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Abstract. The longest path problem is the problem of finding a path
of maximum length in a graph. As a generalization of the Hamiltonian
path problem, it is NP-complete on general graphs and, in fact, on every
class of graphs that the Hamiltonian path problem is NP-complete.
Polynomial solutions for the longest path problem have recently been
proposed for weighted trees, ptolemaic graphs, bipartite permutation
graphs, interval graphs, and some small classes of graphs. Although
the Hamiltonian path problem on cocomparability graphs was proved
to be polynomial almost two decades ago [9], the complexity status of
the longest path problem on cocomparability graphs has remained open
until now; actually, the complexity status of the problem has remained
open even on the smaller class of permutation graphs. In this paper,
we present a polynomial-time algorithm for solving the longest path
problem on the class of cocomparability graphs. Our result resolves
the open question for the complexity of the problem on such graphs,
and since cocomparability graphs form a superclass of both interval
and permutation graphs, extends the polynomial solution of the longest
path problem on interval graphs [18] and provides polynomial solution
to the class of permutation graphs.

Keywords: Longest path problem, cocomparability graphs, per-
mutation graphs, polynomial algorithm, complexity.

1 Introduction

The problem of finding a path of maximum length in a graph (Longest Path
Problem) generalizes the Hamiltonian path problem and thus it is NP-complete
on general graphs; in fact, it is NP-complete on every class of graphs that the
Hamiltonian path problem is NP-complete. It is thus interesting to study the
longest path problem on classes of graphs C where the Hamiltonian path problem
is polynomial, since if a graph G ∈ C is not Hamiltonian, it makes sense in several
applications to search for a longest path of G. Although the Hamiltonian path
problem has been extensively studied in the past two decades, only recently did
the longest path problem start receiving attention [11,12,13,23,25,26,27].

The Hamiltonian path problem is known to be NP-complete in general
graphs [14,15], and remains NP-complete even when restricted to some small
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classes of graphs such as split graphs [16], chordal bipartite graphs, split
strongly chordal graphs [21], directed path graphs [22], circle graphs [7], planar
graphs [15], and grid graphs [19,24]. On the other hand, it admits polynomial
time solutions on some known classes of graphs; such classes include interval
graphs [1,8], circular-arc graphs [8], biconvex graphs [2], and cocomparability
graphs [9]. Note that the problem of finding a longest path on proper interval
graphs is easy, since all connected proper interval graphs have a Hamiltonian
path which can be computed in linear time [3].

Polynomial time solutions for the longest path problem are known only for
small classes of graphs. Specifically, a linear-time algorithm for finding a longest
path in a tree was proposed by Dijkstra early in 1960, a formal proof of which
can be found in [5]. Recently, through a generalization of Dijkstra’s algorithm for
trees, Uehara and Uno [25] solved the longest path problem for weighted trees
and block graphs in linear time and space, and for cacti in O(n2) time and space,
where n is the number of vertices of the input graph. Polynomial algorithms for
the longest path problem have been also proposed on bipartite permutation and
ptolemaic graphs having O(n) and O(n5) time complexity, respectively [23,26].
Furthermore, Uehara and Uno in [25] solved the longest path problem on a
subclass of interval graphs in O(n3(m + n logn)) time, and as a corollary they
showed that a longest path on threshold graphs can be found in O(n + m) time
and space. Recently, Ioannidou et al. [18] showed that the longest path problem
has a polynomial solution on interval graphs by proposing an algorithm that
runs in O(n4) time, answering thus the question left open in [25] concerning the
complexity of the problem on interval graphs.

In this paper we present a polynomial-time algorithm for solving the longest
path problem on the class of cocomparability graphs, an important and well-
known class of perfect graphs [16]. The Hamiltonian path problem on cocom-
parability graphs has been proved to be polynomial [9], while the status of the
longest path problem on such graphs was unknown; actually, the status of the
longest path problem was unknown even on the smaller class of permutation
graphs. Thus, our result resolves the open question for the complexity of the
problem on cocomparability graphs, and since cocomparability graphs form a
superclass of both interval and permutation graphs, extends the polynomial so-
lution of the longest path problem on interval graphs [18], and also provides
polynomial solution to the class of permutation graphs.

