
0RGXODU�76&�&KHFNHUV�IRU�%RVH�/LQ�DQG�%RVH�&RGHV

;��.DYRXVLDQRV�	�'��1LNRORV
'HSW��RI�&RPS��(QJ��	�,QI�8QLYHUVLW\�RI�3DWUDV�	
&RPSXWHU�7HFKQRORJ\�,QVWLWXWH��3DWUDV��*UHHFH

$EVWUDFW
,W� LV�ZHOO�NQRZQ�WKDW� WKH�PRVW�FRPPRQ�HUURUV� LQ�9/6,

FLUFXLWV� DUH� XQLGLUHFWLRQDO� LQ� QDWXUH�� � 0DQ\� DSSOLFDWLRQV
QHHG�SURWHFWLRQ�DJDLQVW�XS�WR�W�XQLGLUHFWLRQDO�HUURUV��ZKLOH
VRPH� RWKHU� DJDLQVW� EXUVW� XQLGLUHFWLRQDO� HUURUV�� %RVH�/LQ
FRGHV�DUH�V\VWHPDWLF�W�XQLGLUHFWLRQDO�HUURU�GHWHFWLQJ�FRGHV
ZKLOH� %RVH� FRGHV� DUH� EXUVW� XQLGLUHFWLRQDO� HUURU� GHWHFWLQJ
FRGHV�� ,Q� WKLV� SDSHU� ZH� SURSRVH� D� PRGXODU� PHWKRG� IRU
GHVLJQLQJ� GRXEOH� RXWSXW� FKHFNHUV� IRU� %RVH�/LQ� DQG�%RVH
FRGHV�� 7KH� SURSRVHG� FKHFNHUV� DUH� 7RWDOO\� 6HOI� &KHFNLQJ
�76&�� ZLWK� UHVSHFW� WR� D� UHDOLVWLF� IDXOW� PRGHO� LQFOXGLQJ
VWXFN�DW��WUDQVLVWRU�VWXFN�RSHQ��WUDQVLVWRU�VWXFN�RQ��UHVLVWLYH
EULGJLQJ� IDXOWV� DQG� EUHDNV�� 7KH� PHWKRG� LV� DSSOLFDEOH� WR
HYHU\� FRGH� LQIRUPDWLRQ� OHQJWK� DQG� WKH� FKHFNHUV� DUH� YHU\
FRPSDFW�DQG�IDVW�

,QWURGXFWLRQ

7KH� PRVW� FRPPRQ� HUURUV� LQ� 9/6,� FLUFXLWV� DUH
XQLGLUHFWLRQDO�LQ�QDWXUH�>����@��7KH�RSWLPDO�V\VWHPDWLF�FRGH
WKDW�FDQ�GHWHFW�DOO�XQLGLUHFWLRQDO�HUURUV�LV� WKH�%HUJHU�FRGH
>�@�� +RZHYHU�� PDQ\� DSSOLFDWLRQV� QHHG� D� FRGH� ZLWK
GHWHFWLRQ�FDSDELOLW\�RI�XS� WR� W�XQLGLUHFWLRQDO�HUURUV��6RPH
RI� WKH� NQRZQ� V\VWHPDWLF� W�8QLGLUHFWLRQDO� (UURU� 'HWHFWLQJ
�W�8('�� FRGHV� KDYH� EHHQ� SUHVHQWHG� LQ� >���@�� ,Q� FHUWDLQ
DSSOLFDWLRQV� WKH� XQLGLUHFWLRQDO� HUURUV� WHQG� WR� RFFXU� LQ� D
EXUVW��L�H���D�FOXVWHU�RI�DGMDFHQW�ELWV�XS�WR�D�FHUWDLQ�OHQJWK�LV
DIIHFWHG�� %XUVW� � � 8QLGLUHFWLRQDO� (UURU� 'HWHFWLQJ� �%85'�
FRGHV�KDYH�EHHQ�SURSRVHG�E\�%RVH�>�@�DQG�%ODXP�>�@��7KH
%ODXP� FRGH� IRU� D� VSHFLILF� QXPEHU� U�� U���� RI� FKHFN� ELWV
GHWHFWV�EXUVW�XQLGLUHFWLRQDO� HUURUV�ZLWK� ORQJHU� OHQJWK� WKDQ
WKH� FRGHV� JLYHQ� E\� %RVH� >�@�� +RZHYHU� HQFRGLQJ� DQG
GHFRGLQJ� LQ� WKH� %ODXP� FRGHV� LV� VLJQLILFDQWO\� PRUH
FRPSOLFDWHG�WKDQ�LQ�%RVH�FRGHV��7KH�VXLWDELOLW\�RI�D�FRGH
IRU�XVH�LQ�D�FRPSXWHU�V\VWHP��DSDUW�IURP�LWV�DELOLW\�WR�FRSH
ZLWK� HUURUV�� KHDYLO\�GHSHQGV�RQ� WKH� H[LVWHQFH�RI� D� VLPSOH
DQG�IDVW�HQFRGHU�DQG�GHFRGHU��

6HOI�&KHFNLQJ�&LUFXLWV� �6&&��SURYLGH�FRQFXUUHQW�HUURU
GHWHFWLRQ�DQG�WKXV�FDQ�GHWHFW�WUDQVLHQW��LQWHUPLWWHQW�DV�ZHOO
DV� SHUPDQHQW� IDXOWV�� 6LQFH� WUDQVLHQW� IDXOWV� KDYH� EHFRPH
LQFUHDVLQJO\� GRPLQDQW� LQ� 9/6,� FLUFXLWV� >�@�� SURYLGLQJ
SURWHFWLRQ� DJDLQVW� WKHP� KDV� EHFRPH� YHU\� LPSRUWDQW�� 7KH
UHOLDELOLW\�RI�D�6&&�GHSHQGV�RQ�WKH�DELOLW\�RI�LWV�FKHFNHU�WR
EHKDYH� FRUUHFWO\� GHVSLWH� WKH� SRVVLEOH� RFFXUUHQFH� RI

LQWHUQDO� IDXOWV� DQG� WKLV� LV� DFKLHYHG� ZKHQ� WKH� FKHFNHU
VDWLVILHV� HLWKHU� WKH� 7RWDOO\� 6HOI� &KHFNLQJ� �76&�� RU� WKH
6WURQJO\�&RGH�'LVMRLQW��6&'��>��@�SURSHUW\��,Q�WKLV�SDSHU
ZH�WDNH�LQWR�DFFRXQW�WKH�76&�SURSHUW\��$�FKHFNHU�LV�76&
LI�LW�LV�VHOI�WHVWLQJ��IDXOW�VHFXUH�DQG�FRGH�GLVMRLQW�>��@�

