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Abstract. A Bayesian learning algorithm is presented that is based on
a sparse Bayesian linear model (the Relevance Vector Machine (RVM))
and learns the parameters of the kernels during model training. The
novel characteristic of the method is that it enables the introduction of
parameters called ‘scaling factors’ that measure the significance of each
feature. Using the Bayesian framework, a sparsity promoting prior is then
imposed on the scaling factors in order to eliminate irrelevant features.
Feature selection is local, because different values are estimated for the
scaling factors of each kernel, therefore different features are considered
significant at different regions of the input space. We present experi-
mental results on artificial data to demonstrate the advantages of the
proposed model and then we evaluate our method on several commonly
used regression and classification datasets.

1 Introduction

In supervised learning we are given a training set {x,,t,}_;, so that t, is a
noisy measurement of the output of a function y when its input is x,. Then, we
wish to predict the output y(x) of the function at any arbitrary test point . In
regression the outputs ¢, are continuous and they usually contain additive noise
€n:

tn = y(@n) + €n, (1)

while in classification the outputs ¢,, are discrete and assuming K classes they
can be coded so that t,; = 1 if z,, belongs to class k, otherwise t,; = 0.

In order to make predictions a specific parametric form may be assumed for
the unknown function y,such as a linear model:

M
y(z|w) = Zwidn(w% 2)

where w = (w1, ..., wy )T are the weights of the linear model and {¢;(z)}¥,
is the set of basis functions, which are assumed fixed and must be selected a
priori. The sparse Bayesian linear model [2] is a Bayesian treatment of the linear
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model, which assumes a Gaussian prior with separate precision variable «; for
each weight w;

M
p(wler) = [[N(wil0,a;), 3)
i=1
where o = (a1, ..., anr)?. Using this prior, many of the available basis functions

are pruned during learning. Because of this, we can design linear models that
initially assume a large number of basis functions and the final estimation will use
only a small number of the available basis functions. For example, the relevance
vector machine (RVM) is a specific instance of the sparse Bayesian linear model,
which assumes that the basis functions are kernels and one kernel is placed at
each training example.

An adaptive kernel learning methodology [I] has been recently proposed that
automatically learns parameters of the basis functions of a sparse linear model.
More specifically, it assumes that each basis function has different parameters,
and in principle it can even have different parametric form, therefore it is very
flexible. In order to avoid overfitting a sparsity enforcing prior has been used for
the weight precisions ¢ that directly controls the number of effective parameters
of the model [3]. Learning is then achieved using an algorithm that is similar to
the incremental RVM algorithm[4]. It starts with an empty model and at each it-
eration it adds to the model an appropriate basis function, in order to maximize
the marginal likelihood of the model. In the typical incremental RVM [4] select-
ing a basis function is achieved using discrete optimization over the location of
the basis functions; all candidate basis functions are tested for addition to the
model. In contrast, the adaptive kernel learning methodology [I] uses continuous
optimization with respect to the parameters (such as location and scale) of the
basis functions. This methodology has been applied to learn the center (mean)
and width (variance) parameters of Gaussian kernel basis functions.

In supervised learning problems, feature selection is typically performed as a
preprocessing step, which is performed before building a classification or regres-
sion model. The general idea is to eliminate irrelevant features in the training
set, in order to improve the generalization performance of the model and simul-
taneously reduce the computational cost of its training. However, it is possible
to design supervised learning models that incorporate feature selection mech-
anisms, in order to perform feature selection simultaneously with estimation
of model parameters. These models need to consider all the available features
for training and, for this reason, they have relatively high computational cost.
However, they can achieve better peformance in feature selection, because they
can exploit information that the trained model provides. For example, in [5] the
JCFO classification method is suggested that jointly selects relevant features
and estimates parameters of the classifier. The classifier that they use is based
on a linear model and feature selection is achieved by estimating parameters
of the kernel function. More specifically, a scaling factor h; is estimated for
each feature xz;, which measures the significance of that feature. For example, in
the case of anisotropic Gaussian kernels, the scaling factors correspond to the



52 D. Tzikas, A. Likas, and N. Galatsanos

inverse variance of each feature. Then a Laplacian sparsity prior is enforced on
the scaling factors h = (h1,...,hq)T in order to eliminate irrelevant features.

