IMA Journal of Numerical Analysis (2020) Page 1 of 21
doi:10.1093/imanum/draa016
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The implicit Euler scheme for nonlinear partial differential equations of gradient flows is linearized by
Newton’s method, discretized in space by the finite element method. With two Newton iterations at each
time level, almost optimal order convergence of the numerical solutions is established in both the L7 ()
and W14 (Q) norms. The proof is based on techniques utilizing the resolvent estimate of elliptic operators
on L9(Q) and the maximal LP-regularity of fully discrete finite element solutions on W ~14(Q).
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1. Introduction

We consider the following initial and boundary value problem for a time-dependent nonlinear partial
differential equation
du=V-f(Vu) in Q x(0,T],

u=0 on dQ x (0,T], (1.1)
u(-,0) =up in Q,

in a given convex polygon 2 C R? or a polyhedron 2 C R? with interior edge angles less than %ﬂ:, up
to a given time T > 0, with a smooth function f : R — R9.

Problems of the form (1.1) occur in many applications, including minimal surface flows (cf. [24,
28]), with f(p) = p/+/1+|p|?. regularized models of total variation flows (cf. [8,9,21]), with f(p) =

p/+/A2+|p|?, and the L?() gradient flow:
(G, 0)12(0) = —E'(u)v for all v in a dense and smooth subspace of Hj (22),

where E(u) = [o F(Vu)dx is an energy functional with a convex function F : R — R, and f(p) =
V,F(p); see [7, Section 9.6.3].
In these applications, the flux function f satisfies the following local ellipticity condition:

V,f(p) is symmetric and positive definite for every p € R4, (1.2)
However, some eigenvalues of V,,f(p) may tend to O or +co as |p| — c. For example, for the flux
function f(p) = p/+/1-+|p|* appearing in the minimal surface flow problem we have

1 P> p _p
Vo f(p) = Iy — QT (1.3)
g VPP 1+ (pp)s el pl
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with I; the d x d identity matrix; now, V, f(p) is symmetric and positive definite for any p € RY,

1 2 p|* p ? 1 2 d
Vo f(p)E-E = EP - H(L-8) 2P vEer"
VI (14 |p)2 APl (1+p2)2
but the eigenvalues of V, f(p) are not uniformly bounded from below by a positive constant as | p| — co.
The nonuniform ellipticity leads to some mathematical difficulties in the numerical analysis of this
problem. In particular, uniform W!-boundedness of the numerical solutions needs to be proved in the

error estimation in order to rule out the possibility of degeneracy.

Optimal order convergence in the discrete L=(0,T;L*(£2)) norm for the implicit Euler scheme,
combined with finite element spatial discretization, for the regularized total variation flow was first
proved in [8,9] by the energy technique. The W!*-boundedness of the numerical solutions was proved
by using an inverse inequality of the finite element space, which requires a stepsize restriction T = o(h?).
Under milder conditions, convergence of the numerical solutions was proved by using a compactness
argument. Optimal order convergence in L=(0,T;L?*(Q)) of finite element methods with a linearized
semi-implicit Euler scheme was shown in [21]. In order to remove the stepsize restriction T = o(h?),
the energy approach used in [21] is limited to two-dimensional problems and finite element methods
of polynomial degree r > 2. In a general d-dimensional domain, error analysis of semidiscretization in
time was presented in [16] by utilizing the discrete maximal L”-regularity approach. However, since the
analysis in [16] is based on estimates in the L”(0,T;W?4(Q)) norm, it cannot be extended to the case
of finite element spatial discretization (as the finite element solutions are not in W24(£)).

This article is concerned with full discretization of (1.1) under the local ellipticity condition (1.2), by
using Newton’s iterative method to linearize the nonlinear system obtained by the implicit Euler scheme
with the piecewise linear finite element spatial discretization. We assume that the initial and boundary
value problem (1.1) admits a sufficiently regular solution, and prove almost optimal order convergence
of the numerical solutions with a fixed number of Newton iterations, say ¢ iterations at each time level,
in two- and three-dimensional domains without the stepsize restriction T = o(h?).

Our idea is to split the error of the Newton iterative finite element solutions into three parts:

¢ () = u(x, 1) = [u" () = (o, 10)] + [ () = " ()] + [, () — 7 ()], (1.4)
where u" denotes the time-discrete solution, and u; and uh denote the Newton iterative solutions of
the time-discrete and fully discrete nonlinear systems, respectively. An estimate of the first part on
the right-hand side of (1.4) in the LP(0,T;W?49(2)) "W (0,T;L(£)) norm was obtained in [16] by
using maximal LP-regularity of time discretizations of parabolic equations. This estimate provides a
foundation for further analysis of Newton’s iterative method (second part) and the spatial discretization
(third part).

We shall prove that the second and third parts in (1.4) are of higher order in time if the number
of Newton iterations / is at least 2. This further helps to prove the W!*-boundedness of the numer-
ical solutions. The technical tools we use are the L”(0,T;W!4(Q)) estimate of discretized parabolic
equations, i.e., estimates (2.15)—(2.16)), and the best approximation property of finite element approx-
imations to parabolic equations in the discrete L”(0,7;L4(£)) norm, i.e., estimate (2.18). Both tools
are consequences of the discrete maximal L?-regularity theory [4, 10, 13-15,17, 19, 20, 22], which is a
mathematical tool for numerical analysis of nonlinear parabolic equations; see [1,2, 16, 18,26]. These
articles are mainly concerned with either semidiscretization in time or semilinear parabolic equations;
the techniques cannot be applied to the strongly nonlinear problem of gradient flow with fully discrete
numerical methods, especially in the case involving linearization by Newton’s iterations.

In Section 2, we introduce the linearized Newton iterative finite element method for (1.1). Then,
we present the main theoretical result on the convergence of the numerical solutions. Using resolvent
estimates of elliptic operators on L7(€2), in Section 3 we establish error estimates for the time-discrete
Newton iterative solutions in W29(Q) and W' (). Then, we view the fully discrete Newton iterative
solutions as spatial finite element approximations of the time-discrete Newton iterative solutions, and
estimate the difference between the two solutions in Section 4. Under this point of view, we prove
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almost optimal order convergence of the fully discrete Newton iterative finite element solutions in the
norms of W4(Q) and LY(Q).

