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{OPQRSTUPV WQPXSYW}Z[W\]YT\̂ S
_`abcdebf gh ijkl mnmopq ro listu n vohopnwkxnikyh yz ijo mnij {y|op mpy}wo~q hn~owuq ijo��iop~khnw�loi mnij {y|op mpy}wo~q yp ���� zyp ljypi� �k|oh n vpnmj

G
nht iry tkl�ykhi

ls}loil
T 1 nht

T 2 yz
V (G)

q n ��iop~khnw�loi mnij {y|op yz G
rkij polmo{i iy

T 1 nht
T 2 kl n

loi yz |opio��tkl�ykhi mnijl
P

ijni {y|opl ijo |opik{ol yz G
ls{j ijni ijo |opik{ol yz T 1 nht

T 2 npo nww ohtmykhil yz ijo mnijl kh
P

nht nww ijo mnijl rkij }yij ohtmykhil kh
T 1 ∪ T 2jn|o yho ohtmykhi kh

T 1 nht ijo yijop kh
T 2 � �jo ���� mpy}wo~ kl iy �ht n ��iop~khnw�loimnij {y|op yz G

yz ~khk~s~ {nptkhnwkiu� hyio ijniq kz
T 1 ∪T 2 kl o~miuq ijo liniot mpy}wo~

{ykh{ktol rkij ijo {wnllk{nw mnij {y|op mpy}wo~� �jo ���� mpy}wo~ vohopnwkxol ly~o mnij
{y|op powniot mpy}wo~lq ls{j nl ijo ��� nht ��� mpy}wo~lq rjk{j jn|o }ooh mpy|ot iy
}o ���{y~mwoio o|oh zyp l~nww {wnllol yz vpnmjl� �o ljyr ijni ijo ���� mpy}wo~ {nh }o
lyw|ot kh wkhonp ik~o yh ijo {wnll yz {yvpnmjl� �jo mpymylot wkhonp�ik~o nwvypkij~ kl lk~mwoq
po�skpol wkhonp lmn{oq nht nwly ohn}wol sl iy lyw|o ijo ��� nht ��� mpy}wo~l yh {yvpnmjl
rkijkh ijo ln~o ik~o nht lmn{o {y~mwo�kiu�
�����c�af mnij {y|opq ��ot�ohtmykhi mnij {y|opq mopzo{i vpnmjlq {y~mwo~ohi pots{k}wo
vpnmjlq {yvpnmjlq wkhonp�ik~o nwvypkij~l�

� ������������
�cd ���c¡¢£�b¤¥db¤�¦§ ¨ roww listkot mpy}wo~ rkij hs~opysl mpn{ik{nw nmmwk{nikyhl kh vpnmj
ijoypu kl iy �ht n ~khk~s~ hs~}op yz |opio��tkl�ykhi mnijl yz n vpnmj

G
ijni {y|op ijo |opik{ol yz

G
�

�jkl mpy}wo~q nwly ©hyrh nl ijo mnij {y|op mpy}wo~ ª��«q �htl nmmwk{nikyh kh ijo �owtl yz tnin}nlo
tolkvhq hoiryp©lq {yto ymik~kxnikyh n~yhv ~nhu yijopl ªloo ¬�q �q �­q �®¯«� ki kl roww ©hyrh ijni ijo
mnij {y|op mpy}wo~ nht ~nhu yz kil |npknhil npo ���{y~mwoio kh vohopnw vpnmjl ¬��̄ � ¨ vpnmj ijni
nt~kil n mnij {y|op yz lkxo yho kl pozoppot iy nl �n~kwiyhknh� �jslq ijo mnij {y|op mpy}wo~ kl ni wonli
nl jnpt nl ijo �n~kwiyhknh mnij mpy}wo~ ª��«q ijni klq ijo mpy}wo~ yz to{ktkhv rjoijop n vpnmj kl
�n~kwiyhknh�

°o|opnw |npknhil yz ijo �� mpy}wo~ npo nwly yz vponi khiopoliq n~yhv rjk{j kl ijo mpy}wo~ yz to{ktkhv
rjoijop n vpnmj nt~kil n �n~kwiyhknh mnij }oirooh iry mykhil ª���«� �jo ��� mpy}wo~ kl ijo ln~o
nl ijo �� mpy}wo~ o�{omi ijni kh ��� iry |opik{ol yz ijo khmsi vpnmj

G
npo lmo{k�otq lnuq u

nht
∗±²³ ´³µ³¶´·² ¸´¹º³·» ¼µ ·¹½¾¿ÀÁ³Á ÂÃ »²³ Ä¿´¹Å³¶À ÆÀ¼¹À ½ Ä¿´¹Å³¶À Ç¹·¼¶È É¿ÀÁ ÊÄÇÉË Ì Í¶»¼¹À¶È Ç¹¿´·³µÎ ¼À »²³¾´¶Ï³Ð¹´Ñ ¹¾ »²³ Å´¹Ò´¶Ï Ó¸Ã»²¶Ò¹´¶µ ÔÔÓ ¹¾ »²³ ÓÕÅ³´¶»¼¹À¶È ¸´¹Ò´¶Ï ¾¹´ ÄÁ¿·¶»¼¹À ¶ÀÁ ÔÀ¼»¼¶È Ö¹·¶»¼¹À¶È ±´¶¼À¼ÀÒÓ¹¾ »²³ ×´Á Ø¹ÏÏ¿À¼»Ã Ç¿ÅÅ¹´» É´¶Ï³Ð¹´Ñ ¹¾ »²³ Ù³ÈÈ³À¼· Ú¼À¼µ»´Ã ¹¾ ÄÁ¿·¶»¼¹ÀÛ
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v
q nht ro npo nl©ot rjoijop

G
{yhinkhl n �n~kwiyhknh mnij }ovkhhkhv rkij

u
nht ohtkhv rkij

v
�°k~kwnpwuq ijo ��� mpy}wo~ kl iy toiop~kho rjoijop n vpnmj

G
nt~kil n �n~kwiyhknh mnij linpikhv

zpy~ n lmo{k�{ |opio� u
yz

G
q nht iy �ht yho kz ls{j n mnij tyol o�kli� �yij ��� nht ��� mpy}wo~l

npo nwly ���{y~mwoio kh vohopnw vpnmjl ¬��̄ �
�jo mnij {y|op mpy}wo~ nht lo|opnw |npknhil yz ki jn|o hs~opysl nwvypkij~k{ nmmwk{nikyhl kh ~nhu�owtl� °y~o ijni jn|o po{ok|ot }yij ijoypoik{nw nht mpn{ik{nw niiohikyh npo kh ijo {yhiohi yz {y~�~shk{nikyh nht�yp ipnhlmylkikyh hoiryp©l ¬��¯� gh ls{j mpy}wo~lq ro npo vk|oh n vpnmj ªhoiryp©«

Gnht
ª�py}wo~ ¨« n loi

T
yz

k = 2λ |opik{ol yz G
q nht ijo y}�o{ik|o kl iy toiop~kho rjoijop

G
nt~kil n mnij

{y|op yz lkxo
λ
ijni {yhinkhl mnijl {yhho{ikhv mnkpl yz |opik{ol yz

T
q ijni klq

G
nt~kil

λ |opio��tkl�ykhimnijl rkij }yij ijokp ohtmykhil kh
T

ªhyio ijniq ijo ohtmykhil yz n mnij
P

npo ijo �pli |opio� nht ijo
wnli |opio� |klkiot }u P

«q yp
ª�py}wo~ �« n loi

T
yz

λ = k/2
mnkpl yz |opik{ol yz

G
ªlysp{o�lkh© mnkpl«q nht ijo y}�o{ik|o kl iy

toiop~kho rjoijop
G

nt~kil zyp on{j mnkp
(ai, bi)

q
1 ≤ i ≤ λ

q n mnij {yhho{ikhv
ai

iy
bi

ls{j ijni ijo
loi yz

λ
mnijl zyp~l n mnij {y|op�

¨hyijop mnij {y|op powniot mpy}wo~ ijni jnl po{ok|ot kh{ponlot niiohikyh kh po{ohi uonpl kl kh ijo
{yhio�i yz {y~~shk{nikyh hoiryp©l� �jo yhwu o�{kohi rnu iy ipnhl~ki jkvj |yws~o {y~~shk{nikyhq
ls{j nl kh ~swik~otkn nmmwk{nikyhlq kl ijpysvj tkl�ykhi mnijl ijni npo totk{niot iy mnkpl yz mpy{ollypl�
�y o�{kohiwu sikwkxo ijo hoiryp© yho hootl n lk~mwo nwvypkij~ ijniq rkij ~khk~s~ y|opjontq {yhlips{iln wnpvo hs~}op yz otvo�tkl�ykhi mnijl }oirooh mnkpl yz iry vk|oh loil yz po�solil�

�yij mpy}wo~l ¨ nht � {ykh{kto rkij ijo ��� mpy}wo~q kh ijo {nlo rjopo
k = 2

� gh ¬­¯q �n~nl{j©o
mpy|ktot n zyshtnikyh zyp y}inkhkhv mywuhy~knw�ik~o nwvypkij~l zyp lo|opnw mpy}wo~l {yh{ophkhv mnijl
kh khiop|nw vpnmjlq ls{j nl �htkhv �n~kwiyhknh mnijl nht {kp{skilq nht mnpikikyhl khiy mnijl� gh ijo
ln~o mnmopq jo liniot ijni ijo {y~mwo�kiu linisl yz }yij ��� nht ��� mpy}wo~l yh khiop|nw vpnmjlpo~nkhl nh ymoh �solikyh� shikw hyr ijo {y~mwo�kikol yz ��� nht ��� ©oom ijokp tk�{swikol o|oh kh ijo
l~nww ls}{wnll yz lmwki khiop|nw vpnmjl � hy mywuhy~knw nwvypkij~ kl ©hyrh�

�yik|niot }u ijo n}y|o kllsol ro linio n |npknhi yz ijo mnij {y|op mpy}wo~q hn~owuq ijo ��iop~khnw�loi mnij {y|op mpy}wo~ ª����«q rjk{j vohopnwkxol }yij ��� nht ��� mpy}wo~lq nht nwly �py}wo~ ��
ª�py}wo~ ����« �oi

G
}o n vpnmj nht woi

T 1 nht
T 2 }o iry tkl�ykhi loil yz |opik{ol yz

V (G)
� ¨

�K1-02:3/	K>-1 ./1
 94=-0 yz ijo vpnmj
G

rkij polmo{i iy
T 1 nht

T 2 kl n mnij {y|op yz
G

ls{j ijni nww
|opik{ol kh

T 1 ∪ T 2 npo ohtmykhil yz mnijl kh ijo mnij {y|op nht nww ijo mnijl rkij }yij ohtmykhil kh
T 1 ∪ T 2 jn|o yho ohtmykhi kh

T 1 nht ijo yijop kh
T 2 � n 2:3:272 �K1-02:3/	K>-1 ./1
 94=-0 yz

G
rkij

polmo{i iy
T 1 nht

T 2 kl n ��iop~khnw�loi mnij {y|op yz
G

rkij ~khk~s~ {nptkhnwkiu� ijo �K1-02:3/	K>-1
./1
 94=-0 .04�	-2 ª����« kl iy �ht n ~khk~s~ ��iop~khnw�loi mnij {y|op yz ijo vpnmj

G
�

��¦bc¤`
b¤�¦§ gh ijkl mnmopq ro ljyr ijni ijo ��iop~khnw�loi mnij {y|op mpy}wo~ ª����« jnl n
mywuhy~knw�ik~o lywsikyh kh ijo {wnll yz {y~mwo~ohi pots{k}wo vpnmjlq yp {yvpnmjl ¬�¯� �ypo mpo{klowuqro olin}wklj n wyrop }ysht yh ijo lkxo yz n ~khk~s~ ��iop~khnw�loi mnij {y|op yz n {yvpnmj

G
yh

n|opik{ol nht
m

otvol� �o ijoh to�ho mnij ymopnikyhlq nht mpy|o lips{ispnw mpymopikol zyp ijo mnijl yz
ls{j n mnij {y|opq rjk{j ohn}wo sl iy tol{pk}o n lk~mwo nwvypkij~ zyp ijo ���� mpy}wo~� �jo mpymylot
nwvypkij~ pshl kh ik~o wkhonp kh ijo lkxo yz ijo khmsi vpnmj

G
q ijni klq kh

O(n + m)
ik~oq nht po�skpol

wkhonp lmn{o� �kvspo � ljyrl n tknvpn~ yz {wnll kh{wslkyhl zyp n hs~}op yz vpnmj {wnllolq ls}{wnllol yz
{y~mnpn}kwkiu nht {jyptnw vpnmjlq nht ijo {sppohi {y~mwo�kiu linisl yz ijo ���� mpy}wo~ yh ijolo
{wnllol� zyp to�hkikyhl yz ijo {wnllol ljyrhq loo ¬�q ��¯� �yio ijniq kz ijo mpy}wo~ kl mywuhy~knwwu lyw|n}woyh khiop|nw vpnmjlq ijoh ki kl nwly mywuhy~knwwu lyw|n}wo yh {yh|o� vpnmjl ¬��̄ �

�
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�kvspo �$ %&' ()*+,'-./0 1/2/31 4567()*+,'/'8 39:9);98 +),09)*.2,< )= /&' >%6? +@)A,'* =)@ 1)*' B@2+&
13A(,211'1 )= ()*+2@2A.,./0 29C (&)@C2, B@2+&1D

A → B
.9C.(2/'1 /&2/ (,211

A
()9/2.91 (,211

B
D

�jo mpymylot nwvypkij~ zyp ijo ���� mpy}wo~ {nh nwly }o slot iy lyw|o ijo ��� nht ��� mpy}wo~l
yh {yvpnmjl rkijkh ijo ln~o ik~o nht lmn{o {y~mwo�kiu� �ypoy|opq ro jn|o tolkvhot ysp nwvypkij~
ly ijni ki mpyts{ol n ~khk~s~ ��iop~khnw�loi mnij {y|op yz n {yvpnmj

G
ijni {yhinkhl n wnpvo hs~}op

yz mnijl rkij yho ohtmykhi kh
T 1 nht ijo yijop kh

T 2 ªro {nh onlkwu �ht n vpnmj
G

nht iry loil
T 1nht

T 2 yz |opik{ol yz
V (G)

ly ijni
G

nt~kil iry ~khk~s~ ��iop~khnw�loi mnij {y|opl rkij tkEopohi
hs~}opl yz mnijl jn|khv yho ohtmykhi kh

T 1 nht ijo yijop kh
T 2 � zyp o�n~mwoq {yhlktop ijo vpnmj

Grkij |opio� loi
V (G) = {a, b, c, d}

q otvo loi
E(G) = {ab

q
bc

q
ac

q
cd}

q nht
T 1 = {a}

q
T 2 = {b}

«�
F�Gdb�� H�c¡§ �jo {wnll yz {yvpnmjl jnl }ooh o�iohlk|owu listkot nht lo|opnw lo�sohiknw nht�yp
mnpnwwow nwvypkij~l zyp po{yvhkikyh nht zyp {wnllk{nw {y~}khniypknw ymik~kxnikyh mpy}wo~l jn|o }ooh
mpymylot ¬�q ��q �­q ��¯� Ishv ¬��¯ listkot ijo o�klioh{o yz n �n~kwiyhknh mnij yp {u{wo kh n {yvpnmjq
rjkwo �kh oi nw� ¬�­¯ mpolohiot nh ymik~nw nwvypkij~ zyp ijo mnij {y|op mpy}wo~ yh {yvpnmjl� �n©nhy
oi nw� ¬��¯ tol{pk}ot nh ymik~nw mnpnwwow nwvypkij~ rjk{j �htl nht pomypil nww ijo mnijl kh n ~khk~s~
mnij {y|op yz n {yvpnmj kh