76&�FKHFNHUV�IRU�%RVH�/LQ� W�8('�FRGHV�>�@�DQG�%RVH
%8('�FRGHV�>�@�XQGHU�WKH�VLQJOH�VWXFN�DW�IDXOW�PRGHO�ZHUH
SURSRVHG� LQ� >�����@�� 7KH� VLQJOH� VWXFN�DW� IDXOW� PRGHO� LV
LQDGHTXDWH� IRU� WKH�&026� WHFKQRORJ\� >��@�� &026� LV� WKH
FXUUHQW� GRPLQDQW� WHFKQRORJ\� IRU� PDQXIDFWXULQJ� 9/6,
FLUFXLWV�� WKXV� QHZ� 76&� FKHFNHU� GHVLJQV� DUH� UHTXLUHG� WKDW
ZLOO� WDNH� LQWR� DFFRXQW� D� PRUH� UHDOLVWLF� IDXOW� PRGHO�
LQFOXGLQJ� DSDUW� IURP� VWXFN�DW�� WUDQVLVWRU� VWXFN�RSHQ�
WUDQVLVWRU� VWXFN�RQ�� UHVLVWLYH� EULGJLQJ� IDXOWV� DQG� EUHDNV�
6XFK�76&�FKHFNHUV�KDYH�EHHQ� UHFHQWO\�SUHVHQWHG� LQ� >��@�
+RZHYHU�� WKH\� DUH� OLPLWHG� WR� DSSOLFDWLRQV� ZLWK� VKRUW
LQIRUPDWLRQ� OHQJWK� GXH� WR� WKHLU� VHQVLWLYLW\� LQ� VWDWLVWLFDO
YDULDWLRQV�RI�WKH��PDQXIDFWXULQJ�SURFHVV�SDUDPHWHUV�

,Q� WKLV� SDSHU� D� PRGXODU� PHWKRG� IRU� GHVLJQLQJ� 76&
FKHFNHUV� IRU� W�8('� %RVH�/LQ� FRGHV� DQG� %8('� %RVH
FRGHV�LV�SURSRVHG��7KH�FKHFNHUV�GHVLJQHG�DFFRUGLQJ�WR�WKLV
PHWKRG�DUH�76&�ZLWK�UHVSHFW� WR�VWXFN�DW�� WUDQVLVWRU�VWXFN�
RQ�� WUDQVLVWRU� VWXFN�RSHQ�� UHVLVWLYH� EULGJLQJ� IDXOWV� DQG
EUHDNV�DQG�WKH\�DUH�PRUH�HIILFLHQW��ZLWK�UHVSHFW�WR�DUHD�DQG
VSHHG�� WKDQ� WKH� FRUUHVSRQGLQJ� DOUHDG\� NQRZQ� 76&
FKHFNHUV� >��� ��� �����@�� 7KH� FKHFNHUV� SUHVHQWHG� LQ� >��@
UHTXLUH�D�OLWWOH�OHVV�DUHD�IRU� WKHLU� LPSOHPHQWDWLRQ�DQG� WKH\
DUH�VOLJKWO\�IDVWHU�WKDQ� WKH�FKHFNHUV�RI� WKLV�SDSHU�EXW� WKH\
FDQ�EH�GHVLJQHG�RQO\�IRU�FRGHV�ZLWK�YHU\�VPDOO�LQIRUPDWLRQ
OHQJWK�� 2Q� WKH� FRQWUDU\� WKH� SURSRVHG� FKHFNHUV� FDQ� EH
GHVLJQHG�IRU�HYHU\�LQIRUPDWLRQ�OHQJWK�
7KURXJKRXW�WKLV�SDSHU�WKH�IROORZLQJ�QRWDWLRQV�DUH�XVHG��

¡� ,���,��«��,N��&���&��«��&U����DUH�LQIRUPDWLRQ��FKHFN��ELWV�
¡�:��;��DQG�:��;��GHQRWH�WKH�QXPEHU�RI�]HURHV�DQG�RQHV
UHVSHFWLYHO\�RI�WKH�YHFWRU�;�

¡�92+0,1� �92/0$;�� LV� WKH� PLQLPXP� +,*+� �PD[LPXP
/2:��YROWDJH�DW�WKH�RXWSXW�RI�D��FLUFXLW�

¡�9WQ��9WS��LV�WKH�WKUHVKROG�YROWDJH�RI�QPRV��SPRV��WUDQVLVWRU
¡�.3Q��.3S��LV�WKH�6SLFH�SDUDPHWHU�IRU� QÄ&R[�� SÄ&R[��
¡�:TL�/TL��:SL�/SL��LV�WKH�UDWLR�RI�QPRV��SPRV��WUDQVLVWRU�L�
¡� >[@�GHQRWHV�WKH�LQWHJHU�SDUW�RI�[�
¡�£$£GHQRWHV�WKH�FDUGLQDOLW\�RI�VHW�$�
¡� Ö[æ�GHQRWHV�WKH�VPDOOHVW�LQWHJHU�JUHDWHU�WKDQ�RU�HTXDO�WR�[
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)LJXUH����%RVH�%8('�&RGH�FKHFNHU

,,��3UHOLPLQDULHV

,Q� WKLV� VHFWLRQ� ZH� ZLOO� EULHIO\� GHVFULEH� WKH� PHWKRGV
JLYHQ�LQ�>�@�DQG�>�@�IRU�GHVLJQLQJ�%8('�DQG�W�8('�FRGHV
UHVSHFWLYHO\�

%RVH� %8('� &RGHV�� 7KLV� FRGH� FDQ� GHWHFW� D� EXUVW
XQLGLUHFWLRQDO� HUURU� LQ� XS� WR� �U��� ELWV�� 7KH� FKHFN� V\PERO
&6 �&���&��������&U����LV�REWDLQHG�DV�&6� �:

��,��� ,���«��,N�
PRG� �U� DQG� WKH� ELWV� RI� WKH� FRGH� ZRUG� DUH� DUUDQJHG� DV
IROORZV��

��U�UN�N��N�U�N��
&&&,,,&,,, �U�U KKK

---+---
--

�

%RVH�/LQ� W�8('� &RGHV�� %RVH� DQG� /LQ� JDYH� RSWLPDO� W�
8('� FRGHV� ZLWK� W ��� �� DQG� �� XVLQJ� ��� �� DQG� �� ELWV
UHVSHFWLYHO\�� 7KH� FKHFN� V\PERO� &6� IRU� WKHVH� FRGHV� LV
GHULYHG�DV�IROORZV�
��8('�FRGH�ZLWK�U ���&6� �:��,���,���«,N��PRG���
��8('�FRGH�ZLWK�U ���&6� �:��,���,���«,N��PRG���
��8('�FRGH�ZLWK�U ���&6� ��:��,���,���«,N��PRG�������

RU�HTXLYDOHQWO\�&6 &�&�&�&��ZKHUH�&� '���&� �
' �

&� '���&� '���DQG�'�'�'��LV�WKH�ELQDU\�UHSUHVHQWDWLRQ�RI
:��,���,���«,N��PRG���

)RU�U������%RVH�/LQ�JDYH�WZR�PHWKRGV�RI�GHULYLQJ�WKH�W�
8('�FRGHV�>�@��)RU�U���WKH�FRGHV�GHVLJQHG�E\�WKH�VHFRQG
PHWKRG� GHWHFW� PRUH� XQLGLUHFWLRQDO� HUURUV�� +RZHYHU�� WKH
HQFRGHU� DQG� GHFRGHU� RI� WKH� FRGHV� GHVLJQHG� E\� WKH� ILUVW
PHWKRG� LV� VLPSOHU� DQG� IDVWHU� WKDQ� WKH� FRGHV� GHVLJQHG� E\
WKH� VHFRQG� PHWKRG�� $FFRUGLQJ� WR� WKH� ILUVW� PHWKRG� WKH
FKHFN�V\PERO�LV�JLYHQ�DV�&6� ��:��,���,���«,N��PRG��

U�����
�U���RU��HTXLYDOHQWO\��&6 �&U��&U��&U��«&���ZKHUH��&U�� 'U��

��&U�� � ��U
' �� �&U�� 'U����«��&�� �'�� DQG� �'U��'U��«'�� � LV

WKH�ELQDU\�UHSUHVHQWDWLRQ�RI��:��,���,���«,N��PRG��
U����7KLV

FRGH�FDQ�GHWHFW�XS�WR��U���U���XQLGLUHFWLRQDO�HUURUV�

,,,��'HVLJQ�0HWKRG

7KH� FKHFNHU� IRU� WKH� %RVH� %8('� FRGH� LV� VKRZQ� LQ
ILJXUH����7KH��N���U��ZHLJKW�JHQHUDWRU�UHFHLYHV�N�LQSXWV�,��
,��� «,N� DQG� SURGXFHV� WKH� �¶V� FRPSOHPHQW� RI� WKH� ELQDU\
UHSUHVHQWDWLRQ�RI�:��,���,���«��,N��PRG��

U��WKDW�LV�
=U���

U���«�=��
�� ��U���:��,���,���«��,N��PRG��

U ������
:KHQ�WKH�FKHFNHU�UHFHLYHV�D�%RVH�%8('�FRGH�ZRUG�WKHQ
&U���

U���«�&��
�� �:��,���,���«��,N��PRG��

U�DQG�WDNLQJ�LQWR
DFFRXQW�WKH�DERYH�UHODWLRQ�ZH�JHW�&U���

U���«�&��
���=U���

U��

�«�=��
�� ��U���WKDW�LV��&U��&U��«&��DQG�=U��=U��«=��DUH

%RVH�%8('
FRGH�FKHFNHU

IRU�U��
FKHFN�ELWV
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)LJXUH����%RVH�/LQ�FRGH�FKHFNHU�IRU�U���

ELWZLVH� FRPSOHPHQWDU\�� KHQFH� WKH� RXWSXW� RI� WKH� WZR� UDLO
FKHFNHU�ZLOO�EH�WZR�UDLO�HQFRGHG�

:KHQ� WKH� UHFHLYHG� ZRUG� LV� QRW� D� %RVH� %8('� FRGH
ZRUG�WKHQ�&U���

U���«�&��
�©:��,��«��,N��PRG��

U�DQG�IURP
UHODWLRQ���ZH�FRQFOXGH�WKDW�WKH�WZR�UDLO�FKHFNHU�UHFHLYHV�DW
OHDVW�RQH�QRQ�WZR�UDLO�HQFRGHG�LQSXW�DQG�KHQFH�JLYHV�D�QRQ
WZR�UDLO�HQFRGHG�RXWSXW�

,W� LV� HYLGHQW� WKDW� WKH� FKHFNHU� RI� ILJXUH� �� LV� DOVR� D
FKHFNHU� IRU� WKH� %RVH�/LQ� FRGHV� ZLWK� U �� DQG� U �� FKHFN
ELWV��7KH�FKHFNHU�IRU�%RVH�/LQ�FRGHV�ZLWK�U�����LV�JLYHQ�LQ
ILJXUH����)RU� WKH�UHDVRQV�SUHVHQWHG� LQ� WKH� LQWURGXFWLRQ�IRU
U���ZH� JLYH� FKHFNHUV� IRU� WKH� FRGHV� GHVLJQHG� E\� WKH� ILUVW
PHWKRG�� 7KH� 7ZR�5DLO� FKHFNHUV� RI� ILJXUHV� ��� �� DUH
GHVLJQHG�DV�SURSRVHG� LQ� >��@� LQ�RUGHU� WR�EH�76&�XQGHU� D
UHDOLVWLF�IDXOW�PRGHO�

,Q� WKH� VHTXHO�ZH�ZLOO� JLYH� D�PHWKRG� IRU� GHVLJQLQJ� �N�
�U��ZHLJKW�JHQHUDWRUV��&RQVLGHU�D�PRGXOH��KHUHE\�GHQRWHG
�Q�� ���ZHLJKW�JHQHUDWRU�� WKDW� UHFHLYHV� D� VHW� RI� Q� LQSXWV� ,��
,��«��,Q�DQG�JLYHV�RQH�RXWSXW�<� �:

��,��«��,Q��PRG����DV
ZHOO� DV� D� PRGXOH�� GHQRWHG� �Q�� ���ZHLJKW�JHQHUDWRU�� WKDW
UHFHLYHV�D�VHW�RI�Q�LQSXWV�,���,��«��,Q�DQG�JLYHV�WZR�VHWV�RI
RXWSXWV�<�<��DQG�'�'����'V����ZKHUH

�
�

< �
�

<  �:��,��«��,Q��PRG����DQG
:��'��«��'V���� �>:

��,��«��,Q���@�
:H� SRVWSRQH� WKH� GHVLJQ� RI� WKH� �Q�� ��� DQG� �Q�� ���ZHLJKW�
JHQHUDWRUV� XQWLO� VXEVHFWLRQ�&��+RZHYHU��ZH� KDYH� WR� QRWH
KHUH� WKDW� GXH� WR�PDQXIDFWXUDELOLW\� SUREOHPV�� WKDW� ZLOO� EH
H[SODLQHG�LQ�VXEVHFWLRQ�'��WKH�YDOXH�RI�Q�PXVW�EH�OHVV�WKDQ
RU�HTXDO�WR����,Q�WKH�QH[W�VXEVHFWLRQ�ZH�ZLOO�JLYH�D�PHWKRG
IRU�GHVLJQLQJ��N�����DQG��N�����ZHLJKW��JHQHUDWRUV�ZLWK�N!�
XVLQJ�UHVSHFWLYHO\��Q�����DQG��Q�����ZHLJKW�JHQHUDWRUV�ZLWK
Q���� ZKLOH� LQ� VXEVHFWLRQ� %� ZH� ZLOO� JLYH� D� PHWKRG� IRU
GHVLJQLQJ��N���U��ZHLJKW�JHQHUDWRUV�XVLQJ��N�����DQG��N�����
ZHLJKW�JHQHUDWRUV�ZLWK�N!��DQG�U!��

$�� 'HVLJQ� RI� �N�� ��� DQG� �N�� ���ZHLJKW�JHQHUDWRUV
XVLQJ��Q�����DQG��Q�����ZHLJKW�JHQHUDWRUV��Q�N�

&RQVLGHU�WKDW�ZH�KDYH�N�LQSXWV�;���;��«��;N��:H�VSOLW
WKH�VHW�RI�LQSXWV�^;���;��«��;N`�LQWR�F� ÖN�Qæ��VXEVHWV� $ �

�

�
$ ��«�� �

F
�

$ VXFK� WKDW� HDFK� VXEVHW� �

L
$ � KDV� OHVV� WKDQ� RU

HTXDO�WR�Q�HOHPHQWV��RU�LQ�RWKHU�ZRUGV�£ �

L
$ £��Q��,W�LV�ZHOO
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L
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RI� RQH� �

L
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L
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�� «`� ZLWK� £ G$ £�� Q�� 7KHQ

:��;���«��;N��PRG� � :
�� G$ ��PRG� ��� 7KHUHIRUH� XVLQJ

WKH� G

�
0 �£ G

�
$ £����ZHLJKW�JHQHUDWRU�� ZLWK� LQSXWV� WKH� OLQHV

EHORQJLQJ�WR�WKH�VHW� G

�
$ ��ZH�JHW�WKH��V�FRPSOHPHQW�RI�WKH

ELQDU\� UHSUHVHQWDWLRQ� RI�:��;���«��;N��PRG� ��� )LJXUH� �
SUHVHQWV�WKH�GHVLJQ�RI�WKH��N�����ZHLJKW�JHQHUDWRU��7KH��N�
���ZHLJKW�JHQHUDWRU�FDQ�EH�GHVLJQHG�LQ�WKH�VDPH�ZD\�XVLQJ
�Q�����ZHLJKW�JHQHUDWRUV�

,Q�WKH�IROORZLQJ�ZH�XVH�WKH�QRWDWLRQ�

¡� W' ��WKH�XQLRQ�RI�WKH�
W

L
0' �VHWV�RI�DOO�PRGXOHV� W

L
0 �RI

OHYHO�W��WKDW�LV� W'  U
L

0
W

L' ��L¼>���FW@

¡� '�� WKH� XQLRQ� RI� WKH� W' VHWV� RI� DOO� OHYHOV� �«W�� RU

HTXLYDOHQWO\�' U
W

W' ��W¼>���G@�

:H�KDYH�SURYHG�WKDW�WKH�]HURHV�ZHLJKW�RI�WKH�YDOXHV�RI�WKH
RXWSXWV� EHORQJLQJ� WR� WKH� VHW� '� RI� WKH� �N�� ���ZHLJKW�
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%��'HVLJQ�RI�D� �N���U��ZHLJKW�JHQHUDWRU�� U!���XVLQJ
�N�����DQG��N�����ZHLJKW�JHQHUDWRUV�

:H�FDQ�HDVLO\�VHH�WKDW�:��,���«��,N��PRG��
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7KHQ�WDNLQJ�LQWR�DFFRXQW�WKDW
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7KH�WHUP�:��,���«��,N��PRG���FDQ�EH�FDOFXODWHG�E\�WKH�1�

�N�� ���ZHLJKW�JHQHUDWRU��ZLWK� LQSXWV� ,���«�� ,N� DQG� RXWSXWV
�

1'  ^ �
1

�
' � �

1

�
' ��«�`�DQG� �

1<  ^ �
1

�
< �� �

1

�
< ���7KHQ

� �
1

�
< � �

1

�
<  :��,��«�,N��PRG���DQG

:�� �
1' � �>:��,��«��,N���@�DQG�IURP�UHODWLRQ�����ZH�JHW

:��,��«�,N��PRG��
U� ��:�� �

1' ��PRG��U����� �
1

�
< � �

1

�
< ����

,Q�WKH�VDPH�ZD\�ZH�JHW��:�� �
1' ��PRG��U��� 

���Ä>:�� �
1' ���@�� PRG� �U���� �:�� �

1' �� PRG� ���� PRG� �U��

DQG�IURP�UHODWLRQ���ZH�JHW�:�� �
1' ��PRG��U��� 

��>:�� �
1' ���@�PRG��U����:�� �

1' ��PRG���� �������
7KH� WHUP� :�� �

1' �� PRG� �� FDQ� EH� FDOFXODWHG� E\� WKH� 1�

� �
1' �����ZHLJKW�JHQHUDWRU��ZLWK�LQSXWV� �

1' ��WKH�RXWSXW
VHW� � RI� WKH�1�� FLUFXLW�� DQG�RXWSXWV� �

1'  ^ �
1

�
' � �

1

�
' ��«�`

DQG �
1<  ^ �

1

�
< �� �

1

�
< ���7KHQ�� �

1

�
< � �

1

�
<  :�� 1' ��PRG

�� DQG� :�� �
1' ��  � >:�� 1' ���@� DQG� WDNLQJ� LQWR� DFFRXQW

UHODWLRQ����UHODWLRQ���EHFRPHV�:��,���«��,N��PRG��
U� 

���:�� �
1' ��PRG��U������ �

1

�
< �� �

1

�
< �� �

1

�
< � �

1

�
< ������

/HWV�DVVXPH� WKDW� U� LV�DQ�HYHQ�QXPEHU�� WKHQ�ZH�DSSO\� WKH
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FLUFXLW� ZKLFK� LV� D� � �L
1' - �� ���ZHLJKW�JHQHUDWRU�� ZLWK

LQSXWV� �L
1' - �� DQG� RXWSXWV� L

1'  ^ L
1

�
' � L

1

�
' �� «� `� DQG

L
1<  ^ L

1

�
< �� L

1

�
< ��ZKHUH� �

1'  �^,���«�� ,N`��$IWHU� WKH� L
WK

VWHS�UHODWLRQ�����EHFRPHV�



S

T
�

T
�

T
Q

;
�

;
�

;
Q

287

9GG

W
�

W
�

9GG

)
P

;
�
;
�

;
Q

287

)LJXUH�����P�RQHV�WKUHVKROG�FLUFXLW
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UHSUHVHQWDWLRQ�RI�:��,���«��,N��PRG��
U�

:KHQ�U�LV�DQ�RGG�QXPEHU��ZH�UHSHDW�WKH�SURFHGXUH�ÖU��æ
WLPHV� DQG� DW� WKH� ODVW� UHSHWLWLRQ� ZH� XVH� WKH� 1ÖU��æ� ZHLJKW
JHQHUDWRU�ZKLFK�LV�D�� [ ]��U1' �����ZHLJKW�JHQHUDWRU�

)LJXUH���SUHVHQWV�D��N���U��ZHLJKW�JHQHUDWRU�IRU� WKH�FDVH
WKDW� U� LV� DQ� HYHQ�QXPEHU�� ,Q� WKH� FDVH� WKDW� U� LV� RGG�PRGXOH

Ö æ��U1 �LV�D��N�����ZHLJKW�JHQHUDWRU�ZLWK�RQO\�RQH�RXWSXW�

&���Q�����DQG��Q�����ZHLJKW�JHQHUDWRUV��ZLWK�Q���

'HILQLWLRQ� ���$� FLUFXLW�ZLWK� Q� LQSXWV��;���;���«��;Q� DQG
RQH� RXWSXW��287�� LV� FDOOHG�P�RQHV� WKUHVKROG� FLUFXLW�� LI� LW
RSHUDWHV� DV� IROORZV�� ZKHQ�:��;��� ;���«�� ;Q�� �� P� WKHQ
287�LV�+LJK�HOVH�287�LV�/RZ�

,Q�>��@�ZH�KDYH�SURYHG�WKDW�WKH�FLUFXLW�RI�ILJXUH���LV�DQ
P�RQHV� WKUHVKROG� FLUFXLW� LI� WKH� IROORZLQJ� UHODWLRQV� DUH
VDWLVILHG��

QQ����
TTTTTT

/�:���/�:/�: === � DQG

( )
����
TT�SSTT� /�:4P/�:/�:4�P Ä��Ä- � ������

ZKHUH ( )�WSGG

�

2+0,12+0,1WQGGSQ� 99��9�99���9.3�.34 +--=

( )�WSGG

�

2/0$;2/0$;WQGGSQ� 99��9�99���9.3�.34 +--Ä= �

7KH�RQHV�ZHLJKW��7:��&����RI�DQ�P�RQHV�WKUHVKROG�FLUFXLW
LV�E\�GHILQLWLRQ�HTXDO�WR�P�
'HILQLWLRQ� ���$� FLUFXLW�ZLWK� Q� LQSXWV��;���;���«��;Q� DQG
RQH�RXWSXW��287��LV�FDOOHG�P�]HURHV�WKUHVKROG�FLUFXLW��LI�LW
RSHUDWHV� DV� IROORZV�� ZKHQ�:��;��� ;���«�� ;Q�� �� P� WKHQ
287�LV�/RZ�HOVH�287�LV�+LJK�

)ROORZLQJ�WKH�PHWKRG�JLYHQ�LQ�>��@�ZH�FDQ�HDVLO\�VHH
WKDW�WKH�FLUFXLW�RI�ILJXUH���LV�DQ�P�]HURHV�WKUHVKROG�FLUFXLW
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)LJXUH����P�]HURHV�WKUHVKROG�FLUFXLW

LI�WKH�IROORZLQJ�UHODWLRQV�DUH�VDWLVILHG�

QQ����
SSSSSS

/�:/�:/�: === L ��DQG

( )
����
SS�TTSS� /�:4��P/�:/�:4���P ÄÄ��ÄÄ- ����

7KH�]HURHV�ZHLJKW��7:��&����RI�DQ�P�]HURHV�WKUHVKROG
FLUFXLW�LV�E\�GHILQLWLRQ�HTXDO�WR�P�
'HILQLWLRQ� ���$� FLUFXLW�&�ZLWK� Q�]� LQSXWV�;���;���«��;Q

DQG�<���<���«��<]�DQG�RQH�RXWSXW�287��LV�FDOOHG�DQ��9��
9���«��9]��DJJUHJDWH�RQHV� WKUHVKROG� FLUFXLW��ZLWK�9���9��
«��9]�¼�1

�LI�IRU�HDFK�YHFWRU�< �<��<��«�<]��WKH�FLUFXLW
RSHUDWHV�DV�IROORZV��287�LV�+LJK�ZKHQ�:��;��;��«��;Q��

]]����
9<9<9< +++ L �HOVH�287�LV�/RZ�

7KH� VXP�
]]����

9<9<9< +++ L � LV� FDOOHG� WKH

DJJUHJDWH�RQHV�ZHLJKW�� <��9�$:�

&
��RI� WKH�FLUFXLW� IRU� WKH

YHFWRU� <�� ,W� FDQ� EH� HDVLO\� SURYHG� WKDW� WKH� FLUFXLW� &� RI
)LJXUH� �� LV� DQ� �9��� 9���«�� 9]�� DJJUHJDWH�RQHV� WKUHVKROG
FLUFXLW��LI�WKH�IROORZLQJ�UHODWLRQV�DUH�VDWLVILHG�
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/�:/�:/�: === L ��DQG�IRU�L ���«��]

( ) �TTLSS�TTL 4/�:9/�:4/�:]��9
��LL��
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)LJXUHV������DQG���VKRZ�DOVR�WKH�V\PEROV�IRU�DQ�P�RQHV
WKUHVKROG�FLUFXLW��DQ�P�]HURHV�WKUHVKROG��FLUFXLW��DQG�D��9��
9���«��9]��DJJUHJDWH�RQHV�WKUHVKROG�FLUFXLW�UHVSHFWLYHO\�
WKDW�ZLOO�EH�XVHG�WKURXJKRXW�WKLV�SDSHU�

7KH��Q�����ZHLJKW�JHQHUDWRU�LV�VKRZQ�LQ�ILJXUH����ZKHUH
P� >Q��@��P�� �>Q��@�>Q��@��P� � �>Q��@��P� � �Q�>Q��@��)URP
GHILQLWLRQV������LW�LV�YHU\�HDV\�WR�VHH�WKDW�7L ��ZKHQ�:

��,��
«�� ,Q���� L��ZLWK� L¼>��� Q@��)URP�GHILQLWLRQ���ZH�KDYH� WKDW
<� ��LI�DQG�RQO\�LI

�7�7�7�*QG
�

�P��
Ä++Ä+Ä+Ä L �:��
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-

L �

RU�HTXLYDOHQWO\ ( ) ( ) ( ) ���77���7777
�L�L�����
+-++-+-

-

!��

,Q�7DEOHV���DQG���IRU�DQ\�YDOXH�RI�:��,��«��,Q��ZH�JLYH
WKH�YDOXHV�RI�7L��DV�WKH\�DUH�GHULYHG�IURP�GHILQLWLRQV���DQG
����)URP�7DEOH���ZH�JHW��<� ��LI�DQG�RQO\�LI
:��,��«�,Q�¼^����`¶^����`¶«¶^�L�����L��`¶��� �����
,Q�WKH�VDPH�ZD\��<� ��LI�DQG�RQO\�LI

( ) ( ) ( ) ���77���7777
�L�L�����
+-++-+-

-

!���

1RZ�IURP�7DEOH���ZH�JHW�<� ��LI�DQG�RQO\�LI
:��,���«��,Q�¼^������������«���L�������` ����

7DEOH� �� VXPPDULVHV� UHODWLRQV� ���� ����:H� JHW�
��

<<� +  

:��,��«�,Q��PRG���KHQFH� �<���<��� LV� WKH��¶V� FRPSOHPHQW
RI�WKH�ELQDU\�UHSUHVHQWDWLRQ�RI�:��,��«�,Q��PRG���

7KHRUHP����7KH�]HURHV�ZHLJKW�RI�WKH�VHW�^7���7���7���
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)LJXUH�����9���9���«��9]��DJJUHJ��RQHV�WKUHVKROG�FLUFXLW

7DEOH���
:��,���«��,Q� 7�L�� 7�L ( )

�L�L�
77 -

-

>����ÄL��� � � �
>�ÄL�����ÄL� � � �
>�ÄL��Q@ � � �

7DEOH���
:��,���«��,Q� 7�L�� 7�L ( )

