Ewcayoyn otnv AptOuntikn Avaivon
Tpqpo Mnyovik@v H'Y kot ITAnpogopiknic lavemotnpiov loavvivov

EE 20162017
AwdKaoTIKG Ofpata
Awdpkela podnpatov: Ano my [éunt, 9-2-2017, péyxpt v Tetdptn, 31-5-2017.

o 4 dpeg Oewpia (Tpitn kot [TEpmt: 10-12) [kon (ITapaockevn: 12—13)]
e 1 opa Aoknoeig (ITapackevn: 11-12)

Tn 0evtepn wpa g [apaockevng Oa yiver pabnua poévo mévte eopég otn dapKeln Tov 60~
unvov, otav dev Ba yivetal o oepuvapto tov Tunpatog. O Adyog eivar 6TL TV efdouddn amd

13 éwg 17 Maptiov dev Ba yivel pabnpo A0y® GUUUETOXNG OV GE GLVEIPLO GTO EEMTEPIKO.

Tnv [apaockevn, 10-2-2017, dev Ba yiver pdbnpa m dedtepn wpa, evod v [Hopackevn, 17—
2-2017, Ba yivet.

e Oo vdpéovv 2-3 gpyactnplakég acknoelg (o€ Fortran 1} Matlab)
Bonboi: Agv £yovv opiotel akopa.

e Epyoaotmplaxéc aoknoeig: évag enl miéov fabpog
Ocwpia: 100% tov Paduod

o E&etdoeig: Me khelotd Bipiia, yopic onpeidoels.

e Bifiia

o I A. Axpifng, B. A. Aovyac: Eroaywyn otnv ApiQuntixy Aveivon. [avemotmuoaxég Ex-
d0ceig Kpnne. Hpdxelo, tétaptn éxdoon, 2010, mépntn avatdnwon, 2017.
o M. N. Bpayatng: ApiBuntixn Avaivon: Eicaywyn. Exdocelg KieddpBpog. Adnva, 2011.



To wepreyopevo Tov paORATOS EV GUVTORIN

1. Ap1Buntikn KIvyTHS VTOOIATTOANG — ZPOAUATO OTPOYYOAEVONS

Ot mpd&erg 6ToVg VITOAOYIGTES YivovTal e TeEmepacév akpifela Ko emopévag epeavifovrol
oc@aApaTo oTpoyyOAevonc. Oa eEetdoovpe opiopéva Pacikd Bépata mov oyetilovion pe avtod
TO YEYOVOG Ko O LA covpE Yoo TV gvaictncio 1060 TpoPAnudtov 660 kal alyopifumy ot

OQUALOTO GTPOYYOAELONG.
2. My ypoyyuxég eCiomoeis

‘Eoto f : [a,b] — R po cvvaptnon. Oa pehetiioovpe apduntikég pedddovg mpocéyytong
piov mg f.

3. I'poyyuixa ovotiuozo,

‘Ecto A évagn xn nivakagkorb € R”. To wpofinua g eniluong evog YPOLUKOD GUGTAILOTOG

NG HOPPNG
Ax =b

epupovifetor ToAd cuyVA OTIG EQPUPUOYES, CLVNOMC O HEPOG EVOG TOATAOKMOTEPOV TPOPAN-
patog. Aev givar Odeg o1 pébodot mov EEpovpe amd ™ [poappikny AdyeBpa katdAinieg yio tnv
EMIALON YPOUUIKAOV GUOTNHATOV e VTOAOYoTEG. Edm Oa peletoovpe apBunrtikég pebodovg

Yo TV €milvomn €101V TPoPANUdT®Y.

[ToAAEC Popég ypetdleTon Vo AOGOVUE YPOLUUKE GUGTOTO LUE LEPIKES YIAAOES EIGMOELS.
Av16 amartel cuvBwg KAAGOTO TOL SEVLTEPOAENTOV. AV ¥pnoionomacet Kaveic T pébodo tov
Cramer Kot KOvEL OAEG TIC TPAEELS Y10 TOV VITOAOYIGUO TV 0plloVGHOV OTTMG eppaviloviol oTa

avomTOYpHaTo 0plovc®v, Tote Yo n = 20 amaitodVIoL GMVES Y10l TOVS VTOAOYIGHOVC!
4. lapeufoln