O(log n)
ik~o slkhv

O(n/ log n)
mpy{ollypl yh n �J¨� ~ytow� Jo{ohiwuq

¨ltpo nht �k©ywymyswyl mpymylot n wkhonp�ik~o nwvypkij~ zyp ijo ©���ot�ohtmykhi mnij {y|op mpy}wo~
ª©��« yh {yvpnmjl nht yh mpymop khiop|nw vpnmjl ¬Kq ®¯� ¨wvypkij~l zyp ymik~kxnikyh mpy}wo~l yh yijop
powniot {wnllol yz vpnmjl jn|o }ooh nwly tol{pk}ot ¬�q �Kq �®q ��q ��q �K¯� �ypoy|opq nwvypkij~l zyp ijo
mnij {y|op mpy}wo~ yh yijop {wnllol yz vpnmjl ropo mpymylot kh ¬�q �Lq �Mq �®¯�

N OPQ��Q���RS T�RUQV��W
�jo {yvpnmjl nt~ki n ipoo pompolohinikyh shk�so sm iy kly~ypmjkl~� °mo{k�{nwwuq ro {nh nlly{knio rkij
o|opu {yvpnmj

G
n shk�so pyyiot ipoo

Tco(G)
{nwwot ijo {y�ipoo ªypq ~ytswnp to{y~mylkikyh ipoo ¬�L¯«q

rjk{j ro {nh {yhlips{i lo�sohiknwwu kh wkhonp ik~o ¬Mq �¯� �jo {y�ipoo zyp~l ijo }nlkl zyp znli nwvypkij~lzyp mpy}wo~l ls{j nl kly~ypmjkl~q {ywypkhvq {wk�so toio{ikyhq {wslioplq ~khk~s~ rokvji ty~khnikhv loil
¬�q M¯q nht nwly zyp ijo mnij {y|op mpy}wo~ ¬�­q ��¯�

�yp {yh|ohkoh{o nht onlo yz mpolohinikyhq ro }khnpkxo ijo {y�ipoo Tco(G)
kh ls{j n rnu ijni on{j yz

kil khiophnw hytol jnl o�n{iwu iry {jkwtpoh ¬�­q ��¯� �o ljnww pozop iy ijo }khnpkxot |oplkyh yz
Tco(G)

nl

K



ijo ~ytk�ot {y�ipoo yz
G

nht rkww tohyio ki }u T (G)
� �jslq ijo wozi nht pkvji {jkwt yz nh khiophnw hyto

t
yz

T (G)
rkww }o tohyiot }u t`

nht
tr
q polmo{ik|owu� �oi t

}o nh khiophnw hyto yz
T (G)

� �joh
G[t]

kl
ijo ls}vpnmj yz

G
khts{ot }u ijo ls}loi

Vt
yz ijo |opio� loi

V (G)
q rjk{j {yhinkhl nww ijo |opik{ol yz

G
ijni jn|o nl {y~~yh nh{oliyp kh

T (G)
ijo hyto

t
� �yp lk~mwk{kiuq ro rkww tohyio }u V`

nht
Vr

ijo
|opio� loil

V (G[t`])
nht

V (G[tr ])
q polmo{ik|owu�

�oi
G

}o n {yvpnmjq
T 1 nht

T 2 }o iry loil yz |opik{ol yz V (G)
ls{j ijni

T 1∩T 2 = ∅
q nht woi

P2T (G)}o n ~khk~s~ ��iop~khnw�loi mnij {y|op yz G
rkij polmo{i iy

T 1 nht
T 2 yz lkxo

λ2T
� hyio ijni ijo lkxo

yz
P2T (G)

kl ijo hs~}op yz mnijl ki {yhinkhl� �jo |opik{ol yz ijo loil
T 1 nht

T 2 npo {nwwot 1-02:3/	
|opik{olq nht ijo loil

T 1 nht
T 2 npo {nwwot ijo 1-02:3/	 >-1> yz G

q rjkwo ijylo yz
V (G)− (T 1 ∪ T 2)

npo
{nwwot 343K1-02:3/	 40 50-- |opik{ol� �jslq ijo loi

P2T (G)
{yhinkhl ijpoo iumol yz mnijlq rjk{j ro {nww

1-02:3/	q >-2:K1-02:3/	q nht 343K1-02:3/	 40 50-- mnijl$
ªk« n 1-02:3/	 ./1
 Pt

{yhlklil yz ni wonli iry |opik{ol nht }yij kil ohtmykhilq lnuqu nht
v
q npo iop~khnw

|opik{ol }owyhvkhv iy tkEopohi loilq ijni klq
u ∈ T 1 nht

v ∈ T 2 �
ªkk« n >-2:K1-02:3/	 ./1
 Ps

kl n mnij jn|khv yho ohtmykhi kh
T 1 yp

T 2 nht ijo yijop kh
V (G)− (T 1 ∪

T 2)� kz Ps
{yhlklil yz yhwu yho |opio� ªipk|knw mnij«q lnuq u q ijoh

u ∈ T 1 ∪ T 2 �
ªkkk« n 343K1-02:3/	 40 50-- ./1
 Pf

kl n mnij jn|khv }yij kil ohtmykhil kh
V (G) − (T 1 ∪ T 2)� kz Pf{yhlklil yz yhwu yho |opio�q lnuq u q ijoh

u ∈ V (G) − (T 1 ∪ T 2)
�

�jo loi yz ijo hyh�iop~khnw mnijl kh n ~khk~s~ ���� yz ijo vpnmj
G

kl tohyiot }u N
q rjkwo

S
nht

Ttohyio ijo loil yz ijo lo~k�iop~khnw nht iop~khnw mnijlq polmo{ik|owu� �spijop~ypoq woi
S1 nht

S2 tohyio
ijo loil yz ijo lo~k�iop~khnw mnijl ls{j ijni ijo iop~khnw |opik{ol }owyhv iy

T 1 nht
T 2 q polmo{ik|owu��jslq

|S| = |S1|+ |S2|
nht ijo zywwyrkhv o�snikyh jywtl�

λ2T = |N |+ |S|+ |T | = |N |+ |S1|+ |S2|+ |T |
ª�«

�py~ ijo to�hkikyh yz ijo ��iop~khnw�loi mnij {y|op mpy}wo~ ª����«q ro {nh onlkwu {yh{wsto ijni ijo
hs~}op yz mnijl kh n ~khk~s~ ���� {nh hyi }o woll ijnh ijo hs~}op yz ijo iop~khnw |opik{ol yz
ijo iop~khnw loi jn|khv ~n�k~s~ {nptkhnwkiu� �spijop~ypoq lkh{o on{j lo~k�iop~khnw mnij {yhinkhl
yho iop~khnw |opio� nht on{j iop~khnw mnij {yhinkhl iryq ijo hs~}op yz iop~khnw |opik{ol kl o�snw iy
|S| + 2|T | = |S1| + |S2| + 2|T |

� �jslq ro jn|o ijo zywwyrkhv mpymylkikyhq rjk{j nwly jywtl zyp vohopnw
vpnmjl$
�c���a¤b¤�¦ �§�§ �-1 G �- / 94�0/.
 /3� 	-1 T 1 /3� T 2 �- 1�4 �:>�4:31 >7�>-1> 45 V (G)

B 	
-3
|T 1| = |S1|+ |T |; |T 2| = |S2|+ |T | /3� λ2T ≥ max{|T 1|, |T 2|}

B
�wonpwuq ijo lkxo yz n ���� yz n {yvpnmj

G
q nl roww nl ijo lkxo yz n ~khk~s~ ���� yz

G
q kl woll

ijnh yp o�snw iy ijo hs~}op yz |opik{ol yz G
q ijni klq

λ2T ≤ |V (G)|
� �oi

F (V (G))
}o ijo loi yz ijo zpoo

|opik{ol yz
G� joponziopq F (V ) = F (V (G))

