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ab cdefghbi jegkb lehgibckbh minopf qgkp ed rddof di slrkgorb bhmbft ubk Gvb flcp n minop de n wbikgcbft x yz{||}|~ ���� d� G

gf n cdeebckbh nc�crgc
(n − 1)�bhmb flvminop d� kpb minop Gt �pb elsvbi d� foneegem kibbf d� nminop �ebkqdi�� G� gf ne gsodiknek� qbrr�fklhgbh �lnekgk� ge minop kpbdi�� neh
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noobnif ge n elsvbi d� noorgcnkgdeft �dfk edknvrb noorgcnkgde jbrhf nib ebkqdi�
ibrgnvgrgk� �ge n ebkqdi� sdhbrbh v� n minop� gekbicdsslegcnkgde vbkqbbe nrr
edhbf d� kpb ebkqdi� gsorgbf kpnk kpb minop slfk cdeknge n foneegem kibb� kplf�sn�gsg�gem kpb elsvbi d� foneegem kibbf gf kpb �b� kd sn�gsg�gem ibrgnvgrgk��
�Å��� cdsolkgem kpb kdknr ibfgfknecb nrdem ne bhmb ge ne brbckigcnr ebkqdi� ����neh belsbinkgem cbiknge cpbsgcnr gfdsbif ���t

�plf� vdkp �di kpbdibkgcnr neh oinckgcnr oliodfbf� qb nib gekbibfkbh ge hb�igwgem �dislrnf �di di cdsolkgem kpb elsvbi d� foneegem kibbf d� n minop G�neh nrfd d� kpb Kn�cdsorbsbek d� kpb minop G�
g�

G
gf n flvminop d� kpb cds�orbkb minop Kn � kpbe kpb Kn�cdsorbsbek d� G� hbedkbh v� Kn − G� gf hbjebhkd vb kpb minop dvkngebh �ids Kn

v� ibsdwgem kpb bhmbf d� G �edkb kpnk� g�
G pnf n wbikgcbf� kpbe Kn − G cdgecghbf qgkp kpb minop G � kpb cdsorbsbek
d� G�t �ne� cnfbf pnwb vbbe b�nsgebh hbobehgem de kpb cpdgcb d� Gt 	k pnfvbbe fklhgbh qpbe G

gf n rnvbrbh sdrbclrni minop ���� qpbe G
gf n cgiclrne�k minop �
�� 
��� qpbe G

gf n cdsorbkb slrkgonikgkb minop �
��� qpbe G
gf n

clvgc c�crb neh �lnhilorb c�crb minop �
��� qpbe G
gf n �lnfg�kpibfpdrh minop

�
��� neh fd de �fbb bimb �
� �di ne b�odfgkgde d� kpb snge ibflrkf� nrfd fbb
��� 
�� 
Å� 

� 
�� 
�� 
���t�pb oliodfb d� kpgf onobi gf kd fklh� kpb oidvrbs d� jehgem kpb elsvbi d�
foneegem kibbf ge kpb crnff d� ���z ����|� �����}��� minopf� di fd�cnrrbh ��~�{z�y�n qbrr��edqe crnff d� obi�bck minopf ��� Å
�t �pb cdminopf qbib gekidhlcbh gekpb bnir� Å���f v� ubicpf �Å�� neh hbjebh nf kpb crnff d� minopf �disbh �ids
n fgemrb wbikb� lehbi kpb crdflib d� kpb dobinkgdef d� legde neh cdsorbsbekt
�dib oibcgfbr�� kpb crnff d� cdminopf gf hbjebh ibclifgwbr� nf �drrdqf� �g� n
fgemrb�wbikb� minop gf n cdminop� �gg� kpb hgf�dgek legde d� cdminopf gf n cdminop�
�ggg� kpb cdsorbsbek d� n cdminop gf n cdminopt ubicpf �Å�� pnf nrfd fpdqekpnk kpb crnff d� cdminopf cdgecghbf qgkp kpb crnff d� minopf qpgcp cdeknge edgehlcbh flvminop gfdsdiopgc kd n P4

�cpdihrbff onkp de �dli wbikgcbf�� neh kpnk
n cdminop G nhsgkf n leg�lb kibb iboibfbeknkgde� lo kd gfdsdiopgfs� cnrrbh n
������ Tco(G)t�inhgkgdenrr�� kpb oidvrbs d� jehgem kpb elsvbi d� foneegem kibbf d� n minopgf fdrwbh v� sbnef d� kpb crnffgc �}������ �{��}� ���� ������� ���t �pgf ibflrk
b�oibffbf kpb elsvbi d� foneegem kibbf d� n minop G

ge kbisf d� kpb hbkbisgenek
d� n cd�nckdi d� kpb fd�cnrrbh�gicppd�snkig� kpnk cne vb bnfgr� cdefkilckbh �idskpb nh�ncbec� ibrnkgde �nh�ncbec� snkig�� nh�ncbec� rgfkf� bkc� d� kpb minop G�kpb �gicppd� snkig� kibb kpbdibs fknkbf kpnk kpb elsvbi d� foneegem kibbf d�
n minop gf b�lnr kd ne� d� kpb cd�nckdif d� kpb �gicppd� snkig�t xe nrkbienkgwb
qn� �di cdsolkgem kpb elsvbi d� foneegem kibbf d� n minop� cne vb ncpgbwbhkpidlmp kpb cnrclrnkgde d� kpb bgmbewnrlbf d� kpb �gicppd� snkig� �Å��t ab odgek
dlk kpnk vdkp nooidncpbf cne vb lfbh �di cdsolkgem kpb elsvbi d� foneegem
kibbf d� ne� minop G �fbb �
� �� ÅÅ� 
Å� 
���� vlk kpb� ebcbffgknkb Θ(n3)

kgsb
neh

Θ(n2) foncb� qpbib n
gf kpb elsvbi d� wbikgcbf d� kpb minop Gt

 di fdsb crnffbf d� minopf� flcp nf kpibfpdrh minopf� �lnfg�kpibfpdrh minopf�cdminopf� cgiclrnek minopf� bkc� kpbib nib egcb cpninckbig�nkgdef �di kpb bgmbewnr�lbf d� kpbgi �gicppd� snkig� kpidlmp kpbgi cdefkilckgwb oidobikgbf qpgcp pdrh






�di kpbfb crnffbf d� minopf �Å�� 
�� 
�� 
��t �plf� ge kpbfb cnfbf� deb pnf kpb nh�
wneknmb d� nffdcgnkgem kpb elsvbi d� foneegem kibbf kpidlmp �edqe �dislrnf �dikpb bgmbewnrlbf d� kpbgi �gicppd� snkig�t �e kpb dkpbi pneh� �di dkpbi crnffbf d�minopf gk gf cdssde kd cdsolkb kpb cd�nckdi d� kpb �gicppd� snkig� d� n mgwbeminop G

v� lfgem fkilcklinr oidobikgbf d� G nrdem qgkp fknehnih kbcpeg�lbf �ids
rgebni nrmbvin neh snkig� kpbdi�� fbb �di b�nsorb ��� ÅÅ� Å�� 
�� 
Å� 