�L�L�
77 -

-

>����ÄL��� � � �
�ÄL�� � � �
>�ÄL��Q@ � � �

7DEOH���
:��,�«,Q� <� <�

�������������� � �
�������������� � �
������������� � �
������������� � �

«�
�P�

7 `� RI� WKH� �Q�� ���ZHLJKW�JHQHUDWRU� RI� )LJXUH� �� LV

HTXDO�WR�>:��,���«��,Q���@�
3URRI��:KHQ�:��,���«��,Q�����ÄL�WKHQ� L�

7  ���HOVH�
L�

7  ���

WKXV�ZH�KDYH�
L�

7  ���DQG�
�L�

7
+
 ���LI�DQG�RQO\�LI

�ÄL�:��,��«�,Q���Ä�L����RU�HTXLYDOHQWO\�>:��,��«�,Q���@ L�
:H�DOVR�KDYH�WKDW� M�7  ���IRU�DOO�M¼>���L@�DQG� M�7  ���IRU

M!L��KHQFH�:�^�7���7���7����«�
��7 ` L�WKHUHIRUH�

:�^�7���7���7����«�
��7 `� �>:��,���«��,Q���@ �����n

%DVHG�RQ�WKHRUHP����ZH�VHH�WKDW�WKH�VHW�' ^'�'����'V��`�RI
RXWSXWV� RI� WKH� �Q�� ���ZHLJKW�JHQHUDWRU� LV� WKH� VHW� ^�7��� 7��
«�

�
P�

7 `��7KH��Q�����ZHLJKW�JHQHUDWRU�LV�GHULYHG�IURP�WKH

�Q�����ZHLJKW�JHQHUDWRU�LI�ZH�UHPRYH�PRGXOH�$�

'�� 2Q� WKH�PDQXIDFWXUDELOLW\� RI� WKH� �N��U��ZHLJKW�
JHQHUDWRU

,Q� VXEVHFWLRQV�$� DQG�%�ZH� KDYH� VHHQ� WKDW� WKH� �N�� �U��
ZHLJKW�JHQHUDWRU�FDQ�EH�GHVLJQHG�XVLQJ�DV�EXLOGLQJ�EORFNV
WKH��Q�����DQG��Q�����ZHLJKW�JHQHUDWRUV�ZLWK�Q����7KHUHIRUH
WKH�PDQXIDFWXUDELOLW\�RI�D��N���U��ZHLJKW�JHQHUDWRU�GHSHQGV
RQ�WKH�PDQXIDFWXUDELOLW\�RI�WKH��Q�����DQG��Q�����
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)LJXUH�����Q�����ZHLJKW�JHQHUDWRU�PRGXOH

ZHLJKW�JHQHUDWRU�� ,I� WKHVH� FLUFXLWV� FDQ� EH� PDQXIDFWXUHG�
WKHQ� WKH� �N�� �U��ZHLJKW�JHQHUDWRU� FDQ�EH�PDQXIDFWXUHG� IRU
HYHU\� YDOXH� RI� N� DQG� U�� � 7KH� �Q�� ��� DQG� �Q�� ���ZHLJKW�
JHQHUDWRUV� DUH� UDWLRHG� FLUFXLWV�� $� SUREOHP� RI� D� UDWLRHG
FLUFXLW� LV� WKDW� LWV� FRUUHFW� RSHUDWLRQ� GHSHQGV� RQ� WKH
FRQGXFWDQFH�YDOXHV�RI� QPRV� DQG�SPRV� WUDQVLVWRUV� DV�ZHOO
DV� RWKHU� FLUFXLW� SDUDPHWHU¶V� YDOXHV�� ,W� LV� ZHOO� NQRZQ� WKDW
IOXFWXDWLRQV� LQ� LQWHJUDWHG� FLUFXLW� PDQXIDFWXULQJ� SURFHVVHV
FDXVH� GHYLDWLRQV� RQ� WKH� DFWXDO� YDOXHV� RI� WKH� SDUDPHWHUV
IURP�WKHLU�QRPLQDO�YDOXHV��'HVLJQLQJ�WKH��Q�����DQG��Q�����
ZHLJKW�JHQHUDWRUV�� ZH� FKRRVH� WKH� YDOXHV� RI� :S�� /S�� :T�
/T�

LL
SS

/DQG: VR� WKDW� WKH� YDOXHV� RI� :S�/S�� :T�/T� DQG

: /
S SL L
� � WR� EH� LQ� WKH� PLGGOH� RI� WKH� UDQJHV� JLYHQ� E\

UHODWLRQV� ����� ���� DQG� ����� UHVSHFWLYHO\�� 7KHQ� GXH� WR
VWDWLVWLFDO�YDULDWLRQV�RI�WKH�GHYLFH�FKDUDFWHULVWLFV�WKH�UDQJH
FDQ�EH�VKRUWHQHG�RU�VKLIWHG�WR�WKH�OHIW�RU�WR�WKH�ULJKW�EXW�WKH
YDOXH� RI� WKH� UDWLR�ZLOO� UHPDLQ�ZLWKLQ� WKH� UDQJH�� WKHUHIRUH
WKH�PDQXIDFWXUHG�,&�ZLOO�RSHUDWH�FRUUHFWO\��$V�WKH�YDOXH�RI
Q�EHFRPHV�JUHDWHU��WKH�UDQJHV�GHILQHG�E\�UHODWLRQV���������
DQG������EHFRPH�VKRUWHU�DQG�WKH�FLUFXLW�LV�PRUH�VHQVLWLYH
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)LJXUH�������������ZHLJKW�JHQHUDWRU�

WR�WKH�VWDWLVWLFDO�YDULDWLRQV�RI�WKH�GHYLFH�SDUDPHWHUV��7KLV�LV
WKH� UHDVRQ� WKDW�ZH� KDYH� NHSW� Q���� 7KH� �Q�� ��� DQG� �Q�� ���
ZHLJKW�JHQHUDWRUV�RI� ILJXUH��� FRQVLVW� RI� WKUHVKROG� FLUFXLWV
ZLWK�ZHLJKWV�OHVV�WKDQ�RU�HTXDO�WR�>Q��@ ÖQ��æ ��

:H�KDYH�UXQ�0RQWH�&DUOR�VLPXODWLRQV�IRU�WKH��Q�����DQG
�Q�� ���ZHLJKW�JHQHUDWRU� ZLWK� Q��� DV� ZHOO� DV� IRU� �N�� �U��
ZHLJKW�JHQHUDWRUV�ZLWK�N����DQG�U���IRU�FLUFXLW�SDUDPHWHU
GHYLDWLRQV�XS�WR�����DQG�YHULILHG�WKH�FRUUHFW�RSHUDWLRQ�RI
WKH�FLUFXLWV��$SDUW�IURP�WKH�DERYH�ZH�KDYH�YHULILHG�WKDW�IRU
DOO�FDVHV�WKH�QRLVH�PDUJLQV�DUH�DERYH�����YROWV�

(��*HQHUDO�GHVLJQ�JXLGHOLQHV�

,Q� ILJXUH� �� SUDFWLFDOO\� WKHUH� DUH� PDQ\� ZD\V� �ZLWKRXW
WDNLQJ� LQWR� DFFRXQW� WKH� RUGHULQJ�� WR� VSOLW� WKH� I� LQSXWV� RI

