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)%

0/ ' (" X
# ' 1 ( +1% - %
double powei(double x, int n)

intj =0;

double y = 1;

while (j < n)

y =YX,
j=]+1

returny;
: L # .1 C
double power_1(double x, int n) {

Int j;

doubley = 1;

j=n; [*j=0*

while (j >0) { [* while (j <n) {*/

y =YX
j=j-1 [Fj=j+L
}
return y;

P # $%
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- #
*ll
*%
# $ n
1 it
*%
(. #
$ (#
Powey
l) f)
Powee:
double y
1. if (n==1)return x
2. y=powep(X, n/2)
3. ifniseven
4, return y*y;
5. else
6. return x*y*y;
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222| D 000
224| B 232
226
28| 5 | 224
230
232| 222
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# & % &
2 1 (ll ,
classes of mathematical objects)
2 " #3 % (mathematical
operations) * # %
)% ( [ ! )
# " H# key,
#o* $ # o
u,v key, u<v, v<u, V=u.
2% # " S * " # key
( # 1
% u  S?
* " # key (.*., uv)
" #% ( .*.,9)
i #
* true false %
«wu  S?'# :u * "# key, S
] 1 * ] #
key.
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#$

% &

#$ %

( #

( #

#H

$ (#

$ (

#o)

$

# :
#9$
%

$

&H#HS* % #
* 1
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( , 0 (
1 &t
1 $ % (%
X, X, [X]
#% # — # # &H

f(x) = ax"+ g X"+ ... +ax + &

3% ( & ( —
4 &#)
lgn =logn
Inn =logn
Ig“n = (Ig nf
Ig lg n=1g(lg n)
$
n!
5( $

" H#

P #

$%
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(
)% 1-1 &( %
$ Powey,
1 $3 ]
&#) ,# Y] ) y
* - " j=1, .., n+1
# yj = le
6 $$

j:]__ * ’ylz:]_:)P:Xl-l:)é’-l.

$3 (
2 % k,1 k<n+1, y=x%
$$ " 6
# ' 0 *# ¢ (K+1):
Yi+1 = X,

$ ( DYk = Yk X
AtSS #( ye=xT
S ,yk+1:)(k,I

P # $% 11



)% 3 (" /
Power_ 1
1 $% ,i=n,...,0
# % 2 ' Ynjpr=xX"
6 $9
j=n:

yn-n+1ZY1:1:>9:Xn'n,'

$% (
2 ' $ kl n k > 01 ! ' yn-k+1 -
n-k
X .
$$" 6
# o *# % (k-1): Y
o = Xn-k+1_

$ ( D Yike2 = Ynke1 X
A' $3$ #'(  Vnker = XK

-k+1

5 ' yn-k+2 - Xn ’

! n # $% 12
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)% 3- /!
#1
#
0, y=0
m(x,y) = { m(x+x,y/2), y#% & O
X + m(x, y-1),
m(x,y) = x*y, X,y
#'% 2
1 $9% y.
6 $%
y =0, m(xy) = 0, X*y =0, '
$% (
| # # y>0. (#
m(x,z) =x*z,$ ( z,0 z<y.
$$ 6
"H# # $ y:
m(Xx*y) = x*y.
y ' rm(xy) = X + m(xy-1). E$$

#( (z =y-1 <y): m(x,y-1) = x*(y-1)5
m(X,y) = X + x*(y-1) = X + x*y —x = x*y

y : m(x,y) = mx+x, y/2). $%

#'( (z =y/l2 <y): m(X,)y) = (X+X)*y/2 = x*y.
5 m(x,y) = x*y.

" # $ % 13
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#) ! # o

'0 2
% (input): 1 #( n ("
<ai, &, ..., &>.
32% (output): 1 « »<a'ya, ..,
a' > #( ' H# %
a, a, .. aj

InsertionSort

void InsertionSortint A[n]) {

[* % % */
int key, 1, J;
for(j=1;)j<n;j++){
key = A[J;
I =]-1;
while (i >= 0 && A[i] > key) {
Ali+1] = A[i];
| =1-1;
}
Ali+1] = key;
}
}
#$ $ ( A =
<5,2,4,6,1,3>7

P # $% 15
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#)! L # (! InsertionSort
- ! # ' InsertionSort
«& 1000 #
3 # »!
#
«$
I »|

4' &
- *! (running time)

$ (# I & %

(' ) % #3% | % (
) ) # " #
$ (# #

" # $ % 16



| 4-32, 3

#)! #
void InsertionSortint A[n]) { +'
Int key, 1, J;
for=1;j<n;j+H) {  -—-mmmmmmmm- > ¢
key =A[l;, e > 6
=1, e > g
while (i >= 0 && A[i] > key) { --------- > G
Ali+1] = Afi]; - >  Cs
| =1-1;, s > g
}
Ali+1] = key, = - > @
}
}
t;: (' % it $*
# ]

n-1
n-1
&
& (§—1)
& (§-1)

n-1

# while loop

17
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#)! L # (! InsertionSort

o 4 &

T(n)=an +¢(n-1) +gn-1)+a & t + & (§-1)
+ G & (§-1) + G(n-1)

InsertionSort?

O *
" # .
© =1, j=1.2, .., n1

T(n) = gn + ¢(n-1) + g(n-1) +¢4(n-1) + ¢(n-1)
=(@+ctcztCatcyn - (@ + C3+Cyt

C7)
1) I nl

P # $% 1
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#)! L # (! InsertionSort

'nsertionSort?

* # ( i
,=(+1), j=1,..,n1

0& =& (j+1)
=2+3+..+n

=(1+2+ ...+n) -1
=n(n+1)/2 -1
0& (§-1)=& |
=1+2+..+(n-1)
=n(n-1)/2

((n)=cn + cx(n-1) + g3(n-1) +cy(n(n+1)/2 - 1)
+ gn(n-1)/2 + ¢ n(n-1)/2 + g(n-1)

= (&f2 + C5/2 + Cg/2) I + (Cr+Co+Ca+C4/2-
€/2-Cs/2+C7) N — (G+C3+CatCy)

) | n!

P # $% 2
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4 I
4 4 &

* * (
# ) $ (# :

$ * $
$(# n( # # n)

% ) 1 %

% ) 1 %
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)2 4 |

* # InsertionSorn
amr+bn+c, '# a = cJ2 + /2 + 2, b =
C1+Cot+C3+Ca/2-C5/2-Cs/2+C7 C = Gy+C3+Cy+Co.

1 C| # *
# ’, * (
H #
an+bn+c.
1 ' #(' )
# * #
( anf+bn+c
yo* ' arf, "
- $ % #
n.
$ # a1
( $ $
$ S # n.
" I InsertionSort

)2
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2 fn) g " #

- (9(n)), f(n) = O(g(n)), # *#
Rc $ ' , ¢ >0)

% $ ( n ng L
0 f(n) cg(n)

)%
2 f(n)=arf+bn," # a,b(
2 f(n) = O(r).
8* # $ c&ny . .
an® +bn crf, |
0 (c-a)yf—bn
O n[(c-a)n-Db]
(c-a)n-b O
# c =atl
(c-ajn-b 0 *

n

(

No

! ||# $%
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10

2 f(n) gin) " # . f(n)
9(g(n)), f(n) =9(g(n)), # *# (
R'c $ ' , c>0) n O
% $
n ng *
0 cg(n) f(n)
)%
f(n) =9 (n).
arf + bn cn
arf + (b-c)n 0
an + b-c O.
A # c=Db * an 0,%
0 $ ¢c=Db & n = *H

P # $%
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O S

2 f(n) g(n) " # . f(n)
(9(n)), f(n) = (g(n)), f(n) =0(g(N)) f(n)=
9 (9(n)).

)%
" # fn) =9(), ' f(n) =

(n%).

8* # $ ¢c>0&n O, . .
a+bn c, ! n n

0 (c-a)yf—bn
0 n|[(c-a)n-Db]
(c-a)n-b O.
A # c=a2>0* ' (c-an-b =

-an/2-b 0,%$ ( n O, $ c=a2é&
nn=0, *# ' " :

P # $ % 8
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(logn): $ (

o(n): $

O(n logn): # '

H

# 1

# 1

# 1

- (n log n) (# (
$ (
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%' , 49O
# %"
f(n) = - (i(n))
f(n) =9 (f(n))
f(n) = (i(n))
0 %'

f(n) =-(g(n)) & g(n) =- (h(n))  f(n) =- (h(n))
f(n) =9(g(n)) & g(n) =9 (h(n)) () =9 (h(n))
f(n)=(g(n) &g(n) = (h(n)) f(n)=(h(n))

! %'

f(n) = (a(n)) ' g(n) = (i(n))
# | % '

f(n) = O(g(n)) | g(n) =9 (f(n))

" # $ % 10
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#& # %W & &

2 f(n) (
' ' f(n)
fn)=1, n=1 f(n)=1(n-1) + n,
oO# $ '
f(n)

f(n) =f(n-1) + n
=f(n-2) + (n-1) + n

fl)+2+..+(n-1)+n
=1+2+..+(n-1)+n
=(n+1l)n/2

)% 2
2 ' f0)=1 f(n)=2f(n-1).