2. Assumptions and main result

In this paper, we work with the following assumptions:

(al) The domain £ is sufficiently regular such that the W24 elliptic regularity holds for some d < ¢ < 6.
In other words, for g € Lq(.Q) and a;; € W'4(Q) such that a;; = a;; and

1\6|2<Zaz, (&EE <AEP VE=(&,...,8) eR! VxeQ, 2.1)

i,j=1
the solution v € H} () of the boundary value problem for the elliptic equation

aij =g in Q,
Z axz( ! 3X) 2.2)

i,j=1
v=0 on dQ,

satisfies
[vllw2r@) <cllgllr) VP E2,4], (2.3)

where c¢ is a positive constant, which may depend on A, ¢, a,'j||W1,q<~Q) and Q.

(a2) The flux function f € C3 (Rd)d satisfies the local ellipticity condition (1.2).

(a3) The solution of (1.1) is sufficiently regular; more precisely,
ue C*([0,T];LY(Q)) NC([0,T); W>4(Q)) for g as in (al). (2.4)

Justification of these assumptions can be found in Appendix A. In particular, assumption (al) holds
if Q is any convex two-dimensional polygon or any three-dimensional polyhedron with interior di-
hedral angles less than %71: (such as rectangular parallelepiped); assumption (a2) holds for all exam-
ples mentioned in the introduction, including the minimal surface flow, the regularized total variation
flow, and the general L?(Q) gradient flow. Under assumptions (al)—(a2), for any smooth initial data

up € W24(Q)N WO1 () satisfying the compatibility condition
V- f(Vug) € W4(Q) NW, (), (2.5)

the partial differential equation (PDE) problem (1.1) has a unique solution « with regularity (2.4) up to
some finite time 7" > 0 (local existence of smooth solutions), and thus assumption (a3) holds.

2.1 Implicit Euler scheme and finite element method

Let N be a positive integer and consider a uniform partition #, := nt,n = 0,1,...,N, of the interval
[0, 7] with time step T = T /N. With the starting value u := ug, we define a sequence of approximations
u" € WH(Q)NHY () to the nodal values u(t,) := u(-,t,) of the exact solution, by discretizing (1.1)
with the implicit Euler scheme,

n__ n—1

= =V-f(Vu"), n=1,...,N. (2.6)

Let (Sy)o<n<c1 C HL (L) denote a family of finite element spaces of continuous piecewise linear
polynomials corresponding to a quasi-uniform triangulation of the domain €2, with mesh size 4. The
fully discrete finite element counterpart of the implicit Euler scheme (2.6) is to seek approximations
uj € Sy to u(t,) such that

_ o n—1
(”f’:h,vh> = —(f(Vul),V0,) Yo, €S, n=1,...N, 2.7)
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where u2 € Sy, is the L? projection of the initial value u.

The implicit Euler scheme (2.6) and its finite element discretization (2.7) are nonlinear equations
that cannot be implemented directly. An efficient way to linearize (2.6), as well as the corresponding
fully discrete scheme (2.7), is by Newton’s method.

2.2 Linearization by Newton’s method
Let
Df(p) ==V, f(p), sz(p) = Vf,f(p) and D3f(p) = Vf,f(p) for p € RY.

Thus D?f(p) and D3 f(p) are 3rd- and 4th-order tensors with components
D*f(p)ijp = 9:9;fi(p) and D’ f(p)ijue = 9:9;0kf ((p)-

Multiplication of the 3rd-order tensor D?f(p) with a d-dimensional vector yields a 2nd-order tensor
(i.e., matrix) with components

(sz( /k—zvlaafk )

Similarly, multiplication of the 3rd-order tensor D f(p) with a d x d matrix M = (M;;) yields a vector
with components

(D*f(p) : M)y = Z 99;f(p

i,j=1

Multiplication of the 4rd-order tensor D3 f(p) with matrices or vectors can be defined similarly.
Let ¢ denote the number of Newton iterations at each time level, and set ug := ug. At the nth time
level, by choosing the starting value uf := u'z,*l, Newton’s method for the semidiscrete scheme (2.6)

seeks u, € Wh=(Q)NH} (Q),m=1,...,£, to be the solutions of the following linear equation:
_ ., n—1
% =V £Vl )+ V- (DF Vi)V (e~ 1) ). 28)

Similarly, at the nth time level, Newton’s method for the fully discrete nonlinear system (2.7) seeks
uy . € Sp,m=1,2,.... £, such that

n—1
”Z,m up, N/ v,
T & 2.9)

= 7(f(vu2m 1) Vvh) - (Df(VMZm l)v(uZm 7u2m71)7vvh) vvh € Sh’

with up ; := uh k , and uh N, the L? projection of the initial value u.

Altematlvely, (2.9) can also be viewed as the finite element discretization of the semidiscrete Newton
iteration scheme (2.8). Based on this point of view, the error of the Newton iterative finite element
solutions given by (2.9) can be split into the three parts in (1.4) that can be estimated separately.

The main result of this paper is the following theorem.

THEOREM 2.1 Let ¢ > 2. Then, under assumptions (al)—(a3), there exist positive constants 7, and /,
such that for 7 < 7, and & < h, the numerical solutions given by the Newton iterative finite element
method (2.9) satisfy the following estimates

1r<na<XNHuM—u(tn)leq Q) <ced(T+h7), (2.10)
lglajNH“h/—“(fn)Hm <Ce,k(f+h278)a (2.11)

where ¢ is the same number as in assumption (al), € € (0,1) can be an arbitrarily small constant, and
ce ¢ is a constant independent of 7 and n (that may depend on &,£ and T').
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The rest of the theoretical part of the article is devoted to the proof of Theorem 2.1. To simplify
the notation, for a sequence (0" )’,‘l o With entries in a Banach space X we denote by 60" the backward

difference quotient and by H (V™)K _ 1” Lr(x the discrete ¢7(X) norm,

k ’
S (Levig) irpelie),
00" = — and ||(1)”)ﬁ:1 HU,<X) = n=1
max [|v"||x if p=oco.
1<n<k

The main technical tool is the following theorem on discrete maximal LP-regularity of fully discrete
finite element solutions of parabolic equations with time-dependent coefficients.

