeTIXOUC TAPEYOVTES. 1TO TR(OTO
1 anédoorn auvédvetat, dnhady) éyouue UEYAAUTERY EMLTAYUVGT G O)€on UE ToV apliud Twy
enelepyaoTOVY 6Ty 0 AoYoc dedouévov/enclepyaotdy yeyahdver. Xtn dedtepn nepintwon
avtlotolya meénel 0 Adyoc urmodmeloy dxtdwy/enelepyaotdy Vo UEYAROVEL.

Yo Yyfuata 8.23(a), (B) xon 8.24(a), (B) gaivetar o ypbvoc extéleons Yo Ty eUpeoT
TOV TOPAUETEWY XAl TNY EURECT) TOU VEOU SXTUOU YLol CUVEYT XoL Slaxpltd SlxTud oTNV
eZéM&n tou ahyoplbuou. Kabde o ahybplbuog elpeong npoywedel To ypdgnua Yivetal o
oLvexTxd, véeg axués mpootifevtal oto Ypdgnua. Elval Aoy oo mo cuvextind yivetol
T0 Ypdgnua vo auédveton xat To uéyeboc e UEYLoTng xAlxag xal 6Twe PAEnouUE xal oTA
Yoyfuato 8.23(a), (B) xat 6nwe elvar yvwotd and v Bewplo o akydpliiuoc cuunepacua-
Tohovylag elvar exBetindg ya dixtua ue Sraxpitéc uetafintés weg meog to mANHdelbuo e
ueyohiTEENS XAIXAC %ol €YEL TOALOYUULXT TOAUTAOXOTNTA TElTou Bubuoy yio dixTua ue ou-
veyelc uetafhntéc. Yto Uyfua 8.23 (yia cuveyelc petaBintéc) Brénouye oe xdnolo onuelo
N alinon Tou yedvou vo elval Spouatixd. Autd ogelleTal 0TO YEYOVOS OTL UE ouveyeElc
YEAUMULXES XATAVOUES TO YRAPNUA TOU TAPAUE NToY TOAY TLO GUVEXTIXO ATO OUTO UE TIS
Staxpitée xatavoués. Evd yua Siaxpitée xatavouéc o uéylotog aptudg uetaSAnTtdy pog
xAxag Hray uéyel 4, yia ouveyelc Eemépaoe To 20, To onolo elye dpauoatiny| enlntworn otny
enldoomn tou alyoplbuou. To mapddolo elval 6TL €youue Béoel we Uéyloto dplo Tatépwy To
5, ométe umopolue vo utobécouue 6TL elval pelovéxTnua Tou alyoplfuou xataoxeunc Tou
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Yyfua 8.20: O ypbdvog oe oyéon Ue Tov apliud Twv youévey TLGY yia yio pio emavaindn
oto ALARM 8ixtuo (ue 1000 dedouéva) yia 5,10,20 enelepyaotéc.
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Eyfua 8.21: O ypbvoc oe oyéon ue tov apliud Twv xOulev tou Sixtiou yia yio uia
enovaindn oe tuyaio dixtuo (pe 1000 dedouéva xat 0.2% eluneic Tywée ) vy 5,10,20 ene-
EepyaoTéc.
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Yyfua 8.22: O ypdvog oe ua ueor mepintwor omou €youue 20 xéufoug, 1000 dedougva
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Yyfua 8.23: O ypbvog elpeons Twv Topauétewy Yo xdbe enavdindn tou akyopifuou (o)
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T Sraxprtée wetafintée xol (B) T ouveyele uetafintéce.
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Yoyfua 8.24: O ypbvoc elpeone véou dixtlou yia x&be emavéindm tou akyopifuou (a) Ia
dtaxpttéc wetafhntéc xar (B) D ouveyelc uetafintéc.

OUVBETIXOU BEVTEOU.
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8.7 Xuunepdopota xol UEANOVILXY epyacia

Ye authy v dtatePr) vhomowoaue éva olotnuo yia Ty enelepyaota Sedouévwy and uL-
xpoouatolylec DNA ye o160 v elpeon eapthicewy yovidiwy ue tnv yperor Bayesian
Otimy. To onuavtixdtepa TAEOVEXTAUATA TOU GUOTAUATOS ELval 1) TopaAAnAlo Tou Uog
emitpénel TNy enelepyacia evég peydiou apiuol yowdiwy ue Bayesian dixtua. Ou ypdvol
vl éva dixtuo pe 100 mepinou xouPouc Atav apxetd evBappuvtixol, xuuatvovtar and 10
Aemtd ¢ xdnoteg Gpec. H peydhn Swcduavon ogelhetal oto yeyovodg, onwe hdn avapé-
PaUE, OTL OE TOAAES TEQLITMOELS TA YRAPHUATA YIVOVTUL TOA) GUVEXTIXA UE ATOTEAEGUN TNV
adZnon e Léytotne xAlxag xal tny paydala emBpdduvon tou akyoplBuou cuunepacuato-
hovlag. Xta mhatolo Tng peAovTixrc epyactog urtopovue va enttiyouue mhavéc BEATLOOELS