- # $
f(n)

f(n) = 2 f(n-1)
= 2 f(n-2)

_ £(0)
=2

n>1.
$

P # $%
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# % & l « 1 ! »
| % #o*
Int BinarySearcftable T[a...b],key K)
/* *
T, ! , -1 * | */
Int middle, tmp;

If (a > Db) return -1;
middle = # (atb)/2;
If (K == T[middle]) return middle;
else if (K < T[middle]) {
tmp BinarySearcliT[a...middle-1], K);

return tmp;
}
else {
tmp BinarySearcliT[middle+1...b],K);
return tmp;
}
}
+ ( ' ,
" .
2 n $( #
(n=b-a+1). #( # $ '$ #
' ' n=21

P # $% 12
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# % & ! « 1 | »

X1=p-a+l b=2-2+a

- : 1 BinarySearch():
middle = [(a+b)/2] = [(a+2" -2+a)/2] = a+2"* -1

H 1
#
middle -1-a+1 = middle —a
—a+'2'-1-a
=l 1.
H 2
#

b — (middle +1) +1 = b — middle
=22 +a —a -Ft+1
=3 _1.

" # $ % 13
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# % & ! « 1 | »

Tn): $ # ! !

T(2“1)=c, k=0

((2%1)=d+ T(Z%1), k>0.

2% #

((2%1) =d + T(2*-1)
=2d + T(2%1)

= kd + T(0)
= kd + c.
n =21, k = log(n+1)

T(n) =d log(n+1) + ¢

P # $% 14
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* !

|, u:
..U
] - J
2 #
1 , # 111
% ’ % n
* #
4
J: " % # 4
X[l J- * # 4
I " # $ % 16



| 4-32,

0 Access(X,)): 41]]
o Length(X): u,
* # 4

0 Assign(X,j,a): #$ 4[j]=a
o Initialize(X,a): * a ( *

# 4
o lterate(X,f): ', # (

* 0o # 4, %
$ $ "
19 )
02 ,
# # *
O 2 d' ’
# # *
(d-1)-

O <jl’ , Jd> #

# % d-

# 4, A1j1,..,d)

# $ #$

I " # $% 17
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) %/ & 5&
o & C , ~.4
1 = # .
0 L ( ( * # #
ot #
) "(# X + L*(j-1).
o + #
$ # *
* #'
# (#' *. 9 C
strings).
%)
& C (" $

410,0],4[0,1], ... ,4[0, m],4[1,0], ... ,4[1,m]., e
4[n,0], ... ,4[n,m].

0) 1 ..M
O {[0,0] [0,1] ... [O,m]
1 ([1,0] [1,1] ... [1,m]
0 |nol my .
5 * 4[k,] ) (

4 + L*(m*Kk + ). ?

P # $% 18
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% & & )
!
& ' $ $
* Akjl=XG,kl, $ ( 0 jk n.
O 1 2
O[5 34 31
1134 6 87
2 |31 87 45
*H 1+2+ ...+n *
! (1+n)*n/ 2( $
( # # .
* ' ( ) $

! 41k,j] = O, kK <j( *
k>j),"# 1 kj n.

1 0 O O

21 43 0 O

34 7 18 O

5 86 23 43

0 #

I ||# $%
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)%

12

# (!

*H

( #

#("

(712 -3 4 12)

20

$%

n #
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$ &
(linear list) " '
n 0")# Lo, Ly, ooy Ly, ' # * Lo
% ¥ ( % ) ) %
* Lk $ # *H# I—k+1
#  * # L, 0<k<n-1.
Lo: (head)
L. # (tail)
ILI: (IL| =n)
< >:
3 #% #  #( # '
Access(L,)): L # (#
j <0 >|[LJ-1.
Length(L): IL|.
Concat(ly,L,): ;
# 2 % 1.
MakeEmptyList(): <>,
ISEmptyList(L): true L =<>, false

" # $ % 22
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% $
& 3 #*
&#
#
" #
& 3 . 0 ('
* ! (#
).
# 3 ('
$ 1
# #
$ (#
).
& )
-#
" # $ % 23
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# & % % & 0
(Stack)
3 #
$% $ *
.
Top(S): # * S

( * Access(S, |S[-1)).

Pop(S): ( # ) 3
# # # * # S
Push(x,S): ( # ) $9 #
* H# X # )
MakeEmptyStack(): <>,
ISEmptyStack(S): true S| = O,
false.
( $ )
$ « | & — 32 » (Last

In — First Out, LIFO).

P # $% 24
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# & % % & 1)
(Queue)

3 #

$% *

$ *
.
Enqueue(x,Q): $$ X Q
( * Concat(Q, <x>)).
Dequeue(Q): $ & # % #

* # ) Q (Q =< Q! sy QQ|-1> QO
Front(Q): Qo.

MakeEmptyQueue(): < >,
ISEmptyQueue(Q): true |Q| =0, false
( $ #
$ « & - 32 » (FirstIn

— First Out, FIFO).

P # $ % 25
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& $ &
& 0
1 ) # *
# :
S=<%, ..., 5> ) & A[O ... N-1]
,h N
il =S
) ) A[O ... n-1].
A[n-1]. # * )
A[0]:) (" * )
) # (struct C)
Infos Length
( $( ) ).
S: )
info: " * # (Infos(S)).
S->Length == 0: )
S->Length == N$ )
( C, ) #
length ' Infos
( " # * # 2 ).
Int Length; Info Infos[0..N+1]
& " 2 # )
global.9 ' A !

" # $ % 26
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3
: ' 0 L H#)
void MakeEmptyStack(void)
Length = 0;
for (i=0; i < N; i++) Infos[i] = ; /* initialize */

booleanlsEmptyStack(void)
[* return (Length == 0) */
If (Length == 0) return 1,
else return O;

iInfo Top(void)

If (IsEmptyStack()) then error,
else (return(Infos[Length — 1]));

4 !
MakeEmptyStack(): (N)
ISEmptyStack(): (1)
Top(): (1)

1 # 4

P # $% 27
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top —=| 5

20

=— top

10

10

12

iInfo Pop(void)

12

If (Length == 0) return error

else
X = Top();

Length = Length —1;

return x;

void Push(info x)

If (Length == N) then error

else

Length = Length + 1;
Infos[Length-1] = x;

4 P
Pop(): (1)
Push(): (1)
" # $%

28
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: . 0
%
pointer MakeEmptyStack(void)

pointer S; [* temporary pointer */
S = newecell(Stack); /* malloc() */
S->Length = 0;

return S;

booleanIsEmptyStack(pointer S)
[* return (S->Length == 0) */
If (S->Length == 0) return 1,
else return O;

iInfo Top(pointer S)

If (ISEmptyStack(S)) then error;
else (return(S->Infos[S->Length — 1]));

4 !
MakeEmptyStack(): (1)
ISEmptyStack(): (1)
Top(): (1)

1 # 4

" # $ % 29
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top —=| 5

20

=— top

10

10

12

Info Pop(pointer S)

12

If (S->Length == 0) return error

else

X = Top(S);

S->Length = S->Length -1,

return x;

void Push(info X, pointer S)

If (S->Length == N) then error

else

S->Length = S->Length + 1;
S->Infos[S->Length-1] = x;

4 P
Pop(): (1)
Push(): (1)

P # $%
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0)
1 1 ) # # [ 1]
# (
$ 1." &)

2 Stack|[0..n-1] #
* $ ( # % .
1 ) ' ( Stack][0]

" , % 2 '

( Stack[n-1] "’
bottom[ 1] toL[]] top[l] I:Lttom[Z]

$ 2:n& )

) n
tT[l] top[2] top[3] top[4]

bﬂttﬂlj i bottorml 21 bottorml 31 bottomnl41
( % ?

I " # $ % 31
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(-

top[1] top[2]

top[3]

|

top[4]

bottoml 11 bottoml 21

bottoml 31

bottoml 4]

P # $%
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# %

# %

Integer factorial(integer n)
If (n == 0) then return 1,
else return (n * factorial(n-1));

# %

Integer factorial(integer n)
Integer j, product;

J=n;

product = 1;

while (j > 0)
product = j * product;
j=I-1

return product;

" # $ % 33
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')
Q:!) | :
A=Q->Infos: *
F=Q->Front:( % # * #
n=Q->Length:# ' (' *
12| 4 [10]| 5 4 (10| 5 |19
first ]aLt fiIst ]:Ist
| )
=t N i
2 13 Al }iﬂ 11 F=N-:
1 F F+l

Xgy ooy Xt ¥ #
A[F], A[(F+1) mod N], A[(F+2) mod N] , ...,
A[(F+n-1) mod NJ: (

( # X0y +ny Xoole

I # $ % 34
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pointer MakeEmptyQueue(void)

pointer Q; [* temporary pointer */
Q = NewCell(Queue); /* malloc() */
Q->Front = 0;

Q->Length = 0;

return Q;

booleanIsEmptyQueue(pointer Q)
return (Q->Length == 0);

iInfo Front(pointer Q)
If ISEmptyQueue(Q) then error;
else return (Q->Infos[Q->Front));

4 (  #%$ =
4 n *% . .