THEOREM 2.2 Letg >d and a;; = aj; € C([0,T};W4(Q)),i,j=1,...,d, be functions satisfying (2.1)
and the Lipschitz condition with respect to ¢, uniformly in x,

sup|a,j(x 1) —aij(x,s)| <clt—s|, t,s€[0,T],
xeQ

and let A (x,t) denote the symmetric d x d matrix with entries a;;(x,t). Let 9" € H}(2) and ¢} € S),
n=1,...,N, be the solutions of

69" —V-(a(,t,)Ve")=g" (2.12)
and
(8:07,0) + (A(,12)VO;,VO) = (8", 04) VU € Sp, (2.13)

respectively, for some functions g" € L°(Q), s € (1,00), n= 1,...,N, with starting data ¢° € H} () and
¢,? € Sp. Thus

(6:(0" — @), vn) + (A(,1t)V(9" — 9), V) =0 Vv, €S (2.14)

Then, under assumption (al), the following estimates are valid, when ¢0 ¢ =0, forall 1 <k<N
and 1 < p < oo

18e03 nmt low-102) + 1 (8h= lepwisiay) < el @izt w15y Vs € (L), (2.15)
”(6‘5¢”)ﬁ:1HLP(W’U'(Q)) + ||(¢n)lfl:1”Lp(W1s o) <cl(g n)n:lHU’(W*“(.Q)) Vs € (l,0),  (2.16)
180" fheit o (as(@)) + 1@ nei lowzs(a)) < cll(@hatlrws @) Vs € (1,q], (2.17)
and
109" = i InillLo () < cll(@" = Pud" InillLo () + €l (9" = RE®™)nzi o ws@)
<9 h=t lpwes @) (2.18)

where P, and R}, denote the L? and Ritz projections onto the finite element space, respectively, with the
latter defined by

(A(1.)V(9—RI9),VU,) =0 Vv, €8,V cHNQ). (2.19)

REMARK 2.1 Estimates (2.15) and (2.16) can be viewed as maximal L”-regularity on the Banach space
W=15(Q) for fully discrete and semidiscrete schemes, respectively.

Under the assumptions of Theorem 2.2, the Ritz projection satisfies the following estimate (cf. [5,
(8.5. 3)—(8 5.5)D:

Theorem 2.2 is analogous to [23, Theorem 2.1]. The latter is proved in smooth domains with the
Neumann boundary condition, while the former is for convex polygonal/polyhedral domains with the

Dirichlet boundary condition under assumption (al). A sketch of the proof for Theorem 2.2 can be
found in Appendix B.
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3. Newton’s iteration for time discretization

Under assumptions (al)—(a3), it has been proved in [16, Theorem 2.1] that the semidiscrete solutions
u'.n=1,...,N, are well defined and satisfy the following estimate:

10" = )N gm0 = ) oy S cpgT VpE (o), Gl
where g is the number in assumption (al). This further implies the following regularity estimate (for the
time-discrete solution):

max (18l + [ lys) < (3.2)
where 8;u" = (u" — ") /7. This regularity estimate plays a crucial role in our analysis of Newton’s
method applied to both the implicit Euler scheme (2.6) and its finite element discretization (2.7).

The main result of this section is the following proposition.

PROPOSITION 3.1 Let ¢ > 2. Then, under assumptions (al)—(a3), there exists a positive constant 7y such
that for 7 < 7y the numerical solutions given by the Newton iterative scheme (2.8) satisfy the following
estimates

20+1)/2
lgagNnugfu"nHl(Q) < /2] (3.3)
| nax, (||“? - u"”wlaw(g) + |luf — un||W2=q(Q)) < C€T(2€71)/27 (34
max (v s, =6}y o) + i) Seo m= 1.0, (35)

where ¢y is a constant independent of T and n (that may depend on T and /).

Proof.  Taylor expanding the term on the right-hand side of the implicit Euler scheme (2.6) about

Vu;, _,, we see that the implicit Euler approximation #" satisfies the relation
u" — unfl
e =V f (Vi )+ V- (D (Vi )V =i )
T 1 (3.6)
4V (/ sz((l Vi, +tVu") (1—0)dt V(" — i) V(" — u;;,])).
0
Letting e}, = u};, — 1" and subtracting (3.6) from (2.8), we obtain
n
o~ . (Df(Vuy,_y)Ve),)
1 6”71 (37)
_v. (/ D21 (1= 0)Vidh, +19u) (1= 1)de Vel Ve, ) + L
0

With the second order elliptic partial differential operator
n V- (Df(Vi),_,)V),

m—1 — m—1
relation (3.7) can be rewritten in the form

1 - !
A%*leZIZ_Anmfl (T—A’;ll) V. (/0 D2f<(1—t)VuZ1—|—tVun>(1—t)dtVe%1Vefnl>

171 n - n n—1
+* ;_Amfl Amflez .

T
(3.8)
We assume (mathematical induction assumption)
H62_1||W2v‘1(ﬂ) <7, n= 17"'ak7 3.9)
and prove that
efllw2a(q) < 7 (3.10)

To this end, we introduce a second loop of mathematical induction, namely, for | <n<kand 1 <m <
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we assume that
112 () < ' lwr=a) + 1, 3.1
-1 llw2a0) < ltllw2a@) +1- (3.12)

Then, we prove
4 llwreo(@) < [l [lwreo@) + 1, (3.13)
i llw2a(a) < [[u"llw2q(0) +1 (3.14)

(for the same range of n) to complete the mathernatlcal induction. Since efj = ¢}~ Uand W24(Q) —
W!=(Q), it follows that (3.9) implies (3.11)~(3.12) for m = 1 (with sufficiently small 7). In the sequel,
we shall keep the generic constant ¢ independent of n, k,i and £.