OHYHO�L�RI�ILJXUH����LQWR�JURXSV� L

�
$ �� L

�
$ ��«�RI�LQSXWV�ZLWK

ä L

M$ ×��Q�IRU�M ����������)RU�WHVWDELOLW\�LVVXHV�WKH�RXWSXWV�<�

DQG� <�� �ZH� FRXQW� LW� WZLFH�� RI� WKH� �ä L

M$ ×�� ���ZHLJKW�

JHQHUDWRU� PXVW� EH� DVVLJQHG� WR� GLIIHUHQW� VHWV� �L

M
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ZLWK�M�©M���7KLV�LV�QRW�SRVVLEOH�DW�WKH�ODVW�OHYHO�RI�HDFK�WUHH
ZKHUH� ZH� KDYH� D� VLQJOH� VHW�� )RU� WKDW� UHDVRQ� ZH� PRGLI\
VOLJKWO\�WKH��Q�����ZHLJKW�JHQHUDWRU�RI�WKH�ODVW�OHYHO�DV�LW�LV
VKRZQ�LQ�$SSHQGL[�

)RU� WHVWDELOLW\� LVVXHV� LQ� ILJXUH� �� DOO� 1M�� ZLWK� M�ÖU��æ�
PXVW�EH�GHVLJQHG�XVLQJ��Q�����ZHLJKW�JHQHUDWRUV�ZLWK�Q��
ZKLOH�WKH�ODVW�1ÖU��æ�PRGXOH�FDQ�EH�GHVLJQHG�XVLQJ��Q�����RU
�Q�����ZHLJKW�JHQHUDWRUV�ZLWK�Q���

:LWK� UHVSHFW� WR� WKH� VSHHG� RI� D� �N�� ���ZHLJKW�JHQHUDWRU
ZH� KDYH� WR� QRWH� WKDW� WKH� �D�� ���ZHLJKW�JHQHUDWRU� LV� IDVWHU
WKDQ� WKH� �E�� ���ZHLJKW�JHQHUDWRU� LI� D�E��ZKLOH� DPRQJ� WZR
�N�����ZHLJKW�JHQHUDWRUV�� WKH�RQH�ZLWK� WKH� VPDOOHU�QXPEHU

RI� OHYHOV� LV� IDVWHU�� ,Q� )LJXUH� �� ZH� SUHVHQW� WKH� ����� ���
ZHLJKW�JHQHUDWRU�

,9��7HVWDELOLW\�$QDO\VLV

$OO�WKH�VWXFN�DW��WUDQVLVWRU�VWXFN�RQ�DQG�WUDQVLVWRU�VWXFN�
RSHQ� IDXOWV� RI� WKH� �Q�� ��� ZHLJKW� JHQHUDWRU� DUH� GHWHFWDEOH
H[FHSW�RI�WKH�IROORZLQJ�
��� T�RU�S�RU�W��WUDQVLVWRU�RI�PRGXOH�/L��L¼>���Q@�VWXFN�RQ�
��� SPRV�WUDQVLVWRU�RI�,QYL�RU�,QY$�RU�,QY%�VWXFN�RQ�
��� S��RU�W��WUDQVLVWRU�RI�PRGXOHV�$�RU�%�VWXFN�RQ�
�$IWHU� WKH�RFFXUUHQFH�RI�DQ\�RQH�RI� WKH�XQGHWHFWHG� IDXOWV�
WKH�FKHFNHU�UHPDLQV�FRGH�GLVMRLQW��)XUWKHUPRUH�LI�WKH\�DUH
IROORZHG� E\� RQH� RI� WKH� RWKHU� FRQVLGHUHG� IDXOWV�� WKH
UHVXOWLQJ�IDXOW�LV�GHWHFWDEOH��$OO�WKH�LQYHUWHUV�DUH�GHVLJQHG
ZLWK�Q�GRPLQDWH�ORJLF�

:H�KDYH�WR�QRWH�KHUH�WKDW�WKH�WHVWDELOLW\�DQDO\VLV�RI�WKH
PRGLILHG� �Q�� ���ZHLJKW�JHQHUDWRU� �$SSHQGL[�� LV� WKH� VDPH
ZLWK� WKH� WHVWDELOLW\� DQDO\VLV� RI� WKH� QRUPDO� �Q�� ���ZHLJKW�
JHQHUDWRU� H[FHSW� WKH� XQGHWHFWHG� VWXFN� RSHQ� IDXOW� RQ
WUDQVLVWRU�SL�M�RI�PRGXOH�/��DQG�VWXFN�DW���IDXOW�RQ�LQSXW�,L�M
RI�PRGXOH�/���7KLV�PRGLILHG�PRGXOH�LV�XVHG�RQO\�DW�WKH�ODVW
OHYHO�RI�HDFK�WUHH�

7KH� VHOI�FKHFNLQJ� FDSDELOLW\� ZLWK� UHVSHFW� WR� UHVLVWLYH
EULGJLQJ�IDXOWV��5%)V��EHWZHHQ�WZR�WUDQVLVWRU�WHUPLQDOV�RU
EHWZHHQ� WZR� LQSXWV� KDV� EHHQ� HYDOXDWHG� ZLWK� H[WHQVLYH
FLUFXLW�OHYHO� VLPXODWLRQV�� $OO� 5%)V� ZLWK� FRQQHFWLQJ
UHVLVWDQFH�5�¼� >��5PD[@�DUH�GHWHFWHG��ZKHUH�5PD[� GHSHQGV
RQ�WKH�VL]LQJ�RI�WKH�WUDQVLVWRUV�DQG�WKH�LQIRUPDWLRQ�OHQJWK�
7KH�SURSRVHG�FKHFNHUV�DUH�DOVR�6HOI�7HVWLQJ�IRU�DOO�EUHDN
IDXOWV�RQ�GHYLFH�WHUPLQDOV�

$OO�WKH��Q�����DQG��Q�����ZHLJKW�JHQHUDWRU�PRGXOHV�RI�D
�N�� �U��ZHLJKW�JHQHUDWRU�� UHFHLYH� DOO� SRVVLEOH� ELQDU\
FRPELQDWLRQV�DW�WKHLU�LQSXWV��WKHUHIRUH�UHFHLYH�WKHLU�WHVW�VHW�
7KHUHIRUH��DQ\�GHWHFWDEOH�IDXOW�RI�DQ\�RQH�RI�WKH��Q�����DQG
�Q�����PRGXOHV�LV�GHWHFWHG��7KLV�ZDV�DOVR�YHULILHG�ZLWK�WKH
XVH�RI�D�VSHFLILF�VLPXODWRU�GHYHORSHG�LQ�RXU�ODE�

6LQFH� Q���� ZH� KDYH� >:��,��� «�� ,����@�  � :
��'��� '���

$FFRUGLQJ� WR� WKH� GHVLJQ� RI� WKH� �N�� �U��ZHLJKW�JHQHUDWRU
ZLWK�U!���WKH�LWK�WUHH�UHFHLYHV�DV�LQSXWV�WKH�'�RXWSXW�VHW�RI
WKH� �L���WK� WUHH�� 7KH� SUREOHP� RI� WKLV� DSSURDFK� LV� WKDW� WKH
SDLU��'���'���GRHV�QRW�UHFHLYH�WKH�YDOXH��������VR�WKHUH�DUH
VRPH� XQGHWHFWHG� IDXOWV� LQ� WKH� LWK� WUHH�� )RU� WKDW� UHDVRQ�ZH
OLPLW� WKH� YDOXH� RI� Q� WR� EH� OHVV� WKDQ� RU� HTXDO� WR� �� IRU� DOO
WUHHV��H[FHSW� WKH� ODVW�RQH�� ,Q� WKDW�ZD\�HDFK� �Q�� ���ZHLJKW�
JHQHUDWRU�SURGXFHV�RQO\�WKH�^'�`�RXWSXW�ZKLFK�UHFHLYHV�DOO
SRVVLEOH�YDOXHV����DQG�����:H�KDYH�YHULILHG�ZLWK�H[WHQVLYH
VLPXODWLRQV� WKDW� LI� ZH� DSSO\� WKH� DERYH� UXOH�� HDFK� WUHH�1L