" # $ % 35
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| ! -l )

Eacaytnm O£ KUKALKT oupix

N

= Ll

Ry [ Xy T Ao % F=N-2
0 1 T F F+1

(Q->Front + ¢->Length-1) mod N
(F+n)mod N

EE coyaryn) 00 KUKALKT] OUpD

N

Xy | %3 el X F=N-1

1 F

iInfo Dequeue(pointer L)

If ISEmptyQueue(Q) then error;

else
X = Q->Infos[Q->Front];
Q->Front = (Q->Front+1) mod N;
Q->Length = Q->Length -1,
return Xx;

procedure Enqueue(info x, pointer Q)
If (Q->Length == N) then error;
else
Q->Length = Q->Length+1
Q->Infos[(Q->Front + Q->Length —1) mod N] = x

" # $ % 36
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1% % & $ &

0 1% % &
X,| o—{x,[ e—[x,
S -”/
S: (# : Node)
next: * )
data: ( # *

pointer MakeEmptyStack()
return NULL;

booleanlsEmptyStack(pointer S)
return (S == NULL);

iInfo Top(pointer S)
If ISEmptyStack(S) then error;
else return S->data;

4" ( #$ > (1)

P # $ % 37
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1% % & 0

E

p * LSOy

Y
X, ¢

/ X, » - X, | ® - X,
P->next /

g| &

X w - X, - =X, | ® - X,

‘I.
c|®

void Push(info X, pointer S)

pointer P; [* temporary pointer */
P = NewCell(Node); [* malloc() */
P->data = x;

P->next = S;

S =P;

" SR €Y

" # $ % 38
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1% % & 0

Avocypogn
X;| @ - X, | ® - X,

/ T
S->next

S=S->Next

X, | —X,

iInfo Pop(pointer S)
If (IsEmptyStack(S)) then error;

else
X = Top(S);
S = S->Next;
return X;
4 . (1)
Extra ($ n(# n# * )

" # $ % 39
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1) 1% % & : L H#)
® - e -
Front ‘
Back| ¢
-# 0 12 (Front Back) # * #
( Node) 2 ;
next: * )
data: ( # *
& " Front, Back
global (: &:& .
, o] 1)

void MakeEmptyQueue(void)
Front = Back = NULL,;

booleanIsEmptyQueue(void)
return (Front == NULL);

Info Front(void)
If (ISEmptyQueue()) then error;
else return (Front->data);

P # $%



Back->|next ) /

o | @ k| ® F‘xz/ 11

Front ‘
Baclk| ¢

.
s
|
X

Fronot ‘
Back| ¢

void Enqueue(info x)

pointer P; [* temporary pointer */
P = NewCell(Node);
P->data = x;

P->next = NULL,;

If (ISsEmptyQueue()) then Front = P;
else Back->next = P;

Back = P;

$%

41
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Avocypogn

Front->next

}LG [ * =—}Ll [ ] =—'x.2
Front
Baclk| ¢
| @ o Rk
Front .’/
Back| ¢

info Dequeue(void)

If (ISEmptyQueue()) then error;
else

X = Front->data;

Front = Front->next;

If (Front == NULL) then
Back = NULL;

return X;

I ll# $%
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1) 1% % & : : %
® - e -
Front ‘
Back| ¢
Q
#  Q: (# : Queue) 2 %
(Q->Front  Q->Back) # ( *
(# : Node) 2
next: ' * )
data: ( # *
: o] 1)
pointer MakeEmptyQueue(void)
pointer Q; [* temporary pointer */

Q = NewCell(Queue); /* malloc() */
Q->Front = Q->Back = NULL;
return Q;

booleanlsEmptyQueue(pointer Q)
return (Q->Front == NULL);

iInfo Front(pointer Q)
if (IsEmptyQueue(Q)) then error;
else return (Q->Front->data);

P # $%
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, o )
%
Excoyarm

Q->Back->|\||ext X, /
'K.D & -h, | ® =-'K.2 / T

P
Front ‘
Back| ¢
Q
;| @ %, | ® -%, .__.-x3/
Front ‘
Back| ¢
Q

void Enqueue(info X, pointer Q)

pointer P; [* temporary pointer */
P = NewCell(Node);
P->data = x;

P->next = NULL,;

if (ISEmptyQueue(Q)) then Q->Front = P;
else Q->Back->next = P;

Q->Back = P;

P # $%
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, | )
Averypodn)
O->Fron-
iyl @ l x| @ x
Front ‘
Back| @
Q

N"

Front ./

Back| ¢

Q

Info Dequeue(pointer Q)

If (ISEmptyQueue(Q)) then error;
else
X = Q->Front->data;
Q->Front = Q->Front->next;
If (Q->Front == NULL) then
Q->Back = NULL,;
return x;

P # $% 45



| 4-32,

)%
1% % &

) !
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4 $
# % :
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1% % &
# ("

P #
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!
2 &
1 = ®|7 |- 34 56
! N\
. L
- | ") | .
)
num: ( # ")
next: ")
L: %
'0 !
$% # * # %
#(
+ $%
'0 [ !
2 &
% %
) ! )
%
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[ ]
2 &
4 o) P (# 7
$" ' * * )
ptr | e
"22
1 = ® | 7™ ® |3 ® |56
T ]
C ‘ Pl @ \\. L

Ercuyorm o toivopnpevn Ao

void LLInsert(integer K, pointer L)

pointer C, ptr; [* temporary pointers */

C=1;

P = NULL,;

while (C = NULL) and (C->Num > K) do
P=C;
C = C->next;

if (C I= NULL) and (C->Num == K) then
return;

ptr = NewCell(Node); [* malloc */

ptr->num = K;

If (P == NULL) then L = ptr
else P->next = ptr;
ptr->next = C;
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)/
/
( *
(
¥ # * strings ( )
& $
‘0
w, ) #
# 09 ) W
% $ ' W
)%

w = crabapple

L = <canary, cat, chickadee, coelacanth, collie,
corn, cup>.

: cup ‘—’—.—m | & ‘co]]ici | # | coelacanth ‘-—’—. ‘ chickadee ‘-—’—. ‘ cat }-—’—. ‘ canary ‘

L

H ( collie.
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#'( 1
1) * L H '
) " % )
«$" » ' crabapple,
% (
$ cup).
)  #(" i
(# *
' ) * ) " 0%
# % e
cup|~—® [com [~—® [conic -—]® | coclacantn|—-@ | chickadee |~—f-® [ cat |-—® | canary |
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& | coelacanth -—’—. chickadee [+ | cat & | canary

cup |=—® |corn ® | collie

71% %

function FindLast(pointer L, string w): string
/*find the last word in L ending with the same é&stas w*/

/* return NULL if there is no such word */

P = NULL;

C =1

while (C = NULL) and (C->string < w) do
If (C->string ends with the

same letter as w) then P = C;

C = C->Next;

If (P == NULL) then return NULL;

else return P->string;

% %
% 7
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/ Zig-Zag
)%
2 ()
String:
Num:
Next: ' ")
W *
(" n,) # $
w N (

W.__. corm .._|_. co%]ic I___. coelacanth .._|_. ‘ chiclljcadecl I & ‘ cat I I @ |canary ‘

# ' (
, W # '
%
- (O n(
1 * %
) 1 ?
+ | * ?
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&% #
P Q
’
/
L - o — @ - ® -
P!\ Mz\
i ,’ /, & .