2 Theoretical Framework

For basic definitions in graph theory refer to [4,16,20]. A simple path (resp. an-
tipath) of a graph G is a sequence of distinct vertices v1, v2, . . . , vk such
that vivi+1 ∈ E(G) (resp. vivi+1 /∈ E(G)), for each i, 1 ≤ i ≤ k − 1, and is
denoted by (v1, v2, . . . , vk); throughout the paper all paths and antipaths
are considered to be simple. We denote by V (P ) the set of vertices in the
path (antipath) P , and define the length of the path (antipath) P to be
the number of vertices in P , i.e., |P | = |V (P )|. We call right endpoint of
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a path (antipath) P = (v1, v2, . . . , vk) the last vertex vk of P . Moreover, if
P = (v1, v2, . . . , vi−1, vi, vi+1, . . . , vj , vj+1, vj+2, . . . , vk) is a path (antipath) of
a graph and P0 = (vi, vi+1, . . . , vj) is a subpath (subantipath) of P , we shall
denote the path (antipath) P by P = (v1, v2, . . . , vi−1, P0, vj+1, vj+2, . . . , vk).

2.1 Partial Orders and Cocomparability Graphs

A partial order will be denoted by P = (V, <P), where V is the finite ground set
of elements or vertices and <P is an irreflexive, antisymmetric, and transitive
binary relation on V . Two elements a, b ∈ V are comparable in P (denoted
by a ∼P b) if a <P b or b <P a; otherwise, they are said to be incomparable
(denoted by a ‖ b). An extension of a partial order P = (V, <P) is a partial order
L = (V, <L) on the same ground set that extends P , i.e., a <P b ⇒ a <L b,
for all a, b ∈ V . The dual partial order Pd of P = (V, <P) is a partial order
Pd = (V, <Pd) such that for any two elements a, b ∈ V , a <Pd b if and only if
b <P a.

The graph G, edges of which are exactly the comparable pairs of a partial
order P on V (G), is called the comparability graph of P , and is denoted by
G(P). The complement graph G, whose edges are the incomparable pairs of P ,
is called the cocomparability graph of P , and is denoted by G(P). Alternatively,
a graph G is a cocomparability graph if its complement graph G has a transitive
orientation, corresponding to the comparability relations of a partial order PG.
Note that a partial order P uniquely determines its comparability graph G(P)
and its cocomparability graph G(P), but the reverse is not true, i.e., a cocompa-
rability graph G has as many partial orders PG as the number of the transitive
orientations of G. Also, the class of cocomparability graphs is hereditary.

Let G be a comparability graph, and let PG be a partial order which corre-
sponds to G. The graph G can be represented by a directed covering graph with
layers H1, H2, . . . , Hh, in which each vertex is on the highest possible layer. That
is, the maximal vertices of the partial order PG are on the highest layer Hh, and
for every vertex v on layer Hi−1 there exists a vertex u on layer Hi such that
v <PG u; such a layered representation of G (respectively PG) is a called the
Hasse diagram of G (respectively PG) [9].

Let σ = (V (G), <σ) be a partial order on the vertices of a comparability
graph G, such that for any two vertices v, u ∈ V (G), v <σ u if and only if
v ∈ Hi, u ∈ Hj , and i < j; hereafter, we equivalently denote v <σ u by u >σ v.
For simplicity sometimes we shall write v =σ u, for vertices v, u ∈ V (G) which
belong to the same layer Hi; we write v �=σ u to denote that vertices v, u ∈ V (G)
belong to different layers. Also, v ≤σ u implies that either v <σ u or v =σ u;
again, we equivalently denote v ≤σ u by u ≥σ v. Throughout the paper, such an
ordering σ is called a layered ordering of G. Note that, the partial order σ is an
extension of the partial order PG; in particular, it holds v <PG u if and only if
v <σ u and vu ∈ E(G), for any two vertices u, v ∈ V (G).