� �spijop~ypoq woi
P

}o n loi yz mnijl nht woi
VP

tohyio ijo
loi yz |opik{ol }owyhvkhv iy ijo mnijl yz ijo loi

P � joponziopq F (P) = F (VP )
� �johq kz

T 1 nht
T 2 npo

iry tkl�ykhi ls}loil yz
V (G)

q ro jn|o λ2T ≤ |F (V )|+ |T 1|+ |T 2|
�

�oi
t
}o nh khiophnw hyto yz ijo ipoo

T (G)
q ijni klq

t
kl okijop nh °�hyto yp n ��hyto ¬�L¯� �joh

λ2T (t)
tohyiol ijo hs~}op yz mnijl kh n ~khk~s~ ���� yz ijo vpnmj

G[t]
rkij polmo{i iy

T 1
t

nht
T 2

t

q
rjopo

T 1
t

nht
T 2

t

npo ijo iop~khnw |opik{ol yz
T 1 nht

T 2 yz ijo vpnmj
G[t]

q polmo{ik|owu� �oi t`
nht

tr}o ijo wozi nht ijo pkvji {jkwt yz hyto
t
q polmo{ik|owu� �o tohyio }u T 1

`

nht
T 1

r

ªpolm�
T 2

`

nht
T 2

r

« ijo
iop~khnw |opik{ol yz

T 1 ªpolm�
T 2

« kh
V`

nht
Vr

q polmo{ik|owuq rjopo
V` = V (G[t`])

nht
Vr = V (G[tr])

�
�oi

N`
q
S`

nht
T`

}o ijo loil yz ijo hyh�iop~khnwq lo~k�iop~khnw nht iop~khnw mnijl kh n ~khk~s~
���� yz

G[t`]
q polmo{ik|owu� °k~kwnpwuq woi Nr

q
Sr

nht
Tr

}o ijo loil yz ijo hyh�iop~khnwq lo~k�iop~khnw
nht iop~khnw mnijl kh n ~khk~s~ ���� yz

G[tr]
q polmo{ik|owu� �yio ijni

S1
`

nht
S1

r

ªpolm�
S2

`

nht

®



S2
r

« tohyio ijo loil yz ijo lo~k�iop~khnw mnijl kh n ~khk~s~ ���� yz
G[t`]

nht
G[tr]

q polmo{ik|owuq{yhinkhkhv n iop~khnw |opio� yz
T 1 ªpolm�

T 2
«� �}|kyslwuq ��� ª�« jywtl zyp

G[t]
nl rowwq rkij

t
}okhv

okijop nh °�hyto yp n ��hytoq ijni klq
λ2T (t) = |Nt|+ |St|+ |Tt| = |Nt|+ |S

1
t |+ |S

2
t |+ |Tt|

ª�«
rjopo

Nt, St
nht

Tt
npo ijo loil yz ijo hyh�iop~khnwq ijo lo~k�iop~khnw nht ijo iop~khnw mnijlq po�lmo{ik|owuq kh n ~khk~s~ ���� yz

G[t]
q ijni kl kh

P2T (t)
q nht

S1
t

nht
S2

t

tohyio ijo loil yz ijo
lo~k�iop~khnw mnijl kh

P2T (t)
{yhinkhkhv n iop~khnw |opio� yz

T 1 nht
T 2 q polmo{ik|owu� gz t

kl n ��hytoqijoh
P2T (t) = P2T (t`) ∪ P2T (tr)

q rjopo
P2T (t`)

nht
P2T (tr)

npo ~khk~s~ ����l {yppolmyhtkhv iy
G[t`]

nht
G[tr]

q polmo{ik|owuq nht λ2T (t) = λ2T (t`) + λ2T (tr)
� �spijop~ypoq kh ijo {nlo rjopo

t
kl n

��hytoq ro jn|o
|Nt| = |N`|+ |Nr|

|St| = |S`|+ |Sr| = |S1
` |+ |S

2
` |+ |S

1
r |+ |S

2
r |

|Tt| = |T`|+ |Tr|�jslq ro zy{sl yh {y~msikhv n ~khk~s~ ���� yz ijo vpnmj
G[t]

zyp ijo {nlo rjopo
t
kl nh °�hyto�

�ozypo tol{pk}khv ysp nwvypkij~q ro olin}wklj n wyrop }ysht yh ijo lkxo
λ2T (t)

yz n ~khk~s~ ����
P2T (t)

yz n vpnmj
G[t]

� �ypo mpo{klowuq ro mpy|o ijo zywwyrkhv wo~~n�
��  d �§�§ �-1 t �- /3 :31-03/	 34�- 45 T (G) /3� 	-1 P2T (t`)
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G[t`]
/3�G[tr ]; 0->.-91:=-	?B 	
-3 λ2T (t) ≥ max{max{|T 1

t |, |T
2

t |}, λ2T (t`)−|F (Vr)|, λ2T (tr)−|F (V`)|}
B

������ �wonpwuq n{{yptkhv iy �pymylkikyh ��� nht lkh{o
G[t]

kl n {yvpnmjq ro jn|o λ2T (t) ≥ max{|T 1
t |,

|T 2
t |}

� �o rkww mpy|o ijni
λ2T (t) ≥ λ2T (t`) − |F (Vr)|

� ¨lls~o ijni
λ2T (t) < λ2T (t`) − |F (Vr)|

�
�yhlktop po~y|khv zpy~ ijkl mnij {y|op nww ijo |opik{ol kh

Vr
� �jni polswil kl n loi yz mnijl rjk{j

kl {wonpwu n ���� zyp
G[t`]

� °kh{o ijo po~y|nw yz n zpoo |opio� kh
F (Vr)

rkww kh{ponlo ijo hs~}op yz
mnijl }u ni ~yli yhoq ro y}inkh n ���� yz

G[t`]
yz lkxo ni ~yli

λ2T (t) + |F (Vr)|
� �jo nlls~mikyh

λ2T (t) < λ2T (t`) − |F (Vr)|
vsnpnhiool ijni

λ2T (t) + |F (Vr)| < λ2T (t`)
q {yhipntk{ikhv ijo ~khk~nwkiuyz

P2T (t`)
� �lkhv lk~kwnp npvs~ohil ro {nh ljyr ijni

λ2T (t) ≥ λ2T (tr) − |F (V`)|
� �oh{oq ijo wo~~nzywwyrl�

�o ho�i to�ho zysp ymopnikyhl yh mnijl yz n ~khk~s~ ���� yz ijo vpnmjl
G[t`]

nht
G[tr]

q hn~owu
�0-/	q 9433-91q �0:��- nht :3>-01 ymopnikyhl� ijolo ymopnikyhl npo kwwslipniot kh �kv� ��
◦

D0-/	 ymopnikyh$ �oi
P = [p1, p2, . . . , pk]

}o n mnij yz
P2T (tr)

yp
P2T (t`)

yz wohvij
k
� �o lnu ijni

ro �0-/	 ijo mnij
P

kh iry mnijlq lnuq P1

nht
P2

q kz ro towoio nh np}kipnpu otvo yz
P
q lnu ijo otvo

pipi+1 (1 ≤ i < k)
q kh yptop iy y}inkh iry mnijl rjk{j npo

P1 = [p1, . . . , pi]
nht

P2 = [pi+1, . . . , pk]
�

�yio ijni ro {nh }pon© ijo mnij
P

kh ni ~yli
k
ipk|knw mnijl�

◦
6433-91 ymopnikyh$ �oi P1

}o n hyh�iop~khnw yp n lo~k�iop~khnw mnij yz
P2T (t`)

ªpolm�
P2T (tr)

«
nht woi

P2

}o n hyh�iop~khnw yp n lo~k�iop~khnw mnij yz
P2T (tr)

ªpolm�
P2T (t`)

«� �o lnu ijni ro
9433-91 ijo mnij

P1

rkij ijo mnij
P2

q kz ro ntt nh otvo rjk{j �ykhl iry zpoo ohtmykhil yz ijo
iry mnijl� �yio ijni kz