�L!��� �ILJXUH� ��� UHFHLYHV� LWV� WHVW� VHW� DQG� LW� LV� FRPSOHWHO\
WHVWHG��WKHUHIRUH�WKH��N���U��ZHLJKW�JHQHUDWRU�LV�FRPSOHWHO\
WHVWHG�IRU�DOO�YDOXHV�RI�N�DQG�U�



7DEOH����,PSURYHPHQW�RI�SURSRVHG�RYHU�3LHVWUDN>��@�
�N��U� 'HOD\ $UHD
������ ����� ���
������� ����� �����
������� ��� ���

9��&RPSDULVRQV�DQG�&RQFOXVLRQV�

,Q�WKLV�SDSHU�ZH�SUHVHQWHG�D�QRYHO�PHWKRG�IRU�GHVLJQLQJ
PRGXODU�76&�FKHFNHUV�IRU�%8('�%RVH�DQG�W�8('�%RVH�
/LQ� FRGHV�� 7KH� SURSRVHG� FKHFNHUV� DUH� 76&� XQGHU� D
UHDOLVWLF�IDXOW�PRGHO�LQFOXGLQJ�VWXFN�DW��WUDQVLVWRU�VWXFN�RQ�
WUDQVLVWRU� VWXFN�RSHQ�� UHVLVWLYH� EULGJLQJ� IDXOWV� DQG� EUHDNV
DQG�WKH\�DUH�DSSOLFDEOH�IRU�DOO�SRVVLEOH�YDOXHV�RI�N�DQG� U�
7KH�FRUUHVSRQGLQJ�DOUHDG\�NQRZQ�IURP�WKH�RSHQ�OLWHUDWXUH
FKHFNHUV� >�����@� KDYH� EHHQ� SURYHG� WR� EH� 76&� XQGHU� WKH
VWXFN�DW� IDXOW�PRGHO��$PRQJ� WKHP�� WKH� FKHFNHUV� JLYHQ� LQ
>��@�DUH�WKH�PRVW�HIILFLHQW�ZLWK�UHVSHFW�WR�WKH�DUHD�UHTXLUHG
IRU� WKHLU� LPSOHPHQWDWLRQ� DQG� WKH� GHOD\�� 76&� FKHFNHUV
XQGHU� D� UHDOLVWLF� IDXOW� PRGHO� ZHUH� UHFHQWO\� SURSRVHG� LQ
>��@��7KH\�DUH� WKH�PRVW�HIILFLHQW�ZLWK� UHVSHFW� WR�DUHD�DQG
VSHHG� DPRQJ� DOO� WKH� DOUHDG\� NQRZQ� FKHFNHUV�� EXW� WKHLU
DSSOLFDELOLW\�LV�OLPLWHG�WR�VKRUW�LQIRUPDWLRQ�OHQJWKV�GXH� WR
WKHLU� VHQVLWLYLW\� WR� VWDWLVWLFDO� YDULDWLRQV� RI� WKH� FLUFXLW
SDUDPHWHUV�GXULQJ� WKH�PDQXIDFWXULQJ�SURFHVV��7R� WKLV�HQG
ZH�FRPSDUH�RXU� �FKHFNHUV� � WR� WKH�FKHFNHUV�JLYHQ� LQ� >��@�
:H�KDYH�LPSOHPHQWHG�VRPH�RI�WKH�SURSRVHG�76&�FKHFNHUV
DV�ZHOO� DV� WKH� FRUUHVSRQGLQJ� FKHFNHUV� JLYHQ� LQ� >��@�ZLWK
 � P� WHFKQRORJ\�� 7KH� FRPSDULVRQ� UHVXOWV� DUH� JLYHQ� LQ
7DEOH����:H�KDYH�WR�QRWH�WKDW�WKH�DUHD�KDV�EHHQ�HVWLPDWHG
DV� WKH� VXP�RI�:[/�RI� WKH� WUDQVLVWRUV�� WKDW� LV�� WKH� URXWLQJ
KDV�QRW�EHHQ�WDNHQ�LQWR�DFFRXQW��:H�FDQ�HDVLO\�VHH�WKDW�WKH
URXWLQJ� LQ� WKH� SURSRVHG� GHVLJQ� LV� OHVV� WKDQ� WKH� URXWLQJ
UHTXLUHG� IRU� WKH� LPSOHPHQWDWLRQ� RI� WKH� FKHFNHUV� JLYHQ� LQ
>��@�� )URP� 7DEOH� �� ZH� FDQ� HDVLO\� VHH� WKDW� WKH� SURSRVHG
FKHFNHUV� DUH� VLJQLILFDQWO\� PRUH� HIILFLHQW�� ZLWK� UHVSHFW� WR
WKH� DUHD� UHTXLUHG� IRU� WKHLU� LPSOHPHQWDWLRQ� DQG� WKH� VSHHG
WKDQ�WKH�FKHFNHUV�JLYHQ�LQ�>��@�

$SSHQGL[�
7KH� �Q�� ���ZHLJKW�JHQHUDWRU� PRGXOH� RI� ILJXUH� �� LV

GHVLJQHG� WR� UHFHLYH� Q� LQGHSHQGHQW� LQSXWV��:KHQ� VRPH� RI
WKH�LQSXWV�DUH�QRW�LQGHSHQGHQW��IRU�H[DPSOH�,L��,M�DUH�GULYHQ
E\� WKH� VDPH� OLQH�� OHWV� VD\� ,L�M�� WKHQ� VRPH� WHVWDELOLW\
SUREOHPV�PD\�DULVH��)RU�WKDW�UHDVRQ�ZH�PRGLI\�WKH�/���/��
«/Q�PRGXOHV�LQ�WKH�IROORZLQJ�ZD\��LQVWHDG�RI�KDYLQJ�WZR
WUDQVLVWRUV�TL��TM��ILJXUH����DQG�SL��SM��ILJXUH����GULYHQ�E\�WKH
LQSXW�,L�M��ZH�XVH�RQH�TL�M�DQG�RQH�SL�M�UHVSHFWLYHO\��ZLWK

MMLLML�ML� TTTTTT
/�:/�:/�: += DQG

MMLLML�ML� SSSSSS
/�:/�:/�: +=

GULYHQ� E\� WKH� LQSXW� ,L�M�� ,Q� WKDW� ZD\� ZH� PRGLI\� DOO� WKH
PRGXOHV�/���/���«/Q��DQG�WKH�IXQFWLRQDOLW\�RI�WKH�FLUFXLW
UHPDLQV�WKH�VDPH�
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