Since a comparability graph G does not uniquely determine a partial order,
hereafter we will represent a comparability graph G by its Hasse diagram and
we will denote the partial order (V (G), <PG) to which the Hasse diagram of G
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corresponds by PG; that is, the vertices which are on the highest layer Hh of
the Hasse diagram are the maximal vertices of the partial order PG, and for two
vertices u, v ∈ V (G), v <PG u if v ∈ Hi−1, u ∈ Hi and uv ∈ E(G). Thus, we will
say that PG is the partial order which corresponds to the comparability graph G.
Note that vertices in the Hasse diagram satisfy the following property: for any
three vertices v, u, w ∈ V (G) such that v ∈ Hi, u ∈ Hj , w ∈ Hk, and i < j < k
(or, equivalently, v <σ u <σ w), if vu ∈ E(G) and uw ∈ E(G), then vw ∈ E(G).

The following definition and results where given by Damaschke et al. in [9],
based on which they prove the correctness of their algorithm for finding a Hamil-
tonian path of a cocomparability graph; note that their algorithm uses the bump
number algorithm which is presented in [17].

Definition 1. (Damaschke et al. [9]): Let G be a comparability graph, and let
PG be the partial order which corresponds to G. A path P = (v1, v2, . . . , vk) of
the cocomparability graph G is monotone if vi <PG vj implies i < j.

Lemma 1. (Damaschke et al. [9]): Let G be a comparability graph, and let PG

be the partial order which corresponds to G. Let P = (v1, v2, . . . , vk) be a Hamil-
tonian path of the cocomparability graph G such that v1 is a minimal element of
PG. Then there exists a monotone Hamiltonian path P ′ of G starting with v1.

Theorem 1. (Damaschke et al. [9]): Let G be a cocomparability graph. Then,
G has a Hamiltonian path if and only if G has a monotone Hamiltonian path.

It appears that the above two results hold not only for Hamiltonian paths of a
cocomparability graph G, but also for any path of G. Indeed, let P be a path of
G and let G′ = G[V (P )] be the subgraph of G induced by the vertices of P . Also,
let PG′ be the partial order which corresponds to G′ such that PG is an extension
of PG′ , i.e., for any two vertices u, v ∈ V (G), if u <PG v and u, v ∈ V (G′), then
u <PG′ v. Then, since P is a Hamiltonian path of G′, from Theorem 1 there
exists a monotone path P ′ of G′ (with respect to PG′) such that V (P ′) = V (P ).
From Definition 1 it is easy to see that P ′ is also a monotone path of G (with
respect to PG), since PG is an extension of PG′ .

Additionally, since a path P of a cocomparability graph G is an antipath of
the comparability graph G, and since our algorithm for computing a longest
path of a cocomparability graph G computes in fact a longest antipath of the
comparability graph G, we restate the above definition and results and whenever
P denotes a path of a cocomparability graph G, we refer to P as an antipath of
the comparability graph G.

We first restate Definition 1 as follows: an antipath P = (v1, v2, . . . , vk) of a
comparability graph G is monotone if vi <PG vj implies i < j, where PG is the
partial order which corresponds to G. We next restate Lemma 1 and Theorem 1
in a form stronger than the one stated in [9].

Lemma 2. Let G be a comparability graph, and let PG be the partial order which
corresponds to G. Let P = (v1, v2, . . . , vk) be an antipath of G such that v1 is a
minimal element of V (P ) in PG. Then there exists a monotone antipath P ′ of
G starting with vertex v1 such that V (P ′) = V (P ).
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Theorem 2. Let G be a comparability graph. If P is an antipath of G, then
there exists a monotone antipath P ′ of G such that V (P ′) = V (P ).