� 
�� 
��t

nfbh de fkilcklinr oidobikgbf d� kpb crnff d� cdminopf� �nssbi neh �br�snef �Å�� oidodfbh n rgebni�kgsb nrmdigkps �di kpb elsvbi d� foneegem kibbf d�
n cdminop G lfgem kpb nooidncp d� cdsolkgem kpb bgmbewnrlbf d� kpb �gicppd�
snkig� d� Gt 	e onikgclrni� kpb cdsolknkgde d� kpb bgmbewnrlbf d� kpb �gicppd�
snkig� gf ncpgbwbh v� noor�gem� ibclifgwbr�� n odr�edsgnr qpgcp cdiibfodehf kdkpb dobinkgdef d� legde neh cdsorbsbek d� n cdminopt

	e kpgf onobi qb oidodfb n hg�bibek nooidncp �di fdrwgem kpb oidvrbs d�
jehgem kpb elsvbi d� foneegem kibbf d� n cdminop Gt ab lfb kibb cdekinc�kgde dobinkgdef neh fpdq kpnk kpb fknkbh oidvrbs cne vb b�cgbekr� fdrwbh v�
flccbffgwbr� noor�gem kpbfb dobinkgdef de kpb cdkibb Tco(G) d� n cdminop Gt
�li nooidncp nwdghf kd cdsolkb kpb hbkbisgenek d� n cd�nckdi d� kpb �gicppd�
snkig� di kpb bgmbewnrlbf hbfcigvbh ge n cbiknge odr�edsgnrt

	e onikgclrni� qb oibfbek n rgebni�kgsb nrmdigkps �di hbkbisgegem kpb elsvbi
d� foneegem kibb d� n cdminop� �di ne geolk cdminop G de n wbikgcbf neh

mbhmbf dli nrmdigkps cdefkilckf jifk kpb cdkibb Tco(G) d� kpb minop G� neh kpbe
cdsolkbf kpb elsvbi d� foneegem kibbf d� G

ge O(n + m)
kgsb neh foncbt �pb

nrmdigkps ibrgbf de kibb cdekinckgde dobinkgdef qpgcp nib noorgbh ge n f�fkbsnkgc�nfpgde �ids vdkkds kd kdo ge dihbi kd fpige� kpb Tco(G)
gekd n fgemrb edhb�qpgrb nk kpb fnsb kgsb cbiknge oninsbkbif nib nooidoignkbr� lohnkbh� fgecb kpb

cdkibb d� n minop cne vb cdefkilckbh ge kgsb neh foncb rgebni ge kpb fg�b d� kpbminop ���� neh bncp kibb cdekinckgde dobinkgde kn�bf kgsb rgebni ge kpb fg�b d�kpb cdekinckbh onik d� kpb kibb� kpb nvdwb cdsolknkgde kn�bf kgsb neh foncb
rgebni ge kpb fg�b d� Gt �pb elsvbi d� foneegem kibbf d� G

gf dvkngebh nf kpb
oidhlck d� n−1 elsvbif� qpbib n

gf kpb elsvbi d� wbikgcbf d� G� kpgf kn�bf O(n)kgsb lehbi kpb leg�dis cdfk cigkbigde �Å�t �pb cdiibckebff d� dli nrmdigkps gf
bfknvrgfpbh v� sbnef d� kpb �gicppd� snkig� kibb kpbdibs nrdem qgkp fknehnihkbcpeg�lbf �ids rgebni nrmbvin neh snkig� kpbdi�t

�pb nrmdigkpsgc nooidncp qb lfb ge kpgf onobi �di fdrwgem kpb oidvrbs d�
jehgem kpb elsvbi d� foneegem kibbf d� n cdminop nrrdqf lf kd hbfgme n fgsorb
neh b�cgbek nrmdigkps� gk hdbf edk sn�b lfb d� nhwnecbh hnkn fkilcklibf� gk gf
bnf� kd gsorbsbek neh gkf cdsorb�gk� nenr�fgf neh gkf cdiibckebff nib fkingmpk��diqniht �dibdwbi� dli nooidncp cne vb b�kbehbh kd dkpbi crnffbf d� minopf
neh� kplf� nrrdqf lf kd vbnk kpb O(n2.376)

kgsb cdsorb�gk� �di kpb oidvrbs d�
jehgem kpbgi elsvbi d� foneegem kibbft 	ehbbh� ge kpgf onobi qb b�kbeh dli
ibflrkf kd n oidobi flobicrnff d� cdminopf� ensbr� kpb P4�ibhlcgvrb minopf� neh
fpdq kpnk kpb elsvbi d� foneegem kibbf d� n P4�ibhlcgvrb minop G de n wbikgcbf
neh

m bhmbf cne vb cdsolkbh ge O(n + m)
kgsb neh foncbt

�pb onobi gf dimneg�bh nf �drrdqft 	e �bckgde 
 qb bfknvrgfp kpb edknkgde
neh ibrnkbh kbisgedrdm� neh qb oibfbek vnc�midleh ibflrkft 	e �bckgdef � qb

�



oidodfb n rgebni�kgsb nrmdigkps �di hbkbisgegem kpb elsvbi d� foneegem kibbf
d� n cdminop� qpgrb ge �bckgde � qb b�kbeh dli ibflrkf kd n oidobi flobicrnff
d� cdminopf� ensbr� kpb P4�ibhlcgvrb minopft  genrr�� �bckgde � cdecrlhbf kpb
onobi neh oibfbekf odffgvrb �lklib b�kbefgdeft

� ���Y`Z`\Y� �Y] ��_��[\^Y] 	��^
Z�
ubk G

vb n minop qgkp wbikb� fbk V (G) neh bhmb fbk E(G)t �pb flvminop d� nminop G
gehlcbh v� n flvfbk S d� kpb wbikb� fbk V (G)

gf hbedkbh v� G[S] t  di
n wbikb� flvfbk S d� G� qb hbjeb G − S := G[V (G) − S] � qb hbedkb G − v

kpbminop G[V (G) − {v}] t �pb ebgmpvdipddh
N(v) d� n wbikb� v ∈ V (G)

gf kpb fbk
d� nrr kpb wbikgcbf d� G qpgcp nib nh�ncbek kd v � kpb crdfbh ebgmpvdipddh d� x

gfhbjebh nf N [v] := {v} ∪ N(v)t
�� ��������
xf sbekgdebh nvdwb� ubicpf oidwbh kpnk cdminopf nib kpb �nsgr� d� minopf
cdefkilckbh �ids n fgemrb�wbikb� lehbi kpb crdflib d� kpb dobinkgdef d� legde
neh cdsorbsbekt �pbfb dobinkgdef leg�lbr� hbjeb n kibb iboibfbeknkgde ib�biibhkd nf n cdkibbt �pb cdkibb d� n cdminop G� hbedkbh Tco(G)� gf n iddkbh kibb flcpkpnk�

�g� bncp gekbienr edhb� b�cbok odffgvr� �di kpb iddk� pnf nk rbnfk kqd cpgrhibe�
�gg� kpb gekbienr edhbf nib rnvbrbh v� bgkpbi � ���|���y� di Å ���|���y�� kpb

cpgrhibe d� n Å�edhb ���edhb ibfot� nib ��edhbf �Å�edhbf ibfot�� gtbt� Å�edhbf neh ��edhbf nrkbienkb nrdem bwbi� onkp �ids kpb iddk kd ne� edhb
d� kpb cdkibb�

�ggg� kpb rbnwbf d� kpb cdkibb nib ge n Å�kd�Å cdiibfodehbecb qgkp kpb wbikgcbf d�
G� neh kqd wbikgcbf vi, vj

nib nh�ncbek ge G
g� neh der� g� kpb rbnfk cdssde

necbfkdi d� kpb rbnwbf cdiibfodehgem kd vi
neh

vj
gf n Å�edhbt

ubicpf� hbjegkgde ib�lgibh kpnk kpb iddk d� n cdkibb vb n Å�edhb� g� pdqbwbi qb
ibrn� kpgf cdehgkgde neh nrrdq kpb iddk kd vb n ��edhb nf qbrr� kpbe qb dvknge
cdkibbf qpdfb gekbienr edhbf nrr pnwb nk rbnfk kqd cpgrhibe� neh qpdfb iddk gf nÅ�edhb g� neh der� g� kpb cdiibfodehgem cdminop gf cdeebckbht
ubk G

vb n cdeebckbh cdminop� neh rbk Tco(G)
vb gkf cdiibfodehgem cdkibbt abhbjeb kpb �drrdqgem edhb�wbikb� fbkf de kpb cdkibb Tco(G)�

◦ Li � qpgcp gf kpb fbk d� edhbf�wbikgcbf de kpb i
kp rbwbr d� Tco(G)� neh

◦ ch(ui)� qpgcp gf kpb fbk d� cpgrhibe de kpb edhb ui ∈ Tco(G)t
�pb onibek d� n edhb�wbikb� w

ge Tco(G)
gf hbedkbh v� p(w)t  gmlib Å �bnklibf

n cdkibb Tco(G) qgkp kpb cdiibfodehgem rbwbr fbkft
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 gmlib Å� �n� x cdminop de � wbikgcbf neh �v� kpb cdiibfodehgem cdkibbt

x fbk S d� rbnwbf d� Tco(G)� di� b�lgwnrbekr�� n flvfbk S ⊆ V (G)
gf cnrrbh

◦ y���|~ ����� g� nrr kpb wbikgcbf ge S pnwb kpb fnsb onibek
u

ge Tco(G)� neh
cp(u) = S t

�bibn�kbi� qb lfb p(S)
kd hbedkb kpb onibek d� kpb wbikgcbf d� kpb fkidem vrdc�

S � neh qb cnrr gk y���|~ |���� edkb kpnk� p(S)
gf n edhb ge Tco(G)t 	e  gmlib Å�kpb der� fkidem vrdc�f d� Tco(G) nib �disbh v� edhbf u1 � u2

neh v� u3
� edhbf

u1
neh

u2
nib fkidem Å�edhbf� qpgrb u3

gf fkidem ��edhbt
nfbh de kpb fkilcklinr oidobikgbf d� n cdminop G neh gkf cdiibfodehgem

cdkibb Tco(G)� gk gf bnf� kd fbb kpnk kpb �drrdqgem rbssn pdrhf�
����� ���� � ��~�{z� G

��|�{}|y {� ��{y� �|� y���|~ �����	

��� 
����� ������������� ����
x flvfbk M ⊂ V (G)

gf fngh kd vb n ������ d� kpb minop G� g� bwbi� wbikb� dlkfghb
M

gf bgkpbi nh�ncbek kd nrr kpb wbikgcbf ge M di kd edeb d� kpbst �pb bsok�
fbk� kpb fgemrbkdef� neh kpb wbikb� fbk V (G) nib ��}�}{� sdhlrbf neh qpbebwbi
G pnf der� kigwgnr sdhlrbf gk gf cnrrbh n z�}�� ~�{z� �di }|�����z�y{����t x
ede�kigwgnr sdhlrb gf nrfd cnrrbh n ����~�|���y fbkt x sdhlrb M d� G

gf cnrrbh
y���|~� g� �di ne� sdhlrb M ′ 6= M d� G� bgkpbi M ′ ∩ M = ∅ di M ′ ⊂ M t

�pb sdhlrni hbcdsodfgkgde d� n minop G
gf iboibfbekbh v� n kibb T (G) qpgcp

qb cnrr kpb �����{� �����z�y}�}�| ���� d� G� kpb rbnwbf d� T (G) nib kpb wbikgcbf
d� G� qpbibnf bncp gekbienr edhb u cdiibfodehf kd n fkidem sdhlrb� hbedkbh
M(u)� qpgcp gf gehlcbh v� kpb fbk d� wbikgcbf�rbnwbf d� kpb flvkibb iddkbh nk
u t �plf� T (G) iboibfbekf nrr kpb fkidem sdhlrbf d� Gt �ncp gekbienr edhb gf
rnvbrbh v� bgkpbi � �di P � �di z{�{���� sdhlrb� Å �di S� �di y��}�y sdhlrb� di 

�di N � �di |�}~�������� sdhlrbt �pb sdhlrb cdiibfodehgem kd n ��edhb gehlcbf
n hgfcdeebckbh flvminop d� G� kpnk d� n Å�edhb gehlcbf n cdeebckbh flvminop d�
G qpdfb cdsorbsbek gf n hgfcdeebckbh flvminop neh kpnk d� n 
�edhb gehlcbf
n cdeebckbh flvminop d� G qpdfb cdsorbsbek gf nrfd n cdeebckbh flvminopt

�



�obcgjcnrr�� rbk u
vb ne gekbienr edhb d� kpb sdhlrni hbcdsodfgkgde kibb T (G)t

	� u pnf cpgrhibe u1, u2, . . . , up � kpbe qb hbjeb kpb ��z��y�|�{�}�� ~�{z� G(u)d� kpb sdhlrb M(u) nf �drrdqf� V (G(u)) = {u1, u2, . . . , up} � neh
E(G(u)) =

{uiuj | vivj ∈ E(G), vi ∈ M(ui)
neh

vj ∈ M(uj)}
t

�dkb kpnk v� kpb hbjegkgde d� n sdhlrb� g� n wbikb� d� M(ui)
gf nh�ncbek

kd n wbikb� d� M(uj)
kpbe bwbi� wbikb� d� M(ui)

gf nh�ncbek kd bwbi� wbikb�
d� M(uj)

t �plf G(u)
gf gfdsdiopgc kd kpb minop gehlcbh v� n flvfbk d� M(u)cdefgfkgem d� n fgemrb wbikb� �ids bncp sn�gsnr flvsdhlrb d� M(u)

ge T (G)t�pbe� �g� g�
u

gf n ��edhb� G(u)
gf ne bhmbrbff minop� �gg� g�

u
gf n Å�edhb� G(u)gf n cdsorbkb minop� neh �ggg� g�

u
gf n 
�edhb� G(u)

gf n oigsb minopt
�pb sdhlrni hbcdsodfgkgde kibb T (G) d� n minop G

gf cdefkilckbh ibclifgwb�r� nf �drrdqf� oninrrbr sdhlrbf nib hbcdsodfbh gekd kpbgi cdeebckbh cdsodebekf�fbigbf sdhlrbf gekd kpbgi cd�cdeebckbh cdsodebekf� neh ebgmpvdipddh sdhlrbfgekd kpbgi fkidem flvsdhlrbft �pb b�cgbek cdefkilckgde d� kpb sdhlrni hbcds�odfgkgde kibb d� n minop pnf ibcbgwbh n mibnk hbnr d� nkkbekgdet 	k gf qbrr �edqekpnk �di ne� minop G
kpb kibb T (G)

gf leg�lb lo kd gfdsdiopgfs neh gk cnevb cdefkilckbh ge rgebni kgsb ��� Å��t �dkb kpnk g�
T (G)

hdbf edk cdeknge ne�gekbienr 
�edhb kpbe G
gf n cdminop neh

T (G)
gf gkf cdkibb� gtbt� T (G) ≡ Tco(G)t

��� �������� 
�����
 di ne n × n snkig� A� kpb (n − 1)�fk dihbi �}|�� µi

j

gf kpb hbkbisgenek d�kpb (n − 1) × (n − 1) snkig� dvkngebh �ids A n�kbi pnwgem hbrbkbh idq i neh
cdrlse j t �pb i�kp ���{���� b�lnrf µi

i
t �pb �}������ �{��}� K

�di n minop Gde n wbikgcbf gf ne n × n snkig� qgkp brbsbekf

ki,j =











di
g�

i = j,

−1
g�

i 6= j neh
(i, j) ∈ E,

0 dkpbiqgfb,
qpbib di

gf kpb hbmibb d� kpb wbikb� vi
ge kpb minop Gt �pb �gippd� snkig�kibb kpbdibs gf deb d� kpb sdfk �nsdlf ibflrkf ge minop kpbdi�t 	k oidwghbf n�dislrn �di kpb elsvbi d� foneegem kibbf d� n minop G� ge kbisf d� kpb cd�nckdif

d� gkf �gippd� snkig�t
����	�� ���� ��gicppd� �nkig� �ibb �pbdibs ����� 
�� {|� ~�{z� G �}�� K��|�� {y {����� ��� ���{����y �� K �{�� ��� y{�� �{���� {|� ��}y �{��� ���{�y
��� |����� �� yz{||}|~ ����y �� G

	