In this work we propose a Bayesian method to incorporate a feature selection
mechanism in the adaptive kernel learning approach for the RVM (called aRVM)
proposed in [I]. This method is similar in spirit to JCFO in that they both
estimate parameters of kernels that are called scaling factors in order to measure
the significance of each feature. However, the proposed approach (that is based on
aRVM) learns separate scaling factors for each kernel, therefore feature selection
is local, since it is performed for each kernel separately. This might be useful for
example when different features are significant for discriminating examples of
each class, as demonstrated in the example of Fig. [l

The rest of this paper is organized as follows. In Section 2] we present an
overview of sparse Bayesian linear models for regression and classification prob-
lems. In Section [B] we propose a method to incorporate local feature selection
to the sparse Bayesian linear model, by adapting the kernel learning algorithm
of [I]. In Section [ we first present an artificial example to demonstrate the
advantages of the proposed method and then we evaluate its performance on
regression and classification datasets.

2 Sparse Bayesian Linear Models

2.1 Sparse Bayesian Regression

Since RVM is a Bayesian linear model, in this section we will review sparse
Bayesian learning of linear models given by (2)) [2]. We assume Gaussian dis-
tributed noise with separate precision [, for each data point p(e,|8,) =
N(€,|0,3,1), and a Gaussian prior with separate variance for the weights given
by @).

Defining the fixed ‘design’ matrix @ = (¢p(x1),...,¢(zar))?, with ¢(x) =
(p1(z), ..., oum(x))T, the likelihood can be written as:

p(tlw, B) = N(t|pw, B™"), (4)

where B = (B1,...,8n5)T and B = diag(3).
The posterior distribution of the weights can be computed using Bayes’s law:
p(t|w, B)p(w|e)
: ()
p(tla, B)
where p(w|a) is given by ([B)). It can be shown that the weight posterior distri-
bution is given by [2]:

p(wlt, o, B) =

p(wlt, o, B) = N(w|p, X), (6)

where
u= X" Bt, (7)
Y =(®"Bs+ A, (8)

and A = diag(a).
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In order to control the amount of sparsity, we use a prior on « that directly
penalizes models with large number of effective parameters [3]. The output of
the model at the training points y = (y(z1),...,y(xx)))? can be evaluated as
y = St, where § = $XP” B is the so called smoothing matrix. The ‘degrees
of freedom’ of S | given by DF = trace(S), measure the effective number of
parameters of the model. This motivates the following sparsity prior [3]:

p(a|B) o exp(—ctrace(S)), (9)

where the parameter ¢ provides a mechanism to control the amount of desired
sparsity. When using specific values of the sparsity parameter ¢, some known
model selection criteria are obtained [6]:

0 None (typical RVM),

1 AIC (Akaike information criterion), (10)
CcC =
log(N)/2 BIC (Bayesian information criterion),

log(N) RIC (Risk inflation criterion).

Update formulas for the weight precisions e can be obtained by maximizing
the posterior distribution p(a|t, 3) x p(t|e, B)p(e) [I:
Vi

11
PR (1)

Q; =
where Yi = 1-— 0&12“
Furthermore, since the noise is assumed i.i.d., then B = GI with g = 3, =
.-+ = Oy and we can also update the noise precision 5. Assuming an uninfor-
mative prior p(3) we only need to maximize the marginal likelihood p(t|c, 3).
Setting its derivative to zero, gives the equation

1[N
2B

which can be easily solved numerically, in order to update the noise precision 3.

