Nuclear Physics A369 (1981) 470-482
© North-Holland Publishing Company

VARIATIONAL CALCULATIONS OF ASYMMETRIC NUCLEAR MATTER *

I. E. LAGARIS and V. R. PANDHARIPANDE
Department of Physics, University of Illinois at Urbana-Champaign, Urbana, Hlinois 61801, USA

Received 3 April 1981
(Revised 10 June 1981)

Abstract: We report on variational calculations of the energy E(p, B) of asymmetric nuclear matter
having p = p,+p, = 0.05 t0 0.35 fm ™2, and f§ = (Pa—py)p = 0 to 1. The nuclear hamiltonian
used in this work consists of a realistic two-nucleon interaction, called v, ,, that fits the available
nucleon-nucleon scattering data up to 425 MeV, and a phenomenological three nucleon
interaction adjusted to reproduce the empirical properties of symmetric nuclear matter. The
variational many-body theory of symmetric nuclear matter is extended to treat matter with
neutron excess. Numerical and analytic studies of the f-dependence of various contributions to the
nuclear matter energy show that at p < 0.35 fm~3 the f* terms are very small, and that the
interaction energy El(p, B) defined as E(p, B)— T;(p, B), where T,. is the Fermi-gas energy, is well
approximated by Ely(p)+ B2El,(p). The calculated symmetry energy at equilibrium density is
30 MeV and it increases from 15 to 38 MeV as p increases from 0.05 to 0.35 fm 3.

1. Introduction

Recently we ') [denoted by I henceforth] reported on variational calculations
of symmetric nuclear matter with a hamiltonian consisting of a realistic two-nucleon
interaction operator called v,4, and a phenomenological three-nucleon interaction
(TNI). The v,, interaction operator is obtained by fitting the deuteron properties
and the nucleon-nucleon scattering data in S, P, D and F waves up to 400 MeV
[ref. 2)]. By itself the v, 4 interaction does not give satisfactory properties of nuclear
matter. The TNI is obtained by requiring that the v,,+TNI model gives the correct
energy, density and compressibility of nuclear matter. The contribution of TNI
to the ground state energy of nuclear matter is small. The TNI is divided into two
parts. One of them, called TNR, generates a density-dependent repulsive two-
nucleon interaction that is added to the v, , interaction in nuclear matter calculations.
The contribution of the other part is attractive, and it is represented by a function
of density, TNA(p,, pp) as discussed in I. The v; 4+ TNI hamiltonian has also been
used to study the equation of state of hot and cold nuclear and neutron matter 3),
In this paper we present our studies of the energy E(p, f) of cold asymmetric nuclear
matter having (p. — pp)/p = B. Symmetric-nuclear and neutron matter are the limiting
cases having f = 0 and 1 respectively.
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The E (p, B)is given by !)
E(p, ) = T+ Ezp+ Wo(MB)+ W, + W.+ Wi(MB)+ U + Ug+TNA,  (1.1)

where Ty is the Fermi-gas kinetic energy, E,p is the contribution of two-body clusters,
and terms Wy(MB) to Uy are contributions of many-body clusters. The terms E,g
to Ug are calculated with a density-dependent two-nucleon interaction that rep-
resents v, 4+ TNR. The Wy(MB), W, and W, represent the bulk of many-body cluster
contributions via Fermi-hypernetted-chain (FHNC), separable, and single-operator-
chain (SOC) diagrams respectively; while W{MB), U and U represent many-body
cluster contributions to the kinetic energy. The values of these contributions in
symmetric nuclear and pure neutron matter are given in table 1 at p = 0.159 fm 3
the assumed equilibrium density of nuclear matter.

TABLE 1

The breakdown of nuclear and neutron matter energy

p(fm=3) 0.159 0.159
B 0 1.0
T, 22,01 34.93
Ep —36.89 ~19.48
Wo(MB) -3.40 -2.05
W, 2.94 1.99
W 5.07 1.53
U+ Up + We(MB) 0.38 0.046
TNA —6.11 —2.04
E. ~16.00 14.94

The W} is the sum of W,, W, E,(MB) and E,(MB) of 1.