StartTraversal(L):

P NULL
Q L
Forward(P,Q): Back(P,Q):
Q P P Next
Q Next P Next Q
Next P Q P
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) 1% % &
1 ) #
* # '
* Zig-Zag "
XTOL¥ELD
Prey -—@& & Next

Amho cuvdedeEY] Mot LE 4 STOVYEL
Header

bt o ot

®s | —"® Bl "' D| & "o FTe

Ewcorytinm xkoufou

Header
L . =
L I_.;_". Q\ /. ¥ —| 8 B
NN /7
Q‘ C './= & P
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| ) 1% % &

0! * P
) o Q

void DoublyLinkedlnsert(pointer P,Q)
[* insert node pointed to by P just after nodenpel to by Q */

P Prev Q
P Next Q Next
Q Next P
Q Next Prev P

‘o P

void DoublyLinkedDelete(pointer P)
[* delete node P from its doubly linked list */

P Pr ev Next P Next
P Next Prev P Prev
?
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& %
el
:’ """"""""""""" emnedo 0 . )
ECMTEPUED —------- b - -
e S R T emmael |
" -
uhasheight3 |
7 T
Whko S, o ¢
o+') (nodes)
0 (edges)
o -# (tail, head)
0 — — ' ") (parent,
child, sibling)
ol (path)
o '$ - '$ (ancestor, descendant)
o!" — ' +') (leaf, non-leaf)
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1(° - 0! (node degree)
- (' # 7 *H
")
1(" &% ! (tree degree)
1% ) (' ") # #
% (level)
;) 0. 2
) Kk
: K.
) #

8+ -'0! (node height)
1 "# "

8+ &% ! (tree height)
1% "/ ¥ ") #

H( -'0! (node depth)
1 S )

1)( &% ! (tree depth)

1% ) ( ) #
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# % '

Ly eeny . |) I
<r,r>, <r,p>, ..., <r,g>, '
, # r. Ly eeny
# #
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% & %
& & %
*
|)#
1% ' %& %
$ B o#
11} ( ] i
3 (il NULL): # ( #
* ]
)
)
I " # $ % 61
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% %' 1 % & %
$) 1% ' &% (full binary tree)
#o* ") ' 1
& 1% ' &% (perfect binary tree)
# 1 1 "
*# ) (
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% %' 1 % & %
106 &%  8+! h (complete
binary tree of height h)
! # o "[ #
h-1 *# ( '
" "/ h. " i *#
( ( | ( #
#
# %
02 7o "# O
1 1 l) ]
02 # o "H#1
"#1 , ¥ 2
02 7o "I # h>1,
' : 2# o
# "I #
h-1 ! "I# h-1,
! # "[ #
h-1 ! "[# h-2.

" # $ % 63



| 4-32, 3

%' 1 % & %

2 # o "“# h* 2"l_1

#'% 2
1 $3% h.
6 $$ .h=0

DI o1ty #
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B0 2 (!

"[# Kk (
#. $$ #'(
, ¥ 2T 1 ) #
" 2 -1

*

2%(2 1) +1 ") #
)

2 +2 =21

2*2 1) +1=2"-1
( )-

& )

=2%_1")#

(

P # $ %
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! & %
Parent(v): DR # v il
\ ’
Children(v): " % #
% ! Y !
FirstChild(v): % # v
nill Y "

RightSibling(v):

") # v il Y :
' #$ " #H )H

LeftSibling(v):
") # v nill \Y; ,

' #3$ " # )H#
LeftChild(v), RightChild(v):

A # v ( nill)
IsLeaf(v): true Y " , false
Depth(v): ) ( # v
Height(v): "/ # Vv
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& %
: 1 % & %
+( ") * Info 2 LC
(Left Child) RC (Right Child) # * #
' ' # ) #
Lc| [re & (@
/ \
o[ [e o] [e
s N\ / AN
%% 7l %
- #3$ LeftChild() RightChild()
# " "o (1) *'
( $ #$  Parent()?
# % , Parent()
. () #
* | #) («

&# » ).
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©

| * 2
- ?
2 #

1 $ (
|) ’ #
, # ' # # )
0/ # " * * ?
# 1
FirstChild(), nghtS|bI|ng() (1)*
K™ child(k, v): * # - # v

(k) *

H Parent() # :
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# 1 % & %
* # n
) # # n
(" # )# 1. ("#
) * il #
# # (
% " 3 *
#$ % ( *
# (
, ) 0.
# Y# i (
") 2i+1, % # ")
21+2.

|
IsLeaf(i): return (2i+1>n);

LeftChild(i): if (2i+1 < n); return (2i+1) else return nill;
RightChild(1): if (2i+2<n) return(2i+2); else return nill;
LeftSibling(i): if (i '= 0 and i not odd) return (i-1);
RightSibling(i):if (i '= n-1 and i not even) return(i+1);
Parent(i): if (i '= 0) return((i-1)/2 );

! . (1)

I " # $ % 69




$ ( 2
Label(v): (' # 0%
Y
ApplyOp(op: operation, Xx,y: humbers}: $,
X <op>y, 9
op.

function Evaluate(pointer P)integer
[* Return value of the expression represented by
the tree with root P */

If IsLeaf(P) then return Label(P)
else
X_| = Evaluate(LeftChild(P))
X_r = Evaluate(RightChild(P))
op = Label(P)
return ApplyOp(op, X_I, X_r)
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)/ & %
Visit(P): #( #3$ # !
' ) * P
% & )/
/ :
/ # ! # #
/ # "O# #

Procedure Preorder(pointer P):
[* P is a pointer to the root of a binary tree */

Visit(P)
foreach child Q of P, in order, do
Preorder(Q)

% & %)/
# " #
¥ 0" # #

e

Procedure Postorder(pointer P):
[* P is a pointer to the root of a binary tree */

foreach child Q of P, in order, do
Postorder(Q)
Visit(P)

P # $ %
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)/ & %
%% & %)/
/ # " #
/ ’
/ " # #

Procedure Inorder(pointer P):
[* P is a pointer to the root of a binary tree */

If P = NULL then return
else
Inorder(P->LC)
Visit(P)
Inorder(P->RC)

& $ '

l) 1 #’
$ 1

|) 1 #
$ 1

l) 1 % #

P # $% 12
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% %

& %
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$%
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)
, )/ & %
4 0
* H# #, (
4 * (n), n: ( )
- ?
18 ( ) $ # "I # # #

5 $ (
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T (o iste] (P2
[ele] I
T (el
T -fele

ProcedureLinkinversionTraversal(pointer Q):
* Initially Q points to the root of the tree to braversed */

P = NULL:
while (1)
while (Q '= NULL) do
Visit(Q)
Tag(Q) =0

descend to left
while (P '= NULL and Tag(P) = 1) do
ascend from right
Visit(Q)
if (P == NULL) then return
else
ascend from left
Visit(Q)
Tag(Q) =1
descend to right
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S

T2 T3 welel 52

ascend from left:

P
P LC
LC Q

) %

F
@]
E
L L1

G

[LTe -te]r
oL 1 1ee

descend to right:

P Q
Q Q RC
Q RC P

ascend from right:

Q P
P P RC
P RC Q

?

||# $%
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) 1% ) &%
& 7 i *H#
NULL.
* )
&H* NULL * ! $
* # Y I #
# " # ' $ )
- RC o *
' #") $
% LC * $ # ')
$
4 ' bit $
*H # " ' 1 !

e
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) 1% ) &%

|./|

H

function InorderSuccessor(pointer Npointer
[* returns the Inorder successor of node N3 oif
N has none */

P =N->RC
If (P = NULL) then return NULL
else if (P is not a thread) then
while (P->LC is not a thread or NULL) do
P=P->LC
return P

P # $% 78
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- 0!
' 1% ' &%

procedure ThreadedInsert(pointer P,Q):

[* Make node Q the inorder successor of node P */
P RC (child)Q
Q LC (thread)P
Q RC P RC

If Q->RC is not a thread then
R = InorderSuccessor(Q);
R->LC = (thread) Q

P # $% 79
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Y)

LL

AWw g — -

- e -\

= CDEFGH'.,_J.,KL
NOAWWLOT =YX

N

)%
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(Sets)
#' # '
*0/o [ * .,
! ( % ’ ’ ’ #$%
[ 1] 1 (I ,
S ! X
# *% # ' H® S
, X S, x S.
2 " *
* 2 ' . & #
# $'# # #
*# 3 # - (multi-sets)
4 1
$ [ 1] 1
! #
# # « X S»;
* #' #)'
# 0% :
* # 1 $ ’l )
$, :
* #' 1
$
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4 o
Member(x,S): true X
#' # S, false.
Union(S,T): S T,
1 * #
# S #
Intersection(S,T): S T,
1] # ! *
# S #
Difference(S,T): S\T,
* it # S,
MakeEmptySet():
ISEmptySet(S): true S
" : false :
Size(S): |S],
* # S.
Insert(x,S): ( * X
$ X S
Delete(x,S): $ * X
X S.
Equal(S,T): true S=T,
false.
lterate(S,F): ', #9$
* # S.
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4 ' -.2)
*% # *
$
o Min(S): * # S
¥ ( * #O#H'H#
'S <K I> ' H o+ $
* , # # "
* +
# * #
o LookUp(K,S): # +
: %
<+,> S # o* *
+ S, 3.
o Insert(K,1,S)
o Delete(K,S)
.2)
- ¥ # #
#$ MakeEmptySet, IsEmptySet,

Insert, Delete,

LookUp, $ 2 '

P # $ %
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) & % & 2)
( # * #
& ( )

# 3 # )
* ) $
$% #
| o
&# 3

LookUp(): (n)
Insert(): (n)
Delete(): (n)

$ $( #
$ ! *
LookUp, Insert, Delete:

" # $ % 85
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g K
(" p LookUp() /* $
* X $ ( X
* # n 1/n.2 G
! % # $ ) "
%, G =1.
. | : (
GP)$ (I
(inli)/n (n 1)/2
(n).
& (' % )
+4, ..., The ' ( #
: LookUp().
P P2 . P (O LookUp()
/* $ +11 +21 +n1 * .
$ 0
!
1., 2 n
Copt: 1P
$ ' 0&
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Heuristic “Move-To-Front” ( !
#/ »). 1 o
* # ) (

Heuristic Transpose § )(
* # ’ (

& ( (
$ MoveToFront.