P1 ∈ S1
`

ªpolm�
P1 ∈ S1

r

« ijohq kz
P2

kl nwly n lo~k�iop~khnw mnijq
P2 ∈ S2

rªpolm�
P2 ∈ S2

`

«� °k~kwnpwuq kz P1 ∈ S2
`

ªpolm�
P1 ∈ S2

r

« ijohq kz
P2

kl nwly n lo~k�iop~khnw mnijq
P2 ∈ S1

r

ªpolm�
P2 ∈ S1

`

«�
◦

D0:��- ymopnikyh$ �oi
P1

nht
P2

}o iry mnijl yz ijo loi
N` ∪S1

` ∪S2
`

ªpolm�
Nr ∪S1

r ∪S2
r

« nht woi
P3

}o n hyh�iop~khnw mnij yz ijo loi
Nr

ªpolm�
N`

«� �o lnu ijni ro �0:��- ijo iry mnijl
P1

nht
P2

slkhv mnij
P3

kz ro {yhho{i n zpoo ohtmykhi yz
P1

rkij yho ohtmykhi yz
P3

nht n zpoo ohtmykhi
yz

P2

rkij ijo yijop ohtmykhi yz
P3

� �jo polswi kl n mnij jn|khv }yij ohtmykhil kh
G[t`]

ªpolm�
G[tr]

«� �yio ijni kz
P1 ∈ S1

`

ªpolm�
P1 ∈ S1

r

« ijohq kz
P2

kl nwly n lo~k�iop~khnw mnijq
P2 ∈ S2

`
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⇒
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P2v4 v4
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4A<
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P3v4 w4

4C<
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P2w2

v1 w3

P3v2 w4
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ªpolm�
P2 ∈ S2

r

«� °k~kwnpwuq kz P1 ∈ S2
`

ªpolm�
P1 ∈ S2

r

« ijohq kz
P2

kl nwly n lo~k�iop~khnw mnijq
P2 ∈ S1

`

ªpolm�
P2 ∈ S1

r

«�
◦

@3>-01 ymopnikyh$ �oi
P1 = [t1, p1, . . . , p

′
1, t

′
1]

}o n iop~khnw mnij yz ijo loi
T`

ªpolm�
Tr

« nht
woi

P2 = [p2, . . . , p
′
2]

}o n hyh�iop~khnw mnij yz ijo loi
Nr

ªpolm�
N`

«� �o lnu ijni ro :3>-01ijo mnij
P2

khiy
P1

q kz ro pomwn{o ijo �pli otvo yz
P1

q ijni klq ijo otvo
t1p1

q rkij ijo mnij
[t1, p2, . . . , p

′
2, p1]

� �jslq ijo polswikhv mnij kl
P1 = [t1, p2, . . . , p

′
2, p1, . . . , p

′
1, t

′
1]
� �yio ijni ro

{nh pomwn{o o|opu otvo yz ijo iop~khnw mnij ly ijni ro {nh khlopi ni ~yli
|F ({P1})| + 1

hyh�iop~khnw mnijlq rjopo
F ({P1})

kl ijo loi yz ijo zpoo |opik{ol }owyhvkhv iy ijo mnij
P1

� gz ijo
iop~khnw mnij

P1 = [t1, p1, . . . , p
`
1, p

r
1, . . . , p

′
1, t

′
1]

kl {yhlips{iot }u {yhho{ikhv n lo~k�iop~khnw mnij
yz

S`
q lnuq P` = [t1, p1, . . . , p

`
1]

rkij n lo~k�iop~khnw mnij yz
Sr

q lnuq Pr = [pr
1, . . . , p

′
1, t

′
1]
q ijoh ki

y}|kyslwu jnl yho ohtmykhi kh
G[t`]

nht ijo yijop kh
G[tr]

� gh ijkl {nloq kz
P2 ∈ N`

ªpolm�
Nr

«
ro {nh yhwu pomwn{o ijo otvol yz

P1

ijni }owyhv iy
G[tr]

ªpolm�
G[t`]

«� �h ijo yijop jnhtq kz
P2jnl yho ohtmykhiq lnuq p2

q kh
N`

nht ijo yijopq lnuq p′2
q kh

Nr
q ro khlopi

P2

khiy
P1

nl zywwyrl$
P1 = [t1, p1, . . . , p

`
1, p

′
2, . . . , p2, p

r
1, . . . , p

′
1, t

′
1]
�

�o {nh nwly {y~}kho ijo ymopnikyhl {yhho{i nht }pktvo iy mopzyp~ n hor ymopnikyh rjk{j ro {nww n
9433-91K�0:��- ymopnikyh� ls{j nh ymopnikyh kl tomk{iot kh �kv� �ªo« nht kl to�hot }owyr�
◦

6433-91KD0:��- ymopnikyh$ �oi
P1 = [t1, p1, . . . , pk, t′1]

}o n iop~khnw mnij yz ijo loi
T`

ªpolm�
Tr

«q rjopo
t1 ∈ T 2 nht

t′1 ∈ T
1 q nht woi

P2, P3, . . . , P s+1

2

}o lo~k�iop~khnw mnijl yz ijo loi
S1

rªpolm�
S1

`

« nht
P s+1

2
+1

, . . . , Ps
}o lo~k�iop~khnw mnijl yz ijo loi

S2
r

ªpolm�
S2

`

«q rjopo
s
kl ytt

nht
3 ≤ s ≤ 2k + 3

� �o lnu ijni ro 9433-91K�0:��- ijo mnijl
P2, P3, . . . , Ps

slkhv |opik{ol yz
P1

q kz ro mopzyp~ ijo zywwyrkhv ymopnikyhl$ ªk« {yhho{i ijo mnij
P2

rkij ijo mnij
[t1]

� ªkk« }pktvo
r = s−3

2

mnkpl yz tkEopohi lo~k�iop~khnw mnijl slkhv |opik{ol p1, p2, . . . , pr
� nht ªkkk« {yhho{i ijo

mnij
[pr+1, . . . , pk, t′1]

rkij ijo wnli lo~k�iop~khnw mnij
Ps

�

�



�jo �yhho{i��pktvo ymopnikyh mpyts{ol iry mnijl jn|khv yho ohtmykhi kh
G[t`]

nht ijo yijop ohtmykhi
kh

G[tr]
nht s−3

2

mnijl jn|khv }yij ohtmykhil kh
G[tr]

ªpolm�
G[t`]

«�

� OPQ �S�����PU

�o ho�i mpolohi nh ymik~nw nwvypkij~ zyp ijo ���� mpy}wo~ yh {yvpnmjl� �sp nwvypkij~ in©ol nl khmsi
n {yvpnmj

G
nht iry ls}loil

T 1 nht
T 2 yz kil |opik{olq rjopo

T 1 ∩ T 2 = ∅
q nht �htl ijo mnijl yz n

~khk~s~ ���� yz
G

kh wkhonp ik~o� ki ryp©l nl zywwyrl$
�	�40:1
2 �:3:272 �	A6

�� �yhlips{i ijo {y�ipoo Tco(G)
yz

G
nht ~n©o ki }khnpu� woi T (G)

}o ijo polswikhv ipoo�
�� ��o{sio ijo ls}pysikho

process(root)
q rjopo

root
kl ijo pyyi hyto yz ijo ipoo

T (G)� ijo ~khk~s~
����

P2T (root) = P2T (G)
kl ijo loi yz mnijl poisphot }u ijo ls}pysikho�

rjopo ijo tol{pkmikyh yz ijo ls}pysikho
process( )

kl nl zywwyrl$
.049->> ªhyto

t
«

@3.71� hyto t
yz ijo ~ytk�ot {y�ipoo T (G)

yz ijo khmsi vpnmj
G
�

C71.71� n ~khk~s~ ����
P2T (t)

yz ijo {yvpnmj
G[t]

�
�� T� t

kl n wonz
Q�RU poisphª

{u}
«q rjopo

u
kl ijo |opio� nlly{kniot rkij ijo wonz

t �R�WR {t kl nh khiophnw hyto ijni jnl n wozi nht n pkvji {jkwt tohyiot }u t`
nht

tr
q polm�

}

P2T (t`)← process(t`)
�

P2T (tr)← process(tr)
�

�� T� t
kl n ��hytoQ�RU poisphª

P2T (t`) ∪ P2T (tr)
«�

K� T� t
kl nh °�hytoQ�RU T� |N`| ≤ |Nr|

Q�RU lrnmª
P2T (t`),P2T (tr)

