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Abstract: In this paper we introduce the class of graphs whose complements are aster-
oidal (star-like) graphs and derive closed formulas for the number of spanning trees of its
members. The proposed results extend previous results for the classes of the multi-star and
multi-complete/star graphs. Additionally, we prove maximization theorems that enable us
to characterize the graphs whose complements are asteroidal graphs and possess a maximum
number of spanning trees.
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1 Introduction

The number of spanning trees of a graph G is an important, well-studied quantity in graph theory, and
appears in a number of applications. Its most notable application is in the field of network reliability:
in a network modeled by a graph, intercommunication between all nodes of the network implies that
the graph must contain a spanning tree; thus, maximizing the number of spanning trees is a way of
maximizing reliability [15, 12, 20]. Other application fields arise from enumerating certain chemical
isomers [3], and counting the number of Eulerian circuits in a graph [10, 11].

Thus, both for theoretical and for practical purposes, we are interested in deriving formulas for the
number of spanning trees of a graph G, and also of the K,,-complement of G. For any subgraph H of
the complete graph K,,, the K,,-complement of H, denoted by K,,— H, is defined as the graph obtained
from K, by removing the edges of H; note that if H has n vertices then K, — H coincides with the
complement H of H. Many different types of graphs K,, — H have been examined: for example, there
exist closed formulas for the cases where H is a pairwise disjoint set of edges [22], a chain of edges
[13], a cycle [7], a star [19], a multi-star [18, 23], a multi-complete/star graph [4], a labeled molecular
graph [3], and more recently if H is a circulant graph [8, 12, 24], a quasi-threshold graph [17], and so
on (see Berge [1] for an exposition of the main results).

A common approach for determining the number of spanning trees of a graph G relies on a classic
result known as the complement spanning-tree matriz theorem [21], which expresses the number of
spanning trees of GG as a function of the determinant of a matrix that can be easily constructed from
the adjacency relation of G, i.e., adjacency matrix, adjacency lists, etc. Calculating the determinant
of the complement spanning-tree matrix seems to be a promising approach for computing the number
of spanning trees of families of graphs of the form K,, — H, where H is a graph that exhibits symmetry
(see [1, 4, 7, 18, 17, 23, 24]).



In this paper, we define two classes of graphs, namely, the complete-planet and the star-planet
graphs, which generalize well-known classes of graphs; we call these two classes of graphs asteroidal
graphs. It turns out that computing the number of spanning trees of these graphs is not difficult.
However, computing the number of spanning trees of their K,-complements is more interesting; we
derive closed formulas for the number of spanning trees of (i) the K,,-complement of a complete-planet
graph, and (ii) the K,,-complement of a star-planet graph. Our proofs are based on the complement
spanning-tree matrix theorem and use standard techniques from linear algebra and matrix theory.
Our formulas generalize previous proposed formulas of classes of graphs such as complete graphs, star
graphs, wheel graphs, gem graphs, multi-star graphs, multi-complete/star graphs, etc.

Although the problem of maximizing the number of spanning trees of a graph is difficult in general,
it is possible to achieve an efficient solution for some nontrivial classes of graphs. In this paper
we also prove maximization results for the K,-complements of asteroidal graphs. In particular, we
characterize the graphs whose complements are asteroidal graphs and possess a maximum number of
spanning trees. OQur maximization results generalize and extend previous maximization results for the
class of multi-star graphs [4].

2 Preliminaries

We consider finite undirected graphs with no loops or multiple edges. For a graph G, we denote by
V(G) and E(QG) the vertex set and edge set of G, respectively. Let S be a subset of the vertex set of a
graph G. Then, the subgraph of G induced by S is the graph G[S] = (S, E’), where (u,v) € E’ if and
only if u,v € S and (u,v) € E(G). Moreover, we denote by G — S the subgraph G[V(G) — S].

The neighborhood N(z) of a vertex x is the set of all the vertices of G which are adjacent to z.
The closed neighborhood of vertex x is defined as N[z] = {x} U N(x). The degree of a vertex z in the
graph G, denoted d(z), is the number of edges incident on x; thus, d(z) = |N(z)|. If two vertices z
and y are adjacent in G, we say that = sees y; otherwise we say that = misses y. We extend this notion
to vertex sets: V; C V(G) sees (misses) V; C V(G) if and only if every vertex x € V; sees (misses)
every vertex y € Vj.

By K, we denote the complete graph on n vertices. Moreover, for symmetry, we denote by S, 1 a
tree on n + 1 vertices with one vertex having degree n and call it a star graph (it is commonly denoted
by S1,»); we call the vertex of S,,+1 with degree n its center vertez. The chordless path (resp. cycle) on
n vertices v1vs - - - v, with edges v;v; 41 (resp. v;v;41 and v1v,,), 1 < i < n, is denoted by P, (resp. C,,).

