® Sp\il Gv‘a?la,s

o Ay unJil‘cc-‘ell anrk G=(V,E) s Je!‘mecl 4o be
sphit 4 there s a parkidion V=g 1K
of ks vertex sel:
S = slable sel aud K- Cov\rlel-e Sed.

o la 3¢qcrq|, Hee fqrh-‘-io-, V=St+K of a
split graple will wet be uuique.

@ S w‘;" w-‘ kccessaﬁ'] be & ma].il-uct! S".lau.t. S(.l.,

K 25 - woxiwel c.!;c'u.c. :




® Siwce a 94&‘5(8 Sei OP G s o Cou..\g'e-'-e Sed

O-e G cu-ml vice veria, Wwe Lt,q'\rc an 'ImeJ'lq{"L

r'esu“-.
) Tla.em-e.\u: G is a Sfli‘l ah?b. J{ Z i3 a sivli'lr?’q.

o The next Heorewn Lollows fown e work of
lawimer amd Siweowel 337,

® TLCorcu.q : Le-l» G be a S‘f'i-l J‘hf‘! MJ V=-sS+¢ .
Exqc:.”; onv € 04 f“«e N‘ow'm? Cqu'tJ-icuS Louf:

(L) |Sl = 0((6) awd |k| = U)(G—)
@) Isl=de) and Nkl = w(e) -1

@i) Isl= Ale)-L aqd |l = w(e)

—



o Theorew ¢ Fildes aved Nawper T1q37] o
Lel G be an uqdirecded zrqf(q. MThe eo“o‘m-,

Coudibious are eyuivalend :
L) Gis a SPM- ?""FLJ
() Gand G are 'hﬂm-\?u'q'l-ci r‘ﬂq; |
(i) G coulaiqs o mduced SquQ)"lgi.tl,q',Cs-

o A CLQI“&C(GNZ&J‘?O‘-‘ b£ U-LCH a Sf’li“" 3?\?"«
is alse a cowparali ’n'-] ple is qven by
e -Co“ow\w-é Leorew. &

[ TLCOT‘CM« : If G s a Sf’psl ?-ou")'m.l -l-Le-.-g G
i a Cowan‘-:ihl", JMVL 'I“ Gmul-s‘w‘s Lo
qduced SquuFL\ 'ts'owor'Lic. 4o Mo, U, or H-,
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® Goszt(s (or Cou..?’euqc‘.,-,' P‘tclucibl-e %qf!.s)

@ Coat*&f'«,s ore clef’mec‘ as the a{qu af r-rlqr
-eorh—lee( -frou-c a '-‘iua.fe verfex uuder Hie
c(osu.t-e. Of ‘u‘c ore.rd.'l“uous a‘f Umiov au-\J

Cou«flemeul..

e MUore precise,lg, the dass o Coa.mfhs SV
be debined \-ecut-s'uv(j as  Ellows:
(] o« ins'.e,-\fﬂ‘:el 3,h-.r(x 15 o ﬁ;oé,m,gb,;
(t) 4ee Jis)oi'q"‘ Uty +fa m&r«r& if a c‘psz'ﬁ- i
(L(.i.\ the mwf'%%‘ O{ a Cﬁr\rtl 1S a C'Oé}“f’"“,'

o E ch-\rf-e. ;




o Coustruclisy of Ale -&“aw-a. &I,yu.r‘q:

c

b

>?
22
22
22
»?




© Ce&r\flt were in-\voJuc.ecl I <|'L1e ecl-la I9¥0s

b} Lerchs .

o Lercls s showe | Aros etleer fhper"-ies,
Hee -fa((ow‘.ws 4o very Wice algpr'rﬂ\hic_
preperhies -

(Pﬂ Coa«rqf‘-ls are ejmc:“} dhe ?q reshricted poples
(fl) Cogufbs Lave a vuique dree represectakion

call cl Gotvree . - \
n e~ JX L
b v %
. a) ‘ ]_ )
o A ('DB"L?L‘ and iy whee . “\ , “'\
b c 4\ YA ¥

4 e ﬁ\
T . C. W “
A:,ﬁ.-a-..\ ) o

&P D e a< b
Feo oo,
o The tood ?y (.u':u- '«we o-dta one (o) wode 614'1 U i‘Lf
e R\'Ftsen(-cé c.od-h(k 1% discounected.
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O) Perwud»a-(—ioq ’Rephe.seh-tm"-'tou‘ of o Cozru.'bk

o Let G Le a corurla- wite cobree T,

o We f'o-t H.e verhices vf G o aw Nxn J,H c{

o For eacl wode o €T, we denole:
Glx) Hee s:ul-an\a& GLL(TC))].
LT)) +hesel of Hee lesd uodes 1q Tra).
T(#) Qe sublvee o T vooded ad .