It is relatively simpler to calculate the contribution of many-particle isospin
correlations in the symmetric nuclear matter. In this case only the so called C-part %)
of the product of isospin operators is needed, and only closed rings of isospin
operators have a non-zero C-part. Further the C-part of a product of ;- 7; operators
forming a single operator ring is independent of the order of the operators, and so
it is simple to sum all single operator rings with chain equations ). All these sim-
plifications are lost when we consider the f§ # 0 asymmetric matter. However
calculating the energy of f = 1 neutron matter is simple. In this case ;- t; operators
can be replaced by unity and the two nucleon correlation operator becomes a sum of
central, spin-spin tensor and spin-orbit correlations.

With the hope of using the available § = 0 and 1 results in the calculation of
E(p, p) we studied the p-dependence of E,u, Wo(MB), W, and W,. That of E,p and
W,(MB) is studied numerically by calculating these at f* = 0 to 1 in steps of 0.1.
It is difficult to sum W, and W, contributions by chain equations when § # 0 or 1.
However three-body diagrams give the largest contribution to W, and W,. Their
B-dependence is studied analytically and it seems that they can have significant °
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and B2 terms, but rather small f"24 terms. Even four-body chain diagrams do not
give large f* contribution.

To a surprisingly high accuracy [0.3% (0.4%) at p = 0.159 (0.35)] the large
E,g(p, B) can be reproduced by a sum of 8° and p? terms. The calculated Wy(MB, p, B)
also has small g"%* dependence. The coefficient of the §* term of Wy(MB, p, f) is
practically zero at p = 0.159, and it is of the order of 1 MeV at p = 0.35 fm~3,
The TNA has by definition only 8° and 2 terms, and so, if we assume that the small
U, Ur and W(MB) terms also have negligible f"2* dependence, it appears that the
E(p, f) may be well approximated by:

E(p, B) = T(p, f)+Elo(p) + B*El(p). (1.2)

This is the main result of this work.

The Elq(p) and El,(p) obtained from the existing results 3) for E(p, f = 0, 1),
and the symmetry energy E,,.(p) are reported in sect. 2. Sect. 3 reports the two-
body Euler-Lagrange equations for asymmetric matter, and the calculation of
E,5(p, B). The generalization of FHNC equations to the case of asymmetric matter,
and the calculation of Wy(MB, p, f) is reported in sect. 4. The f-dependence of W,
and W, is analysed in sect. 5. The main results are given in sect. 2; sects. 3-5 are
rather technical, and assume familiarity with refs. !*#).

2. Results

The interaction energy of nuclear matter is defined as:

El(p, B) = E(p, B)— Tp. B). 21)

Assuming validity of the approximation (1.2) we have:
Elo(p) = El(p, 0), (22)
El,(p) = El(p, 1)—EI(p, 0). (2:3)
The Elo(p) and EI(p) are calculated using the E(p, 0) and E(p, 1) tabulated in ref. 3).

Five point interpolations were used to obtain E(p, # = 0, 1) at the desired values
of p. The E, . (p) is defined as:

_18Ep,p
Esym(p) - 2 aﬂz g=0 (24)
and it is given by
Esym(p) = STF(pa O)+ EIz(P) (25)

The Elo(p), El(p) and E,,(p) are tabulated in table 2.
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TABLE 2

The coefficients El(p) and El,(p) of the interaction energy of nuclear matter, and the symmetry energy
of nuclear matter

p Elo Elz E:ym
0.0492 —18.37 9.54 15.13
0.0676 —23.04 11.59 18.51
0.0975 —29.49 14.39 23.22
0.1257 -34.12 16.30 26.76
0.1589 —38.01 17.73 29.96
0.1975 —40.76 18.59 32.72
0.2234 —41.75 18.76 34.11
0.2515 —42.17 19.01 35.62
0.2767 —41.98 18.66 36.36
0.3034 —-41.42 17.94 36.75
0.3497 —39.74 17.34 38.02

The calculated symmetry energy at the equilibrium density (p = 0.16 fm~3) is
30 MeV. Empirically the symmetry energy is not very accurately determined. Its
values range from 28-40 MeV [refs. *°)] in mass formulas. Our results for E,,
are in fair agreement with the results obtained by Fantoni and Rosati 7) (31.1 MeV
at p = 0.17 fm~?) with the semi-realistic OMY potential, and by Seimens and
Sjoberg ) (25-30 MeV at k, = 1.35 fm™') with the Reid potential and lowest order
Brueckner theory.