1660 oty Tapalkniia 660 xal oTov (dlo Tov alybplfuo TNng cuurepaouaTohoYlog.

o H noparinionolnoy Tng xaTaoxeuiic TOU GUVOETIXOU BEVTEOU 1) OTOLOL AV XL OF ULXEd
dixtua dev elvat ypovoPBopa, o ueydha dixtua anoltel apxeTtd YpdVO.

e Oou unopovoaue and €va onuelo xat Uetd mou o alydelbuog ouvdeTixol dévipou dev
elvat TAéov anodotixde (Ue xdmolo xpeLthpLo) vo xatagelyouue oe dhhoug ahyoptfuoug
énwe otoyaotixolc (Monte Carlo).

o 'Onwe Mpoavagepaue T0 UTOAOYLOTIXG x6GTOC Tou aiyoplbuou eCaptdtol xuplng and
Tov aplfud uetafAnTdy otny ueyalltepn xhixa. Xnuavtixr Beitiworn unopolue vo
€youUE OTAY 0 aELBUOS TV UETABANTOY ot ula xAlxa elvan uixpds. Autd yivetar otny
AATAGKEUT] TOU CUVOETIXOU BEVTPOU Xal EWBLXOTERA GTTV TELYWYOTOLNGY) TOU YRUQY |-
toc. H BiBhoypaglo xol 1 épeuva Téve 6 0T TO GUYXEXPLUEVO XOUUATL TO OTolo
otnv oucta xafopilel xat Tig xAixeg Tou dévtpou pag elvar evpltaty. Yndeyouv Toilol
TeoToL X Torkég pebodoloyieg yia va tdpouue 660 To Suvatdy AyoTepeg Tpocbéaeig
axpeOY 670 Yedgnua. EWdwd oe ueydho xal apxetd ouvextixd yeagpruato 1o x€pdog
unopet va elvatl onuavTixs.

o Mia mhav| Beitiwon Oa fAtav otny meplntworn mou to ypdgnua Uog elval un ou-
VEXTIXO oL ATOTEAOUTOY and UEYAAO aptBud uToyeu@nUATWY 00U UTOPOUCUUE Vi
avabéoouue oe xdbe enelepyaoth Ty elpeon TV TopAUETPWY XabE TETOLOU UTOYEA-
pHuatoc xafode oL napduetpol Tou Ou elval aveldptnTol and Tou UTGAOLTOU UTOYPAQT-
uatoc. AAAG xou TdhL and éva onuelo xal UETE Tou To Ypd@nuo YIVETAL TLO CUVEXTIXO
%0 mpootifevtal axuée 1 anédoorn Oa négptel. Mropolue enilong va yenowlonolr-
OOUUE xaL TS BV0 Topandve oTeatnYxés 1 ulo Suvaur xatavour] enelepyaotdy oe
UTOYRAPAUATA OV O aptBudc UETAPANTOY g ueyaldtepng xhixog va elval oyetixd
ueydAoc.

Y1o melpduata SlamoTdouue TNy unepoyt Tou SEM oe olyxplon ue tny avdxtnon yo-
UEVODY TWOY amd xhaowxéc uebddoug dnwg o K-NN. Avagépaue nwe dev xdvaue telpduota
oe VPpdnd SlxTua eneldy] To Sedouéva dev Tay exapxy), YEYOVOS Tou Tpoxahel aplBunTtixd
AaOn. Ilgénel wg uerhoviiny| epyacto va Bpotue mhnpéotepn Bdorn dedouévmy Hote xat ta
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uPpeWLXd dixTua vor Soxtudoouue aAAE Xal TLO TEXUNELOUEVA ATOTEAEGUATA VO TAQOVUE YLd
Ta yevetxd dixtua. Mia axdua enéxtacn Tou cucthuatog 6Twe €youue avagéper Ha Htav
ota UPBeLBLd dixtua var umopody oL dtaxpttéc uetaf3AnTéc va €youy ouveyelc tatépec. Téhog
Oa meémel va Sovue xor v andédoor tou akyoplfuov SEM ypnouwwonoldvtog xdrota dAAn
TPOGEYYLON YO TO AVAUEVOUEYO oX0p eXTHC and Ty ypouuxy (5.17).
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