#*

# (

K«

Move-To-Front

)
):
%
MoveToFront

P # $ %
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&
LookUp() # :

4 $ (# * +
BinarySearch( LookUp().

* #
) Key # .

BinarySearch - # % 3%

function BinarySearchLookUey K, table T[0..n-1])info
[* Return information stored with key K in T, or NlU if K is
notin T */

left = O;
right = n-1;

repeat forever
iIf (right < left) then
return NULL
else
middle = (left+right)/2 ;
if (K == T[middle]->Key) then
return T(middle]->Info;
else if (K < T[middle]->Key) then
right = middle-1;
else left = middle+1;
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I & & BinarySearchLookUp
0,49
0,1,3 579
0,0,0 22,3 55,6 8,8,9
0,—1 1,01 121 3,33 5,4 6,6,6 8,7 9,99
3,2 4,3 6,5 7,6 9,8 10,,9
+# )
$ )
) 1
- $( # :
O(logn) #$ $ ( Y
n * :
#% 2 . h "/ # #
") ) ($$ )
# # "I h-
1. n ") # # # TH
n=2-15
$ ) ( "Y# = logn.
% ) )
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Skip Lists (.

* ! ( ' )
0 ;
Level
3 & b @ b
2 @ - @ P O P
1 |@ - — @ JC I
oEro+o o o o o e >
3 I 19 22 43 48 55 70
# logn * *
$ # n
*
1 * *
11} 1 # 11}
1' * , 1
1 # 1] 1 1 ’
- standard
# 0
_ # * # 2'_ 1 1
") $ #
2 |) * # % n
) # ( #
I " # $ % 90
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Skip Lists (. ) + )
# ' ( # *
% # # #
#
( * ) (
* > +
/ #*
$" , ("
) # #(%
# ' O# * U #
# 0 %
>+ / #%
% ’
! % 1
% !
%
% %

P # $ %
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Skip Lists (. ) + )
$ % /
* " _ $
/ # * H# $
Hx n .
2 ") (+1) , $
01 11 s j1 ’ l) # J
1 %&
- ') ! #( "
#H *# « # »
$ #*
+') $" # #
# o $ o
Level
3 E 5> @ b
2 |@ b @ p
1 @ »| —p &—T—» © » @ b
0 |@ o o y o—» e e e e+
3 7 19 20 43 48 55 70
| # $ % 9
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Skip Lists (. ) + )
1 $% $
6 ( $% ;
# # ) # #*
1 : ) 1 .
« oo 5
j # # ) #
( $ J+1».
$ # ( *
MaxLevel = logN -1. $ (
1 ) #
+( ) Lo
0 Key
o Info
0 Forward '
) + struct
0 Header: dummy node # *
Forward '  MaxLevel ). -
Header->Forward[j] * %
") # # .
o Level:
*  ,lLevel=0, NULL.
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Skip Lists (. ) + ):
# ' #o*
function SkipListLookUfkey K, pointer L): info
[* Info # * # +

/ o 3 *
P = L->Header;

for j from L->Level downto O do
while ((P->Forward[j])->Key < K) do
P = P->Forward]j];
P = P->Forward[0];
If (P->Key == K) return P->Info;
else returr8;

function RandomLevé).integer

F $ 7 " 0

MaxLevel */

v =0;

while (Random() < Y2 && v < MaxLevel) do
VvV =V+]1;

return v;

P # $ %
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Skip Lists (. ) + )
procedure SkipListinsertkey K, info I, pointer
L): pointer
* $ + /
L */
P = L->Header;

for j from L->Level downto O {
while ((P->Forward]j])->Key < K) do
P = P->Forward[j];
Update[j] = P;
}

P = P->Forward[0];
if (P->Key == K) P->Info = I;
else {
NewLevel = RandomLevel();
if (NewLevel > L->Level) {
for j from L->Level+1 to NewLevel do
Updatel[j] = L->Header;
L->Level = NewLevel,

}

P = NewCell(Node);
P->Key = K;
P->Info = I;

for i from O to NewLevel {
P->Forward[i] = ((Update[i])->Forward)[i]
((Update[i])->Forward)[i] = P;
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2 & 1% ) &%
( 1%) &% #* )

# # ( ) #oo*
#* *0% %
$ & ()
$||
) # " # #
) #
# #
+( ) struct +ey, data, LC,
RC.
$ "/ # " # n')#
n-1.
* "/ # o # n')#
logn.
* # %
- $ * )
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: ! LookUp
2 & 106 ) & %
# % 3 %
function BinaryTreeLookUfkey K, pointer
P)info

/o # "+ P,

: # Info # # 3

# o */

If (P == NULL) return3;

else if (K == P->Key) return P->data;

else if (K < P->Key)
return(BinaryTreeLookUp(K, P->LC));

else return(BinaryTreeLookUp(K, P->RC));

-# % 3 %
function BinaryTreeLookUfkey K, pointer
P)info
while (P '= NULL) {
If (K == P->Key) return(P->data);
else if (K < P->Key) P = P->LC;

else P = P->RC;
}
return3;
?
) 2 ?

P # $% 97



| 4-32,

)/ & /

function TreeMinimunipointer P):info
/* P . # O #

If (P == NULL) return error;
while (P->LC = NULL) P = P->LC;

return(P->data);

function TreeMaximur(pointer P):info
/* P . ##

If (P == NULL) return error;
while (P->RC = NULL) P = P->RC;

return (P->data);

?
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& 2 &
1% ' &%

function BinSearchTreelnsditey K, info |,
pointer R): pointer

I* R . ##
pointer P, Q, Prev = NULL,;
P=R;

while (P != NULL) {
if (P->Key == K) {

P->data = [;
return R;
}
Prev = P;
If (K < P->Key) P =P->LC;
else P = P->RC;
}
[* #$ & # "Y# ¥

Q = NewCell(Node);
Q->Key = K; Q->data = |;
Q->LC = Q->RC = NULL;

If (Prev == NULL) return Q;

else if (K < Prev->Key) Prev->LC = Q;
else Prev->RC = Q;

return R;
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2 & 10 & %
( #
# , ( ) *
p# $ ')
function BinaryTreeDelet@ointer *R,

pointer z): pointer

- R "(# ' . # #
I* - z $ DI

If (z->LC == NULL || z—>RC == NULL) y = z;
else y = TreeSuccessor(z);

If (y->LC != NULL) x =y->LC;

else x = y->RC;

If (x '= NULL) x->p = y->p;

If (y->p == NULL) return x;

else if (y == y->p->LC) y->p->LC = x;
else y->p->RC = x;

If (y I=2z) z->Key = y->Key;,
If y has other fields copy them two;
returny;
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& 2 &
100 & %
| ? -
) 1
! )
i | ?
) 2 & 1% ) &%
* 4 g, #*
g
& e "
# *
|
?
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2 & 1% ' &% # *
0 K
12
3 19
/
4 10 92
—_— Ec i
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?