The following lemma holds.

Lemma 3. Let G be a comparability graph, and let σ be the layered ordering of
G. Let P = (v1, v2, . . . , vk) be an antipath of G, and let v� /∈ V (P ) be a vertex of
G such that v1 ≤σ v� <σ vk and v�vk ∈ E(G). Then there exist two consecutive
vertices vi−1 and vi in P , 2 ≤ i ≤ k, such that vi−1v� /∈ E(G) and v� <σ vi.

2.2 Normal Antipaths on Comparability Graphs

Our algorithm for computing a longest antipath P of a comparability graph G
uses a specific type of antipaths, which we call normal antipaths.

Definition 2. Let G be a comparability graph, and let σ be a layered ordering
of G. The antipath P = (v1, v2, . . . , vk) of G is called normal, if v1 is a leftmost
(i.e., minimal) vertex of V (P ) in σ, and for every i, 2 ≤ i ≤ k, the vertex vi is
a leftmost vertex of NG(vi−1) ∩ {vi, vi+1, . . . , vk} in σ.

Based on Lemma 3 and Definition 2, we prove the following result.

Lemma 4. Let G be a comparability graph, and let σ be the layered ordering of
G. Let P = (v1, v2, . . . , vk) be a normal antipath of G, and let v�, and vj be two
vertices of P such that v� <σ vj and v�vj ∈ E(G). Then � < j, i.e., v� appears
before vj in P .

Recall that, if PG is the partial order corresponding to a comparability graph G,
and σ is the layered ordering of G, then v� <PG vj if and only if v� <σ vj

and v�vj ∈ E(G), for any two vertices v�, vj ∈ V (G). Therefore, the def-
inition of a monotone antipath can be paraphrased as follows: an antipath
P = (v1, v2, . . . , vk) of a comparability graph G is monotone if v� <σ vj and
v�vj ∈ E(G) implies that v� appears before vj in P . Then, from Lemma 4 we
obtain the following result.

Corollary 1. Let G be a comparability graph. If P is a normal antipath of G,
then P is a monotone antipath of G.

Note that the inverse of Corollary 1 is not always true; for example, see the
antipath P in Figure 1. In [9], for proving that for any Hamiltonian path P
of a cocomparability graph G there exists a monotone Hamiltonian path of G,
Damaschke et al. first show that there exists a path P ′ = (v1, v2, . . . , v|V (G)|) of G

such that v1 is a minimal vertex of either PG or Pd
G. Using the same arguments,

we obtain the following lemma.

Lemma 5. Let G be a comparability graph, and let PG be the partial order which
corresponds to G. If P is an antipath of G, then there exists an antipath P ′ of
G such that V (P ′) = V (P ) which starts with a minimal vertex of V (P ) in PG.
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Fig. 1. Illustrating a Hasse diagram of a comparability graph G, an antipath P of G
which is neither normal nor longest, an antipath P ′ of G such that |P ′| > |P | which is
not normal, and a normal antipath P ′′ of G such that V (P ′′) = V (P ′)

The following result is central for the correctness of our algorithm.

Lemma 6. Let P be a longest antipath of a comparability graph G. Then, there
exists a normal antipath P ′ of G such that V (P ′) = V (P ).

Figure 1 illustrates a Hasse diagram of a comparability graph G. The antipath
P = (v3, v1, v5, v7) of G is not normal, and there exists no normal antipath ̂P of
G such that V ( ̂P ) = V (P ); however, note that P is monotone. Also, P is not a
longest antipath of G, since there exists an antipath P ′ = (v2, v3, v1, v5, v7, v6) of
G such that |P ′| > |P |. Also, P ′ is not a normal antipath of G and there exists a
normal antipath P ′′ = (v1, v3, v2, v5, v7, v6) of G such that V (P ′′) = V (P ′); note
that it is easy to see that P ′′ is a longest antipath of G.