— ||t — ®p||? — trace(XPT )| — Betrace( DD B) = 0, (12)

2.2 Sparse Bayesian Classification

For simplicity we only consider binary classification and assume that the outputs
are coded so that ¢, € {0, 1}@. Then, the likelihood is given by:

N
p(tfw) = T b (1 = y) 7, (13)
n=1

where y, = o(y(z,|w)). Using the Laplacian approximation, the classification
problem can be mapped to a regression problem [2] with heteroscedastic noise
p(€n) = N(€n|0, 5r). The noise precision is given by:

ﬂn = yn(l - yn)v (14)

! Multiclass problems can be solved using the one-vs-all approach, which builds only
two-class models.
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and the regression targets & = (f1,...,tx)7 are:

t=®w+ Bt —y), (15)

where y = (y1,...,yn)? and B = diag(31,...,0n).

3 A Bayesian Model for Local Feature Selection

Consider now the more general form of the sparse Bayesian linear model proposed
in [I]:

M

which assumes that all the basis functions have the same parametric form
o(x;0,,), but assumes separate parameter vector 6, for each basis function.
This model is called adaptive RVM (aRVM). For example, the basis functions
may be RBF kernels and the parameters 6,, may include their location (cen-
ter) and scale (width). Moreover, we assume a zero mean Gaussian prior for the
weights w, using a separate parameter o, for the precision of each weight w,,,
given by ([B)). Because we estimate different values for the parameters of each
basis function, this model is very flexible and in order to avoid overfitting we
use the sparsity enforcing prior of ().

Unlike the typical linear model, which assumes that the basis functions are
fixed and known in advance, we use the algorithm proposed in [I] to estimate
the parameters 6,, of the basis functions during model learning.

3.1 Adaptive Kernel Learning

The adaptive kernel learning algorithm [I] has been proposed to estimate the
parameters of aRVM, which is based on an incremental learning algorithm for the
typical RVM [4]. The incremental algorithm initially assumes an empty model,
by setting a;; = oo, foralli = 1,..., M. Then, at each iteration one basis function
may be either added to the model or re-estimated or removed from the current
model.

Since we add only one basis function at each iteration, we maximize with
respect to a single parameter «; each time. Using the sparsity prior p(a) of (@)
and keeping only the terms of the objective function that depend on «;, the
following function should be maximized with respect to «; [14]

@+ 20ai)

17
a; + 85 (17)

1
7= 5 <log a; — log(a; + si) +

where
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oi = (d(x1;0;),...,0(xN;0;))T and C_; = B + ij&i ozj(quﬁjr. In regression
we have £ = t and usually B = I, while in classification B and # are given by
(I4) and (I5) respectively. It has been shown in [I] that maximization of I with
respect to a; has a single maximum at:

2
S°

i = : if g2 > (2c+1)s;,

“ @? — (2c+1)s; if g > (2c+1)s

a; =00 if ¢7 < (2c+ 1)s;. (19)

Appropriate values for the basis function parameters ;; are determined using
the quasi-Newton BFGS optimization method to maximize (7). The required
derivatives can be analytically computed as:

O L S

00, a;+ s (o +54)? a; + 54
where
1 681 T ~—1 8¢1 8(]1‘ T ~—1 6(]52
P = = ; Ci- 5 P = =t Ci- 5 21
= a0 2 Oy, Y= 90, g (21)

and ¢; = (¢(1;0;), ..., p(xN;0:))"
The adaptive kernel learning algorithm proceeds iteratively, selecting at each
iteration the most appropriate basis function to add to the model.