Let G; and G2 be two graphs. Their union G = G; U Gy has V(G) = V(G;) U V(G2) and
E(G) = E(G1) U E(G3). Their join is denoted G; + G2 and consists of G1 U G2 plus all edges joining
V(G;) with V(G2). For any connected graph G, we write mG for the graph with m components, each
isomorphic with G, m > 2. Thus, the graph mK,, (resp. mS,, mP,, mC,) consists of m disjoint
copies of K,, (resp. S, P, Cpn). Note that, S,+1 = K; + nK;. Throughout the paper, we refer
to complete graphs, star graphs, path graphs, and cycle graphs as cliques, stars, paths, and cycles,
respectively.

2.1 Asteroidal graphs

A graph G on n vertices is called a complete-planet (resp. star-planet) if its vertex set V(G) admits a
vertex-disjoint partition into sets A and B such that:

(S1) A= {v1,v2,...,0n} and G[A] = K, (resp. A = {v1,v2,...,Vm,c} and G[A] = Sp11), m > 1;
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Figure 1: Asteroidal graphs.

(82) B=BiUByU---UBy,, and foreach i =1,2,...,m, |Bz| > 0 and B; induces Qij, ﬁij, Yijs and
0;; disjoint copies of cliques, stars, paths, and cycles, respectively, on j vertices; that is,

G; EG[BI] = U Ckinj U Biij U 'Yiij U (51']‘0]‘, 1< <m;
J

(S3) The vertex v; € A sees all the vertices of G; and misses all the vertices in B—V(G;), 1 <i <m.

We collectively call the above defined graphs asteroidal graphs; Figure 1 shows the general form of a
complete-planet graph and a star-planet graph. Let G be an asteroidal graph and let A and B be the
partition sets of V(G) according to the above definition: we call the graph G[A] the sun-graph of G,
the graph G[B] the planet-graph, and the graphs G1,Ga, ..., Gy, the planet-subgraphs; by definition,
G[B]) = ", G;. A maximal connected subgraph of a planet-subgraph G; is called planet-component
of G;. Let us denote by ¢; the cardinality of B;. Then, the number of vertices of G; is ¢;. Moreover,
the definition of G; implies that for each i = 1,2,...,m, it holds that

Z (aij + By + vij + 6i5)-7 = L (1)
J

Clearly, |B| = Zz’;l £;; we denote this sum by ¢. Therefore, a complete-planet graph has exactly
m + £ vertices, whereas a star-planet graph has m + ¢ 4 1 vertices. Hereafter, we call sun-vertices and
planet-vertices the vertices of the graphs G[A] and G[B], respectively.

Throughout the paper, we use the following convention: any isolated vertex of a planet-subgraph
is considered to be a K; (and not an Sy, P;, or C4); hence, for all i, 8;1 = v;1 = d;1 = 0. Similarly,
ﬁig = Yi2 = (Sig = O, since K2 = SQ = P2 = Cg. Finally, Yi3 = 61'3 = O, since K3 = Cg and Sg = P3.
Therefore, for a planet-component which is a star S,,, then n > 3, whereas if it is a path P, or a
cycle C,, then n > 4.

Let G be an asteroidal graph on m sun-vertices and ¢ planet-vertices. We denote by «a(j) the
number of the maximal cliques K of the planet-graph G[B]. Similarly, we denote by 5(j), v(j), and



Parameters m, ¢, «, 3, v, § Complete-planet graph G, Reference

m=k+1, £=0 or

m=1, ak)=1, a(i)=0 Yi#k, B=7=0=0 s 1, 19]
m=1, B(k)=1, Bli)=0 Vitk a=y=86=0 Ko+kK, 1]
m=1, v(k)=1, v(i)=0 Vi#k, a=0=6=0 K+ P, (gem, for k = 4) [1]
m=1, 6(k)=1, 6(i)=0 Vi#k, a=3=~v=0  wheel graph Wy, [1]
m>1, a(l) #0, a(i)=0 Vi#1l, 3=~v=3§=0 multi-star graph [18, 23]
m > 1, appropriate a #20, S=7=6=0 multi-complete/star graph [4]

Table 1: Subclasses of complete-planet graphs.

Parameters m, ¢, «, 3, v, ¢ Star-planet graph G Reference
m>1, (=0 Stm (1, 19]
m>1, a(l)#0, a(i)=0 Vi#1l, f=y=46d=0 trees with diameter d < 4 [17]

Table 2: Subclasses of star-planet graphs.
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Figure 2: Some simple asteroidal graphs.

0(j) the number of the maximal stars S;, paths P;, and cycles C;, respectively, of G[B]. Thus, we
have:

a(j) =D ay, BG) =D By 16) =D v and §(j) = ;.

i=1 i=1 i=1 i=1
We define the vector o = [a(1),a(2),...,a(f)] on the planet-graph G[B], and we call it the clique
vector of the asteroidal graph G; in a similar manner, we define the vectors 3, v, and § and we call
them star vector, path vector, and cycle vector, respectively. Clearly, the vectors «, 3, 7, and § of an
asteroidal graph G determine the number of the maximal cliques, stars, paths, and cycles in G[B].
Hereafter, we write « # 0 to denote that there exists at least one j, 1 < j < ¢, such that a(j) # 0, i.e.,
a = 0 is equivalent to (1) = a(2) = ... = a(f) = 0. We use a similar notation for the star vector,
path vector, and cycle vector. For example, if « =0, 8 # 0, v # 0 and § # 0, then the planet-graph
G|[B] contains only stars, paths, and cycles.