3. Calculation of E,g(p, p)

The variational calculations use a variational wave function:

Pvip,B) = {STI[ ¥ af"(ru, d, d,, 0)0%;1}(p, p). G.1

i<j p=1,

The variational parameters d, d, and « should be varied in principle to minimize the
E(p, B). However, the equilibrium values of d, d, and « are not too different in nuclear
and neutron matter. For example at p = 0.159 fm~3 the equilibrium values of
d, d, and « in nuclear and neutron matter are respectively 2.15, 3.44, 0.8 and 2.79,
3.44, 0.8, and the neutron matter energy obtained with these two sets of 4, 4, and «
is 14.9 and 14.6 MeV respectively. In the following sections we neglect the f-depen-
dence of d, d, and a and take their values from symmetric nuclear matter calculations.
The results presented in sect. 2 tacitly assume that the small effect of the f-dependence
of d, d, and a on E(p, ) is linear in g2

The f?(d,d,«) are calculated from two-body Euler-Lagrange equations [egs.
(2.14)2.24) of I] which depend upon the @. Thus even for fixed values of d, d, and «
the f? depend upon f and p. The f and p dependence of the f* equations is contained
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in the functions ¢F (r, p, B) given by egs. (2.8)«2.11) of I. Here x = ¢, q or qq (for
central, I? and I*), and T, S are the pair isospin and spin. In asymmetric matter we
have two Fermi momenta kg, and kg, for neutrons and protons, and it is convenient

to define functions ¥Y5(T, S, r):

1
(YIAT. S, r)? = o Y X [rak) — (= )T Sy*(k, k)]0 0k, k,), (3.2)

ka>kpa ky<kp,

Y(k:k,) = exp (ks ri+k, - ra)), (3.3)

where 1 and u can be n or p for neutrons and protons. The ¢F s(r, p, p) are given by

(97.5(r, p. B)? = (PRAT. S, + T{(PiuT. S, ) +(P5(T. S, 1))*). (34)

The explicit forms of ¥%,(7, S, r) are given below:

(PSUT 8,1 = dpap{1 — (= D" 0L} (3.5)
(PIUT. S, M)? = dpap,{or’(kda+ ki) —(—1)"*S4r- VI1,}, (3.6)

(PIUT, S, 1) = 3p1p, {r(Folkis + ki) + sk k2, +3r2(kE, + ki)
—(=1)T*S4r- V)zlll,,}. 3.7

Here I, is the familiar Slater function [(kg;,r).

The fP(p, f) are obtained by solving the eqs. (2.14)(2.24) of I with the above
&% 5. They do not exhibit significant -dependence. The important correlations,
such as f© or f* change by <29 in going from g = 0 to 1. Nevertheless this §-
dependence is taken into account in the following calculations.

In symmetric nuclear matter only the C-parts of operator products contribute.
In asymmetric matter terms linear in Oj; also contribute. We define this term as the
T;; part of the 1107,

o’ = C(I10%)+ Y, TAI10")0};+ .. .. (3.8
i<j
The T;; parts, like the C-parts do not contain any ¢ or t operators and
TAI107) = 3C(O},110P). (3.9

With these definitions E,g(p, f) is given by:

Ezp = Z Z %PJ.ds’(C(fllzoiuH{zojl2f1k20l1‘2)
i,k=1,8 j=1,14
+ 052 Th2(f{2042H 2042 f120% 2)Dase
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- %p"‘dBr(C(m2f1i20i12HJi2OJiZf1k20'{2)
el , +071:T12(012/{201:H{ 011 /1204 2)) ex
h P
+ Z ip m J‘d3r<C(0’i;f1‘20'1 zvflkzoliz)' v
n=1,4 . .
+071:T12(07, f1,01,V f15,04) V). (3.10)

The three integrals above correspond to the contributions of W, diagrams 1.1 and
1.2 and W; diagram 1.3 of fig. 1 respectively. The C and T;, parts can be expressed

1 < 2 1 @ 2
11 1.2
o
1@2 1 G2
13 1.4
3
cje
1.5 1.6

Fig. 1. Diagrams 1.1-3 give the two-body energy, while 1.4 and 1.5 illustrate the W,(MB) contribution.
The three-body diagram 1.6 forms part of the W_ contribution.