Otav Bélovpe va VTOAOYIGOLLE TNV TYN HLOG GLVAPTNONG, .Y TOL NHLTOVOV, GE Eva onueio pe
£vay LTOAOYLGTH, 0 LITOAOYIGTHG CLVNOWC oG dlvel TNV TN Kiag GAANG, ATAOVCTEPTG, GLVAP-
TNOMG GTO GVYKEKPLUEVO ONUETD, KOl QLTH 1) ATAT) cLVAPTNON Tpooeyyilelt Tnv apyikn. Evac tpd-
TOG TPOGEYYIoNG SVVAPTHGE®V gtvar 1 mapepfoin. H mapepfoin, oty amhovctepn g Hope,
oLVIOTOTOL GTOV TTPOGOIOPIGHO OGS GUVAPTNONG, OO VO CLYKEKPUYEVO GUVOAO, TO YPAON L.

g onoiog diépyetan omd kdmolo cuykekpéva onueia (x;, y;), i = 1,...,n.



5. Ap1Quntixn oloxAnpwaon

Yuyva 0EAovpe va VTTOAOYIGOVE OAOKANPAOUOTA TNG HOPPNG

/ab f(x)dx.

[ToAAéC Qopéc dev gival yvmoth (o Ttopdyovso F g f, oAAd Kot 6tav akoun ovtd coppaivet,
giva SuVaTOV va. UnVv TPocPEPETAL 0 VITOAOYIGHOG TG dtapopds F (b) — F(a) ywotin F pmopei

va givot ToAOTAOKT cuvaptnon eved 1 f ariy. Etotl katagedyovpe oty Tpocéyyion tov

/ab f(x)dx

ue abpoiopora TG HOPENS
Z w; f(xi)
i=1

He KaTaAAN A Bépn w; Kot KOTAAANAOVG KOUPBOLS X;.



1. AplOpunTikn Kivn g VTOOL06TOANG — XOAANOTO GTPOYYOLEVONG

To amoTEAECUATO EMGTNUOVIKOV VTOAOYIGUAOV TOV YIVOVTAL LE VTOAOYIOTN TPEMEL VO OVTL-
petonilovtat pe kpitikn 01deon. Otav ypnopomolovue xkadés pedddovg, o1 LTOAOYICTES oG
dtvouv koA amoteAéouaTo, OTOV YPNOLUOTOIOVUE KOKEG LEBOOOVG, 01 VTOAOYICTEC Lag divouy

GoyMUo ATOTEAEGUATO.

O vroAoy1oTNG elvat £va epyateio, OTMS T.Y. TO avToKivnTo. Owg OAN T Epyoreia, £TOL KO

Ol VTOAOYIGTEG UTOPOVV VAL YPNGLOTOM B0V Kot [LE Kadd Kot e daynio TpOTo.

H moiotnra pag apBuntkng pebdoov kabopiletar and tpia mpaypoto: Tnv araitodusvy
UVIUN KOL TOV OTTaITODUEVO YpOVO YLoL TNV VAOTOINGCT TS, Ko, Kuplwg, omd TV axpifeio twv
amoteleoudrwv. H amortodpevn pvipn kot o amottoOLevog xpovog Exovv ayetiky aio, o porog
nov mailovv e€optdtor amd T cvykekpluévn epappoyn. Kamown akpifelo tov amotelecpdtov

oTtoLteiTon TavTa.

Ot mpa&elg 6Tovg VITOAOYIGTEG YivovTon Ue memepaouévy axpifeia. Avtd éxel mg cuveneln
opaluato oTpoyyOAELGNG, TA. OTOL0L LEPIKES POPEG OAAOLUDVOLV TOL OTOTEAEGLOTO ETIGTLOVIKAV

VTOAOYIGUAV. Ag dovpe 000 TapadeiypoTa:

12 Hapaderypa. Evologepopoote vo VtoAoyiGOVILE TO OAOKATP®LOL

1
I, ::[ x"e*ldx, neN,
0

n+1

vy apketd peydro n. Kat’ apyds, ag dovue pepikég 1010tteg tov 1,. [popavacg, x < x"

yia 0 < x < 1, ondte
1
1
0< Il <1, < "dx = ——,
i "= /0 o n+1
dniadn n axorovbia (1,),en glvar yynoiong eOivovoa kot pndevikn.

Topa

GUVET(MG

Avt gtvon i aoradng pébodog.