Many graphs can be derived as special cases from the asteroidal graphs, depending on the sun-
graph and the values of the clique, star, path, and cycle vectors. For example, given a complete-planet
graph with K, and vectors «, 3, v, ¢, and setting m = 1, v(5) = 1, v(j) = 0 for all j # 5, and
a =0 =46 =0, we get the graph K; + Ps, and when setting m = 1, §(k) = 1, 6(j) = 0 for all j # k,
and o« = =~ = 0, we get the wheel graph Wy 1, i.e., the graph obtained from a chordless cycle on &
vertices by adding a vertex that sees every vertex of the cycle (see Figure 2). A listing of such results
is presented in Tables 1 and 2.



Computing the number of spanning trees of asteroidal graphs is not very interesting because it is
fairly easy. Consider a complete-planet or a star-planet graph G since the vertices V;; of each clique,
star, path, or cycle of a planet subgraph G; see vertex v; and miss all vertices in V(G) — (V;; U{v;}),
any spanning tree of G consists of a spanning tree of the sun-graph and a spanning tree of G[V;; U{v;}]
for each clique, star, path, or cycle of each G;. Let k:1 s 514, P15, and c1 ; denote the numbers of
spanning trees of K1 + K; = K11, K1 + 5, K1 + Pj, and K1 + Cj = W (1 e, the wheel graph on
j+1 vertices), respectlvely, from K1 and W11 we have that ki ; = (j +1)7~ and c1,; = Lue(25)—2
[14], where Luc(27) denotes the (27)-th Lucas number', while from combinatorial arguments we obtain

s1; = (J+2)27" and p1; = Fib(2j) = \}— (H‘/_) where Fib(2j) denotes the (2j)-th Fibonacci

number?. Then, the numbers 7(G..) and 7(G;) of spanning trees of a complete-planet graph G. and a
star-planet graph G, on m sun-vertices are equal to

7(G.) = m™?7(Gs) and Hkam 29 10 S0,

j b

note that a complete graph on m vertices has m™~2 spanning trees whereas a star graph has a single
spanning tree.

In contrast, computing the number of spanning trees of K,-complements of asteroidal graphs is not
so easy. In order to facilitate the derivation of closed formulas for this number, we define the following
ordering of the vertices of the graph G: for each planet-subgraph G; of G in order, we place first the
vertices that belong to the maximal cliques of G; starting from the vertices of the smallest clique; the
vertices that belong to each maximal star of G; are placed next with the star’s central vertex last; the
vertices of the paths follow in the order they are met along the path, and after them, the vertices of
the cycles in the order they are met around the cycle; in the end, we have the vertices that belong to
the sun-graph of G in arbitrary order.

2.2 Complement spanning tree matrix

Let G be a graph on n vertices vy, v, ..., v,. The complement spanning-tree matriz K of the graph G
is an n x n matrix A defined as follows:

if i = j,
if i # j and v;v; is an edge of G,
otherwise,

where d(v;) is the degree of the vertex v; in G. It has been shown [21] (also known as the complement
spanning tree matriz theorem) that the number of spanning trees 7(G) of G is given by
7(G) = n""% - det(A). (2)

For G = K,,, we have that A = [,, = det(A) = 1, and Eq. (2) implies Cayley’s tree formula [10]
which states that 7(K,) = n" 2. Let us apply Eq. (2) on G = K,, — H where |V(H)| = p < n;
then, the complement spanning-tree matrix A of G has the following form (empty entries in the matrix
represent 0s):

I
=[]

1The Lucas numbers satisfy the recurrence Luc(n) = Luc(n — 1) + Luc(n — 2) with Luc(l) = 1 and Luc(2) = 3.
2The Fibonacci numbers satisfy the recurrence Fib(n) = Fib(n — 1) + Fib(n — 2) with Fib(1) = 1 and Fib(2) = 1.




where the submatrix M’ is a p X p matrix which corresponds to the vertices in H. Note that the
submatrix I,,_, corresponds to the n — p remaining vertices which have degree n — 1 in G, and, thus,
they have degree 0 in G. From the form of the matrix A, we see that det(A) = det(M’). Thus, we
focus on the computation of the determinant of matrix M’.

The degree matriz of a graph H on p vertices is a p x p matrix D defined as follows: D, ; = d(v;)
and D; ; =0 for i # j, 1 <4,j < p. Given the adjacency matrix B of H and the degree matrix D of
H, we have M’ = I,, + 1B — 1 D. If we multiply each column (or row) of matrix M’ by n, we get the
p X p matrix M such that:

M =nl,+ B — D;
clearly, det(M’) = n=P det(M). Concluding, we have the following result:

Corollary 2.1. Let G = K,, — H be a graph where |V (H)| = p, and let M be the p X p matriz of H
as defined above. Then,
7(G) = n""P=2 . det(M).

Throughout the paper, empty entries in matrices represent 0s. Moreover we denote by 1, the vector
of size p whose entries are all equal to 1.