% & & :
' 2
0! #
# 0
LookUp(), Insert() Delete() O(logn).
() v

, #

LeftHeight(v) =0, v->LC = NULL,
LeftHeight(v) = 1 + Height(v->LC),

RightHeight(v) *

LeftHeight(T) (RightHeight(T)) #
# " LeftHeight(r)
(RightHeight(r), * ), "# o

|) , #

balance( * ) # ')# v
balance(v)= RightHeight(v) — LeftHeight(v).
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5 & )+ %& %
AVL & %

2 0] $
& ) + ( ") vV #
*  balance 0, -1 +1.
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4 ) AVL & %
+( AVL * " O(logn).
(
LookUp()?
2 ) (
( ' AVL *
AVL ("
HE " ") *'"  O(logn).
# )
+( ") struct Key, Info,

LC, RC, balance.

balance?
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& ‘0 AVL %& %
% Insert()?
* Insert()
0 ?
#(% $ ( $%
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# '$ balance$ # ')# #
" oo
balance # ')# : +2
-2, $ #
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# *
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# # ) #
" # # ') # *# balance 0,
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)

(b)
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Single Left Rotation, RR ( * )
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& '0 AVL %& %

Single Right Rotation, LL( 3 ! * )
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Double Rotation, RL (Right-Left): Case A

() (d)
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- % ) balance +1 -1

| " (3 $$  #

# ) H# , o, $ ")
(critical node).
() | " *

") * balance 0 ( * balance +1 -1

$%
( 0 ! )
balance +1 -17?
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& ‘0 AVL %& %
balance |, "0 +1 -1,
$' ( )
balance |, ' +1 -1 O "
# # v %
balance $ # v %
Balance o+l -1 +2 2
1 $ 1
1 "/ # # *
( balance % # O #
, . # * $ #
' H# # ") # #
) ' ")
, )
Delete()?
(# #( :
") balance 0 ) ( .
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n/ # , 1
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%
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2-3%& %
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# * ( # .
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" 5/ * #
n $ *
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$/
2.2 ") ' $
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* 1 . *
$
$ :
b. (- : * # * '
f)) . * 3_|
)% # )%
# S # ") #
OH# "H# 1 "
S ; ("
# o, S -
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c. (- * S B
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- - & % (Red-Black

Trees)
- #
l) 1
* noo%
* 0y ’
# ) # # o* *
NIL. ( # # #
NIL NIL
V#O(" ) # o# # #
" ") # # ("#
") # # o # .
_ll l#(
+( ) *
*0p .
+( NIL ") x " x0p
+ ( | )
NIL ') # '$ # o *
( " )
') * ' * 0/
# ¢ " *%
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' 2 ' ! n
" ) # x n " 2log(n+1).

@
» @8 6 2(30) €
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1 ERh
1 678 1 @R 1 @ ~in N 1 @ e BN D £ 1 @ 1 @
1 e NE BN ESE & 8 ~ic s N D & &N

NI NI

NILEN
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% LookUp()? ?
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* (# ’ ’
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# H# &
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RB-Delete()?
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R
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) " %
# ( #
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4
(a,b)- *
0 | ) )
* $ ( )
( # #
$ #$ )
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# o # ).
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$ ( ! . #
/ # # ' #
# a $ ( b)
a=100 b =199, |
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1.000.000 I ?

VTR 3% 138



| 4-32, 3

(a,b)%& %
1 * 2-3
8* # $ !
( +.2 P #
# # #$ #
* + ( # P
#,,
# #
$ 0 #) p * " b
( $$ ) $ (

while P has b+1 children do
If P is the root then
Create a new root, Q, whose only child is P

else
Let Q be the parent of P.
(" (b+1)/2 !
# P ") P’

(b+1)/2 ' P.
+ # P ' ") # P,
P # # P (

$ "))
")
P=Q;
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(a,0)%& % : )%

) %

(I ) —- Q"‘PCQ\“)
(pr@B@CcCODQEQ) (X IDNRCEC D),
¥ ¥ v v ¥ X ¥ ¥ ¥V ¥ Y

* # 6-') # #

$% 3'")#

(a,b)-Insert()?
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" (a,b)%& %

$ ' ' P. P #( * a
1 ’ ’ # .
while P has a-1 children do

if P has a sibling P’ with more than a childreen
( P : )

Y . ToS ! S

else
2 P’ ' ") # P a '

&# % # # P, P ")
" #Q # * #
P, P’ P # *
% . # % ("
% # Q 1.

If Q is the root, then
f Q has but one child, then
delete Q and make the child the new
root.
Terminate the algorithm.
else P = Q;
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(- es@ ) (- sce )

P
(@cecece@) CM—Q% C}m
IRIRTIR 4 v |
(b)
(- pee ) — L--I---)
COXIXIT )
¥ ¥V Vv VvV Y
(c)
(3,5)%& %
(b) " ( 22 H#
(c) # C2- ) # 3-")
% )%
(ab)- ) ?
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Splay & %

# + (

") * : Key, Info, LC, RC.

) " %% ) &% ¥
' # LookUp(), Insert()
Delete().

* N * ’ $$#
' $ ( # *H# # o
O(log n).

* H# ' $S# $ amortized'
( #3$ :
! m . H#
! , 10 $(m logn)

To amortized !

O(logn).

<

1 HO*H #9 t#

# # ', *., 9(n), #

#) ' # %
#$ % ' " '
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Splay & %
%& ( ! Move-To-Front)
+ ( #
#*
) #
- o
Splay(K,T), K -> , > ;
% " (1)
# , (@
+ + # *
* * # (
$" 1
$ *

Splay #$ $ Splay %& % .
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: . Splay & %
LookUp(K,T): " #$
Splay(K,T)

/\Spa}'(K T/@
Insert(K, , T): " #$
Splay(K,T). + % #
Info # . , #P"

1 ) # * + o ( n
1 ) # 1
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Delete(K,T)
Concat(T1,T2): " %  Splay(+ , T1),
1 # + $ 1n 1 (
# * (
# #$ 1 * '
# ). (" T2 !
# : # T1.
Splay(+e9,T+)
/\ A
TQ T2
T
Delete(K,T): " Splay(K,T). :
* + %' ( ’
: ! Concat
#

Splay(K,T) /Q Concat( T1, Tz)
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, | Splay
# splay $"
+, % o + $ B
( "# #
#( )
2 P # ) #
+ # * , (
) P.
") + (
*( ' # P
1 Splay, P ( ) ,
# %
1. P% &/ , % % Parent(P)
Q P
_.__-..
= Q
A B = C
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, o] Splay:
1 &/

2. P Parent(P) %
) %), %2) %).

W, 1§ :
# P 2 $" ' # .
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: o] Splay:
| &/
3.3 ' I P, Parent(P)
% ) %2' % .
(
#(" : 1 3% ' # P
2 3" ' X # .
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# # 0) # # ' #
% .- # #
X ' #$ :
# (
#( ( #$
'0
2* # X ' {+0, ... ,*tn1}
( # # # Insert() LookUp()
( Delete()).
%&
( "# * #
T[0..m-1], # : hash table (
), ) ( hash
function (!) ) h: K
{O0,...,m-1},' # - *0% % .
(I Ki (" ( #t
h(Kj).
h ,
' ?
) ?
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! (collisions)
&"$ # #) ' $ " Kj, Ki
# : # *! '
h(Kj) = h(K)).
4 #) # #$ , ( $
% , % #(
II$ # 1 ) (ll
( LookUp()) $' * !
- & ! -
+ # ' %
#
# h(K) = |,
1/m, j(
).
)%
h(k) = k mod m
m " # 2.
hash function modulo ' m
% ('
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#
+ %
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&(% | |
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Probes
1 Probe: 1")
)%
1 probe $ ") :
# ) ( ( # % #
* # # , 2 probe $
l) l *
# 1
n: $(
m: $(
= n/m, load factor: (' %
( # .
S(): ' (' probes $
LookUp # # ¥
U( ): ' (' probes $
LookUp # # *
U()=1+ .
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Probes
S()
probes
O ’
17?
27
?
#
1 ( #
S()=1+(1+)/2=3/2 +]/2.
- LookUp
?
9 : #
$ $" S
S() 2+ /2
0% @ ?
!
* 7

(

10
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&(% | |

&( % #1 %
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&( % / !
'0
1 S O
$ #
(. ( $3
(" $ %
i
( % (
# # # #
* * (
LookUp: ; ( #
( # * $
#
Insert: 7 ( #
* ( L
$
Cellar —- )
+ % ( # ' $
# #$ "
( # *
14% # #
1 ($ #*
).
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&( % / !

&(% # (!
( " *
( o+, #)

( b #(
( ( # , / , probe
sequence). #( (, )

" .

LookUp: 8 * (
#( * ) (
, ) ( ( &
# *
Insert: + LookUp. ) (
$ ( ,
$ (
%
# ( * )
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&(% - (
# I #*
$ #
(+.,0) = h-(K);
H(K,p+1) = (H(K,p)+1) mod m.
( ! ? #
| | ?
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&(% - (
# I # >
$ #*
(' #
"%
'0
2 % (primary clustering)
7 (cluster) 7~
( #S(
$ #E " , %
#$ " $" " #
$(# #
# (' probes
1/ & *
! *
?
! *
?
)( 0
'( ( c > 1, $
) #(
( | ?
4 1 7
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&(% - (
#oN( # o+

H(+,0) = h.(K);
H(+, p+1) = (H(K, p) + k(K)) mod m

$ , #
' hy(K) = 1, K.
#( , ( )
! ( # .
hy(K) >0
hy(K) m o
2
2 d ho(K) m:
[((Mm/d)hp(K)] mod m = [m(3(K)/d)] mod m =0,
(m/d)-  ( #( (
' 1.
$# m %

" # $ % 163



)% -
4 |
( #
!
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)
T ) | %

, W. Hooper?
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load factor.

H(

i = I/m,

#'%

n:

%

(‘%!

%

&(!

$3

m, % % & !