3.2 Local Feature Selection

In (I6) we assume that all basis function have the same parametric form, but
different values @,, for the parameters. In order to facilitate feature selection we
need to parameterize the kernel function so that it incorporates scaling factors
for each dimension. Here, we consider anisotropic Gaussian kernel functions,
which have a separate precision parameter h,; for each feature i:

d
d(x;my, hy) = exp | — Z(hm)z(ﬂvz —mni)?| (22)

=1
where h,, = (hn1, ..., hpa)T and m, = (mp1, ..., mpa)’. We call feature selec-

tion local, because we have assigned separate scaling factors for the features of
each kernel. This approach is much more flexible to the typical feature selection
approach, since different features are considered to be significant at different
regions of the input space.

Notice that if we assign a very small value to a scaling factor h,; of the n-th
kernel, the corresponding feature x; does not contribute to that kernel. Under
the Bayesian framework, elimination of irrelevant features can be motivated
by imposing a prior distribution on the scaling factors h = (hT,... hT,)T that
enforces sparsity. In analogy to the prior on the weights w,,, the prior distribution
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that we use on h,, is the Student’s t distribution, which is known to give sparse
solutions for few degrees of freedom [7]. Since a Student’s t distributed random
variable is equivalent to a Gaussian distributed random variable whose precision
parameter is assumed Gamma distributed, we can write:

p(h|8) = N(h|0,A7Y), (23)

with &, = (0n1,...,6na)T, A = diag{dy,...,0r} and

M d
= H H amma(d,;|a, b), (24)

In the above definition we set @ = b = 0 to define an uninformative Gamma
distribution.

Since we assume different parameter values h,; for each kernel, the above
model selects different features to contribute at each kernel. Therefore, this model
is much more flexible to the typical feature selection approach that selects a
set of significant features that is common for all the kernels. An example that
demonstrates the advantages of the proposed model is presented in Section [l

3.3 Parameter Learning

The learning method is similar to the adaptive kernel learning algorithm of [IJ.
It incrementally adds basis functions to an initially empty model and at the
same time it assigns appropriate values to their parameters. Estimation of the
parameters m,, can be performed using the quasi-Newton BFGS method with
derivatives given from (20).

Estimation of the scaling factors h can also be performed using the adaptive
kernel learning algorithm. However, we must take into account the existence
of the prior distribution of (23]) that we have assigned to the scaling factors.
Therefore, we now want to jointly maximize the posterior p(c, h|t) with respect
to the weight precisions o and the scaling factors h, which is given by

1
log p(ax, h|t) = logp(t|a, b) + logp(h) + logp(a) =1 — 2hTAh. (25)

This optimization is performed using (I9) to update the weight precisions a; and
using a quasi-Newton optimization method to update the scaling factors h,;. The
required derivatives are obtained from (20)) by adding the term corresponding
to the derivative of the prior p(h):

Ologp(h|t)  Ologp(t|0) o
ohy = oh. Snilini- (26)

Furthermore, we also have to specify the update equations for the parameters
& that define the precision of h. By setting a = b = 0 in (24]), we assume an
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Algorithm 1. Feature Selection Using Adaptive Kernel Learning

1. Select an inactive basis function to add to the model (convert to active) as follows:
(a) Consider an initial set of inactive candidate basis functions by sampling their
parameters at random.
(b) Optimize separately the parameters of each candidate basis function to
maximize the marginal likelihood.
(¢) Add to the model the candidate basis function that increases the marginal
likelihood the most.
Optimize the parameters 0 of all currently active basis functions.
Update hyperparameters o and noise precision (3, using ([[9) and ([I2]).
Update hyperparameters 8 using (27).
Remove from the model any unnecessary active basis functions.
Repeat steps [ to Bl until convergence.

S otk W

uninformative prior distribution for them. Then, maximization of the likelihood
with respect to § gives
1

In summary the proposed learning method, which is descibed in Algorithm [IJ is
based on the incremental adaptive kernel learning algorithm of [I], but it also
takes into account the sparsity prior for the scaling factors h and updates the

parameters d that have been introduced to facilitate feature selection.