Artohdynon g aotadelog

YroBétovpe Ot avti g axpPoic apywng tiung 11, Eexwvaue tov adydpBpo pe po po-
o£YY1on TG I, 1 # I1, Kou o1 cLVEYELD EKTEAODLLE TIC TTPAEELS axpifamg, dnhadn ywpig va
vrelsépyovtol véa oedipata. Tote Ba £yovue I, = 1—nl,_,, ondte, aQALPAOVTOS OO TNV

avTioTOL(M GYEGT TOV IKAVOTTOWOLV ta [, maipvovpe

~

I, — Tn = _n(ln—l - In—1)~

~

[Mopatmpnote 6tL t0 cQdApa 1,1 — I,,—; moAlamlacidletor oto Prpa n ent —n. MdMoTa, OTmg

STIGTAOVEL KOVEIS ETAYOYIKE, 1] AVOTEP® GYESN Oivel
I, — I, = (=1)"'nl(l, - I).

[Ipdypatt, avt n oxéon eivar cowot yia n = 1 kai, vroBEtovtag OtTL 1GYVEL Yo 11, SOMIGTO-

VOLLLE OUEGMC OTL IoyvEL Ko Yo 1 + 1.
Yvumepaivovpe €161 0TL
|In—ln|:l’l'|11—11|, n:1,2,....

Ouwc, To n! av&avel taybtata pe 10 11, Kol EMOUEVMS O aAYOPIOLOG Eivat OVTMS aGTAONG, PO

VoL Lkpod apyko opdpa |I; — ;| odnyel o éva peydho opdiua |1, — I,|.



AotaOng AhyoprOpog (oA akpifera)

I, =1—nl,,_
n I,
1 0.367879
2 0.264242
3 0.207274
4 0.170904
5 0.145480
6 0.127120
7 0.110160
8 0.118720 ;
9 —0.068480 ;!

g, =1, —1,. & = (—1)" " nle

g1~ —44-107", g9=9'e ~ —0.16



Aocta0ng AlyoprOpog (ainq axpipeia)

In =1— nln_l

~

Iy
0.367879
0.264242
0.207274
0.170904
0.145480
0.127120
0.110160
0.118720
—0.068480 ;!
1.672874
—17.401619
209.819427

—2726.652588
38174.136719
—572611.062500
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AotaOng AhyoprOpog (0w axpipera)

In =1— nln_l

~

Iy
0.367879
0.264242
0.207274
0.170904
0.145480
0.127120
0.110160
0.118720
—0.068480 ;!
1.684800
—17.532800
211.393600

—2747.116799
38460.635199
—576908.527985
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H pébodog

etvan evotabne. Av Béocovpe oy = 0, 10TE T0 GEAANA elvar kaT™ amdAVTO TN KPOTEPO TOV
1/21.

Artioddynon g eveTadElog

YnobBétovpe 6t avti g akppois Tng 1, EeKvape tov akydpiBpo pe o tpocEyyion e
I I # Iy, KO GTN GUVEYELD EKTEAOVLE TIG TPAEELS akpifcdg, SNAAON YPIGC VO VTTEIGEPYOVTAL
véa cpdipata. Tote Ba £yovpe I, = (1- 7n> /n, ondte, apopdvTog omd TV avticToym
GY£0M TOL IKOVOTTO0VV Ta. [, Taipvovpe

In_1—1~n_1:——(1,1—1n), n=mm-—1m-—2,....
n

[Mapanpnote 6t to cdipa 1, — I, dapeitar oto Ppo n pe —n. MaMoto, OTWg O10MIGTOVEL
KOVELG EMOY®YIKA, 1) OVOTEP® GYECT OlvEL

1 ~

In_];:(_1)m_n(n+1)(n+2)...m(1m_1m)’ n<m.

Xvumnepaivovpe €161 0Tl

~ 1
|In -

I,| = In—TInl, n<m.
= Dmr mlsm<m

Mdota 1o apywd cpdipa |1, — I,| katactéAletar o€ KaOe Pripa Kot £T61 TO TEAMKO GQAAL
|1, — I,| eivor mokd pukpoTepo Tov apykov |1, — I,|, av extehécovpe apkeTd Puata Tov
alyopiBuov, dnAadn av 1o 1 givan apkeTd LkpOTEPO TOL M. ETopuévag o adyoppog etvan dvtwg

evotadnc.