3 The Number of Spanning Trees

Before proving closed formulas for the number of spanning trees of graph K, — G, where G is an
asteroidal graph, let us consider the j x j matrices M jK , M f , M Jc , and M ]-S , which correspond to a
complete graph Kj, a star S;, a path P}, and a cycle C; on j vertices, respectively; that is,

n—j 1 1 1 n—2 1
1 n—j --- 1 1 n—2 1
K . S _
My = : : . : : , M . : ;
1 1 e o m—7 1 n—2 1
1 1 1 n—j 1 1 1 1 n—j
n—2 1 n—3 1 1
1 n—3 1 1 n—3 1
MJP: '.‘ '.‘ '.‘ y and M]C: X -, A
1 n-—-3 1 1 n-3 1
1 n—2 1 1 n—3

Notice here that by the definition of the complement spanning-tree matrix, the sum of the entries in
each row and each column, in each of the three matrices, is n — 1. It is easy to derive a formula for
the determinants of matrices M jK and M jS by subtracting the first row from all the other rows and by
adding all the columns to the first column. We obtain:

ME)) = det(MF) = (n—1)-(n—j—1)7"
and A(S;) = det(M?P) = (n_Q)j_l'(n_j_fL:;)-



For the matrices M f and M ]-C, we define a recurrence which is solved using standard techniques (similar
results can be found in [7]); for n > 5, we have:

AP = det(Mf) = " ((n-340) — (-3 1))
R
t=0
and NCj) = det(Mf) = %'((n—3+r)j+(n—3—r)j+(—2)j+1)

where
r=+/(n—-1)-(n—>5).

It is not difficult to see that the quantities A(XK;), A(S;), A(P;), and A(C}) are all non-negative.

3.1 Complete-planet graphs

Let K,, be the complete graph on n vertices and G. be a complete-planet graph on m sun-vertices
{v1,v2,...,vm} and ¢ planet-vertices such that V(G.) C V(K,). We use Corollary 2.1 in order to
derive a closed formula for the number of spanning trees of the graph G = K,, — G..

For each graph G; + v;, 1 < i < m, where G, is the i-th planet-subgraph of G., we construct a
matrix U; which, based on our ordering scheme (see end of Section 2.1) has the following form:

ME 1o,
M5 15
Ui = M* 1,
MC 15,
1, 13 1l 17 n—d(w)
where the submatrices M % M*° M and M correspond to the cliques, stars, paths, and cycles of G;
respectively, and «; = >, jovj, Bi = 325 3B, Vi = >_; 3% 6 = >_; j6i;. The matrix M¥ contains
;1 copies of matrix M{<, oo copies of matrix MJ, and so on; these copies are placed on the diagonals
of M¥ and thus M¥ is a block diagonal matrix. More precisely, matrix M has exactly a; rows
and columns, each corresponding to a vertex of one of the o;; complete graphs K; of the graph G;.
The case is similar for the matrices M, M*, and M. From its form shown above and Eq. (1), we
conclude that the matrix U; is of size (¢; +1) x (¢; + 1).

In order to compute the determinant of matrix U;, we add one more row and one more column at
the top and left of the matrix U;; the resulting (¢; +2) x (¢; + 2) matrix U/ has its (1, 1)-entry and
(1,4; + 2)-entry equal to 1 whereas all other position of the first row and column are equal to 0. More
precisely, matrix U] has the following form:

-1 1 rl 1 ]
"""""""""""""""""""""" MK 1.,
S
Ul = _ M Ls.
' Uz MP 1%‘
1 M€ 15,
L oL g 1 1l 1y n—d(w) |



By expanding with respect to the entries of the first column of matrix U/, we have det(U]) = det(U;).
We subtract the first row of U from all the rows of U/, except the last row. Next, we multiply all the
columns of U, except for the last column, by 1/(n —1) and add them to the first column. Recall that
the sum of the elements of every column except the last one is equal to n — 1. Finally, we subtract the
first column from the last column of matrix U]. Thus, substituting the value d(v;) = m + ¢; — 1 and
since det(U/) = det(U;), we obtain:

MK
MS
det (Us) = M = qi- [T (ACKG)™ - A(S;) %5 - A(Py) 5 - M(Cy)™7),
M j
1T 1;51_ 1717 g

a; Vi

¢

n—1

where ¢, =n—(m+4,—1)—

Now we are ready to compute the number 7(G) of spanning trees for the graph G = K,, — G, using
the complement spanning-tree matrix theorem and Corollary 2.1. Thus we construct an (m + ¢) x
(m + £) matrix U(= M) for a complete-planet graph G, based on our vertex ordering scheme (end of
Section 2.1). Then, we have:

Ui 1,
Us o 1.,
o Um,m ]-Em
where U = 1}1 n—d(v) 1 1
17, 1 n —d(vs2) 1
| 17 1 1 n—d(vm) |

7(G) =n""" 2 det (U)

3)

is an (m+£) x (m+¢) matrix and the submatrices U; ;, 1 < i < m, are obtained from U; by deleting its
last row and its last column (which correspond to vertex v;). Note that U consists of two blocks: the
first block corresponds to the vertices of the planet-subgraphs of G while the second block corresponds
to the vertices of the sun-graph of G (it is easy to check the adjacencies). It now suffices to compute
the determinant of matrix U. Following a procedure similar to the one we applied for the matrix U;,
we obtain:

L
det (U) = TT (AEN™D A8 - APy D - A(C5)PD)) - det (D) (4)
j=1
where
a1 1
1 q2 1
Dc = .
1 1 - gm

In order to compute the value det (D.), we multiply the first row of matrix D, by —1 and add it to

the m — 1 remaining rows. Then, we multiply column i by ’2:}, 2 < i < m, and add it to the first

column. The matrix D, becomes upper triangular with its (1,1)-entry equal to g1 + >

m g —1

=2 o and

each (i,7)-entry, 2 < i < m, equal to ¢; — 1. Thus,



det(De) = <q1+22t_i>'H(Qi—1) = (H—Z _1 )'H(Qi—l).

=2

By using p; to denote p; = ¢; — 1 and by substituting the value of det (D,) into Eq. (4), we obtain the
following theorem.

Theorem 3.1. Let G, be a complete-planet graph on m sun-vertices and ¢ planet-vertices. Then, the
number of spanning trees of the graph K, — G., where n > m + £, is equal to

(K —G,) = nrm—i2 H( @)L A(S,)P9) AP Ay 60)) <1+Z )'ﬁpi

where
n

pi = n—m-—

i (5)

and o(3) (B(), v(4), 6(4),resp.) is the number of mazimal cliques (stars, paths,cycles, resp.) on j
vertices in the planet-graph of G..

n—1

For the quantities p;, we obtain the following result. The proof is a straightforward derivation of the
restrictions on the corresponding parameters of a complete-planet graph and, thus, it is omitted.

Lemma 3.1. Let G, be a complete-planet graph on m sun-vertices and ¢ planet-vertices. Then, for
the quantities p;, i = 1,2,...,m, we have:

1. if m =1, then py > —1 with equality holding iff n=m+/(=0+1;

2.if m > 2 and ¢ = 0, then for all i = 1,2,....m, p; = n —m > 0, where equality holds iff
n=m+¥{=m;

3. ifm>2,0>0, and Iy = {, then p, > —"=F > —1 and for all i #t, p; =n —m > 0;
4. ifm>2,0>0,andVi=1,2,...,m, {; # L, then p; > 0.

It is important to note that although a p; may be negative (see Cases (1) and (3) of Lemma 3.1), the
number of spanning trees is never negative.

3.2 Star-planet graphs

Let G be a star-planet graph on m + 1 sun-vertices and ¢ planet-vertices such that V(G,) C V(K,).
We use the complement spanning tree matrix theorem in order to derive a closed formula for the
number of spanning trees of the graph G = K, — G;.

In the previous section, for the graph G = K,, — G. we have formed the (¢;+1) x (¢;+1) matrix Uj,
and we have computed its determinant. It is easy to see that the matrix U; matches the corresponding
matrix for the graph K,, — G provided that we use d(v;) = ¢; + 1, 1 < i < m. We compute the
determinant of U; using the same technique to the one we applied for the case K,, — G, and we obtain:

det (U;) = pi- H (MK - A7) - A(Py)™ - M(Cy)*7),

gi n
=n—-—1-
n—1 n—1

where pi = nf(fval)f 61



Thus, by Corollary 2.1 we construct the (m 4+ ¢+ 1) x (m + ¢ + 1) matrix U(= M), according to
our vertex ordering scheme for a star-planet graph G. For the number 7(G) of spanning trees of the
graph G = K,, — G, we have the following formula:

7(G) = n" "3 det (U) (6)
[ Uia 1, i
Us,2 1,
Um,m ]-Em
where U = | 17, n—d(vy) 1
1, n — d(vs2) 1
1y n—d(vm) 1
I 1 1 e 1 n—d(c) |

isan (m+ £+ 1) x (m + ¢+ 1) matrix. As in the case of the graph K, — G,, each submatrix U, ,,
1 <i < m, is obtained from U; by deleting its last row and its last column. Note that

£;
det (Ui,i) = H )\(Kj)o‘ij .)\(Sj)ﬁw .)\(Pj)%'j .A(Cj)(si‘j-

j=1
Thus, for the determinant of matrix U, we have
D1 1

¢ D2 1
det (U) = H( )@ N(8;)PD A (P - (G )am) . .

.
_
3
3
—

¢
H( a(]) - A(S; )B(J) MNP )V(J) AC; )5(3)) - det (Dy),

where D; is an (m + 1) x (m + 1) matrix. In order to compute the determinant of the matrix D,, we
work as in the case of the complete-planet graph: We multiply the first row of matrix D; by —1 and
add it to each of the next m — 1 rows. Then, we multiply column i by %, 2 < i <'m, and add it to the
first column. Finally, in order to make the matrix D upper triangular, we multiply the first column
by *p% and add it to column m + 1. Thus,

det (D) = <n—m—i— ) le = (n—m—zli)'l:[lpi-

10



We have the following theorem:

Theorem 3.2. Let G, be a star-planet graph on m + 1 sun-vertices and ¢ planet-vertices. Then, the
number of spanning trees of the graph K, — G5, where n > m + { + 1, is equal to

(Ko —Gy) = nn7m7€*3,H ()\(Kj)a(J) A(S;)PU) A () ) ./\(Cj)é(y)) : <n —m— Z p_> .sz.
; i=17"/ =1

where
n

po= 1o, 7

and o(j) (B(4), v(J), 0(j,resp.)) is the number of mazimal cliques (stars, paths, cycles, resp.) on j
vertices in the planet-graph of G.