o The verkices of G(u) will be ploted o a
w(e) x u(«) squate ‘I"C.&iok‘ ’2.(4’) on the aﬁe[,
mlu—rc. u(a) s Yee uuwber vf vertices iy G(d),

o We represeccd
B = [=, ), v, (), =, () r?a.(‘dj
where
(2 ), Y, ) s thee lower-lefl corver , and
(), y, (d)) v e ufrer—rizl& wruer.

="



e Our a.|30r~i-l‘hu.. IS a -lor- :loul-‘ Ccv\ru"di'-iow-. oy T.

o fordie roof r o T Jeb RO =T n,n7.

[ Co-.si:‘el- an inderual uede of with aLiUre\q GL,Q&,..,Q.

@ §u"ose_ g-(d() = ['Jt.\(d),"j;((] ,’lt(‘(), 'j.._(-()j st Lec-,

computed, we describe hew 4o comput

RK,) "-‘[71(€i] v h £) , % (€) , %L(ea.) ]
for eade Ll <k,

o Cose 1: of1s a D-yede

,1.“) rg(&)

(L)

218)

Y.<)
Zy(«)

%)

e Casel: ais o J-wade

<)

Yl

1)

a0
T

(L)

24 (o)

21.()
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o [if"“‘j
« d 0 1,4,3,31
O ©) [4.4,¢,¢3
: 1 € CLe,,3) (@)
€ def
: : \“ i [cl A
b . 59 vl
Deed  [eses] o Iss.5.5]
Tq,6 4, \)
d




'Rccoau'.-l-im., Properhcs A &'3"‘?‘"

o Theorew : Led G be « araple. The :eo(low-.w;
Slabuiends are Qlu'nu-'&"‘.'

i) G s a ooa«m?kj

() G does wet couduiy Pq as a sul.anr(a;

® EXO\H?‘e .
E 9 =x T? - g

w , l > .,,7

W _ v w v w v

e For cvera r.‘l.CJ.qa.' e,J e Cz,g)éAE we 40&'—{‘

Avc:'a) e z 2¢V| @,2)cE sud (9,2) fEf

AVC'%.,) = §2eV | m,z]#E od (9, 2)EE]

o For ercry fpoir ey eV: cay) ?’ E we defive:
FY;-,(,.” =4 ze'V', x2) €€ avd (y,2) GEj

..-,o.—



.Tl\eon:wq : Led G:CV,E) be amn }l-free erl...
Thew, &5 a c:oanfh.

o Theorem : Led G=(v,E) be « amrk Tle

-“(owmz stadwients are e1u‘|v&|¢h-|-:

) & s a cozrqu\;

(©) There exists wo chJma, ei&e C1,'3')GAE
aud vertices ve AVC':‘!) , € AVE,_},)
suce Hat eitber MY UNCY) # F¥iviu3
or NM(uw)v ”(‘2) # FV; ual .

° Exo..bq?'.e :

) (=.y)ecAE
Wrniogte MV N (Y) =Lz, u3
FV{V:‘? g - {l,ug
x 4 N UN(Z) = §v, YT

F'/j_\',‘j} - KV,‘-};

2) (v,%) CAE O EREAAT) PR
Fi“’;ﬂ} < Z"’/ y} i c:;‘;,

At -



® A'anﬁ-l‘\\\u %Oah'l'l‘io\-' - Co&M?LLS
1. or every (AY) CAE do°

LL Gompub AV, ad A Vg-w) ’

2. for cvery pair a',,u!_eV: cm,«.ﬂ_ée do
2.3, Cou-\rul-c ?V?.%J-af\ )

3. for erery a.dch e-lze C2.9) €AE do
3.1, for cvery verlex Ve A.va.?) do

L KOIUN(Y) # Fiagyy e By; shep;
3.2, for every verkex e AV? do

x,9)
d MYOVO) £y, Baen Ty; Sop;

emd.

o The algoritluns ruus 1w 0(Sn) where T s Hee
learec A Mee mpud gl

Py 'T[ge erﬁd’{wq cau be imﬂemhké (T O(_L]
hwe widly 0(8414) processors ou a CEClw -FPAk.