«�
s1 = |S1

` | − |S
2
r |
�

s2 = |S2
` | − |S

1
r |
�

[PWR 	

s1 ≥ 0

nht
s2 ≥ 0{nww mpy{otspo

2TPC 1 �
[PWR �


s1 < 0
nht

s2 < 0T� |Nr|+ min{|s1|, |s2|} ≤ |F (S1
` ∪ S2

` ∪N`)|Q�RU {nww mpy{otspo
2TPC 2 a �R�WR {nww mpy{otspo
2TPC 2 b �

[PWR �
 ª
s1 ≥ 0

nht
s2 < 0

« yp ª
s1 < 0

nht
s2 ≥ 0

«
{nww mpy{otspo

2TPC 3 �

�o ho�i tol{pk}o ijo ls}pysikho
process( )

kh ijo {nlo rjopo
t
kl nh °�hyto yz

T (G)
� �yio ijniq kz

|N`| ≤ |Nr|
q ro lrnm

P2T (t`)
nht
P2T (tr)

� �jslq ro tklikhvsklj ijo zywwyrkhv ijpoo {nlol$ ª�«
s1 ≥ 0nht

s2 ≥ 0
q ª�«

s1 < 0
nht

s2 < 0
q nht ªK« ª

s1 ≥ 0
nht

s2 < 0
« yp ª

s1 < 0
nht

s2 ≥ 0
«� �o ho�itol{pk}o {nlo �� {nlol � nht K npo lk~kwnp�

M



�da� �f s1 ≥ 0
nht

s2 ≥ 0
�oi 8�

r
}o ijo loi yz hyh�iop~khnw mnijl y}inkhot }u }pon©khv ijo loi

S1
r ∪ S2

r ∪ Nr
khiy

|N`| −

1 + min{s1, s2}
hyh�iop~khnw mnijl� ijslq |SNr| ≤ |F (S1

r ∪ S2
r ∪ Nr)|

� gh ijo {nlo rjopo
|N`| − 1 +

min{s1, s2} ≥ F (S1
r ∪S2

r ∪Nr)
q ijo mnijl yz 8�

r
npo ipk|knw ªpo{nww ijni F (S1

r ∪S2
r ∪Nr)

kl ijo loi yz zpoo
|opik{ol }owyhvkhv iy ijo loi

S1
r ∪ S2

r ∪Nr

«� �jo mnijl yz 8�
r
npo slot iy }pktvo ni ~yli

2 min{s1, s2}lo~k�iop~khnw mnijl yz
S1

` ∪ S2
`

nhtq kz
|SNr| −min{s1, s2} > 0

q ni ~yli
|N`|

hyh�iop~khnw mnijl yz
N`

�
�o {nh {yhlips{i ijo mnijl yz n ���� slkhv ijo zywwyrkhv mpy{otspo$
�c�e��
c� ���� �

�� {yhho{i ijo
|S2

r |
mnijl yz

S2
r

rkij
|S2

r |
mnijl yz

S1
`

q nht ijo
|S1

r |
mnijl yz

S1
r

rkij
|S1

r |
mnijl yz

S2
`
�

�� }pktvo
2 min{s1, s2}

lo~k�iop~khnw mnijl yz
S1

` ∪ S2
`

slkhv
min{s1, s2}

mnijl yz 8�
r
�

K� }pktvo ijo hyh�iop~khnw mnijl yz
N`

slkhv
|N`| − 1

hyh�iop~khnw mnijl yz 8�
r
� ijkl mpyts{ol hyh�iop~khnw mnijl rkij }yij ohtmykhil kh

G[t`]
q shwoll

|N`| ≤ |F (S1
r ∪ S2

r ∪Nr)| −min{s1, s2}
rjopo

ro y}inkh yho hyh�iop~khnw mnij rkij yho ohtmykhi kh
G[t`]

nht ijo yijop kh
G[tr]

�
®� kz

|N`| ≤ |F (S1
r ∪S2

r ∪Nr)| −min{s1, s2}
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�da� �f s1 < 0
nht

s2 < 0

gh ijkl {nloq ro hoot
|Nr|+ min{|s1|, |s2|}

mnijl yz
G[t`]

kh yptop iy }pktvo
|Nr|

hyh�iop~khnw mnijl yz
Nr

nht
2 min{|s1|, |s2|}

lo~k�iop~khnw mnijl yz
S1

r ∪S2
r

� gz
|N`| < |Nr|+min{|s1|, |s2|}

ro }pon© ijo hyh�iop~khnw mnijl yz
N`

khiy ni ~yli
|F (N`)|

mnijl� kh ijo {nlo rjopo
|F (N`)| < |Nr|+ min{|s1|, |s2|}

ro
nwly slo ªni ~yli

|F (S1
` ∪S2

` )|
« |opik{ol yz S1

` ∪S2
`

� �oi
p = min{|Nr|+min{|s1|, |s2|}, |F (S1

` ∪S2
` ∪N`)|}

�
�o tklikhvsklj iry {nlol$
�§d |Nr|+ min{|s1|, |s2|} ≤ |F (S1

` ∪ S2
` ∪N`)|

�
gh ijkl {nloq

p = |Nr|+ min{|s1|, |s2|}
nht ijo hs~}op yz hyh�iop~khnw mnijl ªyp zpoo |opik{ol« yz

G[t`]kl ls�{kohi iy }pktvo hyh�iop~khnw mnijl yz
Nr

nht lo~k�iop~khnw mnijl yz
S1

r ∪ S2
r

� gh toinkwq woi 8�
`}o ijo loi yz hyh�iop~khnw mnijl y}inkhot }u }pon©khv ijo loi

S1
` ∪ S2

` ∪N`
khiy

p
hyh�iop~khnw mnijl

kh yptop iy }pktvo
2 min{|s1|, |s2|}

lo~k�iop~khnw mnijl yz
S1

r ∪ S2
r

nht nww ijo hyh�iop~khnw mnijl yz
Nr

� gz
p < |N`|

ijoh 8�
` = N`

� �}|kyslwuq |SN`| ≤ |F (S1
` ∪ S2

` ∪ N`)|
� �yio ijniq kz

p < |N`|
ijoh

ijo hyh�iop~khnw mnijl yz
Nr

npo slot iy }pktvo ijo mnijl yz
N`

� �ypo mpo{klowuq ro slo mnijl yz ijo
loi 8�

r
ªki kl ijo loi yz hyh�iop~khnw mnijl ijni ro voi }u }pon©khv ijo loi

S1
r ∪ S2

r ∪ Nr

« kh yptop
iy y}inkh

|N`| − min{|s1|, |s2|}
hyh�iop~khnw mnijl� gz

p ≥ |N`|
ro loi 8�

r = Nr
nht ro slo ni ~yli

|F (S1
` ∪ S2

` ∪ N`)|
mnijl y}inkhot }u S1

` ∪ S2
` ∪ N`

kh yptop iy }pktvo hyh�iop~khnw mnijl yz
Nr

nht
lo~k�iop~khnw mnijl yz

S1
r ∪ S2

r

q ijni klq ro slo ijo loi 8�
`
� ¨l n polswiq ro {yhlips{i

min{|s1|, |s2|}iop~khnw mnijl jn|khv }yij yz ijokp ohtmykhil kh
G[tr]

nht ro jn|o ni wonli yho hyh�iop~khnw mnijq kz
p < |N`|

q nht o�n{iwu yho hyh�iop~khnw mnijq yijoprklo� �yio ijniq kh ijo lo{yht {nloq ro {nh {yhlips{i
ijo hyh�iop~khnw mnij kh ls{j n rnu ijni yho ohtmykhi kl kh 8�

`
nht ijo yijop kl kh

Nr
� �o {yhlips{i

ijo mnijl yz n ���� ni hyto
t ∈ T (G)

slkhv ijo zywwyrkhv mpy{otspo$
�c�e��
c� ���� � d

�� {yhho{i ijo
|S1

` |
mnijl yz

S1
`

rkij
|S1

` |
mnijl yz

S2
r

q nht ijo
|S2

` |
mnijl yz

S2
`

rkij
|S2

` |
mnijl yz

S1
r
�

�� kz
|T`| = |Tr| = 0

nht
p ≥ |N`|

q slo
Nr

iy }pktvo
p−min{|s1|, |s2|} + 1

mnijl yz 8�
`
nht slo ijo

{yhlips{iot hyh�iop~khnw mnij jn|khv }yij yz kil ohtmykhil kh
G[t`]

iy }pktvo iry lo~k�iop~khnw
mnijl yz

S1
r ∪ S2

r
�

K� }pktvo lo~k�iop~khnw mnijl yz
S1

r ∪ S2
r

slkhv mnijl yz 8�
`
�

®� kz
|Tr| = 0, |T`| 6= 0

q
p ≥ |N`|

nht
|F (S1

r ∪ S2
r ∪ Nr)| ≥ |SN`| − min{|s1|, |s2|}

{yhlips{i n hyh�iop~khnw mnij jn|khv }yij yz kil ohtmykhil kh
G[tr]

nht slo n iop~khnw mnij yz
T`

iy khlopi ijo
{yhlips{iot hyh�iop~khnw mnij�

�� }pktvo ijo po~nkhkhv mnijl yz 8�
`
slkhv ijo mnijl yz 8�

r
� �jkl mpyts{ol hyh�iop~khnw mnijl yho

yz rjk{j jnl yho ohtmykhi kh
G[t`]

nht ijo yijop kh
G[tr]

�
�� kz

|s2| −min{|s1|, |s2|}
ªpolm�

|s1| −min{|s1|, |s2|}
« kl yttq ro {yhho{i yho hyh�iop~khnw mnij rkij

yho lo~k�iop~khnw mnij yz
S1

r

ªpolm�
S2

r

«�
M� khlopi ni ~yli

|F (Tr)|+ |Tr|
hyh�iop~khnw mnijl y}inkhot kh °iom � khiy ijo iop~khnw mnijl yz

Tr
�

�K



�nlot yh ijo mnij ymopnikyhl mopzyp~ot }u mpy{otspo ���� � nq ro {nh {y~msio ijo {nptkhnwkikol yz
ijo loil

Nt
q
St

nht
Tt

$

|Nt| = max{µ− α, 0}

|S1
t | = max{|s2| − |s1|, 0}

|S2
t | = max{|s1| − |s2|, 0}

|St| = |S1
t |+ |S

2
t |

|Tt| = |S1
` |+ |S

2
` |+ min{|s1|, |s2|} + |T`|+ |Tr|

ª®«

rjopo
µ = max{|N`| − F (S1

r ∪ S2
r ∪Nr), 0} −min{|s1|, |s2|} − |F (Tr)| − |Tr| −

max{δ(|s1| −min{|s1|, |s2|}), δ(|s2| −min{|s1|, |s2|})},
nht

α = min{max{min{F (S1
r ∪ S2

r ∪Nr)− |N`|, 1}, 0}, max{|T`|, 0}}.

�§̀ |Nr|+ min{|s1|, |s2|} > |F (S1
` ∪ S2

` ∪N`)|
�

gh ijkl {nloq
p = |F (S1

` ∪ S2
` ∪ N`)|

nht ijo hs~}op yz zpoo |opik{ol yz
G[t`]

ªijni klq kh
S1

` ∪ S2
` ∪N`

«
kl hyi ls�{kohi iy }pktvo hyh�iop~khnw mnijl yz

Nr
nht lo~k�iop~khnw mnijl yz

S1
r ∪ S2

r

� gh toinkwq
woi 8�

`
}o ijo loi yz ijo ipk|knwq hyh�iop~khnw mnijlq y}inkhot }u }pon©khv ijo loi

S1
` ∪ S2

` ∪ N`
khiy

|F (S1
` ∪ S2

` ∪N`)|
hyh�iop~khnw mnijl� �o {nh {yhlips{i ijo mnijl yz n ���� ni hyto

t ∈ T (G)
slkhv

ijo zywwyrkhv mpy{otspo$
�c�e��
c� ���� � `

�� {yhho{i ijo
|S1

` |
mnijl yz

S1
`

rkij
|S1

` |
mnijl yz

S2
r

q nht ijo
|S2

` |
mnijl yz

S2
`

rkij
|S2

` |
mnijl yz

S1
r
�

�� }pktvo
2 min{|s1|, |s2|}

lo~k�iop~khnw mnijl yz
S1

r ∪ S2
r

slkhv
min{|s1|, |s2|}

mnijl yz 8�
`
�

K� }pktvo ijo hyh�iop~khnw mnijl yz
Nr

slkhv ijo poli yz ijo hyh�iop~khnw mnijl yz 8�
`
� �jkl mpyts{ol

hyh�iop~khnw mnijl ls{j ijni }yij ohtmykhil }owyhv iy
G[tr]

�
®� {yhho{i�}pktvo ijo poli yz ijo lo~k�iop~khnw mnijl yz

S1
r ∪ S2

r

ªni ~yli
2(|F (T`)| + |T`|)

« slkhv
|opik{ol yz

T`
�

�� khlopi hyh�iop~khnw mnijl y}inkhot kh °iom K khiy ijo iop~khnw mnijl yz
T`

�
�nlot yh ijo mpy{otspo ���� � }q ro {nh {y~msio ijo {nptkhnwkikol yz hyh�iop~khnwq lo~k�iop~khnw nht
iop~khnw loil$

|Nt| = max{µ, 0}

|S1
t | = min{σ1

r , max{σ1
r − |F (T`)| − |T`|, max{σ1

r − σ2
r , 0}}}

|S2
t | = min{σ2

r , max{σ2
r − |F (T`)| − |T`|, max{σ2

r − σ1
r , 0}}}

|St| = |S1
t |+ |S

2
t |

|Tt| = |S1
` |+ |S

2
` |+ min{min{|s1|, |s2|}, |F (S1

` ∪ S2
` ∪N`)|} + |T`|+ |Tr|+

σ1
r
+σ2

r
−|St|

2

ª�«

rjopo
σ1

r = |S1
r | − |S

2
` | −min{min{|s1|, |s2|}, |F (S1

` ∪ S2
` ∪N`)|},

σ2
r = |S2

r | − |S
1
` | −min{min{|s1|, |s2|}, |F (S1

` ∪ S2
` ∪N`)|},

µ = |Nr| − π` −min{max{min{|F (S1
` ∪ S2

` ∪N`)| −min{|s1|, |s2|}, 1}, 0},

max{min{|Nr| − π`, δ(|s1|), δ(|s2|)}, 0}} −max{|F (T`)|+ |T`| −min{σ1
r , σ2

r}, 0},
nht

π` = max{|F (S1
` ∪ S2

` ∪N`)| −min{|s1|, |s2|}, 0}.