Under the induction assumptions (3.9) and (3.11)—(3.12), the coefficient matrix D f (Vuzl_l) satisfies
the following estimates:

||Df(vuzl—1)HW11q(Q) 2
A7YEP <Df (Vi )E-E <A VEER, (3.15)
for some positive constants ¢ and A depending on [|u" (|24 (o) and ||u"[|y1.= (o) (implicit Euler approxi-

mations of the exact solution of the PDE). Thus, operator A, _; generates a bounded analytic semigroup
on L9(Q) ([27, Theorem 3.1]), satisfying the resolvent estimates (cf. [3, Theorem 3.7.11])

1 - 1/1 !
:lnl<TAm 1> 17(TAm 1)
Therefore, (3.8) yields

45— 1€ml9(2)

<c¢ and
LI(Q)—L4(Q)

<ec.
LI(Q)—L4(Q)

1
<c V(/ sz((l_t)vufn—l—i_tvun)( )dtvem 1° V““’m 1) +C||Am le[ HL‘I(Q
J0 L1(Q)
1
<c D2f<(1—t)Vufn_l+tVu">(l 1)de : V2! | Ve
0 L‘I(Q)
1
i /D3f((1—t)Vuf,’1,l+tVu"> ((14)V2 VR ")(17t)dt-vez,,l.veg1,l
0 L4(Q)
+elAn1€f i)
<C||V2 1||L‘1 Hvezz—IHL“‘( (C||V2 1||L‘1 +C)Hvem 1||L°° +C||Am 164 HL‘i(_Q)
whence (since W>9(Q) < W1=(Q) for ¢ > d)
||Afn—1e"m\|Lq(Q) < C||efn—1||%vz,q(g) "’CHeZH leq(g)- (3.16)

Under the induction assumptions (3.11)—(3.12), we have the elliptic w24 regularity (see assumption
(al))
lemllw2a(@) < cllAn_1€mllLa(a)- (3.17)
Combining (3.16) and (3.17), we get
e llw2a) < cllen—ilfzaq) +cllel ™ lw2a) (3.18)
whence, iterating (3.18) with respect to m we obtain
lemllwzaa) < cllem—ilf2aiq) +elled ™ lwaaa)
< clellen—alyza) +eller lwza@) +ellef 2o
<26 |eally )+2c3lle’2 Havzaie) +ellel ™ waaa)
21+3 l+2+4He

N

143 1 2 4
m— 3||W2q ) 2 * A ||e;l

1 3 n—1 -1
200y +26°1€F " 520y +ellel ™ lwaa

)

_I_
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m— .
om _ 2] 2] —
<o € O By + et e (1+Z 201 ke )
J
and thus

lepllwzagay < (2cet' )" + e} lw2aa <1+CZ 2¢)Y 1 lel I\I%z; ) (3.19)
j=1
where we have used the fact that

lebllwza(q) = lluo — " llw2q ()
= ||”Z7] _”n||w2~q(_Q)

—1_  n-1 -1
g™ =" w2 ) + 1" —u"lw2qa)

et 78, (3.20)
where € can be arbitrarily small, with a constant ¢, depending on €. In the last inequality we have used
[t —umt lw2a() = llef! llw24(q) < 7, which is due to the induction assumption (3.9), and

[u" ! —u'ly2q(0) < ! —u(tn—1)llw2a(@) + ulta—1) —u(ta) lw2a() + lutn) — u"lw2q(0)

< c‘cl_% + c‘L’—l—c‘L’l_% < cz’l_%7
where the last inequality is due to (3.1), in which p can be arbitrarily large and so |u"~!' — u”||Wz,q(Q) <
¢T!~€. The induction assumption (3.9) implies for sufficiently small 7 (independent of . and ¢)
lemllw2a() < (2cet' )" +cllef lwaago) < (2cet'8)>" +ellef lwzaa)
and thus

llemllw2a(q) < 7, (3.21)

which further implies
lemllwi=o) < cllemllwzao) < ct. (3.22)
For sufficiently small 7, the last two estimates imply (3.13)—(3.14), completing the second loop of
mathematical induction. Thus (3.13)—(3.14) are valid for all 1 < m < /.
By the second mathematical induction, we have shown that ||Vul,| .~ is uniformly bounded with

respect to 7 for all 0 < m < ¢ (note that ||Vull||;= = ||Vu}~'||;=). Now, integrating (3.7) against —V -
(Df(Vul,_,)Ve?,) and using Holder’s inequality, we obtain, for 1 <m < ¥,

1 1
77 (Df(Vup,_,) Ve, Vep,) — 7 (Df(Vup,_)Ve; ' Vel )

1
+ 5 V- (DF Vi, )VeR) [0

1 2
<c v-(/ sz((l—t)vu;;_1+tvu")(1 1)dt Ve |- Ve _ 1)
0 L2(Q)
1 2
<c / D21 (1= 0)Vidh_ +19u") (1= 1)de = V2ely Vel
0 L2(Q)
1 2
D3f((1—z)vu;’1,l+tvu") : ((1—t)V2 "V ")(l—t)dt Ve Ve,
0 L2(Q)
(3.23)

Since ||Vul, ||z~ is uniformly bounded, it follows that

‘sz((l Vi, +tVu”) <cC.

((1 —H)Vu,,_, +tVu")
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Therefore, by using Holder’s inequality,

1 2
H/ D2f<(1—t)Vu’,’n_l+tVu")( N)de 1 Ve Ve,

0 LZ(Q)

1 2
te /D3f((1—t)vufn_1+tvu"):((1—:)V2u;}1_1+tv2uﬂ)( 1)dr -Ve' Ve _,
12(Q)
2. n n 2 2 u" 2. n(2 n 2

<clIV2e 170 I\Vem_l\Iququ(Q)H(IIV milZa@) +11Vu HL!I(Q))Hvem—lHLq%qZ(Q IVen—1l7=(0)

. 1,24
el 11 e 1o +elléh 1o e 11imq,  (since H(Q) > W (2)

572”6314 ||?{2(_Q)
< ct?||V- (Df(Vidl,_») Ve, 1)HL2 @) (3.24)

with u" | := u in the case m = 1, where we have used (3.22) in the second last inequality, and (2.3) in
the last inequality. Substituting (3.24) into (3.23) yields

1 1
7 (Df(Vupy, 1)VeﬁwVeZL)+*HV'(Df(W"m—ﬂWZ)Hiz(m

<
<

1
< ct?||V- (Df(Vidy, ) Vel ,)||L2 + 52 (DF(Vay, ) Ve~ Ve ™)
1
<ct?||V- (DF(Vi),_)Vep,_y) ||L2(Q) + 5 (Df(Vul_) —Df(Vu}))Ve) ' Vel )
1
+ o (Df(Vup)Ve, ', Ve, ).

Again, since || Vil ||z~ is uniformly bounded for 0 < m < ¢, it follows that
IDf (Vi) —Df(Vup)| < C
and thus

1
(Df< Upy 1) ’Venm) +5 HV (Df(vuz—l)ve%> Hiz(!))

1
27
1
< ||V (Df (Vi) Ve, 1)||Lz \ Ve gy + 5 (DF(VU) Ve Ve ™)

21

< |- (DF(Vily )Vl ) [Py + 52 (1 +€7) (DF(VUVEL Vel ).