� ��� �^���[ \� ���YY`Y� �[���
ubk G

vb n cdminop de n wbikgcbf neh
m bhmbf neh rbk Tco(G)

vb gkf cdkibbt 	e
dihbi kd cdsolkb kpb elsvbi d� foneegem kibbf d� kpb minop G qb lfb �pbdibs

tÅ� kpnk gf� qb hbrbkb ne nivgkini� wbikb� x d� kpb fbk V (G) neh nrr kpb bhmbf

�
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 gmlib 
� �n� �pb cdkibb Tco(G) d� n cdminop G� neh �v� kpb ibflrkf d� kpb�leckgde Update Replace(u1, Tco(G))t

gecghbek de wbikb� xt �dq kpb wbikb� fbk d� kpb ibflrkgem cdminop G − x
gf d�

fg�b n − 1 t
�� ��� ��������
ab fbk s(v) := dv

�di bwbi� wbikb� v ∈ V (G)−{x} � qpbib dv
gf kpb hbmibb d� kpb

wbikb� v
ge kpb geolk minop G� qb cnrr kpbfb rnvbrf d� kpb wbikgcbf kpbgi s��{���yt�pb nrmdigkps qdi�f v� cdekinckgem ge n f�fkbsnkgc �nfpgde kpb fkidem edhbf

d� kpb cdkibb d� kpb minop G − x neh v� nffgmegem kd kpb rbn� kpnk gf oidhlcbhkpb pgmpbfk�gehb� wbikb� d� G qpgcp gf n cpgrh d� kpb fkidem edhb �fbb  gmlib 
�t
�pb cdekinckgdef nib hdeb v� sbnef d� n �leckgde� ensbr�� �z�{�� ��z �{��� ��qpgcp nrfd lohnkb kpb s�rnvbrf d� kpb cpgrhibe�wbikgcbf d� kpb fkidem edhbt ab
edkb kpnk kpb s�rnvbrf nib nfflsbh kd vb mrdvnr wnignvrbf ge dli nrmdigkpst

ubk u
vb n fkidem edhb d� Tco(G)� neh rbk cp(u) = {v1, v2, . . . , vp}

t �pb�leckgde �ohnkb �borncb gf noorgbh kd edkb u � neh qdi�f nf �drrdqf�
◦

gecibnfb kpb s�rnvbrf s(v1), s(v2), . . . , s(vp)
v� 1 � ge kpb cnfb qpbib u

gf nÅ�edhb�

◦ cdsolkb kpb oninsbkbi e(u) :=

p
∑

i=1

1

s(vi)
�

◦ lohnkb kpb s�rnvbrf s(vp−1)
neh

s(vp)
d� kpb wbikgcbf vp−1

neh
vp � lfgem

kpb oninsbkbi e(u)�

◦
hbrbkb kpb wbikgcbf v1, v2, . . . , vp−1

�ids Tco(G)� neh iborncb kpb edhb uqgkp kpb wbikb� vp
t

 gmlib 
 fpdqf kpb noorgcnkgde d� kpb �leckgde �ohnkb �borncb de edhb u1 ∈
Tco(G)t  gifk� gk cdsolkbf kpb s�rnvbrf s(v1), s(v2), s(v3)

neh kpb oninsbkbi

�



e(u1)� kpbe ibcdsolkbf kpb wnrlbf s(v2), s(v3)� neh jenrr� hbrbkbf kpb wbikgcbf
v1

neh
v2 � neh iborncbf kpb fkidem edhb u1

qgkp kpb wbikb� v3
t �pb �disnrhbfcigokgde d� kpb �leckgde �ohnkb �borncb gf mgwbe ge xrmdigkps Åt

������ �������(u, T )

�� �dsolkb kpb wbikb� fbk cp(u) = {v1, v2, . . . , vp}
�

�� �	
u

gf Å�edhb ���

	�	 bwbi� wbikb� vi ∈

cp(u) �� s(vi) := s(vi) + 1 �

�� �dsolkb e(u) :=

p
∑

i=1

1

s(vi)
�

�� �ohnkb kpb s�rnvbr s(vp−1)
nf �drrdqf�

s(vp−1) := s(vp−1) · s(vp) · e(u)�

� �ohnkb kpb s�rnvbr s(vp)
nf �drrdqf�

�	
u

gf ��edhb ���

s(vp) :=

1

e(u)

���� s(vp) :=
1

e(u)
− 1 �

�� �brbkb wbikgcbf v1, v2, . . . , vp−1
�ids T � neh iborncb edhb u qgkp wbikb�

vp
�

�� �bklie kpb ibflrkgem kibb�

xrmdigkps Å� Update Replace(u, T )

ab eb�k hbfcigvb dli nrmdigkps �lsvbi �oneegem �ibbf qpgcp cdsolkbf kpb
elsvbi d� foneegem kibbf d� n cdminop G�

gk qdi�f nf �drrdqf�  gifk gk cdsolkbfkpb hbmibb di
d� bncp wbikb� vi ∈ V (G) neh nffgmef s(vi) := di � 1 ≤ i ≤ n t �pbe�gk cdsolkbf kpb minop G := G− vn � qpbib vn ∈ V (G)� neh cdefkilckf gkf cdkibb

Tco(G)� ibcnrr kpnk� vi
gf n rbn� d� Tco(G)� 1 ≤ i ≤ n − 1 t �b�k� gk ibobnkbhr�

noorgbf kpb �leckgde �ohnkb �borncb� � kd bncp fkidem edhb u � neh cdsolkbf kpb
s�rnvbrf s(v1), s(v2), . . . , s(vn−1)

d� kpb wbikgcbf d� Tco(G)t  genrr�� gk cdsolkbf
kpb elsvbi d� foneegem kibbf τ(G) :=

∏n−1
i=1 s(vi)

t �pb �disnr hbfcigokgde d�kpb nvdwb nrmdigkps gf mgwbe ge xrmdigkps 
t

��� �����������
�pb cdiibckebff d� kpb nrmdigkps �lsvbi �oneegem �ibbf gf bfknvrgfpbh kpdlmpk
kpb �gicppd�snkig� kibb kpbdibs ��pbdibs 
tÅ�� qpgcp gsorgbf kpnk kpb elsvbi
d� foneegem kibbf d� n minop G

gf b�lnr kd ne� d� kpb cd�nckdif d� kpb �gicppd�
snkig�t

�



�����	 ���

�
� �	���
�
���� x cdminop G de n wbikgcbf v1, v2, . . . , vn

neh
m bhmbf�

������� �pb elsvbi d� foneegem kibbf τ(G) d� kpb cdminop G�

�� �dsolkb kpb hbmibb di
�di bncp wbikb� vi ∈ V (G)��� �bk s(vi) := di � �di 1 ≤ i ≤ n �

�� �dsolkb G := G − vn � qpbib vn ∈ V (G)�
�� �defkilck kpb cdkibb T := Tco(G) d� kpb cdminop G�
� �dsolkb kpb fbkf L0, L1, . . . , Lh−1

�
�� 	�	 i = h − 1

hdqe kd � ��
	�	 bwbi� edhb u ∈ Li

�� T := Update Replace(u, T )�

�� �dsolkb τ(G) :=

n−1
∏

i=1

s(vi)
�

xrmdigkps 
� �lsvbi �oneegem �ibbf

ubk G
vb n cdminop de n wbikgcbf neh

m bhmbf neh rbk Tco(G)
vb kpb

cdkibb d� G cdefgfkgem d� n wbikgcbf �rbnwbf� neh
k edhbf �gekbienr edhbf�t ubk

L0, L1, . . . , Lh
vb kpb rbwbr fbkf d� Tco(G) neh rbk S = {v1, v2, . . . , vp}

vb n fkidem
vrdc�� edkb kpnk v1, v2, . . . , vp ∈ Lh

t ab �dis kpb �gippd� snkig� K d� kpb cd�minop G� qpgcp gf ne n×n snkig�� neh kpbe qb cdsolkb kpb n�kp cd�nckdi d� kpb
snkig� K t �bcnrr kpnk kpb n�kp cd�nckdi d� K b�lnrf kpb (n− 1)�fk dihbi �}|��
µn

n � kpnk gf� kpb hbkbisgenek d� kpb (n− 1)× (n− 1) snkig� Knn
dvkngebh �ids

K n�kbi hbrbkgem gkf n�kp idq neh cdrlset �lvfkgklkgem kpb wnrlbf s(vi) = di �
1 ≤ i ≤ n − 1 � kpb snkig� Knn

vbcdsbf

Knn =

























s(v1) t t t
(−1)ji

s(vp)
s(vp+1)

s(vp+2)

(−1)ij

t t t
s(vn−1)

























, �Å�

qpbib� nccdihgem kd kpb hbjegkgde d� kpb �gicppd� snkig�� s(vi)
gf b�lnr kd kpbhbmibb d� wbikb� vi

ge G neh kpb bekigbf (−1)ij
neh

(−1)ji
d� kpb d��hgnmdenr

odfgkgdef (i, j) neh
(j, i) nib vdkp −1

g� kpb wbikgcbf vi
neh

vj
nib nh�ncbek ge Gneh nib b�lnr kd 0 dkpbiqgfb� 1 ≤ i, j ≤ n − 1 t

�



�pb snkig�Knn
cdiibfodehf kd n cdminop G de n−1 wbikgcbf v1, v2, . . . , vn−1 �qpbib bncp wbikb� vi
pnf ne s�rnvbr s(vi) = di � 1 ≤ i ≤ n−1 t �pb jifk p idqf d�

Knn
cdiibfodeh kd kpb p wbikgcbf v1, v2, . . . , vp

d� kpb fkidem vrdc� S � kpb eb�k
(n − 1) − p idqf cdiibfodeh kd kpb wbikgcbf vp+1, vp+2, . . . , vn−1

t �bcnrr kpnk�nrr kpb wbikgcbf d� kpb fkidem vrdc� S pnwb kpb fnsb onibek
p(S) neh� nrfd� kpb

fnsb hbmibb ge minop Gt
ab eb�k �dclf de kpb cdsolknkgde d� kpb hbkbisgenek d� kpb snkig� Knn � nfgk gf �edqe �ids kpb �gicppd� snkig� kibb kpbdibs �fbb �pbdibs 
tÅ� kpnk

τ(G) = det(Knn). �
�

	e dihbi kd cdsolkb kpb hbkbisgenek
det(Knn)� qb fknik v� �dclfgem de kpb jifk

p idqf neh
p cdrlsef d� kpb snkig� Knn

neh qdi� nf �drrdqf�
ab jifk slrkgor� kpb p�kp idq d� Knn

v� �Å neh nhh gk kd idqf 1, 2, . . . , p−1 t
�pbe� ge kpb jifk p − 1 idqf d� Knn � kpb ede��bid bekigbf nib �dleh der� ge
odfgkgdef (i, i) neh

(i, p)� 1 ≤ i ≤ p − 1 � neh pnwb wnrlbf s(vi)
neh

−s(vp)�ibfobckgwbr�� �di kpb cnfb qpbib p(S)
gf n ��edhb� neh pnwb wnrlbf s(vi) − 1 neh

−s(vp) − 1 � ibfobckgwbr�� �di kpb cnfb qpbib p(S)
gf n Å�edhbt

�b�k� qb �dclf de kpb ede��bid odfgkgdef (i, p) d� Knn � 1 ≤ i ≤ p − 1 � neh
hd kpb �drrdqgem� g� kpb onibek

p(S) d� kpb fkidem vrdc� S = {v1, v2, . . . , vp}
gf

n Å�edhb� kpbe qb slrkgor� kpb cdrlse j
v� s(vp)+1

s(vj)+1
neh nhh gk kd cdrlse p �

dkpbiqgfb� qb slrkgor� kpb cdrlse j
v� s(vp)

s(vj)
neh nhh gk kd cdrlse p � 1 ≤ j ≤

p − 1 t �dq� ge kpb jifk p − 1 idqf d� Knn � der� kpb hgnmdenr odfgkgdef (i, i)pnwb ede��bid wnrlbft xhhgkgdenrr�� kpb p�kp idq ibsngef lecpnembh� b�cbok kpb
beki� ge kpb odfgkgde (p, p)� neh nrr kpb ede��bid brbsbekf ge odfgkgdef (i, p) d�
cdrlse p � �di i = p + 1, p + 2, . . . , n − 1 � qpgcp qbib b�lnr kd −1

ge kpb gegkgnr
snkig� Knn � edq pnwb kpb fnsb wnrlb

k = −

(

1 + (s(vp) + a) ·

p−1
∑

i=1

1

s(vi) + a

)

= − (s(vp) + a)·

(

p
∑

i=1

1

s(vi) + a

)

,

qpbib a = 1
g�

p(S)
gf n Å�edhb� neh

a = 0 dkpbiqgfbt  genrr�� qb slrkgor� kpb
cdrlse p

v� − 1
k

neh kpb cdrlse p − 1
v� −k t

	k gf gsodiknek kd edkb kpnk kpb nvdwb dobinkgdef hd edk cpnemb kpb wnrlb
d� kpb hbkbisgenek d� snkig� Knn

t �dibdwbi� ge kpb snkig� kpnk ibflrkf n�kbikpbfb dobinkgdef� qb pnwb�
�g� nrr kpb d��hgnmdenr brbsbekf ge odfgkgdef (i, j)� 1 ≤ i ≤ p − 1 neh

1 ≤ j ≤
n − 1 � nib b�lnr kd ��

�gg� kpb d��hgnmdenr brbsbekf ge odfgkgdef (i, j)� p ≤ i, j ≤ n − 1 � pnwb kpbgigegkgnr wnrlbf� kpnk gf� kpb wnrlbf ge kpb gegkgnr snkig� Knn � neh

Å�



�ggg� kpb hgnmdenr brbsbekf ge odfgkgdef (i, i)� 1 ≤ i ≤ p � pnwb wnrlbf s′(vi)qpgcp nib b�lnr kd�
s′(vi) = s(vi) + 1, 1 ≤ i ≤ p − 2

s′(vp−1) = (s(vp−1) + 1) · ((s(vp) + 1) · e(u))

s′(vp) =
1

e(u)
− 1

g�
u

gf n Å�edhb� qpbib e(u) =
∑p

i=1
1

s(vi)+1 � neh

s′(vi) = s(vi), 1 ≤ i ≤ p − 2

s′(vp−1) = s(vp−1) · s(vp) · e(u)

s′(vp) =
1

e(u)

g�
u

gf n ��edhb� qpbib e(u) =
∑p

i=1
1

s(vi)
t

�plf� b�onehgem ge kbisf d� kpb jifk p − 1 idqf� qb jeh kpnk kpb hbkbisgenek
d� kpb snkig� Knn

vbcdsbf

det(Knn) =

(

p−1
∏

i=1

s′(vi)

)

·

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

s′(vp)
s(vp+1) (−1)ji

s(vp+2)

(−1)ij

t t t
s(vn−1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

(

p−1
∏

i=1

s′(vi)

)

· det(K ′),

qpbib K ′
gf ne (n − p) × (n − p) snkig� fgsgrni kd kpb gegkgnr snkig� Knn

� ge�nck� gk gf ghbekgcnr kd kpb flvsnkig� d� kpb gegkgnr snkig� Knn
hbjebh v� idqf

p, p + 1, . . . , n− 1 neh cdrlsef p, p + 1, . . . , n− 1 � qgkp kpb der� b�cbokgde kpnkkpb wnrlb s′(vp)
gf hg�bibek �ids s(vp)

t ab edkb kpnk� kpb snkig�K ′ cdiibfodehfkd n cdminop G′ de n−p wbikgcbf� neh� kplf� gk cdekngef nk rbnfk deb fkidem vrdc�
�fbb ubssn 
tÅ�t

�plf� g� qb nfflsb �ge ne gehlckgwb �nfpgde� kpnk kpb hbkbisgenek d� kpb sn�kig� K ′ cne vb b�oibffbh nf kpb oidhlck d� nooidoignkb wnrlbf s′′(vp), s′′(vp+1),
. . . , s′′(vn−1)� kpbe kpb hbkbisgenek d� kpb gegkgnr snkig� Knn

gf b�lnr kd kpb
oidhlck d� kpbfb wnrlbf slrkgorgbh v� kpb oidhlck d� s′(v1), s

′(v2), . . . , s
′(vp−1)��lfk nf kpb nrmdigkps �oneegem �ibbf �lsvbi hdbf v� lfgem �leckgde �ohnkb �b�orncb��t �pgf bfknvrgfpbf kpb cdiibckebff d� dli nrmdigkps� neh� kplf� qb cne

fknkb kpb �drrdqgem ibflrkt

ÅÅ



����� ���� ��� {�~��}��� ������ �z{||}|~ ����y ��������� ���z���y ���
|����� �� yz{||}|~ ����y �� { ��~�{z� G

	