�®



gh ��� ª�«q
σ1

r

ªpolm�
σ2

r

« kl ijo hs~}op yz lo~k�iop~khnw mnijl yz
S1

r

ªpolm�
S2

r

« ijni npo hyi {yhho{iot
yp }pktvot ni °ioml ��K��ypoy|opq π`

kl ijo hs~}op yz zpoo |opik{ol ijni }owyhv iy ijo loi
S1

` ∪ S2
` ∪N`nht npo hyi slot iy }pktvo lo~k�iop~khnw mnijl yz

S1
r ∪ S2

r

ªni °iom K«� ¨vnkhq
δ(x) = 1

q kz
x

kl yttq
nht

δ(x) = 0
yijoprklo� �yio ijni ni ~yli

|F (T`)| + |T`|
hyh�iop~khnw mnijl {nh }o khlopiot khiy ijo

iop~khnw mnijl yz
T`

yp ijo iop~khnw mnijl {nh {yhho{i�}pktvo ni ~yli
2(|F (T`)| + |T`|)

lo~k�iop~khnw
mnijl�
�da� �f ª

s1 ≥ 0
nht

s2 < 0
« yp ª

s1 < 0
nht

s2 ≥ 0
«

�oi 8�
r
}o ijo loi yz hyh�iop~khnw mnijl rjk{j npo slot iy }pktvo ni ~yli

|N`|
hyh�iop~khnw mnijl yz

N`
� ki kl y}inkhot }u }pon©khv ijo loi

S1
r ∪ S2

r ∪Nr
khiy
|N`| − 1

hyh�iop~khnw mnijl� gh ijo {nlo rjopo
|N`| − 1 ≥ F (S1

r ∪ S2
r ∪Nr)

q ijo mnijl yz 8�
r
npo ipk|knw� �o {nh {yhlips{i ijo mnijl yz n ���� slkhv

ijo zywwyrkhv mpy{otspo$
�c�e��
c� ���� �

�� {yhho{i
min{|S1

` |, |S
2
r |}

mnijl yz
S1

`

rkij
min{|S1

` |, |S
2
r |}

mnijl yz
S2

r

q nht
min{|S2

` |, |S
1
r |}

mnijl yz
S2

`

rkij
min{|S2

` |, |S
1
r |}

mnijl yz
S1

r
�

�� }pktvo ijo hyh�iop~khnw mnijl yz
N`

slkhv
|N`| − 1

hyh�iop~khnw mnijl yz 8�
r
� ijkl mpyts{ol hyh�iop~khnw mnijl rkij }yij ohtmykhil kh

G[t`]
q shwoll

|N`| ≤ |F (S1
r ∪S2

r ∪Nr)|
rjopo ro y}inkh yho

hyh�iop~khnw mnij rkij yho ohtmykhi kh
G[t`]

nht ijo yijop kh
G[tr]

�
K� kz

|N`| ≤ |F (S1
r ∪S2

r ∪Nr)|
khlopi ijo hyh�iop~khnw mnij y}inkhot kh °iom � khiy yho iop~khnw mnij

rjk{j kl y}inkhot kh °iom ��
®� kz ijopo kl ni wonli yho zpoo |opio� kh

S1
r ∪ S2

r ∪ Nr
rjk{j kl hyi slot kh °ioml ��Kq yp ijopo kl n

hyh�iop~khnw mnij jn|khv yho ohtmykhi kh
G[t`]

nht ijo yijop kh
G[tr ]

q {yhho{i yho hyh�iop~khnw
mnij rkij yho lo~k�iop~khnw mnij yz

S1
` ∪ S2

`
�

�� kz ijopo kl n hyh�iop~khnw mnij jn|khv ni wonli yho ohtmykhi kh
G[t`]

q {yhho{i ki rkij yho lo~k�iop~khnw mnij yz
S1

r ∪ S2
r
�

�� khlopi hyh�iop~khnw mnijl y}inkhot kh °iom � khiy ijo iop~khnw mnijl yz
Tr

�
�nlot yh ijo mpy{otspo ���� Kq ro {nh {y~msio ijo |nwsol yz

|Nt|
q
|St|

nht
|Tt|

$

|Nt| = max{|N`| − |F (Vr)| − |Tr| −max{σ1
r , σ2

r}, 0}

|S1
t | = σ1

` + σ1
r

|S2
t | = σ2

` + σ2
r

|St| = |S1
t |+ |S

2
t |

|Tt| = min{|S1
` |, |S

2
r |}+ min{|S2

` |, |S
1
r |}+ |T`|+ |Tr|

ª�«

rjopo
σ1

` = max{|S1
` | − |S

2
r |, 0},

σ2
` = max{|S2

` | − |S
1
r |, 0},

σ1
r = max{|S1

r | − |S
2
` |, 0},

nht
σ2

r = max{|S2
r | − |S

1
` |, 0}.

gh ��� ª�«q
σ1

`

ªpolm�
σ2

`

« kl ijo hs~}op yz lo~k�iop~khnw mnijl yz
S1

`

ªpolm�
S2

`

« ijni npo hyi {yhho{iot
ni °iom � ªpolm� °iom �« nht

σ1
r

ªpolm�
σ2

r

« kl ijo hs~}op yz lo~k�iop~khnw mnijl yz
S1

r

ªpolm�
S2

r

« ijni
npo hyi {yhho{iot ni °iom � ªpolm� °iom �«�

��
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-3 λ′
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t |, |T
2

t |}, λ2T (tr)− |F (V`)|}
B

������ �o {yhlktop ijo {nlol �q ��n nht K� gh ijolo {nlolq ijo lkxo
λ′

2T (t)
yz ijo {yhlips{iot ���� kl

{y~msiot slkhv ��l� ªK«q ª®« nht ª�« nht ijo zn{i ijni
λ′

2T (t) = |Nt| + |St| + |Tt|
� ¨ziop mopzyp~khv

lk~mwo {y~msinikyhlq ro {yh{wsto ijni kh ijolo {nlol ijo ls}pysikho mpy{ollª
t
« ª{nlol �q ��n« poisphl

λ′
2T (t) = λ2T (t`)− |F (Vr)|

kz ijo zywwyrkhv {yhtkikyh jywtl$

|N`| −max{|s1|, |s2|} > |F (Vr)|+ |Tr|.
ªM«

gh {nlo K ls}pysikho mpy{ollª
t
« poisphl

λ′
2T (t) = λ2T (t`)− |F (Vr)|

kz ijo zywwyrkhv {yhtkikyh jywtl$

|N`|+ min{s1, s2} > |F (Vr)|+ |Tr|.
ª�«

�o rkww ljyr ijni ªk«
λ′

2T (t) > max{|T 1
t |, |T

2
t |}

nhtq ªkk«
λ′

2T (t) > λ2T (tr) − |F (V`)|
� ¨{{yptkhv iy

�pymylkikyh ��� nht lkh{o
G[t]

kl n {yvpnmjq ro jn|o$
|T 1

t | = |S
1
` |+ |S

1
r |+ |T`|+ |Tr|

nht
|T 2

t | = |S
2
` |+ |S

2
r |+ |T`|+ |Tr|.

ªk« �o �pli ljyr ijni
λ′

2T (t) = λ2T (t`) − |F (Vr)| > max{|T 1
t |, |T

2
t |}

� �yhlktop ijo {nlo rjopo
s1 ≥ 0nht

s2 ≥ 0
q nht woi

s1 < s2 � o�sk|nwohiwuq
|S1

` | − |S
2
r | < |S

2
` | − |S

1
r | ⇔ |S

1
` |+ |S

1
r |+ |T`|+ |Tr| < |S

2
` |+ |S

2
r |+ |T`|+ |Tr| ⇔ |T

1
t | < |T

2
t |.

�u �pymylkikyh ��� nht ��� ªM« ro y}inkh
|N`|+ |S1

` |+ |S
2
` |+ |T`|− |F (Vr)| > |Tr|+max{s1, s2}+ |S1

` |+

|S2
` |+ |T`| = |T

2
t | − |S

2
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1
` |+ max{s1, s2} = |T 2
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t | = max{|T 1
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2
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λ2T (t`) − |F (Vr)| = |N`| + |S1
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2
` | + |T`| − |F (Vr)|

q ki zywwyrl ijni
λ2T (t`) − |F (Vr)| >

max{|T 1
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2
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�
�yr woi

s1 ≥ s2 � o�sk|nwohiwuq
|S1

` | − |S
2
r | ≥ |S

2
` | − |S

1
r | ⇔ |T

1
t | ≥ |T

2
t |.
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1
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2
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zyp ijo {nlol rjopo
s1 < 0nht
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q nht
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2T (t) = λT (t`) − |F (Vr)| > λ2T (tr)− |F (V`)|
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s1 ≥ 0nht

s2 ≥ 0
� �py~ ��� ªM« nht lkh{o
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2
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2
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q
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nht
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q nht
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