In this case, for the quantities p;, i = 1,2, ..., m, we have:

Lemma 3.2. Let G5 be a complete-planet graph on m + 1 sun-vertices and { planet-vertices. Then,
1. if£=0, then for alli=1,2,..., m, p;,=n—1>0;

if £ >0 and m =1, then p; > 0;

if £ >0, m>2, and I = ¢, thenpt2ﬁ>0andforalli;ét,pi:n—1>0;

if >0, m>2, andVi=1,2,...,m, {; < {, then p; >m > 2.

Lemma 3.2 implies that the p;s are in all cases positive. Moreover, for case (3), Eq. (7) implies that

_ (n=1)%*-nf _ n(n—2-0+1 1
bt = n—1 - n—1 2 n—1°

4 Maximization Results

As mentioned in the introduction, a uniformly-most reliable network ([5, 15]) is defined to maximize
the number of spanning trees. Thus, it is interesting to determine the types of graphs which have the
maximum number of spanning trees for fixed numbers of vertices and edges. In this section, we provide
maximization results for the number of spanning trees of K,, — G, where G is a complete-planet or a
star-planet graph. In order to keep the number of vertices and edges fixed, we assume that

e the clique K, is fixed (i.e., n is fixed),
e the number m of vertices of the sun-graph is fixed, and
e the clique vector «, the star vector 3, the path vector v, and the cycle vector ¢ are fixed;

thus, our results are over the family of complete-planet graphs (resp., star-planet graphs) obtained by
all possible combinations of connecting each clique, star, path, and cycle of each planet-subgraph to a
sun-vertex.
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4.1 Complete-planet graphs

Let G, be a complete-planet graph on m sun-vertices and ¢ planet-vertices, where { = 01 +/{lo+-- -+,
and ¢;, 1 < i < m, is the number of vertices of its planet-subgraphs G1,Gs, ..., G,,. For notational
convenience, we write the number 7(K, — G.) of spanning trees of the graph K, — G. given by
Theorem 3.1 as the product 7(K,, — G.) = X(G.) - Y(G,), where

X(G) = e H( BT NC)D AT,

Y(G.) = <1+Z%>~Hm;

recall that p; = n —m — L5 - {; (Eq. (5)). Since we are interested in maximizing the number of
spanning trees when the parameters n and m, as well as the clique star, path, and cycle vectors are
fixed, it suffices to maximize the factor Y (G.).

We will concentrate in the case where m > 2 and £ > 0; if m = 1 or £ = 0, we have no flexibility in
changing the graph G.. We note that

m—1m—1

Y(Gc) = (14‘%%)1@[1)1 sz+ZHpJ = pmez+me HpJ+sz

1=1 j=1 =1 J=1
JF#i JF#i

and if we substitute p,, by S — 37" 'p; in Y(G,), where S = > pi = (n—m)m — —L5¢ (which
has a fixed value since n,m, ¢ are fixed), we get

m—1m—1

Y(G:) = <1+S—7§:Pi>'nhpi+<5—ripi> > 11w

ZlJl

We compute the maximum by computing the partial derivative of Y (G.) with respect to any py,
1 <t <m—1, and setting it equal to O:

Y (G, m—1 m—1 m—1m—1 m—1 m—1m—1
apt = —sz <1+S—Zpi>-sz > IIwi+ (S—sz)'Z I »
i=1 ) =1 =1 = 2 i
it i#t  jFEi,t

which through standard algebraic manipulations is simplified to

8Y m— m—1 1 m—1
R
i#t

i#t

Then, we can show the following;:

Lemma 4.1. If m > 2 and £ > 0, then for any t € {1,2,...,m}

ﬂl <1+ Z pz>

iF£t 'L;ét
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Proof:  1If for all ¢ = 1,2,...,m, it holds that ¢; < ¢, then p; > 0 (Case (4) of Lemma 3.1) and
the lemma clearly follows. Suppose now that ¢; = ¢ for some j in {1,2,...,m}; then Case (3) of
Lemma 3.1 applies and p; > — ; =n—m >0 for all i # j. Because p; > 0 for all i # j, the

Dpi

-2 1 -2 -2 1
) pj'( — —) = pr(4—)+1l > =41 = >0

lemma again readily follows if ¢ = j, whereas if ¢ # j we need only show that p; - (1 + >0 Tl ) > 0:
iF#t

n—m  p;j n—m n—1 n—1

<1+Z
= P

since p; >

In light of Lemma 4.1, the partial derivative GY( ¢)/Opi equals 0 if and only if p, = S—Y7" Yp, =

pm- This equality holds for each t = 1,2, ..., m — 1; thus, the quantity Y (G.) reaches an extremum if
and only if p; = p2 = ... = p,, or equivalently if ¢, = {5 = ... = {,,. Moreover, since
62Y(GC) m—1 m—1 1
Ve o i1+ = -(—1—1) < 0,
0?py 1:[1 ; Di
i#t i#t

we verify that the above extremum of Y(G.) is a maximum. Our result is stated in the following
theorem.