TABLE 3
The expectation values of L" and tL" operators

Yo = PulP Yo = PlP

I, =yl + _vplp I, = _vnl,,—yplp

B =1 (g = B

Ly, = 3P0 kG, + Yok, (L2tDgy, = 32 BOokin— Voki,)
AMNDge = LD+ A+ B Ly, = KLty +A-B

12
A= 1—75 r‘{yﬁk:-“+yf,k|‘=p}
1
B= 1—75 r‘y,‘yp{S(k;,,+k;p)+ 14k|2;nklz;p}

D =£ (Da =1
LBy =(r -V = dr- VP (Lt = (P~ Vi) = 4r- VI
(L = KL - V), = Y(r- VP (L*1y = KL= V), = ¥r- V1]
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as sum over terms containing 1, I, I#, r-V and I?r-V operators. The required
expectation values { Dg;, and ¢ )., of these operators in asymmetric matter are given
in table 3, where O, is abbreviated by 1.

The calculated E,g(p, B) at p = 0.159 fm~ 3 is given in table 4. It is almost exactly
linear in B2. The absence of significant g* terms in E,5 can be understood as follows.
The f7s have little f-dependence, so the f-dependence of E,g must come from the
expectation values in table 3. (1)4;, and {(1)g4;; do not have f* terms, while the g*
terms in (I*)4;, and {I?t)y;, are very small as can be seen by expanding these in
powers of f:

(Pogir ¢ 1432 +3MB4+ ..., (3.11)

<L2t>dir oC ﬂz —217ﬁ4+ oo (312)

The contribution of ¢(I*) terms is very small and it does not give significant g*
terms. So it is understandable that the direct part of E,5 has no significant grz*
dependence.

The exchange part of E,g involves [, and /, functions which may be expanded in
powers of § as follows. Let kg denote the Fermi momentum of nuclear matter at
density p, and x = kpr. We get

W=y — L 52"x6"-3<-1— i>2” 3 3.3
T & (2 2 ax) I (3-13)
__—1_ _1_ 2n+ 1 Gn(i i)z’”-l 3
=Y @nt1) 35 e ) K (3.14)
n=0.o

The above can be rewritten as
I(r) = lo(x)+ L(x)B* + La(x)B* + .. ., (3.15)
Lr) = BLi(x)+ Bl3(x)+ - .., (3.16)

where I(x) are functions independent of f. Since the I, and I, are multiplied by short
ranged functions with a typical range of ~1.5 fm their main contribution comes
from small distances. However [, 5(x) are quite small at small r as can be seen from
fig. 2, and hence the exchange part of E,jy is also quite linear in f2.
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I L T 1 I

r(fm)

Fig. 2. The functions /, _, at k; = 1.33 fm™ 1.

4. Calculation of central correlation chains and W,(MB)

The central correlation chains are treated in the FHNC approximation. In asym-
metric matter we must keep track of neutron and proton exchange loops separately.
This is done by classifying the chains as: Ga4, G3., G8., G2, G2, GPP, G2, and GP..
The subscripts, d for direct, e for closed exchange loop and c for incomplete chain
of exchanges, specify the exchange patterns at the ends of the chain. The superscripts,
n for neutron and p for proton, specify the type of exchange loops at the ends. The
GJ. has a neutron exchange loop at one end, G;? has a neutron loop at one end and
a proton loop at the other, and G®, has incomplete proton exchange chain etc.

The derivation of the equations for the G’s is quite straightforward, and hence
we merely give the results. In the following equation A, u can be n or p.