Evota0nc AryoprOuog (oA akpipsia)

In_1 = (1 — In)/n

~

n I,

20 | 0.0000000
19 | 0.0500000
18 | 0.0500000
17 | 0.0527778
16 | 0.0557190
15| 0.0590176
14 | 0.0627322
13 | 0.0669477
12 | 0.0717733
11 | 0.0773522
10 | 0.0838771

9 0.0916123
8 0.1009320
1
e, = (—=1)"" Em




22 Hapaderypa. [Ipocséyyion tov 7 pe ) pé€Bodo tov Apytunon.

‘Eotm

n

. T
Vo =2 sm2—n, n € N.

[Nan > 2, to 2y, sivon  TepileTpog TOV EYYEYPAUUEVOL GTOV HOVOOL0L0 KOKAO KOVOVIKOD

ToALY®VOVL pE 2" TAgVPEC.

14 2

® = 9u 2(P:2—n,

ol JT _ : T
o = Sin 5, 2a—2s1n2—n.

ymua 1: To eyyeypappévo otov povadiaio kKOKAo Kovovikd moddymvo pe 2" mhevpéc éxel Thevpd 200 =

2sin 2 kou mepipeTpo 2" - 2sin 557 = 2yy.

H axolovBia (v, )nen eivar yynoimng avéovoa Kot 6VYKAIVEL 6TO 7

[paypatikd Exovpe

3 3

n1 €08 gur T Yn1 COS O S Yt
2 2 2

yn =2" sin;n = 2" 2sin

ouvenmg M akoiovdia stvar yvnoimg avéovasa.

Eni mAéov, ypnowonoidvag m yvooth oxéon [sinx| < [x| < |[tanx|, yu x € (=7, ),

AapBavoope, | cos x| < |EX | < 1, vwoBétovtog O6tL x # 0, Kot S1amoTOVOVLE apécnd OTL, Yo
X

o €R,
. sin(ax)
lim =,
x—0 X
woitepa Aoudv, apov
b T
Sin o
yn - 1 )

ocvumepaivovpe 0TL 1 akolovdia pog cvykiivel oto 7,

lim y, = .
n—>o0



Topa y; = 2 ko

1/2
Coms1 g [1—cosm/2"
Vny1 = 2 sin % =2 [#

B 1— /1 —sin* 7 /2nq1/2
- I

2

GUVET(MG

L] |

Avtn givon pa aorodng néBodog.



Aocta0ng AlyoprOpog (ainq axpipeia)
m = 3.141592653590

1
Yn+1 = 2n+1\/§(1 - \/1 — (2_n)’n)2)

n Yn

1| 2.

2 | 2.828427076340
3 | 3.061467409134
4 | 3.121444463730
51 3.136546134949
6 | 3.140333414078
7| 3.141285657883
8 | 3.141518831253
9 | 3.141207933426
10 | 3.142451286316
11 | 3.142451286316
12 | 3.162277698517
13 | 3.162277698517
14 | 2.828427076340
15 | 0.000000000000




Aota0nqg AhyoprOpog (ourin akpifeia)
= 3.141592653590

V1 = 2”“\/%(1 - \/1 — (27 yn)?)




~

Yn

2.

2.828427124746

3.061467458921

3.121445152258

Nl BN W I NN —| S

3.136548490546

16 | 3.141592645321
23 | 3.141829681889
24 | 3.142451272494
25 | 3.142451272494
26 | 3.162277660168
27 | 3.162277660168
28 | 3.464101615138
29 | 4.000000000000
30 | 0.000000000000




Topa

Zna V2 272" (yn)?
NV T e e

2
Yny1 = \/1 o (2_”)/;1)2 Yn

Avtn gtvon P evaradng pébodog.

ondte




Evota0nc AryoprOuog (oA akpipsia)
= 3.141592653590

2
Yn+1 = Yn
" \/1 + /1= (27y,)?

~

Vn

2.

2.828427076340
3.061467409134
3.121444940567
3.136548280716
3.140331029892
3.141277074814
3.141513347626
3.141572475433
3.141587018967
3.141590833664
3.141591548920
3.141591548920
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Evoeta0nc AryoprBuog (0w axpipero)
= 3.141592653590

2
Yn+1 = Yn
! \/1 + /1= 27y, )

~

Vn

n

1| 2.

2 | 2.828427124746
3| 3.061467458921
4
5

3.121445152258
3.136548490546

10 | 3.141587725277
11 | 3.141591421511

24 | 3.141592653585
25 | 3.141592653589
26 | 3.141592653589
27 | 3.141592653590
28 | 3.141592653590