Theorem 4.1. Let G, be a complete-planet graph with fized clique, star, path, and cycle vectors, and
m~+ £ vertices, where { = Z:il L; and ¢; is the number of vertices of its i-th planet-subgraph G;. Then,
the number of spanning trees of the graph K, — G. is mazimized when the {;s are all equal, if this is
possible.

It is worth noting that maximizing the number of spanning trees of K, — G, is NP-complete; it follows
from the well-known Partition problem [6]. In [4], a maximization theorem was provided for the graph
K, — G, where G is a multi-star graph, which follows as a consequence of Theorem 4.1; since the
authors in [4] consider that the planet-components can only be single vertices, then if it is not possible
to have {1 = {5 = --- = {,,, it is certainly feasible to ensure that any two of the ¢;s differ by at most 1.

Since for given clique, star, path, and cycle vectors, achieving that ¢; = ¢s = --- = £,,,, if possible,
requires us to make a large number of combinations in general, below we give another result which
when applied repeatedly helps us attain a maximum in this number of spanning trees, although this
may not necessarily be the global maximum.

Let v; and v; be two arbitrary vertices of the sun-graph G.[A] and let G; and G; (on ¢; and /;
vertices, respectively) be their corresponding planet-subgraphs. From G., we construct the complete-
planet graph G’ by moving planet-components between the planet-subgraphs G; and G, to obtain
planet-subgraphs G and G; on ¢} and //; vertices, respectively; then, the graphs G. and G, have the
same clique, star, path, and cycle vectors, and (] + £, = {; + {;.

Let us find the number of spanning trees of the graphs G, and G.. First, the quantity Y (G.) can
be written in terms of p; and p; as

m

Y(Ge) = pipj H Pk + Pipj Z H pr + (pi +pj) H pr = pipj-®1 + (pitp;) - P2
k#l: kli;ll] k#k’ i\ kk;i,lj

where ®; = H”ijl Pk - <1 + 3 i) and &, = H o pk, note that ®,, ®5 are independent of p;
k#i,j

K/ #i,j PR/

and p;. Similarly, for the graph G/, we obtain Y (G.) = pipj @1 + (p} +p))- Pa. Since the graphs G,
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and G/, have the same clique, star, path, and cycle vectors, we have that X(G’) = X(G.). In order to
compare the numbers of spanning trees of K,, — G/, and K,, — G, we examine their difference:

T(Kn — G) —7(K, = G:) = (Y(G,) —Y(G.))  X(Go)
= ((ip; — pips) - ®1+ (i + 0 — pi — pj) - B2) - X(Ge). (8)

From Eq. (5) and the fact that ¢; + ¢, = {; + {;, it is easy to see that p; + p’ = p; + p; and
2
Pl — pip; = (#) (€55 — €;¢;). Thus, Eq. (8) becomes

n

n—1

2
(K, — G.) —1(K, — G.) = ( ) (f;f; —0il;) - @ - X(Ge). (9)
In a fashion similar to the one used in the proof of Lemma 4.1, we can show that ®; > 0. Additionally,
X(G.) = 0. Thus, in Eq. (9) we have to consider the value of (i¢; — (;{;. We prove the following
lemma.

Lemma 4.2. If [t — U] < |¢; — {;] then €0 — £i4; > 0.

Proof. Without loss of generality, let ¢; > ¢; and ¢; > 69; then, | —£3| < |l =L <=1 —63 <l —1;.
This inequality and the fact that (] + ¢’ = {; + ¢; imply that ¢; > £ and ¢; — ¢ = () — £;. Let
b=t = —{; =7 >0, that is, £; = £; —r and £; = {; +r. Since {; > £}, it has to be that
=1 >0+ 1 = € — {; > 2r. Additionally, ¢} = £,(; + r(¢; — £;) — r2, and, thus, ()¢} — ;(; =
r(l;— L) —r*>r*>0. 1

Therefore, we have the following theorem.

Theorem 4.2. Let G. be a complete-planet graph, v;,v; two vertices of its sun-graph and ¢;,¢; the
numbers of vertices of the planet-subgraphs G; and G; associated with v; and v;, respectively. If the
cliques, stars, paths, and cycles of G; and G; are rearranged so that in the resulting graph G, the
numbers of vertices of the planet graphs associated with v; and v; are £; and (; with [(; — 0} < [{; —{;],
then the number of spanning trees of K,, — G, is larger than that of K,, — G..

Theorem 4.2 implies that we can pick a pair of vertices of the sun-graph of a complete-planet graph G,
and rearrange the planet-components of their planet-subgraphs so as to minimize the absolute value
of the difference of their vertex numbers. We repeat the process for another pair of vertices of the
sun-graph and so on so forth until no pair of vertices yields a larger number of spanning trees.