3 The Algorithm

Our algorithm, which we call Algorithm LP Cocomparability, computes a longest
path P of a cocomparability graph G by computing a longest antipath P of the
comparability graph G.

Let G be a comparability graph and let H1, H2, . . . , Hk be the layers of its
Hasse diagram. For simplifying our description, we add a dummy vertex u0 to
G such that u0 belongs to a layer H0 and u0ui ∈ E(G) for every i, 1 ≤ i ≤ n;
let G′ be the resulting graph. Note that, G′ is a comparability graph having a
Hasse diagram with layers H0, H1, H2, . . . , Hk, and let σ be a layered ordering
of G′, where V (G′) = {u0, u1, u2, . . . , un}. It is easy to see that u0 does not
participate in any longest antipath P of G′ such that |P | ≥ 2. In general, a
longest antipath P of G′ which does not contain the vertex u0 is also a longest
antipath of G. Algorithm LP Cocomparability computes a longest antipath of
G′ which is a longest antipath of the original graph G as well. Hereafter, we
consider comparability graphs G having assumed that we have already added
the dummy vertex u0. Thus, the antipaths we compute in G are also antipaths
of the graph G \ {u0}.
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We next give some definitions and notations necessary for the description of
the algorithm. Let Lj = (v1, v2, . . . , vk) be an arbitrary ordering of the vertices
v1, v2, . . . , vk. We denote by V (Lj) the set {v1, v2, . . . , vk} and by |Lj| the cardi-
nality of the set V (Lj). For every vertex vz ∈ Lj , we denote by Lj(vz) the order-
ing (v1, v2, . . . , vz−1, vz+1, vz+2, . . . , v|Lj|, vz), and for every index r, 0 ≤ r ≤ |Lj |,
we denote by Lr

j(vz) the ordering containing the first r vertices of Lj(vz); thus:

• Lj = (v1, v2, . . . , vk),
• Lj(vz) = (v1, v2, . . . , vz−1, vz+1, vz+2, . . . , v|Lj|, vz),
• Lr

j(vz) = (v1, v2, . . . , vr) if 1 ≤ r ≤ z − 1,
• Lr

j(vz) = (v1, v2, . . . , vz−1, vz+1, vz+2, . . . , vr+1) if z ≤ r ≤ |Lj | − 1,

• L0
j(vz) = ∅, and L

|Lj|
j (vz) = Lj(vz).

Definition 3. Let G be a comparability graph, let H0, H1, H2, . . . , Hk be the
layers of its Hasse diagram, let V (G) = {u0, u1, u2, . . . , un}, and let σ be the
layered ordering of G. For every triple p, i, and j, where 1 ≤ i ≤ j ≤ k and
up ∈ Hi−1, we define the graph G(up, i, j) to be the subgraph G[S], where
S = {ux : ux ∈ H�, i ≤ � ≤ j} \ {ux : upux /∈ E(G)}.
Definition 4. Let Lj be an ordering of the set Hj ∩ V (G(up, i, j)). We define
the graph Gr

uz
(up, i, j), where uz ∈ Lj and 0 ≤ r ≤ |Lj|, to be the subgraph G[S],

where S = V (G(up, i, j − 1)) ∪ Lr
j(uz) if i < j, and S = Lr

j(uz) if i = j.

Note that, since the dummy vertex u0 is adjacent to every other vertex of G,
the graph G(up, 1, j), 1 ≤ j ≤ k, is the subgraph G[S] of G induced by the set
S = {ux : ux ∈ H�, 1 ≤ � ≤ j}. Additionally, G

|Lj|
uz (up, i, j) = G(up, i, j), and if

i < j, then G0
uz

(up, i, j) = G(up, i, j − 1).
Figure 2 illustrates examples of the graphs defined in Definitions 3 and 4.

