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i Tpogprjpoctec Toprjs

= Let F be a family of nonempty sets.

s The intersection graph of F is obtained be representing
each set in F by a vertex:

X—>y < S,nS, #




i T pocpnipoctoc Topns (Jxotnpdrov)

= The intersection graph of a family of intervals on a linearly
ordered set (like the real line) is called an interval graph
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i T pocpnuoctc Topns (Kvkhikarv-toéewv)

m Circular-arc graphs properly contain the internal graphs.




i Tpocprpocte Topng (Metobetike)

s A permutation diagram consists of n points on each of two
parallel lines and n straight line segments matching the
points.

1 2
>><f<f 11/I2
4 1 3 2

n=1[4,1,3, 2] G[n]




i T pocpnpectoc Touts (Xopdikarv-kvxkAwv)

m Intersecting chords of a circle

s Proposition. An induced subgraph of an interval graph is an interval
graph.
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i Torywviky 1010TnT

m Triangulated Graph Property

every simple cycle of length / > 3 possesses a chord

m Triangulated graphs (or chord graphs)
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i Metocfoctin 1010THTNC

m Transitive Orientation Property
Each edge can be assighed a one-way direction in such a way
that the resulting oriented graph (V, F):

abe Fandbce F=aceF(Va,b,ceV)

s Graphs which satisfy the transitive orientation property are called
comparability graph.
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i Metocfoctikn 1010THTNC

m Transitive Orientation Property

abeFandbce F=aceF(Va,b,ceV)

L1 NS

SR
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i Bocorkoi Ap1buoi T pocgpnuatog

s Cligue number w(G)
the number of vertices in a maximum clique of G

m Stability number a(G)
the number of vertices in a stable set of max cardinality

Max kAika Tou G Max stable set of G

b € a @©
b € -
C d c © O f
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i Bocorkoi Ap1buoi T pocgpnuatog

= Aclique cover of size k is a partition
V=C+C+.+C
such that C. is a clique.

= A proper coloring of size c (proper c-coloring) is a partition
V=X+X,+.+ X
such that X; is a stable set.
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i Bocorkoi Ap1buoi T pocgpnuatog

m Cligue cover number k(G)
the size of the smallest possible clique cover of G

m Chromatic number %(G)
the smallest possible ¢ for which there exists a proper

c-coloring of G.

4 K Clique cover V ={2,5}+{3,4}+{1}
[ I/ 5 c-Coloring V ={1,3,5} + {2,4}
4 z
G2

K(G)=3 x(G)=2
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* Bocorkoi Ap1Buoi Tpaxepnuatog

m For any graph G: w(G) £ x(G)
a(G) < k(G)

= Obriasly : a(G) = w(G) and «k(G) = ¥(G)
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i TeAewx Tpogpnuoto

m Let G=(V, E) be an undirected graph:

(P1) w(G,)=x(Gy) VACV
(P,) a(G,)=«(G,) VACV

G is called Perfect
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i TeAewx Tpocpnpoctoc

m X-Perfect property

For each induced subgraph G,of G

X(GA) = w(GA)

m o-Perfect property
For each induced subgraph G,of G

a(GA) = K(GA)
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* KAaoeig Tederov Tpoagnuatov
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i Torycovike T poguatoc

m G triangulated <~ G has the triangulated graph property

Every simple cycle of length / > 3 possesses a chord.

m Triangulated graphs, or
Chordal graphs, or
Perfect Elimination graphs
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i Torycovike T poguatoc

m Dirac showed that:

every chordal graph has a simplicial node, a node all of
whose neighbors form a clique.

a, ¢ f simplicial nodes
b, d, e non siplicial
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i Torycovike T poguatoc

m |t follows easily from the triangulated property that
deleting nodes of a chordal graph yields another chordal
graph.
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i Torycovike T poguatoc

m Recognition Algorithm

This observation leads to the following easy and simple recognition
algorithm:

= Find a simplicial node of G
= Delete it from G, resulting G’

= Recourse on the resulting graph G’, until no node remain
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i Torycovike T poguatoc

m node-ordering : perfect elimination ordering, or
perfect elimination scheme

b (a,c,b,ed) (c,d,e ab) (c,ab,de) ..

m Rose establishes a connection between chordal graphs and
symmetric linear systems.
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i Torycovike T poguatoc

m leto=][v,v,,...,v, ] be an ordering of the vertices of a graph
G=(V, E).

m 0 =peo if each v, is a simplicial node to graph
G[{VyVis1s Vo]
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i Torycovike T poguatoc

m Example:
L 2- 3 < v
Y‘Z VA" X @ " —> T
Giv. (¥ & ¥ e W
- -
m0=[1,7,2,6,3,5, 4] no simplicial vertex

= G, has 96 different peo.
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i AMNyopiuog LexBFS