L



® T"‘.\"G-SL..O':! Groples

@ Ciq.vé.'('u‘ a.u.f "uwmer "que frove.cl d‘t‘e_

fo(fowiua resuld :

® Theorem : Le-(- G—':(V,E) be a 37‘?1«, The
Jo"owiu.} statewents are qu'wa.'uﬂz
€) Gis o Aresbold anlc; ]
(ii] G lw} wo 't-u‘ucee‘ Sul-znp'ms = do P.,,c,! oi-t\',_

® TLe;M exist awe Om)-tiee Serucc.ﬁa/( djy/dr?n'-'-
for rcc-oéwtz:vs, fare sbuold r\rl.s'. |

@ TLG a.,J,oriﬂnM'., lmsee( oy dhe _Jeg)—cc. faar"i’rioh.

0 Led S“(v} be dhe Jc;ne 04 Jle vertex v
of an ouircd*i ?n‘?(\

-"% -



® Ve JJiwc. the Jegwe rcﬂrk boy «C o m&

G2Cv,E) m whiclk we associate verkices

kaviuz Yhe Sawue e'ew.

o Lel o< 9,_4}?2_4-.. <-S'k < lV! be Yhe

Jerecs of Hie woniselated veriices.

o 5L are diskiuct; dlrere way be wiauy verlices

ot .lerce. be .
° D&"c\tc, : S;,:o and Yt—'ﬂ. - .’\-"! -1

@ TLe c(egfec ?«.Y‘H"-\o&-. of Y ?;VCH bg,

-VT..' DOJ"D‘L"" ""’+ DR.
whkere Dp= set of all vertices of Jdegpree &

o Exawple: 2 J & =2
- S =3
Vs =5

a 3

Cﬁ.SLng_‘. 5‘\'5 £ 6
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© Tlﬂe Wiy idea OE e hsc-or'ukot.. A(Zpric%m:

(K) “-irﬂ-, 'r" bh’nua,s -loa.cHnel" all vcrHces widh
dhe sawe Jearec.

(b) The vertex sed V is parhitioved 1ot kL
Jisjo‘|u4 verter seds
V=0,+D, + ... 4 D
Qqhsfriwz tue properdy
weD; & Sw=t¢

ocig k.

(_C.) Theu, the a.'jol'i H\IM uses ’I'Lc &”owiug
resul4 :
G is o tereshold ZM\FL. i“ the recursious
belows ovre sakisfied:

gL-H. = gi, + l Dk-Ll (i=op,...,L¥e10)
G o= S 4 | D] (REL 1

14~



(5] TL,e -l-yrac«.l shudum o‘o. “amclwo'c’r'oL

Stable cfh ue

-~ T
> =

Drrs 4L

(DLk/z}

Lls AW

o Do cowlains all iselated verbices (wmay be ewphy)

e Drk/t'! ou':_-- exisds if k 15 oJl

® % =0 and Sy =|V]-L
=S~



e

o= al "-\
Pl e w d
(gg> ) o
o § D / i

® A-free Gropls ~

F,

e A rnf&. G=CV,E) is called aw A-‘fvcc ?"f(‘
14 every e-lz,c. of G 15 either free er

Se-“t't-‘“rf.f..

¥ ‘_:h'\_
vl \
v\
o "
J
W

e We J ef'c we
codd @) =<V | WV

® Tﬂa;owh‘: Lel ¢ be a yr\fl-. Thew dle ﬂ”owu:
statewients are cjuivalewt:
i) G s a A-hee WL;
Q‘Zi] G- kes wo tyduced Sqlr\plx 2 4o Pq o C¢“
@.ii.l Evcr} wuneched 1wduced mbrqu
GLE), € =V, saksfies ceul (GCECs)) £

o lewnna : The 'ecnou'tu-‘ oo Hatewernds Lold:
€] GisayA-tee 12l G- cad(G) is a A—'ﬁwq
@) 14 G-cend(Q) £ £, dhey G -cond(C)

oudaiu( af f,‘eqs-l; Huo Cowqponents,

-—|6 ~



o lel G be ay A-free 3"‘?1“' Thew,
Vi = ceqd (G-)

& ?q"' GL‘:-G-
G'_.V.L -— G‘z V) G"3 U-—.U Gr.
where

G¢ i3 a Wh-\fok&n'l' o'c G-V , r22,

® ’\14&-., G VS aw A-—‘e&e rqpl.. and se
Vi = cond (6;) # P

o We -e.‘mt‘(", oMu.'u., (R &:“owiuz fM“‘HHG"-t 47':
V=V, 4V -2V,

M VL - (fl-tl.” C l'.\.




o The 1”!:,«4 Chuclure o av A/lvec. #nf;«:

Rk o

® Moreover we Caay c\cguc_ a PQ?-‘-’M' or-ler
< ow iVL,V.L,.-,Vk} @s :&“ows:

ViV ¥ Vizcad (6)) and Y EWG)




® Le‘ G ‘Je. a couuec-(ci A erce 7w.|7(v. MJ 'ul
VC() Yo +V ¢ -- *Vk be the fql"htl‘to-'
delived alove.