In particular, the figure to the left illustrates a Hasse diagram of a compara-
bility graph G with layers H0, H1, . . . , H5. The figure in the middle illustrates
the subgraph G(v1, 2, 4) of G induced by the vertices {v3, v6, v7, v8, v9, v10}. The
figure to the right illustrates the subgraph G2

v9
(v1, 2, 4) of G, if we consider

the ordering L4 = (v8, v9, v10) for the vertices of H4 ∩ V (G(v1, 2, 4)). The sub-
graph G2

v9
(v1, 2, 4) of G is induced by the vertices {v3, v6, v7, v8, v10}, and it is

actually an induced subgraph of G(v1, 2, 4).

Notation 1. For every vertex ut ∈ V (Gr
uz

(up, i, j)), if ut ∈ Hj, then we denote
by f(ut) the smallest index such that f(ut) < j, for which there exists a vertex
ux of Gr

uz
(up, i, j) such that ux ∈ Hf(ut) and uxut /∈ E(G); in the case where no

such index f(ut) exists, we set f(ut) = j.

Notation 2. For every vertex uy ∈ V (Gr
uz

(up, i, j)) we denote by
P (uy; Gr

uz
(up, i, j)) a longest normal antipath of Gr

uz
(up, i, j) with right endpoint

the vertex uy, and by �(uy; Gr
uz

(up, i, j)) the length of P (uy; Gr
uz

(up, i, j)).
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Fig. 2. Illustrating a Hasse diagram of a comparability graph G and the induced sub-
graphs G(v1, 2, 4) and G2

v9(v1, 2, 4) of G

Note that, if P is a longest normal antipath of G(up, i, j) with right endpoint
the vertex uy, i.e., P = P (uy; G(up, i, j)), then P is not necessarily a longest
antipath of G(up, i, j). However, if P is a longest antipath of G(up, i, j), then
from Lemma 6 there exists in G(up, i, j) a normal antipath P ′ such that V (P ′) =
V (P ); let uy be the right endpoint of the normal antipath P ′. Thus, there exists
a longest normal antipath P ′ = P (uy; G(up, i, j)) which is also a longest antipath
in G(up, i, j) for some vertex uy ∈ V (G(up, i, j)).

Given a comparability graph G, Algorithm LP Cocomparability (presented
in Figures 3 and 4) computes for every induced subgraph G(up, i, j) and for
every vertex uy of G(up, i, j), the length �(uy; G(up, i, j)) and the correspond-
ing antipath P (uy; G(up, i, j)), and outputs the maximum among the values
{�(uy; G(u0, 1, k)) : uy ∈ V (G(u0, 1, k))}, and the corresponding normal an-
tipath P (uy; G(u0, 1, k)). We prove that P (uy; G(u0, 1, k)) is a longest antipath
of G.

4 Correctness and Time Complexity

Let G be a comparability graph, let H0, H1, H2, . . . , Hk be the layers of its Hasse
diagram, and let σ be the layered ordering of G. We prove the following results.

Lemma 7. Let Lj be an ordering of the set Hj ∩ V (G(up, i, j)), let P =
(P1, v�, P2) be a normal antipath of Gr

uz
(up, i, j), and let v� be the last vertex

of Lr
j(uz). Then, P1 and P2 are normal antipaths of Gr

uz
(up, i, j).

Lemma 8. Let Lj be an ordering of the set Hj ∩ V (G(up, i, j)), and let ut be
the last vertex of Lr

j(uz). Let P1 be a normal antipath of Gr−1
uz

(up, i, j) with right
endpoint a vertex ux such that ux ∈ H�, f(ut) ≤ � ≤ j − 1, and utux /∈ E(G).
Let P2 be a normal antipath of Gr−1

uz
(ux, �+1, j) with right endpoint a vertex uy

such that uy ∈ Hh, �+1 ≤ h ≤ j, and V (P1)∩V (P2) = ∅. Then, P = (P1, ut, P2)
is a normal antipath of Gr

uz
(up, i, j) with right endpoint the vertex uy.
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Algorithm LP Cocomparability

Input: a comparability graph G where V (G) = {u0, u1, u2, . . . , un}, the layers
H0, H1, H2, . . . , Hk of its Hasse diagram, and a layered ordering σ of G.