4 Numerical Experiments

The purpose of the first experiment is to demonstrate the feature selection ca-
pabilities of the proposed method. For this reason, we have generated samples
from two two-dimensional zero-mean Gaussian distributions, each corresponding
to one of the classes. More specifically, we selected the variance of the Gaussian
distributions to be 51 = (1,10)7 and s = (10,1)7, so that only one feature is
significant for discriminating each class. In Fig. [[] we show the estimated mod-
els using i) the RVM with adaptive kernel learning algorithm of [I] and ii) the
proposed modification to incorporate feature selection. Notice, that the model
obtained using the proposed approach contains only one basis function for each
class, with scaling factors #; = (0.6,0.0)7 and 6y = (0.0,0.4)7, therefore it
successfully identifies the relevant features for each basis function. For this rea-
son, it achieves better classification performance (measured by the percentage
of misclassified examples), which is also shown in Fig. [I1

Furthermore, in order to evaluate the method we have performed experi-
ments with several regression and classification datasets from the UCI Ma-
chine Learning Repository that were also used in [I]. More specifically, we es-
timate the generalization error of each method by performing ten-fold cross
validation on each dataset. In regression, the error is the mean square error,
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-20 -10 0 10 20 -20 -10 0 10 20
(a) aRVM, error=10.7% (b) aRVM?, error=7.7%

Fig. 1. Artificial classification example. Solution provided by aRVM classifiers: (a)
without feature selection (b) with feature selection. Solid lines show the estimated de-
cision boundary and dotted lines correspond to the points where the estimated proba-
bility of misclassification is 0.25.

MSE =3 (tn—9n)?/N, where t,, is the value given by the test set, §,, the pre-
dicted value and N the number of test examples. In classification the error is the
percentage of misclassified examples in the test set. We evaluate three methods;
i) the typical RVM with Gaussian kernel (denoted as RVM), ii) adaptive RVM
with learning of Gaussian kernel parameters [I] (denoted as aRVM) and iii) the
proposed adaptive RVM with simultaneous feature selection by learning the pa-
rameters of anisotropic Gaussian kernels (denoted as aRVM¢Y). The regression
and classification results are shown in Table [l and Table 2] respectively, where
for each dataset the error and number of relevance vectors(RV) are presented. It
can be observed that in most cases the proposed approach, which incorporates
feature selection, provides improved performance compared to both the typical
RVM model and the aRVM method [1].

Table 1. Experimental results on regression datasets

RVM aRVM aRVM*
Dataset patterns (N) features (d) error RVs error RVs error RVs
computer 209 6 30004 140.5 22379 5.0 4089 13.6
Boston 506 13 12.48 69.5 11.53 13.27 13.66 17.5

concrete 1030 8 44.204 140.2 34.515 9.10 28.868 42.3
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Table 2. Experimental results on classification datasets

RVM aRVM aRVM?

Dataset patterns (N) features (d) error RVs error RVs error RVs
banana 5300 2 0.1092 12.1 0.1126 6.3 0.0994 4.4
titanic 2200 3 0.2292 31.0 0.2270 2.0 0.2254 4.0
image 2310 18 0.0390 34.6 0.0387 6.9 0.0342 21.3
breast-cancer 277 9 0.2818 9.6 0.2844 4.4 0.2629 3.0
pima 768 8 0.243 27.9 0.2303 5.6 0.2276 5.1

5 Conclusions

In this work we have presented an approach to incorporate feature selection
to the sparse Bayesian linear model by adapting the kernel learning approach
of [I]. In contrast to typical feature selection approaches, the significance of
each feature is assessed separately for each kernel. Therefore, for each kernel a
different set of significant features is selected. This approach might be useful,
for example in a classification problem when different features are significant
for discriminating the examples of each class. Experimental results on several
regression and classification datasets demonstrate the merits of the method. As
a future work, we aim to test the effectiveness of this approach to bioinformatics
problems (eg. gene microarray classification), where the number of features is
very high and feature selection is a very important issue.
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