’ @ d Algorithm LexBFS




i AMNyopiuog LexBFS

Algorithm LexBFS

1. forall veV do label(v) : = () ;
2. fori:=|V|downto1ldo
2.1 choose veV with lexmax label (v);
216 (1) « V;
23 forallu eV NN(v) do
label (u) < label (u) || I
24V <V \ {v};
end
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o = [a]

L(b) = (4)
L(c)=0

L(d) = (4)
L(e) = (4)

o =[b, a]

L(c) = (3)
L(d) = (43)
L(e) = (43)

oc=[d,b,a]

L(c) =(32)
L(e) = (432)

c=[e d,Db,a]

L(c) = (321)

c=[cedDb,a]
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i ANyopiBuog MCS

b I i d Algorithm MCS




i ANyopiBuog MCS

Algorithm MCS
1. fori:=|V|downto 1ldo

1.1 choose veV with max number of
numbered neighbours;
1.2 number v by I,
1.3 o (1) « V;
1.4 V<« V\{v};
end
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o = [a] o =[b, a] c=][d, b, a] c=[e d,Db,a] c=[ced,Db,a]
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i YrwoAoyiopos PEO - JloAvsAokoTyToc

Algorithms LexBFS & MCS

Complexity : O(1 + degree(v))
O(n + m)
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i XocpakTnpropoi - 1010TnTeS

= Definition: A subset S of vertices iIs called a
Vertex Separator for nonadjacent vertices a, b
or, equivalently, a-b separator,

If In graph G,, ¢ vertices a and b are in different connected
components.

If no proper subset of S In an a-b separator, S is called

Minimal Vertex Separator.
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i XocpakTnpropoi - 1010TnTeS

= Example 1:

EsE
'

The set {y, z} I1s a minimal vertex separator for

p and q.
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i XocpakTnpropoi - 1010TnTeS

= Example 2:

<G

The set {X, vy, z} Is a minimal vertex separator for
pandr (p-r separator).
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i XocpakTnpropoi - 1010TnTeS

Theorem (Dirac 1961, Fulkerson and Gross 1965)

(1) G is triangulated.

2) G has a peo; moreover, any simplicial vertex can start a perfect order.
(3) Every minimal vertex separator induces a complete subgraph of G.

Proof:
(1) = (3
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i XocpakTnpropoi - 1010TnTeS

Let S be an a-b separator.

We will denote G,, Gg

the connected components of G, ¢
containing a, b.

Since S is minimal, every vertex xeS is a neighbor of a vertex in G, and
a vertex in Gg.

Forany x, y € S, 3 minimal paths
(X,ag,..., 8 ...,8,Y) 85 € Gy and (X,0y,..., b;.....b;y) by €Gg
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i XocpakTnpropoi - 1010TnTeS

Since

[X, &, ..., Y, Dby, ...., D, X]
IS a simple cycle of length

| >4, = It contains a chord.

Forevery i, ] ab;¢E, (S Is a-b separate)
and also a;a;2E, bibjzE  (by the minimality of the paths)

Thus, xy €E.
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i XocpakTnpropoi - 1010TnTeS

(3) = (1) Suppose every minimal separator S is a clique
Let [v,,V,,....,V,,V,] be a chordless cycle.

v, and v, are nonadjacent. V) v
3

Any minimal v;-v, separator S, ,
: | v Qv
contains v, and at least one of v,,ve,...... V. ‘ § 4
' . : R
But vertices v,, v; (i=4, 5, ..., k) are nonadjacent 5

= S, 5 does not induce a clique.
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i XocpakTnpropoi - 1010TnTeS

= The chordal graphs are exactly the intersection graphs of subtrees
of trees.

That is, for a tree T and subtrees T,, T, ..., T,
of T there is a graph G:
- Its nodes correspond to subtrees T,, T,, ..., T, and

- two nodes are adjacent if the corresponding subtrees share
a node of T.
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i XocpakTnpropoi - 1010TnTeS

s Example:




T pocpnuoctoc 1o THUXTOV

Theorem: Let G be a graph. The following statements are equivalent.
(i) G isan interval graph.
(ii) G contains no C, and G is a comparability graph.

(itli) The maximal cliques of G can be linearly ordered
such that, for every vertex x of G the maximal
cliques containing vertex x occur consecutively.
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i Tedewx Tpocgpnpecto - JlpofAnpoctec

Baoikoi AAyopiBuol Mpapnuatw

Coloring Triangulated

[MoAunAokOTNTa XWPOU Kal Xp

= Max Clique Comparability
Teheia Mpagruara = Max Stable Set Interval
= Clique Cover Permutation
a IoiotnTeg = Matching Split
= Hamiltonian Path Cographs
= Hamiltonian Cycle Threshold graphs

Texvikec Aiaonaonc (modula QT graphs
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:L Tedewx Tpopnuato - MeTOTTUYUXKO
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