We define the generalized Slater functions:

L,= —1,+2G% 4.1)

and partial distribution functions:

9aa = (f°)* exp (Gad), 4.2)

F4e = gaaGle, 4.3)

9ot = 9adl GhcGac + Gt —115,8,,), 4.4)
gec = 3gaal, (4.5)

and the link functions:

X4a = Gaa—Gaa—1, (4.6)
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Xﬁc = q:i‘e - Gﬁe- (47)
X::‘c = qud - I)L‘n (48)
X = glt - GU. (4.9)

The integral operators that join links at neutron or proton vertices are given by:

QM(X("&); Y(rkj)) = pujdsrkx(rik)y(rkj)- (4.10)
The chain equations are obtained as
Gas = Z [OUXaa+ Xie:gaa— 1)+ O (X aa: 94)]- (4.11)
v=n,p

G‘ée = Z [@v(xdd"'X:le:y:‘ic)'*‘@v(xdd;g:g)]» (412)

v=n,p
Gl = Y [OUXK+XE:g48)+0.(X s 9i)], (4.13)

v=n,p
Gi. = O,(XE.. gb.). (4.14)

These chain functions are used to calculate the FHNC contribution to Wy(MB)
represented by diagrams of type 1.4, 1.5 of fig. 1. The main contribution of these
diagrams is thought to come from terms having i, j and k < 6. The terms having
i, j or k > 6 give relatively smaller contribution to W, and we neglect their con-
tribution to Wy(MB) in the present work.

With the [, I, y, and y, of table 3 we define:

Ge.ge = ¥n0dc + ypGhe, (4.15a)
G..ac = YaGle — ypGhes (4.15b)
Ge.ce = VaGae + VoGER +2y,yGPE, (4.16)
G..cc = yaGid + ypGE2 —2y,y, G2, (4.17)
L, = yaLo+y,Ly, (4.18)

L. = yaLo—ypL; (4.19)

K = exp (GSq). (4.20)
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The contribution of Wy(MB) diagrams 1.4 and 1.5 of fig. 1 is given by

WoMB)a=14p ¥ |dr{C(f'O'HIO 0

i,j.k=1,6
X {hc[l + 2Gc.de + Gc.ee +(Gc.de)z] -1 }
+ T(f'O'HIO* O K[ B* +2G,, ge + Gy e +(Grac)*]— 2]}, (421)

WaMB)is = —4p ¥ T jd%{ao"f*o-'ma‘f*o*xm—zz>

i,j,k=1,8 n=1,4
+ T(Of'O'HIOf*O" N2 - 12)}. (4.22)
The calculated Wo(MB) at p = 0.159 fm ™3 is given in table 4, it is quite linear in g2

TABLE 4
The calculated E,; and W (MB) at p = 0.159 fm~? at various values of §?

p? Eyy W,(MB) Eyp+ Wo(MB) A+ B?
0 —36.88 -3.08 ~39.97 .
0.1 -35.14 -3.02 —38.17 -38.13
02 ~33.40 -295 ~36.36 -36.29
0.3 -31.65 -2388 ~34.54 -34.45
04 -29.90 —28l -32.71 -3261
0.5 —28.13 -2.74 —30.88 -30.77
06 ~26.36 —267 -29.03 -28.93
0.7 —24.57 -2.60 -27.18 -27.09
038 -7 -253 ~25.31 ~25.25
09 —20.96 —2.46 —2341 .
0.99 -19.29 ~2.39 —21.68 —21.76

The coefficients 4 and B of the last column are determined from E,z+ W,(MB) at 2 = 0 and 0.9.

Note that the Wy(MB) in table 1 differs from that in table 4 at § = 0 and 1. In the
calculation of nuclear and neutron matter 3) we include (i) some of the terms having
one or more of i, jand k = 7, 8 and (ii) single operator rings in the links of FHNC #).
Both these small effects are neglected here.

5. p-dependence of W, and W,

The three-body diagrams give the largest contribution to W, and W,, and hence
we first discuss their f-dependence. Any product IT of any number of O;;, 0,3
and O3, operators can be reduced by repeated use of the Pauli identity to the form:

I =CID+ Y T{Mrz;+ Bt t2xt3+terms having 6;-, ; operators. (5.1)
i<js3
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In direct diagrams the {IT) is simply
Iy = <MY+ Y, <TAM); (52

i<js3
the 7, - 7, x t, gives zero contribution. Hence, to the extent the f-dependence of
the f? can be neglected, the contributions of all three-body direct W, and W, diagrams
have only B° and p? terms.