��� ���� ��� ����� ���������
ab eb�k cdsolkb kpb kgsb neh foncb cdsorb�gk� d� kpb nrmdigkps �lsvbi �one�egem �ibbft ab oidwb kpb �drrdqgem rbssnt
����� ���� ��� {�~��}��� ������ �z{||}|~ ����y ��|y }| O(n + m) �}���
�����n }y ��� |����� �� ����}��y {|�m ��� |����� �� ��~�y �� ��� }|z�� ��~�{z�	
�����	 �pb cdefkilckgde d� n cdkibb Tco(G) d� n cdminop G de n wbikgcbf neh

mbhmbf cne vb gsorbsbekbh ge O(n + m)
kgsb cdsorb�gk� ���t �pb cdsolknkgde

d� kpb rbwbr fbkf L1, L2, . . . , Lh
d� kpb cdkibb Tco(G)

ge �kbo � d� kpb nrmdigkps
�lsvbi �oneegem �ibbf cne vb obi�disbh ge O(n)

kgsb� fgecb kpb cdkibb Tco(G)cdekngef O(n) edhbft xhhgkgdenrr�� kpb �leckgde Update Replace
gf noorgbh de

bncp d� kpb edhbf d� kpb cdkibb T := Tco(G)� neh qpbe gk gf noorgbh de n
edhb u � gk cne vb b�bclkbh ge O(|cp(u)|)

kgsb� qpbib |cp(u)|
gf kpb cnihgenrgk�

d� kpb fbk d� cpgrhibe d� edhb u
ge T t 
gwbe kpnk kpb elsvbi d� kpb edhbf d�kpb kibb T

gf O(n)� �kbo � d� kpb nrmdigkps �lsvbi �oneegem �ibbf ib�lgibf
∑

u∈T |cp(u)|
kgsbt  genrr�� �kbo � kn�bf O(n)

kgsb lehbi kpb leg�dis cdfk
cigkbigde� nccdihgem kd qpgcp bncp gefkilckgde ib�lgibf deb legk d� kgsb neh
bncp ibmgfkbi ib�lgibf deb legk d� foncb� gsor�gem kpnk� ed snkkbi pdq rnimbkpb elsvbif nib� ne nigkpsbkgc dobinkgde gewdrwgem

k elsvbif kn�bf O(k)
kgsbt

�pbib�dib� kpb nrmdigkps �lsvbi �oneegem �ibbf kn�bf O(n + m)
kgsbt

����	� ���� �pb kgsb cdsorb�gk� d� dli nrmdigkps gf sbnflibh nccdihgem kdkpb leg�dis cdfk cigkbigdet �ehbi kpgf cigkbigde bncp gefkilckgde de dli sdhbr
ib�lgibf deb legk d� kgsb neh bncp ibmgfkbi ib�lgibf deb legk d� foncbt �bfogkbkpb �nck kpnk kpb nigkpsbkgc dobinkgdef gewdrwb nivgkinigr� rnimb gekbmbif� qb
cdlek bncp dobinkgde nf n fgemrb fkbot 	e dli cnfb� kpb leg�dis cdfk gf ibnrgfkgcg� n fgemrb cdsolkbi qdih cne fkdib ne gekbmbi nf rnimb nf nn−2 � qpbib n

gf kpb
elsvbi d� wbikgcbf d� n minop �kpb elsvbi d� foneegem kibbf d� n minop G de
n wbikgcbf gf nk sdfk nn−2 � kpb cdsorbkb minop Kn

pnf nn−2 foneegem kibbf�t
�dkb pdqbwbi kpnk g� kpb �lnekgk� nn−2 gf rnimbi kpne qpnk cne vb fkdibh ge
deb cdsolkbi qdih� kpbe bwbe kpb rdmnigkpsgc cdfk cigkbigde �kpgf kn�bf gekd
nccdlek kpb rgsgkbh fg�b d� n ibnr sbsdi� qdih qpgcp gf rdmnigkpsgc ge kpb
elsvbi fkdibh� gf fdsbqpnk leibnrgfkgc� fgecb gk nfflsbf kpnk kqd gekbmbif ineh

j cne vb slrkgorgbh ge kgsb O(log(i) + log(j))� qpgcp gf edk �edqe kd vb
odffgvrb �fbb �Å��t

2

	k gf edk hg�clrk kd fbb kpnk kpb foncb ebbhbh v� kpb nrmdigkps �ls�vbi �oneegem �ibbf gf O(n + m)t �bcnrr kpnk� kpb cdkibb d� n cdminop de n
wbikgcbf neh

m bhmbf cne nrfd vb cdefkilckbh ge rgebni kgsb neh foncb ���t �plf�kpb ibflrkf d� kpgf fbckgde nib flssnig�bh ge kpb �drrdqgem kpbdibst
����	�� ���� ��� |����� �� yz{||}|~ ����y �� { ��~�{z� G �| n ����}��y {|�
m ��~�y �{| �� ���z���� }| O(n + m) �}�� {|� yz{��	

Å




� ��Z�Y]`Y� Z�� ���[\�_� Z\ \Z��[ �
����� \�
�[����

	e kpgf fbckgde qb b�kbeh dli ibflrkf kd n oidobi flobicrnff d� cdminopf� ensbr�kpb P4�ibhlcgvrb minopft �pb crnff d� P4�ibhlcgvrb minopf qnf gekidhlcbh v�
�nsgfde neh �rnigl ge �Å�� nf ne b�kbefgde d� kpb crnff d� cdminopf� neh hbjebh
nf kpb crnff d� minopf �di qpgcp ed wbikb� vbrdemf kd sdib kpne deb gehlcbh P4

t
x ���� minop gf n minop de jwb wbikgcbf dvkngebh v� n P4

qgkp ne nhhgkgdenr
wbikb� qpgcp gf nh�ncbek kd kpb sghodgekf neh ede�nh�ncbek kd kpb behodgekf d�kpb P4

t �pb sdhlrni hbcdsodfgkgde kibb d� P4�ibhlcgvrb minopf pnf n fkilcklinr
oidobik�� qpgcp gf fpdqe v� kpb �drrdqgem ibflrk ��pbdibs �t
 ge �Å����
����	�� ���� �
gn�dlsn�gf neh �nepbiob �Å���� ��� G �� { ~�{z�� T (G) }�y
�����{� �����z�y}�}�| ���� {|� u {| }|���|{� 2�|��� �� T (G)

	 ��� ~�{z� G }y {
P4
������}��� ~�{z� }� ��� ����� u �� T (G)� G(u) }y �}���� { P4 � �� { ���� ~�{z�	

	�������� ��� ����}��y �� {|� P4
�� ��� ~�{z� G(u) {�� ��{� ����}��y }| T (G)

	
�pb nvdwb kpbdibs gsorgbf kpnk qb cne bnfgr� hgfkgemlgfp kpb behodgekf neh kpb
sghodgekf d� bwbi� P4

d� n P4�ibhlcgvrb minop Gt �dibdwbi� kpb kqd behodgekf
neh kpb kqd sghodgekf d� n P4

ge G pnwb kpb fnsb hbmibbf� hbedkbh v� ds
neh

dk � ibfobckgwbr�t
	k gf edk hg�clrk kd fbb kpnk sdhlrni hbcdsodfgkgde kibb T (G) d� n P4�ibhlcgvrb minop cdekngef nk rbnfk deb fkidem vrdc�� n ��edhb� Å�edhb di 
�edhb

u
gf cnrrbh fkidem g� kpb fbk cp(u) cdekngef der� rbnwbf ge T (G)tubk u

vb n fkidem 
�edhb kpnk �disf kpb fkidem vrdc� S = {v1, v2, . . . , vp}
t

�dkb kpnk� kpb fkidem 
�edhb u
gehlcbf bgkpbi n minop de �dli wbikgcbf �gtbt� n

P4
�� di n minop de jwb wbikgcbf �gtbt� n vlrr minop� ge T (G)� kpgf gf kpb minop

G(u) �fbb �pbdibs �tÅ�t ubk G(u)
vb n vlrr minop hbedkbh v� v1v2v3v4v5 � neh

rbk Knn(2)
vb kpb (n−1)×(n−1) snkig� dvkngebh �ids K n�kbi hbrbkgem gkf n�kpidq neh cdrlset �lvfkgklkgem kpb wnrlbf ds � dk

neh
s(vi) = di � 5 ≤ i ≤ n − 1 �kpb snkig� Knn(2)

vbcdsbf































ds −1
−1 dk −1 −1

−1 dk −1 −1 [−1]j′i
−1 ds

−1 −1 s(v5)
s(vp+1) (−1)ji

s(vp+2)