LetY! = (Df(Vu;LI)V e, Ver) +t||V- (Df(Vul,_,)Vel) Hiz(g). Then, the last estimate implies

Yr < et 4+ (1+ct) (DF(Vup) Ve, vey ).
Iterations of this inequality yield
Yp < et Y+ (14c1) (DF(Vu)Ve) Vel )

< (et)Yp 4+ (1+et?) (1 +c1) (DF(Vu)) Ve Ve )
< (et)"Yy + 1 et 4t (C’L'z)mfl] (I+c7) (Df(VuZ)Ve’Z*l,VeZ'*l)
< ()" (Vg2 () + Tlleb i) + [1 e o4 (ct)" (1 +e1) [ Vey |72 g

’ 1+cT
< ()" (Ve )+ Tleblr o) + 7o |

When 7 is small enough, the last inequality implies

1VemIR2(0) < (€@ (IVel o)+ TleblZaay) + (1 +eD) Ve M orgy  (329)

Ve )
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In particular, setting m = ¢ in the last estimate and using (3.20), we obtain
IV} I72q) < (e7) T+ (1+¢1)|[Ve) 7 g (3.26)
Iteration of (3.26) gives

IVetll72(q) < () T+ (1+c0) |V} (720
< (e P14+ (1 +er)+-+(1 +cr)””] + (1+e)" Vel |2 )
< (et (1 +c1)" (1+CT)HHV€2||%2(_Q)
< ceT(e1?) T+ceCT||Veé||L2

therefore, since e? vanishes,
2 0, 20+1
HVeZHLz(_Q) <ect (3.27)

Note that H'(Q) < L%(Q) for d € {2,3}. From (3.8) we see that, for ¢ € (d, 6],

V.(/O]sz((l—t)Vufn_l—i—tVu")( 1)dtVe! |- Ve _ 1)

1
+c 76271
L4(Q) T

A% —1emllra@) < c

L9(®)
2 0(20—-1)/2.
<C||63171||W2.q(9)+€€ 7(20-1)/2,

the derivation of the last inequality is analogous to the one of (3.16). Iteration of this estimate yields (in
analogy to the derivation of (3.19))

m—1 .
He:lnnwzq(g) g 2m(6811_8)2m +CC€T(2Z—1)/2 <1 iy Z Zj(ccé,r(Zf—l)/Z)Zf—l)

=1 (3.28)
(268 178)2’" _|_CC£,L.(2£71)/2
For sufficiently small 7, estimate (3.28) implies, for £ > 2,
3
Hem||W'>°°(Q)+Hem||W2‘I () <CTZ7 m= 17a£’ (329)
therefore, for sufficiently small 7, we have

lef lw2a(q) < T (3.30)
This completes the first loop of mathematical induction. Thus, all these estimates hold forn=1,...,N
and m=1,...,¢. In particular, (3.27)—(3.29) imply (3.3)—(3.5). This completes the proof of Proposition
3.1. O

The following result is an immediate consequence of (3.1) and (3.4) by a triangle inequality.

COROLLARY 3.1 Let ¢ > 2 and assume that the solution of the initial and boundary value problem (1.1)
satisfies (2.4). Then, there exists a positive constant 7y such that for 7 < 7y the numerical solutions given
by Newton’s method (2.8) satisfy the following estimate:

max_ [y — ultn)[wr=(q) < €7, (3.31)

where c is a constant independent of T and n (that may depend on T and ¢).

REMARK 3.1 Assuming uniform ellipticity of the coefficient matrix, error estimates can be established
by the energy technique (3.23)—(3.27). This is only a small part of the proof of Proposition 3.1, which
mainly consists in deriving W24 and W' error estimates in order to rule out the possibility of degen-
eracy.

4. Proof of Theorem 2.1
Theorem 2.1 is a consequence of Proposition 3.1 and the following proposition.

PROPOSITION 4.1 Let ¢ > 2. Then, under assumptions (al)—(a3), there exist positive constants 7, and
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h, such that for 7 < 7, and h < h, the numerical solutions given by the Newton iterative finite element
method (2.9) satisfy the following estimates

1—¢
II<na<XN||uhZ ullwiaga) < ceeh ", 4.1
max |[ufi , — 1}l a(0) < ceo(T>+h*F), 4.2)

1<n<N
where € € (0,1) can be an arbitrarily small constant, and ¢, ¢ is a constant independent of 7 and n (that
may depend on €,£ and T).

In the rest of this section, we prove Proposition 4.1.

4.1 Error equation and mathematical inductions

We recall that P, denotes the L? orthogonal projection onto the finite element space Sy; it satisfies the
following estimates:
10— Pupllwioia) < CH" “ll@llwnr) Vo € W™P(Q)NH; (), (4.3)
fork=0,1,m=1,2,and 1 < p < . Estimate (4.3) is a consequence of [29, Lemma 7.2].
Integrating (2.8) against a test function vy, yields
ufn — u;lil n n n n
) = —(f(Vup_), Vo) — (DfF(Vidp_ )V (upyy — 1), VO,) VU, €Sy (4.4)
Let
ezvm = uzm — Uy, Gh’im = ”Z,m — Py, and p,’f_ym = Pyuy, — u,.
Obviously, €} ,, = 6}, + Py 3 [|Ph mllze(@) and [|py,[lwia(q) can be easily estimated using (3.5) and
(4.3). Therefore, we focus on the estimation of [|6}',[|l.¢(q) and |6}, lly14(q)- By our choice uy , =
Pyug = Pyu), we have 6], = 0.

Subtracting (4.4) from (2.9) and noting that (€} s0n) = (6], 0y) for vy € Sp,, we obtain

h,m>
1
= (Bhns On) = 17 (0n) + 5 (0n) + 15 (0) + 13 (0n) +15(Vn) - V'0p € Si (4.5)
with
I (op) = —(f(Vidy y) = F (Vi 1), V0p),
B (vy) := = (Df(Vity_1)V (€l — € m1); V),
Ig’(vh) = 7((Df(vuz,m71) 7Df(vuzfl))v(ez,m 7ez,zn71)avvh)7
L (vy) == —((DF(Vidy ) =D (Vidy, 1))V (tty, — 1), VOR),
1, .
I5(vp) = ;(827[170/1)
Now,
(o) = (/ Df((1—ys) Vuhm sV, )dsVehm I,Vvh>
(Df (Vul,,_ Vehm I,Vt)h) (4.6)
([ A Vi 45y ) DI )5V 1. T).
whence
I (o) + I (0p) = = (Df (Vidy,_ 1)V, Vi) +Ig (0n) + 15 (vp) 4.7
with

Ig(vh) = _<Df(vu2—l)vp/’;,mavvh)7
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1
B (o) = ( | A=)V 5V, ) Df<w;z1>>dsVez,m_1,Vvh).