Output: a longest normal antipath of G.

1. for j = 1 to k
2. for i = j downto 1
3. for every vertex up ∈ Hi−1

4. let Lj be an ordering of Hj ∩ V (G(up, i, j))
5. for every vertex uz ∈ Lj

6. for r = 1 to |Lj |
7. let ut be the last vertex of Lr

j (uz)
8. for every vertex uy ∈ V (Gr

uz
(up, i, j)) and y �= t {initialization}

9. if r = 1 then

10. �(uy ; G0
uz

(up, i, j))← �(uy; G(up, i, j − 1));
11. P (uy; G0

uz
(up, i, j))← P (uy; G(up, i, j − 1));

12. �(uy; Gr
uz

(up, i, j))← �(uy; Gr−1
uz

(up, i, j));
13. P (uy; Gr

uz
(up, i, j))← P (uy; Gr−1

uz
(up, i, j));

14. end for

15. if i = j then {case i = j}
16. �(ut; G

r
uz

(up, j, j))← |Lr
j (uz)|;

17. P (ut; G
r
uz

(up, j, j))← Lr
j (uz);

18. if i �= j then

19. �(ut; G
r
uz

(up, i, j))← 1; {initialization for uy = ut}
20. P (ut; G

r
uz

(up, i, j))← (ut);
21. execute process(Gr

uz
(up, i, j));

22. end for

23. �(uz; G(up, i, j))← �(uz; G
|Lj |
uz (up, i, j)); {for the vertex uz ∈ Lj}

24. P (uz; G(up, i, j))← P (uz; G
|Lj |
uz (up, i, j));

25. end for

26. for every vertex uy ∈ V (G(up, i, j)) and uy /∈ Lj {for uy /∈ Lj}
27. �(uy ; G(up, i, j))← �(uy; G

|Lj |
uz (up, i, j));

28. P (uy ; G(up, i, j))← P (uy; G
|Lj |
uz (up, i, j));

29. end for

30. end for

31. end for

32. end for

33. compute the max{�(uy; G(u0, 1, k)) : uy ∈ G(u0, 1, k)} and the corresponding
antipath P (uy; G(u0, 1, k));

Fig. 3. The algorithm for finding a longest antipath of G
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Process(Gr
uz

(up, i, j))

procedure bridge(Gr
uz

(up, i, j))
if f(ut) < j then {ut is the last vertex of Lr

j (uz)}
for h = f(ut) + 1 to j

for � = f(ut) to h− 1
for every vertex ux ∈ H� ∩ V (Gr−1

uz
(up, i, j)) and uxut /∈ E(G)

for every vertex uy ∈ Hh ∩ V (Gr−1
uz

(ux, � + 1, j))
w1 ← �(ux; Gr−1

uz
(up, i, j)); P ′

1 ← P (ux; Gr−1
uz

(up, i, j));
w2 ← �(uy; Gr−1

uz
(ux, � + 1, j)); P ′

2 ← P (uy; Gr−1
uz

(ux, � + 1, j));
if w1 + w2 + 1 > �(uy; Gr

uz
(up, i, j)) then

�(uy ; Gr
uz

(up, i, j))← w1 + w2 + 1;
P (uy ; Gr

uz
(up, i, j))← (P ′

1, ut, P
′
2);

procedure append(Gr
uz

(up, i, j))
for � = f(ut) to j {ut is the last vertex of Lr

j (uz)}
for every vertex ux ∈ H� ∩ (V (Gr−1

uz
(up, i, j)) and uxut /∈ E(G)