[−1]ij′
t t t

(−1)ij s(vn−1)































,

qpbib� nccdihgem kd kpb hbjegkgde d� kpb �gicppd� snkig�� kpb bekigbf (−1)ijneh
(−1)ji

d� kpb d��hgnmdenr odfgkgde (i − p, j − p) neh
(j − p, i − p) d� kpb

Å�



snkig� Knn(2) nib vdkp −1
g� kpb wbikgcbf vi

neh
vj

nib nh�ncbek ge G neh
0dkpbiqgfb� p+1 ≤ i, j ≤ n−1 t �pb bekigbf [−1]ij′

neh
[−1]j′i

d� kpb d��hgnmdenr
odfgkgdef (i, j) neh

(j, i) d� kpb snkig� Knn(2) cdiibfodeh kd 1 × 5 neh
5 × 1snkigcbf� ibfobckgwbr�� qgkp nrr kpbgi flvbrbsbekf pnwgem wnrlb −1 � g� wbikgcbf vineh

vj
nib nh�ncbek ge G� neh

0 dkpbiqgfb� p + 1 ≤ i ≤ n − 1 neh
1 ≤ j ≤ 5 t

�dkb kpnk� g� n wbikb� v ∈ G(u)
gf nh�ncbek kd nedkpbi wbikb� v′ ∈ G−G(u)

kpbe
nrr kpb wbikgcbf ge G(u) nib nh�ncbek kd wbikb� v′ � fgecb G(u)

gf n sdhlrb ge Gt
�b�k� qb �dclf de kpb cdsolknkgde d� kpb hbkbisgenek d� kpb snkig� Knn(2)tab fknik v� �dclfgem de gkf jifk neh �dlikp idqf neh cdrlseft ab slrkgor� kpb

jifk neh kpb �dlikp cdrlsef d� kpb snkig� Knn(2)
v� 1/ds

neh nhh kpbs kd kpb
fbcdeh neh kd kpb kpgih cdrlsef� ibfobckgwbr�t �pbe� qb slrkgor� kpb �dlikp
idq d� kpb snkig� Knn(2)

v� −1 neh nhh gk kd kpb jifk idqt  genrr�� qb nhh
kpb jifk cdrlse d� kpb snkig� Knn(2)

kd kpb �dlikp cdrlset ab odgek dlk kpnk
n�kbi noor�gem kpbfb dobinkgdef kd snkig� Knn(2) der� kpb hgnmdenr odfgkgde d�kpb jifk idq pnwb ede��bid bekigbft

ab edq �dclf de kpb fbcdeh neh kpgih idqf neh cdrlsef d� kpb snkig�
Knn(2)t �bib� qb slrkgor� v� −1

kpb kpgih idq d� kpb snkig� Knn
neh nhh gk

kd kpb fbcdeh idqt �pbe� qb nhh kpb fbcdeh cdrlse d� kpb snkig� Knn(2)
kdkpb kpgih cdrlse� neh� kplf� der� kpb hgnmdenr odfgkgdef d� kpb fbcdeh idq pnwb

ede��bid bekigbf qgkp wnrlb dk +(ds−1)/ds
t �plf� kpb jifk neh kpb fbcdeh idqf

pnwb �bid brbsbekf ge kpb d��hgnmdenr odfgkgdeft
ab noor� n fgsgrni kbcpeg�lb ge dihbi kd sn�b �bid kpb brbsbekf ge kpb d��hgnmdenr odfgkgdef d� kpb �dlikp neh j�kp idqf d� kpb snkig� Knn(2)t ab jifk

slrkgor� kpb kpgih idq d� snkig� Knn(2)
v� −1 neh nhh gk kd kpb �dlikp idqt

�pbe� qb slrkgor� kpb �dlikp cdrlse d� snkig� v� α� qpbib α = (dk − (ds +
1)/ds)/(ds + 1)� neh nhh gk kd kpb kpgih cdrlset ab nrfd slrkgor� kpb �dlikp
cdrlse d� snkig� Knn(2)

v� −α′ � qpbib α′ = 1/(ds + 1) neh nhh gk kd kpb j�kp
cdrlset �dq� der� kpb hgnmdenr odfgkgde d� kpb �dlikp idq d� snkig� Knn(2)pnf ede��bid beki�t

ab cdekgelb qdi�gem ge dihbi kd sn�b �bid kpb d��hgnmdenr brbsbekf d� kpb
j�kp idq d� snkig� Knn(2)t �d kpgf beh� qb jifk slrkgor� kpb kpgih idq d�
snkig� Knn(2)

v� −1 neh nhh gk kd kpb j�kp idq� neh� kpbe� qb slrkgor� kpb
j�kp cdrlse d� snkig� Knn(2)

v� α′′ � qpbib α′′ = 2+(dk−(ds+1)/ds) ds/(ds+1)
s(v5)+(ds/(ds+1)) �neh nhh gk kd kpb kpgih cdrlset �plf� qb dvknge

det(Knn(2)) =

5
∏

i=1

i6=3

s′(vi) ·

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

s′(v3)
s(vp+1) (−1)ji

s(vp+2)

(−1)ij

t t t
s(vn−1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

5
∏

i=1

i6=3

s2(vi) · det(Dnn(2)),

Å�



qpbib Dnn(2)
gf n (n − p) × (n − p) snkig�� neh kpb s�rnvbrf s′(vi)� 1 ≤ i ≤ 5 �pnwb wnrlbf nccdihgem kd �drrdqgem b�lnkgdef�

s′(v1) = ds
���

s′(v2) = dk +
ds − 1

ds

���

s′(v3) =
ds

γ
·
s(v5) · (dk − ds+1

ds
) − 2

s(v5) + ds

ds+1

���

s′(v4) = γ ���
s′(v5) = s(v5) +

ds

ds + 1
���

qpbib

γ = 2 · (ds + dk + 1) − (ds − 1) ·
2 + ds

ds+1 · (dk − ds+1
ds

)

s(v5) + ds

ds+1

. ���

�bcnrr kpnk G(u)
gf n vlrr minop �di� b�lgwnrbekr�� p = |B| = 5�t �dkb kpnk�g�

G(u)
gf n P4

�di� b�lgwnrbekr�� p = |B| = 4� kpbe Dnn(2)
gf n (n− p)× (n− p)snkig�� neh kpb s�rnvbrf s′(vi)� 1 ≤ i ≤ 4 � pnwb wnrlbf nccdihgem kd �drrdqgem

b�lnkgdef�

s′(v1) = ds
���

s′(v2) = dk +
ds − 1

ds

�Å��

s′(v3) =
ds

γ
· (dk −

ds + 1

ds
) �ÅÅ�

s′(v4) = γ �Å
�
qpbib

γ = 2 · (ds + dk + 1). �Å��
	e cdecrlfgde� snkig�Dnn(2) cne vb dvkngebh �ids snkig�Knn(2)

v� fbkkgem
wnrlb s′(v3)

nk odfgkgde (3, 3) neh v� hbrbkgem kpb jifk� fbcdeh neh �dlikp idqf
neh cdrlsef d� Knn(2)� neh nrfd v� hbrbkgem kpb j�kp idq neh cdrlse d� Knn(2)ge kpb cnfb qpbib p = 5 t �plf� kpb snkigcbf Dnn(2) neh

Knn(2) nib d� kpb fnsb�dis� neh
Dnn(2) iboibfbekf n kibb T ′(G) de n − p wbikgcbft

	k �drrdqf kpnk qb cne hbfcigvb n �leckgde� fgsgrni kd �leckgde �ohnkb �born�cb�u, T �� ge kpb cnfb qpbib u
gf n 
�edhb neh

T
gf kpb sdhlrni hbcdsodfgkgdekibb d� n P4�ibhlcgvrb minop Gt �lcp n �leckgde ibrgbf vnfgcnrr� de kpb �drrdqgem�

Å�



◦
g�
|cp(u)| = 5 � kpbe lohnkb kpb s�rnvbrf d� kpb wbikgcbf d� cp(u)

vnfbh de
��ft ������

◦
g�
|cp(u)| = 4 � kpbe lohnkb kpb s�rnvbrf d� kpb wbikgcbf d� cp(u)

vnfbh de
��ft ���Å
��

◦ sn�b wbikb� v3
cpgrh d� edhb p(u) neh hbrbkb kpb wbikgcbf v1, v2, v4

neh
edhb u

�ids kpb kibb T (G)�
g�
|cp(u)| = 5

kpbe nrfd hbrbkb kpb wbikb� v5
t

�plf� fgecb T (G) cne vb cdefkilckbh ge rgebni kgsb ge kpb fg�b d� kpb geolk minop
G
��� Å�� qb cne b�kbeh dli nrmdigkps �lsvbi �oneegem �ibbf kd P4�ibhlcgvrbminopf� qb cdekinck n fkidem 
�edhb d� T (G)

v� noor�gem kpb nooidoignkb �lec�kgde �ohnkb �borncb� � hbfcigvbh oibwgdlfr�t �plf� kpb ibflrk d� kpgf fbckgde gf
flssnig�bh ge kpb �drrdqgem kpbdibst
����	�� ���� ��� |����� �� yz{||}|~ ����y �� { P4

������}��� ~�{z� G �| n����}��y {|� m ��~�y �{| �� ���z���� }| O(n + m) �}�� {|� yz{��	

� �\Y_
^]`Y� 	���[��
	e kpgf onobi qb oidodfb ne nooidncp �di cdsolkgem kpb elsvbi d� foneegem
kibbf d� n cdminop di n P4�ibhlcgvrb minop qpgcp kn�bf nhwneknmb d� kpb fkilc�klinr oidobikgbf d� kpb sdhlrni hbcdsodfgkgde kibbf d� kpbfb minopf neh �gbrhf
rgebni�kgsb nrmdigkpsf �di kpb oidvrbst

�dib mbebinr crnffbf d� cdminopf neh
P4�ibhlcgvrb minopf� flcp nf kpb crnffbf

d� P4�fonifb minopf� P4�rgkb minopf� P4�kgh� minopf� kibb�cdminopf ���� nrfd odf�fbff fkilcklinr neh nrmdigkpsgc oidobikgbf d� kpbgi sdhlrni hbcdsodfgkgde kibbft
�plf� gk gf ibnfdenvrb kd nf� qpbkpbi kpb fnsb nooidncp cne nrfd vb lfbh �di
cdsolkgem kpb elsvbi d� foneegem kibbf d� kpbfb� neh dkpbi� crnffbf d� minopft

	k pnf vbbe fpdqe kpnk n obislknkgde minop G[π] cne vb kinef�dis gekd nhgibckbh nc�crgc minop neh� kpbe� gekd n iddkbh kibb v� b�ordgkgem kpb gewbifgde
ibrnkgde de kpb brbsbekf d� kpb obislknkgde π

�Å��� edkb kpnk kpb obislknkgdeminopf nib obi�bck neh ge �nck �dis n oidobi flobicrnff d� cdminopf ��� Å
�t nfbh
de kpbfb ibflrkf� deb cne qdi� kdqnihf kpb gewbfkgmnkgde qpbkpbi kpb crnff d�
obislknkgde minopf G[π]

vbrdemf kd kpb �nsgr� d� minopf kpnk pnwb �dislrnf di
b�cgbek nrmdigkpsf ibmnihgem kpb elsvbi d� kpbgi foneegem kibbft ab odfb gk nf
ne dobe oidvrbst

	���[�Y_��
�Å� xt�t xpd� �t�t �docid�k� neh �t�t �rrsne� ��� ��y}~| {|� �|{��y}y ��

���z���� ��~��}���y� xhhgfde�abfrb�� Å���t
�
� �t bimb� ��{z�y {|� ��z��~�{z�y� �dikp��drrneh� Å���t

Å�



��� �t gmmf� ��~���{}� ��{z� ������� �nsvighmb �egwbifgk� �ibff� udehde�Å���t
��� xt inehfk�nhk��tt ub� neh �t�t �ogeinh� ��{z� ��{yy�y� � ������� �	x�

�dedminopf de �gfcibkb �nkpbsnkgcf neh xoorgcnkgdef� Å���t
��� t drrdv �nf� ��{z� ������� �| �|���������� ����y�� �oigembi��birnm��bq

�di�� Å���t
��� �t�t�t idqe� �tt �nrrgde� �t �drrn�� neh xt �dkp� �dsb sbkpdhf �di

cdlekgem kpb foneegem kibbf ge rnvbrrbh sdrbclrni minopf� b�nsgebh ge ib�rnkgde kd cbiknge �lrrbibebff� �}y����� �zz �	 	{��	 �� �Å���� �Å���t
��� �t
t �diebgr��t �bir� neh ut�t �kbqnik� x rgebni ibcdmegkgde nrmdigkps �di

cdminopf� ���	 �	 ���z��	 �� �Å���� �
�����t
��� �t�ut �plem neh at��t �ne� �e kpb elsvbi d� foneegem kibbf d� n slrkg�cdsorbkb�fkni ibrnkbh minop� �|����	 �����yy	 ����	 �� �
���� ÅÅ��ÅÅ�t
��� �t �nrpnlf� �t 
lfkbhk neh �t�t �c�deebrr� ��cgbek neh oinckgcnr nr�mdigkpsf �di fb�lbekgnr sdhlrni hbcdsodfgkgde� �	 ��~��}���y �� �
��Å�

�������t
�Å�� �t 
gn�dlsn�gf neh ���t �nepbiob� �e b�kbehbh P4�ibhlcgvrb neh

P4�fonifb minopf� �������}�{� ���z 	 ��}�|�� ��	 �Å���� 
���
��t
�ÅÅ� t 
grvbik neh at��iwdrh��n�gsg�gem foneegem kibbf ge nrsdfk cdsorbkbminopf� �������y �	 �Å���� 
����t
�Å
� �t�t 
drlsvgc� ��~��}���}� ��{z� ������ {|� ������� ��{z�y� xcnhbsgc

�ibff� Å���t
�Å�� �tut �nssbi neh xt�t �brsnef� unorncgne fobckin neh foneegem kibbf d�kpibfpdrh minopf� �}y����� �zz �	 	{��	 � �Å���� 
���
��t
�Å�� t �nsgfde neh �t �rnigl� x rgebni�kgsb ibcdmegkgde nrmdigkps �di P4�ibhlcgvrb minopf� �������	 ���z��	 ��}	 �� �Å���� �
�����t
�Å�� xt�t �brsnef neh �t�t �pbred�dw� x cbiknge odr�edsgnr d� n minop neh

minopf qgkp ne b�kibsnr elsvbi d� kibbf� �	 ����}|	 ������ �� �� �Å����Å���
Å�t
�Å�� �t ubicpf� �e crg�lbf neh �biebrf� �bcpegcnr �bodik� �boniksbek d� �ds�olkbi �cgbecb� �egwbifgk� d� �didekd� �nicp Å��Åt
�Å�� �t�t �c�deebrr neh �t �ogeinh� �dhlrni hbcdsodfgkgde neh kinefgkgwb

digbeknkgde� �}y����� 	{��	 �	� �Å���� Å���
�Åt
�Å�� at ��iwdrh� �t�t �pblem� utt �nmb� neh �t�t �bii�� �eg�disr��sdfk

ibrgnvrb ebkqdi�f hd edk nrqn�f b�gfk� �������y �� �Å��Å� �Å���Å�t

Å�



�Å�� �t�t �g�drdodlrdf� �drdigem obislknkgde minopf ge oninrrbr� �}y����� �zz �	
	{��	 ��	 �
��
� Å���Å��t

�
�� �t�t �g�drdodlrdf neh �t �nonhdodlrdf� �pb elsvbi d� foneegem kibbf ge
Kn�cdsorbsbekf d� �lnfg�kpibfpdrh minopf� ��{z�y {|� ����}|{���}�y �	
�
���� �������t

�
Å� �t�t �g�drdodlrdf neh �t �dehdmgneegf� �e kpb elsvbi d� foneegem kibbf
d� slrkg�fkni ibrnkbh minopf� �|����	 �����yy	 ����	 � �Å���� Å���Å��t

�

� �t�t���bgr� �pb elsvbi d� kibbf ge n cbiknge ebkqdi�����}��y ����		{��	
���	 �	 �Å���� ���t

�
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