Thus, (4.5) can be rewritten as

1
((T - Z,ml) O “h) =15(0n) + 13 (vn) + 15 (0n) + L5 (0n) + 17 (0n)  VVR € Sp, (4.8)
with the operator A | : S, — S}, defined via duality by
(Af o 1wh, On) = — (D (Vg )Vwi, VOR) - YWy, 0y € S (4.9)

In the following, we estimate [|e; ,,[/y1.4(q) by using the error equation (4.8). To this end, we employ
two loops of mathematical induction. The first loop of mathematical induction is as follows. We assume

that ]

e <HEI n=1,.. .k 4.10)
ht WU{(Q)\ ’ yeeesfly .

<

and then prove

d
||el;,7£||Wl>q(Q) <ha”t

D=

@.11)

To complete the first loop of mathematical induction, we employ a second loop of mathematical induc-
tion: we assume that the following estimates hold for some 1 < m < ¢

||eZ,i—1||W1~°°(Q) < h%fﬁ i=1,....m,n=1,...k, (4.12)
and then prove that
€ mllwi=(@) <hiE on=1,..k 4.13)
Note that (4.10) implies (4.12) with i = 1 for sufficiently small 4. This is a consequence of
HeZ,OHWI-“'(Q) = He;fel ||W1~°°(_Q)

-1 —1
<657 lwieo) + 1o wr=(a)

n—1

1—-4
¢ ||y

d
<chd (||ezzl lwiag) + ||p;f;1 lwia(q)) +ch (inverse inequality is used)

Hcl‘l—% @)
2 hl_% n—1
tc [ [lw2a ()

where we have used (4.10), (4.3) and W29(Q) < C =g (Q) in the last inequality. The boundedness
of [[u}~! lw24(q) is proved in (3.5).
We shall keep the generic constant ¢ below to be independent of n, m and k.

4.2 Error estimate in W'4(Q)

In (3.13)~(3.14) we have proved the boundedness of [|uy ||y 1-(q) and [[uy,[ly24(q) for all 0 <m < £,
which imply the uniform ellipticity (3.15). Under assumption (4.12), we have the following estimates
(due to the local Lipschitz continuity of f):

IDF (Vi 1) = Df (Vity )| < Ve |, n=1,..k (4.14)
IDf((1=s5)Vudy,, y+5Viup ) =Df(Vup_y)| <c|Ve,, n=1,... k. (4.15)

Moreover, we need the following estimates in the subsequent error estimation:

1/1 -
p (r —AZ,m1> Wh

1 n -1
(5= hm)
WlAs(‘Q)

These estimates are direct consequences of (2.15): indeed, choosing k = 1 and g" = wy, in (2.15) yields

<C||Wh||w—l,x(g) Vwy €S, V1 <s < oo, (4.16)
W1s(Q)

< CHWhHW—'»‘(Q) VYwp €Sy, V1 <5< oo, “4.17)

1 1 1 1
Tr H‘P}%/THW*U(Q) <7 |lwally-15q) and TP ||<P;H|WM(Q) < 7 [[wallw-15(0)
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for ¢! = (% —szmil)_lwh, which imply (4.16) and (4.17), respectively.
Substituting v, = (1 — A} mfl)flwh into (4.8) yields, for 1 <n <k,

7 1 1
(6 own) = Y. 1! ((T —Az7m,1) wh> Ywp € S, (4.18)
=

where

()
(DA 1)~ DAy )V~ 07 (= 1) )

T
1 ~1
(5= 1)

< lVeh ot ll=@) (Ve mllLa@) + IVenmoilla@)wally-10 (@) [(4.17)is used]

<|IDF(Vit 1) =D (Vi )l =) IV (€l — €hm—1)Le(@2)

Wl.q’(_Q)

1_d .
<cht 5 (196 sy + IV e Iwilhy -1 o) [(4.12) is used] (4.19)

and, similarly,

B((3 =) )|
(OF (P ) = DI ¥ =ty )7 (5= h1) 1)

< cheZ,mfl ”L‘/(Q) Hv(unm - uz—l)HL“(Q) Hwhnw—l.q’ [
(2)

< CTHVeZ,m_lHLq(Q)”WhHW—l.q’(Q)’ [(3.5) is used to estimate ||V (i, — uy,_1)[|1=(0)] (4.20)

and

5((e) )

< H /01 (Df((1—s5)Vup ,,_y +sViulh,_) —Df(Viy,_,))ds

1 -1
Veh-llis@| (=41 o
LM(Q)H é’h,quLq(Q) 7 hm—1) Wh Wid (@)
< cHVeZ,mfl ||L°°(Q) ||VeZ,m71 HUI(Q)HWhHW—Lq/(Q) [(4.17) is used]
1_d .
< ch? 44IIWZ,”HHm(a)l\Whwa(Q)- [(4.12) is used] 4.21)

Moreover, we have

1 -1
1;1 <(; 7Az,mfl> Wh)

1/1 -1
-1
(ez,z 2 (; ~ A1) Wh> ‘

1/1 -1
Y

—1
Slehe llwragey|| 2 2

W-l(Q)
<l lwra@) wally 10y [(416) is used] (4.22)

g((i - Z7m—1>_1Wh) ‘ = ’ (Df(Vu;’ql)Vp,'Z7m7V(}c - Z,m—1)_lwh> ’

n 1 n -1
gc‘lPh,m”Wh‘!(Q)H(E_ h,mq) Whlevq,(Q)

and

< cllPhmllwracywally-14 (q) [(4.17) is used]
<

chlliy lwaaay Iwally 10 (q)-  [(43)is used] (4.23)
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Substituting the estimates of I'.’ Jj=3,4,5,6,7, into (4.18) yields

(O wn)] < [e(z+h4 %) (el llyraca )t lenmrlwra@) +ellehs lhwrai) + il Iwally 14 o),

In particular, for an arbitrary function w € W‘Lq’(.Q), by choosing wj, = P,w and using the stability of
the L? projection on W14 (£), we have