S #
i

%

%

$%
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#'% ('% !
- - 1 &/
(' probes #*
, : n-1 * # *(
Unia =1*(1— Q) + 2*&-1*(1-an-1)+3a1-12(1-aq-1) + ...
=1+g1+ a1+ ...
=1/(1- &)
# (' probes 1/ & *
1 (' ' probes$ $% (
' ' n :
- ' (' probes$ $$
#1- " o= (' probes
H* ;

S, =(@/n) MU .
=(1/n) ",1/A a .)
= (m/n) "A/(m i 1)
= (m/n) (Hn — Hnon),
'‘# H=1+%+ ...+1/ Ini.

S, (m/n) (Inm—=In (m-n))
= (m/n) In(m/m-n)
= (1/a) In (1/(1-a)).
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2 & - '
Ordered Hashing
) (
* # *x ! # $ #*
0
0 0
&( % I %
! #
)
&(% # (!
*( n 0
( |
O ]
%&
#( : $ +
+'>+ ( "
+ #*H# $% +’
) #( , # +’
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Ordered Hashing

procedure OrderedHashiInsek¢y K, info |, pointer P):

if (P->size == m-1) then error;
T = P->Table;
pos = h(K);
while (T[pos] != NULL) do
if (T[pos]->Key > K) then
swap(K, T[pos]->Key);
swap(l, T[pos]->Info);
else if (K == T[pos]->Key) then
T[pos]->Info = I;
return;
pos = (pos + #K)) mod m;
T[pos]->Key = K;
T[pos]->Info = I;
P->Size++;

function OrderedHashingLookURéy K, pointer P):

info
T = P->Table;
pos = h(K);
while (T[pos] '= NULL && T[pos]->Key < K) do
pos = (pos + #K)) mod m;
If (T[pos] != NULL && T[pos]->Key == K)
return T[pos]->Info;
else return NIL;
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Ordered Hashing

4 "
$3$ #' () *
ordered hashing)" #'# ' ,
# $
(
( $ #$
*0% % $
# *% # .
* S’] $ #*
* ! Un $ >
% . # S.

S Un (/&) In(1/(1 - q)).
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Ordered Hashing— &

&( % l %
. % ?
&(% # (!
2 $
( # ?
)%
2 * ( $
2 2 ) [ %
$ ( J
J+1
# * # ( j 9 .
( ( j+1, LookUp()
( ) ( ] 3( !
%&
(| # # * bit, #
, Deleted 0 1.
* # bits 0. $/#
( # , (# bit
( # 1. H LookUp() :
( $ Deleted bit 1.
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Extendible Hashing
( #
# ' ,
% # " H#
l) *
4 $ ( #
# "#
1 * (
6- # .
% & 2 &%
2 $ (directory) #
# " # !
(leaf pages) ("
- $
- ( $(# *, b
bytes (
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* # X #
: bit strings # L.

L bits: 2
hK): % dbits # h(K),d<=L
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#$ ( " Dits.

(depth)

s ) ( o

directory 2P

#(" # *
T[hp(K)];
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) _ 1
&
1 * ' b :
#) # * ) d,
( * " -
o $ § # ) (#
d+1 #$
, # : (buddy
page).
$ #$
directory?
1. d<D
$ % % directory,
% # *H#
2. d

[
R,

# $(# # directory

* %
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( # " b=2.

() $3
11101.

0) $3
01011.
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) _ 1
—# %
$ %
2i, $ |, * # :
(2i+1) * # b , (
"’ $ # 2 1
# #9$ )
# $ #H*
# %
(
")
# "# $
#*( # 0, " #
" #o0).
directory # ( *

# T #

P # $ % 176



| 4-32, 3
! ]
_ ( " #, (
*H " « »
1] % 1
( ' #
11} ).
& ] |1}
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%
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% ,
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h(K) = Kmod m
m: $(
K: (( )
+ ( ° ,H S, # vier'
" #
o p: # (
or. (' * % (# (
128 256)
0 G ' (ASCIl) ( *
) -
#$ 1 % # "
% # $
# #* '
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)%
m r°,
# 1 1]
# *
<
s ) # -
i # ( " i
m h(K) (
#
* 1 * 1
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m # r+a, F-1$

)%
2 m=r-1 Cor-l %
*ior 'mod (r-1) = icr' mod (r-1)) mod (r-1)
=( /.c)mod (r-1)

1 *( $$ S (]
r mod (r-1) = (1 + (r-1) ':r!) mod (r-1) = 1.

5 m=r1," ( # #
#'# * ( .*., ABC, BCA, CBA,
) *# " .
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$ * # ( #
(#" :
*  # " #
"$ 45 "
% # #5( * $
1 # 11}
$ " %
(- s
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H #
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%&
# " $ #*

(at run time).

5 )
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(& )
l _
- 2 *0% %
m: $(
H: " # {0,...,m-1}
# $ ( $
( $ % XV, '# X vy, * :

l{h  H:h(Xx)=h(y)}|]/|Hl 1/m.

( ,"$ % %
Um (") #
$ "$ #
( # #,"SH# .
$ #
o (° "$ %
$ "$ # 1/m.

" # $ % 183



| 4-32, 3
- ( -)

! i}
5
2 ' = % (G
' K * ) # #
0,...; -1. ( a {1,...N-1} b
{0O,...,N-1} ;

ha tX) = ((ax+b) mod N) mod m

H={h,p, 1 a<N

$ (

%

##

#

0 b<N}

# 2.
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1 & '
2* ( #
* # $ )
# :
<+, > ( # *
+: , " # Kkey
#oOH#* #
, " # Info.
1 1)
! $ ! * "'
<+, > ##H " H#( #$ :
MakeEmptySet(): o
ISEmptySet(S): true S = |, false
Insert(K,1,S): $ P <+, > S.
FindMin(S): info | #

H <+, > ' H O+

DeleteMin(S): $ ' <+, >, #
+ ' . :
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#(
MakeEmptySet();
for (j=0;j<n;j++)
$% # # - " * H
for j=0;j<n;j++)
Print(DeleteMiIn(S));

# 1 1
# #3 % Insert()
DeleteMin() # ' :
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AVL %& % , 2-3%& % , Red-black %& % , B-
%& % : &/ ! !

Insert(), FindMin()  DeleteMin()?

+ | ! 0
! ?

(1) LookUp? (2) Delete? (3) FindMax -
DeleteMax?

1 # ' H # :
#3$ FindMax() DeleteMax()
, # ' ( #
' 2 ).
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: Insert() & DeleteMin()

# # #3$ # ("
, ( $# '

$ "/ # # O(log n).
DeleteMin()

$ # o ! ,
% $/# # ,
) ; "

% $
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DeleteMin()
( %) 2 #
(swapping) ,
: \ ( #
) ) #
$ , ¥ ( #
) # $ )
# *
( # ) :
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, DeleteMin() -

1,
DeleteMin()?

$# #
$ ?
#
(" #
0 12, 4).
$ ) (
# ( # )
( # # #
) ( $ | #
( ) "(# ¥ 17
* H# o #
$ # ¥ O#
HE " # #
2 % $
# ' (
)}
- $
# # %
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: Insert()
$# * ' "
' $ #
T
#' #) , #
# ! #
) # * *
( it
* ' ' , (

Insert()?
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#define N 1000

struct element {

key Key;

info data;

3
typedef struct element ELEMENT;
typedef struct element *ELEMENT_PTR;

struct heap {
ELEMENT_ PTR Table[N];
Int size;
I3
typedef struct heap *HEAP_PTR;

procedure Heaplinserey K, info |, heap_ptr h):
* Insert the pair <K,I> into heap h */

H = h->Table:
n = h->size;

if (n == N) then error; /* Heap is full */

M = N, /*mis an integer “pointer” that moves up a pdththe tree */
while (m > 0 and K < H[(m-1)/2 ]->Key) do
H[m]->key = H[ (m-1)/2]->Key;
H[m]->data = H[(m-1)/2 ]->data;
m= (m-1)/2;

H[m]->Key = K;
H[m]->data = I,
h->Size = n+1;
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function HeapDeleteMin(heap h): info
/* Delete an item of smallest priority from heapaind return it */

H = h->Table;
n = h->Size;

if (n == 0) then error; /* Heap is empty */

| = H[O]->data,; /* The item to be returned */
h->size = n-1; /* The new size of the heap */

if (n == 1) then return; /* heap is now empty */

K = H[n-1]->Key; /* priority value of the item to be moved */
M = 0; /*mis an integer “pointer” that moves down theér*/
while ((2m+1 < n and K > H[2m+1]->Key) || (2m+2 < n
and K > H[2m+2]->Key)) do
if (2m +2 < n) then
If (H[2m+1]->Key < H[Z2m+2]->Key) then

p =2m+1;
else p = 2m+2;
else p = n-1;

H[m]->Key = H[p]->Key;
H[m]->data = H[p]->data,
m = p;

H[m]->Key = H[n-1]->Key;
H[m]->data = H[n-1]->data;

return [;
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3 9& I
(Disjoint Sets with Union)

S, ... , & # ' #'# U
S S = ! I j!
S ... &=U.
3 #% # # ;
MakeSet(X): " #
* ' * X.
Union(S,T): ! S T,
( S, T.
Find(X): " S
* 4.
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, L # & !
% & «3 9& . »
Up-Tree
( ")
# (
* # )
2 ") * (
% .
U ' Up-trees.
+ ( * *
identifier$ ¥ | |
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Up-Trees
Find(X):
"( # )
3/ & |/ 4 S
$* # Find(X) S.
Union(S,T):
+ , H # * :
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Up-Trees

! Up-trees
% % % ?