w1 ← �(ux; Gr−1
uz

(up, i, j)); P ′
1 ← P (ux; Gr−1

uz
(up, i, j));

if w1 + 1 > �(ut; G
r
uz

(up, i, j)) then

�(ut; G
r
uz

(up, i, j))← w1 + 1;
P (ut; G

r
uz

(up, i, j))← (P ′
1, ut);

return (the value �(uy ; Gr
uz

(up, i, j)) and the antipath P (uy; Gr
uz

(up, i, j)), for every
vertex uy ∈ V (Gr

uz
(up, f(ut) + 1, j)) if f(ut) < j, and for uy = ut if f(ut) = j);

Fig. 4. The procedure process()

Lemma 9. For every induced subgraph G(up, i, j) of G, and for every ver-
tex uy ∈ V (G(up, i, j)), the value �(uy; G(up, i, j)) computed by Algorithm
LP Cocomparability is equal to the length of a longest normal antipath of
G(up, i, j) with right endpoint the vertex uy and, also, the corresponding com-
puted antipath P (uy; G(up, i, j)) is a longest normal antipath of G(up, i, j) with
right endpoint the vertex uy.

Let P be a longest antipath of G such that |P | ≥ 2. From Lemma 6 we may
assume that P is a longest normal antipath of G and let uy be its right end-
point. Also, P belongs to the graph G \ {u0}. Since G(u0, 1, k) = G \ {u0}
and since Algorithm LP Cocomparability computes the maximum among the
lengths {�(uy; G(u0, 1, k)) : uy ∈ V (G(u0, 1, k))} and the corresponding antipath
P ′, from Lemma 9 we obtain that |P ′| = |P |. Therefore, we obtain the following.

Theorem 3. Algorithm LP Cocomparability computes a longest path of a co-
comparability graph in polynomial time.
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2009. LNCS, vol. 5734, pp. 403–414. Springer, Heidelberg (2009)

19. Itai, A., Papadimitriou, C.H., Szwarcfiter, J.L.: Hamiltonian paths in grid graphs.
SIAM J. Computing 11, 676–686 (1982)

20. McKee, T.A., McMorris, F.R.: Topics in Intersection Graph Theory. Society for
Industrial and Applied Mathematics, Philadelphia (1999)

21. Müller, H.: Hamiltonian circuits in chordal bipartite graphs. Discrete Math. 156,
291–298 (1996)



38 K. Ioannidou and S.D. Nikolopoulos

22. Narasimhan, G.: A note on the Hamiltonian circuit problem on directed path
graphs. Inform. Proc. Lett. 32, 167–170 (1989)

23. Takahara, Y., Teramoto, S., Uehara, R.: Longest path problems on ptolemaic
graphs. IEICE Trans. Inf. and Syst. 91-D, 170–177 (2008)

24. Uehara, R.: Simple geometrical intersection graphs. In: Nakano, S.-i., Rahman, M.
S. (eds.) WALCOM 2008. LNCS, vol. 4921, pp. 25–33. Springer, Heidelberg (2008)

25. Uehara, R., Uno, Y.: Efficient algorithms for the longest path problem. In: Fleis-
cher, R., Trippen, G. (eds.) ISAAC 2004. LNCS, vol. 3341, pp. 871–883. Springer,
Heidelberg (2004)

26. Uehara, R., Valiente, G.: Linear structure of bipartite permutation graphs and the
longest path problem. Inform. Proc. Lett. 103, 71–77 (2007)

27. Zhang, Z., Li, H.: Algorithms for long paths in graphs. Theoret. Comput. Sci. 377,
25–34 (2007)


	The Longest Path Problem is Polynomial on Cocomparability Graphs
	Introduction
	Theoretical Framework
	Partial Orders and Cocomparability Graphs
	Normal Antipaths on Comparability Graphs

	The Algorithm
	Correctness and Time Complexity
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