(83 w) | = (83, Pow) | < [e(T -+~ 4q)(||ehm||W]‘1 y 1 m—tllwiaga)) Fellen s iy + el Wl 10 g
which implies (via the duality argument)
165 llwra) < (T+h4 4q)(||ehmHW1‘1 +IIeZ,W]IIqu(Q))+0||e'h’21||w1-q<9>+ch7
whence
lehmllwia) < 1Ohmllwiao) + 105 mllwiaq)
(T+h4 4‘1)(H€ mllwia@) + 1€ millwiago) +clléhs lwrao) +ch. (4.24)

For sufficiently small T and h, the ﬁrst term on the right-hand side of (4.24) can be absorbed by the
left-hand side. Thus, estimate (4.24) reduces to

1_d _
lehmllwraa) < c(t+h* %) leh i llwiaa) +C||ez,zl||wl>q(g) +ch. (4.25)
Iterating estimate (4.25) yields

Hez,mel-qm)
1_d _
<c(t+h7 %) i llwiago) +ellérs lwiaa) +ch

Lo
02(1"”14 4") €l m2llwraga) + el +c(t+h*")]|(lep 7 wiag) +h)

-P‘&

moo 1_d .
-1 45N i—1 ¢y n—1
)" lehollwiacgy +e Y, ¢/ T+ %) " ([l iwra) +h)
Jj=1

1
"(t+h*

» _
<c (’H—h “4)"lenollwra +C(||eZ.,€1”W"”(9)+h)

<l o +ch (4.26)

where the last inequality requires 7 and £ to be sufficiently small (independent of n, m, k and ¢), and we
have used the identity e}, , = eh [ . The constant ¢ is independent of m and ¢. Substituting the induction
assumption (4.10) into (4.26) ylelds

ch fi+3

llermllwiaga) < (4.27)

)

and the triangle inequality implies
+

N

Q

}4
[N
=

16 mllwia@) < lehmllwra@) + 1Phmllwraca) (4.28)
The inverse inequality of the finite element space gives

e mllwr=(2) < 1Omllwi(@) + 1Phmlwiea)
_d
<ch 16 llwraga) + 1Pk mllwi=(q)
_d d
<0 llwrage) + b i llwzagq) < ch?H + e

For sufficiently small 4, this estimate implies (4.13). This completes the second loop of mathematical
induction. Thus, (4.13) holds form =/, i.e.,
1_d
g

lef ollwrmqoy <h* %, n=1,.. .k (4.29)
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Substituting m = ¢ into (4.8), we rewrite the resulting equation as
(8265 — Al 104 0, 0n) =I5 (0p) + I (0n) +Ig () + I (0) VU €8y, (4.30)
where IZ(vj) from (4.8) has been absorbed by the left-hand side of (4.30). Note that 17, j=3,4,6,7,
can be identified with linear functionals on WOl (). Then
115 lw-14() < IDF(Vitj, 1) =DF(Vuiy_y)llz=(0) IV (€l = €he1)la(@)

<cllVey o illi=@) (IVer ellia@) + IVer o—1llza(a))

I_d .
<ch* 4 (Ve lla) +IVer -1 lla@)) [(4.12) is used].

This estimate agrees with the estimate of /5 in (4.19). Similarly, from the estimates of I, I and 17 in
(4.20), (4.23) and (4.21) we see that
14
1 w-ra@) + 16 lw—14(0) + 17 [lw-149(0) < c(t+h*40)[[Vey oy ||1a(q) + ch.

By denoting @i (-,t,) = Df(Vu}_,) and constructing €i(-,t) as the piecewise hnear interpolant of
A(-,ty), n=0,1,...,N, the resulting matrix () satisfies the conditions of Theorem 2.2 in view of
(3.5). Since 9,2[ =0, applying (2.15) of Theorem 2.2 to (4.30) yields, for 1 < p < oo,

k k
H (afel?,l)nﬂ ||LP(W*1~‘I(Q)) + H(ef’lié)nzl HLP(WW(Q))
<cllBhillrw-19g0y Tl TDn=1lrw-1900))
+ell g h=illr W*lq( +C||(In)lr(z:1”LP(W*L‘I(.Q))
(T+h4 4")(“ €h.r) n il wia(Q)) T ||(ez.{71)ﬁ:l”LP(WLq(Q))) +ch

<C(T+h4 4q)(H(9h[)n tllzrwia ))+||(9;:l,z—1)]2:1||L1’(W1=q(.(z)))+Chv (4.31)
where the last inequality is due to

(6 net lLrwiao)) + [[X lrwra(e))

(O o Inetllowraa)) +ch-
For sufficiently small 7 and £, estimate (4.31) reduces to

||(€Z,z)ﬁ=1\|LP(qu <
<l

H <5T6;zl,£)l;=1 HLP(W*I-‘I(_Q)) + H(QIZZ)LI ||LP(W1~‘1(.Q))

I_d . (4.32)
<c(T+h 365 - D=t Lrwra(ay) + ch-
In view of the relation 6;'  =e} —pj . setting m = £ — 1 in (4.26) we have
1671 llwracay < <67 lwraga) +ch.
Substituting this estimate into (4.32), we obtain
k k
1(867.) sl w100y + [ OFn=1 Lo owrag)) 433)

1_d _
<c(t+h? 4‘1)”(6:’2 1)];[:1 HLp(Wl.q(Q)) +ch.
For sufficiently small 7 and #, the first term on the right-hand side of (4.33) can be absorbed by the
left-hand side (since 9,2 ;= 0). This yields

H (5T9hn,€)i:1’

The inverse inequality of the finite element space gives

k - k
(8670, Lrwha(@)) Sl 2“(51951,4%:1Hu(wﬁq(:z))
Then, the Sobolev interpolation inequality implies

wov-ra@) IO n=t | o) Sch ¥1<p<e. (4.34)

<ch . (4.35)

(67 )n= ||LN(W1"7(Q))
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1
< CH (Gh L)n=1 HLP wha(Q H (Sfefrll-ﬂ)izl ||£P(WUJ(Q)) (see Appendix C)
2
P

< (ch)'™ (ch )P ch'™
Thus (by the triangle inequality)

V1< p <oo.