Union()?
Find()?
+ ( # it
H# , $ #' (
" .
Merge().
)%
2 - n " *
(
1
! %
Merge() ?
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Up-Trees
+1 %& % !

« # % # ' $ ,

# : # ! #
* , # 3 # # >

»,

2 $" ' *

- ") #
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Up-Trees
+( ") struct ;
$ * , parent
$ ) count, #
* ' ' ) ,
* (' ") up-tree.

function UpTreeFindpointer P): pointer
[* return the root of the tree containing P */

if (0 == NULL) error;

r=np;

while (r->parent '= NULL) do
r = r->parent

return r;

function UpTreeUnionpointer S,T)pointer
[*S and T are roots of up-trees */
[* returns result of merging smaller into larger */

if (S ==NULL || P == NULL) return;
if (S->count >= T->count) {
S->count = S->count + T->count;

T->parent = S;
return S;
}
else {
T->count = T->count + S->count;
S->parent =T,
return T,
}
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Up-Trees
2 T up-tree #
" $(# n, #$(
it n#' $(# 1* %
$ ( o "/ # T
log n.
Find(X)?
)/ ' & :
o | (& I X up-tree?
H Find(X) LookUp(). %
LookUp?
%
1.- *% % ' (.*.* 100
# )
. $(# 100 # *
( - -
LookUp # (' *!
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Up-Trees
o ! (& X up-tree?
('&/ )
2.- *% $ :
4 " ) (
(' # ## " ) # 0 (
|) * 1
Find(X)
?
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Up-Trees
!

«+ Find@)
parent ( ")# #
* ' ' ) 4 ,

* , M.
$ $ i
?

- MakeEmptySet() Union() #("

* ("

Find)) *

Pt ,

$ , %
Find(), # $ *

(
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Up-Trees

! (& )

( i F() #oo 4
:F(0)=1 F(j+1):2:0),j 0.

- FG) # # $ &

i, *,$ j=5,1(5)=2%% 1098 .
# $ ( #
) 10091

-, H log*n E-

log*n = |Iog log log ... log n

|
J

- log*n % $$
n, .*., log*n 5 $
«* » # n.
Flnd() * 1 _ (Iog*n)
(  '#  #)
Find().
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Find(D) *
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Strings
2 * #(
2  string $
0 * ( * $# )
) ' ) # ' #
strings # * "
U # $ ( # # .
& ) (" *
* #$( string).
(! strings
+ " ( * # &
#( ' obits, # ,
(encoding) #* ( "#
#( # * # o
bits !0 % " |
* ?
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' (! strings
#( * H
( # * ' $ ) % #
(' bits # K $
' #
7 # ( *
# % " #* v (.*.,
e# " H* ' w #'
" #* ' @).
'0
# ' stringw * '
) &, " (" #
%
* # ! # '
#( ' bits,
! # string.
string w # ( # #
text ( ), %
: % (encoding) !

(compressing).

" # $ % 209



/| 4-32, 3
' # (! String
%&
- * # # % #
" #( ' bits,
% # # % (
*# " #( bits
+ # (
(" # $ ( *
#( ' bits # * (
* , (% #( bits #
* # #
* ' ( #
% %O * 0
?
), # 2 ,
1% # S # ! 1%
#
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' # (! String
* ) % #( % " bits$
% * $
)
2 ;
E 101,
110
Q 101110
% %
% Q string ( ?
) #$
# Q #( '
bits # '
# *H# * Ci,, &
# ' *
# # |( , 1
# *H# strings w, W, . .
# W, # Wo.
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&% -%
+( " * " # char # *
- # &
- % /
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&% -%
% % string AIDA FAN
%
*| ?
% % bits
001010011110?" string
?
#'(
. % ' : *00 ¥
# #oox % $ bits
#( ; * bit #(
1$ : :
( ] n * #
* " '
) ) , ¥
' #( ' bits (
+ | ! ?
%
0 bits?
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- % Huffman
) ) #
% ' #
% ?
2 $ ( * G$ #
| |
$ ) - $ (
() :
weight () R E $
|) # * * C] *#
)
2 ") # vl V2 *
) # ")
# (1) * vl v2 (2) *
) ( ) % vi  v2
* ' ) #(
# #
# #, #'
$ ( , %& % Huffman.
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- % Huffman

)%
1 # ) # : ) #
4 ¥ # % $ "
#* 1 ) ’ $ # 1
*H# ' #(
X % ! &/ %& %
Huffman 0& ( & ) %& %

% % % !

) L w).
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#' " *
$$ $% ( * #
(
* ( "
$ (
#'$
% Huffman
* ( ! * *#
) 0 $ -3 ' #
((% ). #
" # $ % 216




/| 4-32, 3
- % ) Lempel-Ziv
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- % ) Lempel-Ziv
# ' - %
w:string # ( # #
& () ;
(1) ) $ " '( P # w #
# * b
(2) ( ' #
(# ( # ")
3) $/ p ' W.
To ( P, current match ( &/
& )
1 ( )
( # string
# # ' (
# #
string # $
$" match  (current  match
$" # ) ) & '
* ( % ) current match.
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- % ) Lempel-Ziv

)%
COCOA AND BANANAS
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- % ) Lempel-Ziv

( s  string 9
( ; #oo

% * # S.
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- ?
- % % 12 bits, *
% ?
* ?
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& ( strings
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#' & ) ?
2 3 |
$ # #
S # %
$ / ?
#
)
&# ( #$ * %
, $ $ o
*% . )
( )
* $
Traveling Salesman Problem ')\
% # ): #
#'# '
(. "$# ;) )
# ( (
).
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2 ) G* , \Y
E. ¥ \Y
# § " , # *
* l & (vertices) 'O! (nodes)
(points) # $ # . " *
* "'$ # % # $ #
, # & (edges) '2 (arcs)
1 9%0& ! (links).
V(G): " ") $ # G
E(G): " % $ # G
G(V,E): $ " #% V
%
# $ #
* : ' ' ' #
& (label)
& ) (weighted graph) % !
(network) $ $ ,H
* ’ ! (' # ,
) (weight).
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2 % ("
"'$ # % # , H #
X '* " (#11 #2) (#21 #1)

& # 10 1 ) | (

#) G 3

<t,#H>'# # I ) (tall) #
(head) ( <t,

#,> <#,, #;> 2 ).

2 H(# $

( ( # o H(#

$
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(F, #) # (G), °
# # # $ % & (adjacent)
& (neighboring) (#1, #)
: # # #,.
# # #, # "
# $ 2) (independent).
(#1, #) ' # # 9
% (adjacent) #. : # #1,
H $ & .
<#1,#2> ' #(-')tlf| #
$ # ") # ' #
"YH B, !
<, H#H> # *
H(# ' $ .
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)%

V(G,) ={1,2,3,4},
E(G) =1{(1,2),(1,3),(1,4),(2,3).(2,4).(3.4)}

V(G,) ={1,2,3,4,5,6,7},
E(G) =1(1,2), (1,3), (2,4), (2,5), (3,6), (3,7)}

V(Gs) ={1,2,3},
E(G) = {<1,2>, <2,1>, <2,3>}.
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1 ( o $) !
MakeGraph(V): $ #
* ' # # G

Vertlces(G) V(G), !

) # G.

dges(G): (G), " % i
G.
Neighbors(v,G): " # %

# $ # )Y# v G
AddVertex(v,G): ")

Y G

AddDirectedEdge(u,v,G): (
( #H#' ) <uVv> # # #
" # u v G.

AddUndirectedEdge(u,v G) (

(uv) # # # )# u,v G.
DeleteVertex(v,G): $ ") Y

G, , ' #o
#l
DeleteEdge(u,v,G): $ #
# # )# u,v G.
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# o) $)
G )#  #ith .. H
Mg: “# Mgl[i]] =1 i
$ ") ## Mg[ij] = 0,
1%
- MG ’ (
%  #% ) # G,
G #H(#' : Mg
# ' :
14[1,i]1=0,% ( 1.
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2 $ $ (# ( $
o)) $
$ % # $
# ' ) ( *
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