TLOM tles fqﬂihon and te f«bha"a ordered
seb (ivd, €) hawe dhe follow‘m} plopet bies:

Q’l\ If Vi 5_“/} deer every verbex of VU aed
evc.b-, rer fe X vf-’V; ake '30'1\1134 ba av e-[ae.

(1) For every Vi, ced (CLLUV: | H2V51)=Vi.

(f3) For every dwo VeadV, : V. €V,
GIiuvV; I Vs VeVt s n(omr[elahf{-.
MUerewer, £or every woxiwmal eleweut Vi
of (1%i3,4), GLIUVi | Vi <V £V ]
15 o axwal G-ufle.l-e Sulvrqpk A G

(?'1\ Everg 13:. (';I.'j) N 9} ('la C?.‘J)G FE .
- - . ZEV, %‘V Ve .-fV
C_a,g)e SE,



e G isa 'H\I‘GSLM‘i ahf(& l“{ G Lu.s wo '|\Juc_e¢(
Sutj.n'lxs ‘l(o\.u.ol‘?l«'lc {o qu P‘f o¥r Zkl

& TLcon-e,u..: T‘Ae- -l*Lh:JLuolJ ?h(‘d dre fl-ecise.lg_
Maose. 4-£rec_ 3"‘"" c.oq-lm‘nu'nw.( we qduced
Suqufl‘ isoouorflaic o 2k,.

) Ttuem : Lled G be asv 4-free rulvﬂ ’ﬂ-e.
fo“ww‘wa Slafermeuds are c~‘uivd9h+:
i) G coudars wo ¢, ;
i) T isan A-free ampl;

frodf (ll = (i) : Lo‘- -rc(G-) be the cerd-hee
A G omd led Vi, Vi, .., Vi, be de childen
A fhe uwole Vo.u -.-..cewl(G),'

Yk,

’I'Leq, 4 at Lodroue child o4 Na i 3 I'V:','ll?,l.

weask
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We canq o—»—(g prove Hiod dhe l-f”nca' Sdruchare
A ay A"‘Mt W‘« wlud'l ou{aius uo ‘mJucec(
gql'rn(la X Jo 2kq_ 1S dhe fo“ow'.-.a.‘

The comt-tree Lo dhe ‘fo“o'ﬁ’w; preyertics:

® k=% UV V. UV, s a cl:,u.

) €=V-k s aqu wdipended sed.

(I’3\ bor evera 1.,43 ¢ ,C.‘ : ch(,!(‘ﬁ) <z !ewc!(g)l
M=) = My).

We  caun evwla-pove.vd‘lw‘ 5 15 ay A-—gﬂcc 344’!(.

(E\-)”:? (ﬂ‘ Sujpese G o daiug 2k, _—1&0_', G comlaivy
Cq , & Contrudichay,




L T‘AOONM-\' Led G"-"—CV,E) be ay uuiirec-(ccf rmftl
TLIG- L“ow'uva f"t'(t.luou\-l's ant ciu.wa.'elq-‘f

@) G xw o Hieshold J’“PLU
G"" G and E: akhe A"Ph'e melu;

@ 11/'-4 frﬂc, 36“-{!'2&6- aud a,C"fuc&-, verbices {
o (.ou(nco“té W‘\ G w‘té‘k w verhice) a.—;J. s
edpe) can be wwgubed 1 O(F- W) dee.

P TL;S . Hrede!d 7«\{(&: cay be reua»uc‘- I
0(S.w +|1:l‘) hee,

® A*f’rﬁej Cofhf!-,f cu,i Jt»ts’wcu 20-\‘7{-\1 Coly
be rc«}uizeel 14 0(L) 4ive by wsivg O(u-w)
processorS ow a CECW- PRAM
oF

[T 0(‘7&—) a e Lz uﬁ? O(RM/LZ-..) waﬂﬂ