Exchange three-body diagrams involve the functions /. and [, and in principle
their contribution can have f"2% terms. However they appear to be small. For
example the contribution of the important W, exchange diagram 1.6 of fig. 1, is
given by (j,p=oc ort)

- %PZAijf;l’{tzpﬂfﬁiz(:”cz - lrz)l 3d371 2d3r1 3- (5.3)

To extract the f-dependence we expand 3/2 —/? in powers of f2:
31212 = 313+ (6lol, — 13)B? + (313 — 21,15+ 6lo1,) B*. (5.4)

The function multiplying g* is much smaller than that multiplying 2 in the
above expansion, and so we may expect these contributions to have only f° and >
terms. At kg = 1.33 fm™! and r < 2 fm the coefficient of §* in (5.4) is <59 of that
of the f? term.

It can be shown that in three-body W, or W, diagrams with exchanges, the g*
terms can come only through the [;, , functions. The contribution of such diagrams
has a product of operators IT that can be reduced to the form 5.1. It is convenient
to include in this product the spin exchange operators %(1+g; - g;), but treat the iso-
spin exchange explicitly. One then has to consider the eight different possibilities in
which the particles 1, 2 and 3 in the right-hand ¥ are nnn, nnp, npn, pnn, ppp, ppn,
pnp and npp. The contribution for any given possibility can be written as an integral
containing the f-dependence via the yn, yp, I, and I,. The sum of the contributions
of all the eight possibilities can be expressed, as is done to obtain eq. (5.4), with an
integral containing I, I, and B. To the extent all but I, and I, can be neglected the
contribution has only ° and B2 terms.

Four-body W, and W, diagrams can give * terms. However, their contribution
is small (~1 MeV) and so their g* terms should also be small. The f-dependence
of four-body spin-isospin and tensor-isospin direct single-operator-chain diagrams
is easy to calculate with the following method. The f-dependence comes from the
product IT of the four 7;- 7; operators in the chain. The contribution depends upon
the order of the four 7;- t; operators in [T, and the total contribution is the sum of
their contributions in all possible orders. Let us consider the simple order:

Ty T2T2" T3T3° TaTa " Ty = T1iTuT2iT2;T3;T3xTaxTal: (5.5)
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In asymmetric matter the {7;7;) is given by the matrix Q;;

1 i o

Cwtp =Qy= | —if 1 0|, (5.6)
0 0 1

(rjmy = Qf (5.7)

and the contribution of term (5.5) is given by Tr (Q*QQQ).
Both Q and Q* can be diagonalized simultaneously to the form:

1 0 0 1 0 0
0 1-8 0 0 1+ O
0 0 1+p 0 0 1-8

and so the Tr of (n—s) Q-matrices and s Q*-matrices is given by:
Tr(Q@"4(Q*) = 1+(1+Br(1 — By *+(1 - BY(1 + By . (58)

The expectation value of a product of n 1, 1, operators forming an SOR in any

order has the form (5.8) with a value of s, in range 1 to n— 1 determined by the order.

Thus the expectation value of the symmetrized product is given by:

Sty T2t T3 T 1)) = ), PHIH(L+BF(L—-BP T+ B+, (59)
s=1,n—1

where P} gives the probability of all orders whose expectation value contains s

Q*-matrices. The P} can be obtained from the recursion relation:

R ! (5.10)

P} =P;=0, P =1 (5.11)

Eq. (5.9) gives the f-dependence of four-body spin-isospin and tensor-isospin
direct single operator rings as

(S(t1° T2tz T3T3 " TaTar 1) = 3—3B2+4% (5.12)

The coefficient of f* is non-zero, but it is reasonably small. Hence we may expect
that the order of magnitude of the §* term is probably smaller than the contribution
of four-body terms (which is ~1 MeV at kg = 1.33 fm™!). Earlier calculations 7 %)
also find that the f* term in nuclear matter energy at kz = 1.33 fm ™! is less than
1 MeV.

The authors would like to thank Dr. K. E. Schmidt for suggesting the recursion
relation (5.10) for the P;.
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