4.2 Star-planet graphs

We prove similar results for the number 7(K,, — G5) of spanning trees of the graph K, — G, for a
star-planet graph G5 on m + 1 sun-vertices and ¢ planet-vertices where ¢ = ¢y + {5+ --- 4+ ¢,,, and ¢;,
1 <i < m, is the number of vertices of its planet-subgraph G;. Then, from Theorem 3.2 we have that
T(K, — Gs) = X(Gs) - Y(Gs), where

X(G,) = nrmotes. H ()\(Kj)a(j) . )\(Sj)ﬁ(j) .)\(pj)v(j) .)\(Cj)é(j)) ,
j=1

and p; = n —1— -5 - £; (Eq. (7). In order to maximize the number 7(K, — G) of spanning trees
under the assumption that the parameters n and m, and the clique, star, path, and cycle vectors are

fixed, it suffices to maximize the factor Y (Gj).
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It is well known that the product of k positive numbers a1, as,...,a;r whose sum A is constant is
maximized when they are all equal; this is shown by replacing a; by A — Zf;ll a; in the product of the
a;s and by working with the partial derivative of the resulting expression with respect to any of the
a;s. In the same way, we can show that the sum Zle ai of k positive numbers aq,as,...,ar whose
sum is constant is minimized when they are all equal. Thus, since the sum of the p;s is (n—m)m — n"—fl
which is fixed, because n, m, ¢ are assumed to be fixed, both factors of Y (G;) are maximized when all
the p;s are equal. Thus, if we take into account that any two p;, p; are equal if and only if ¢; = ¢; (see
Eq. (7)) we have a result similar to Theorem 4.1. Again observe that achieving a maximum number

of spanning trees by making all ¢;s equal is NP-complete [6].

Theorem 4.3. Let G, be a star-planet graph with fized clique, star, path, and cycle vectors, and
m + ¢+ 1 vertices, where { = 221 L; and ¢; is the number of vertices of its i-th planet-subgraph G;.
Then, the number of spanning trees of the graph K,, — G is mazximized when the ;s are all equal, if
this is possible.

Next, we consider a star-planet graph G and two arbitrary vertices v; and v; of its sun-graph G,[A]
whose corresponding planet-graphs contain ¢; and ¢; vertices, respectively. We construct from G the
star-planet graph G/, by moving components between the planet-subgraphs of v; and v; so that the
resulting planet-graphs have ¢; and £} vertices, respectively. Then, £;+/; = {;+(; and X (G;) = X (GY).
The quantity Y (G,) can be written in terms of p; and p; as

Y(G) = m—m)pip; [[ pe—piv; D ] pe—@i+p) [[ o = pips - U1 = (i +p;) - Vo,
k=1 k=1 k=1

k'=1 =
k#i,j k! #£i,5 k#k!,i,j k#i,j
m 1 m m . .
where ¥, = (n —m=> " p—,) “[1"%=1 pr and ¥o = [["%=1 px; again, ¥, U5 are independent
k' #ij Pk k#i,j k#i,j

of p; and p;. A similar expression holds for Y'(G%) in terms of p; and p/. Because ¢ + ¢ = {; +¢;,
2
Eq. (7) implies that p; + p; = pj; + pj; and pip} — pip; = (#) (i — £il;). Thus,

2
T(Ky —GL) — (K — Gy) = (nT_‘1> (0, = 0,6;) - Wy - X(G).

Lemma 4.3 establishes that for any 4,5, ¥; > 0.

Lemma 4.3. If m > 2 and £ > 0, then U, = (n —m =Y o, ) J1"%=1 px > 0.
ki,

K/ #ig PR

Proof: Ifforall k=1,2,...,m, fy # £ then p; > m (see Case (4) of Lemma 3.2), and thus

-2
v > <nmm—)~mm2 > n-m—-1)-m™?% > 0
m

sincen > m + 1+ £ > m + 1. Suppose now that there exists ¢ such that ¢; = ¢. Then, p; > ﬁ >0
and for all k #t, pr =n — 1 (Case (3) of Lemma 3.2). If ¢ is either ¢ or j then

U, = <nm7:__12)-(n1)m—2 > n-m—-1)-(n—1)""2 > 0

since n — 1 >m — 2 > 0. If ¢t differs from both 4, j then

o (oo (B2 ) e e (oo B ) =

becausen >m = — 22> 1 = n-m-22>n-m-1>n—landp > 5. 1

n—
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Additionally, X (Gs) > 0. Thus, from Lemmas 4.2 and 4.3, we have that:

Theorem 4.4. Let G, be a star-planet graph, v;,v; two vertices of its sun-graph and {;, {; the numbers
of vertices of the planet-subgraphs G; and G; associated with v; and v;, respectively. If the cliques,
stars, paths, and cycles of G; and G; are rearranged so that in the resulting graph G, the numbers of
vertices of the planet graphs associated with v; and v; are ¢; and l; with |€; — U}| < |6; — £;|, then the
number of spanning trees of K,, — G’ is larger than that of K, — Gs.

Due to Theorem 4.4, a local minimum in the number of spanning trees can be obtained as in the case
of complete-planet graphs.
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