H(ez,z)ﬁ:1 ||L°°(Wl,q(g)) < H(e}rzl,é)ﬁzl HLN(WI,q(_Q)) + ||(p;zl.[)ﬁ:1 HLW(Wl-q(_Q))

2
<ch'™ 7 V1< p<oo

For sufficiently small 7 and &, estimate (4.37) implies

k d 1
(b=t [l 1wy <72
This proves (4.11) and thus completes the first loop of mathematical induction.

To conclude, (4.37) implies (4.1).

4.3 Error estimate in L1(Q)

Note that (4.30) can be rewritten as
(8ceh = Apo—1€h rs0n) =I5 (0n) + 1 () + 15 (0) Y0, € S,

(4.36)

(4.37)

(4.38)

(4.39)

where I (v,) in (4.30) has been absorbed into the left-hand side. Let 17;} € S), be the solution of the finite

element equation
(8eniy — Al o1 on) = I3 (0n) + 15 () + 1 (0) Y0y, € S,

(4.40)

with zero initial value n}? = 0. Then 7);’ satisfies the following estimate (cf. (2.15) of Theorem 2.2)

H (6”71;’)2]:1 HLP(W*LQ/Z(_Q)) + ||(77;zl)y:1 HLp(Wl-q/Z(Q))
< B+ B+ BV -t
<l Vep i llran IV (eh e —eh 1) li=a(@))
+cl|Vey iy v o IV Wl — i) || z=za(e))
+clIVey iy lra@) IVer-1 =) [similar to (4.19)—(4.21)]

< Cuveﬁé”%m(m(g)) +cl|Vep ||i°°(m(g)) +clVen i) T

where we have used the estimate ||V (u} —uj_, ) || =(z4(q)) < cT, which is a consequence of (3.5). Setting

m=/{—1in (4.26) yields
ek o 1llwraa) < clléhs lwiaq) +ch-
The last two estimates together imply
|| (5177;:)1::1 ||LI’(W*1¢1/2(Q)) + ||(77;11)2V—1 ||LP wla/2(Q))
< C||(V€Z,£)g=1||iw(m(g)) +cl[(Ve, Y- 1HL°° (L9(Q)) +CII(VeZ,21)ﬁ,V=1IILw(mm))f

< 1-2 1-2
<chr(t+h " 7) V1< p<eo,

where the last inequality is due to (4.37). The inverse inequality of the finite element space yields

12 _2
H (51775)2[:1 HLp(W1~q/2) S Chiz“ (éfn;zl)ivzl HLP(W*l«q/Z) <ch™! ”(T+hl 7).
Since n,? =0, the Sobolev interpolation inequality implies
1
P

LP(W1.4/2)

H(nh n= 1HL°° wha/2y S CH M = 1” wlq/z H(afn;zl)ivzl (see Appendix C)

<ch ‘5(r+h _E) V1< p<eo

(4.41)
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Since W'4/2(Q) «— L4(Q) for g > d, it follows that

Ul ooy S b7 (T+A70) Se(P4H277)  Vi<p<es (4.42)
Subtracting (4.40) from (4.39), we have
(ST(MZ)Z N, — u?),vh) + (Df(VuZ_l) (”hz ny — u?),Vvh) =0 Vv, eS8, (4.43)

whence uj, , — 1,/ and ujj play the same roles as ¢;' and ¢ in Theorem 2.2, respectively. Thus, (2.18)
implies
[ (ady o =1t = u)N i llLr ey < b
and therefore
2
(e =1y = Patd 3 o quacyy < o =13 = )y o qeaa)) + 11 — Putd )y Nl o ra(a)) < ch®.
(4.44)
Then (4.43) implies

(8c(1 — f — Puadt), v)| < | (DF(Vat_ )V (ui — 1f — 0}). V'vy)|

<

< e a1 — Pty 10nl o )+ 10 w2 108 g
<

Ch*z””ﬁ,z - T?/? - PhMZHL’I(Q) ”vh”Lq’(_Q) —I—CH‘U},HM/(_Q)

where we have used (3.5) with m = ¢. By using the duality argument and (4.44), we obtain

182 (aty ¢ — 15 = Pu) | a2y < e |ty g = 11ft = Paaef | o) +¢ < (4.45)
Since uh Y, nh Phu((? = 0, the Sobolev interpolation inequality gives
[ @t =75 = Patt = [ oo @ (4.46)
1
N 7 .
< cH (= 1h — Pauf)N_ 1HLP Te@ HST =M — Pudf),_, ||Z,,(Lq(9)) (see Appendix C)

onl—Ll 1 22
< (ch?) rer < ch* V1< p<eo.
Estimates (4.42) and (4.46) yield
_8
1Ghe = w1 gy S €p(FHHT7) V1< p<os, (4.47)
which implies (4.2). This completes the proof of Proposition 4.1. t

5. Numerical test

To support our theoretical analysis, we present a numerical example by solving the initial and boundary
value problem

v
qu="V- (“) +g in Qx(0,T],

VI+[Vul?
u=0 on dQ x (0,T],
u(-,0) =up in Q,
with the proposed method (2.9) in the domain Q = [0, 1] x [0, 1] up to time 7 = 1, where the function g
and initial data u( are chosen corresponding to the exact solution

(5.1)

u(x,y,t) = €' sin(zx) sin(my). (5.2)

Inclusion of such a source term g in the equation does not affect the error analysis in this paper. The

computations are performed by the software FreeFEM++; see [12]. We perform two Newton iterations
at every time level, £ = 2.

The rectangular domain is partitioned into regular right triangles with M + 1 uniformly distributed

(DA (Vg )V (= i = Pusd), Von) |+ (DF (Vg )V (] — Pyue), Vo)
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points on each side. In order to test the convergence with respect to the spatial mesh size, a sufficiently
small time stepsize T = 107 is used so that the time discretization error is negligible. The L? and H'
errors of the numerical solutions are presented in Table 1, where 4 := 1/M. The convergence rates are
calculated based on the numerical results of the two finest meshes.

To test the convergence with respect to the time stepsize, a sufficiently small mesh size h =272 is
used so that the spatial discretization error is negligible. The L? and H' errors of the numerical solutions
are presented in Table 2.

From Tables 1-2, we see that the numerical results (order of convergence) are consistent with the
theoretical results proved in Theorem 2.1.

Table 1. Errors of the numerical solutions with 7 = 1073,

h e — u(tv) 1 22(2) iy —u(ty) | @)
1/8 6.7246E-02 1.1894E-01
1/16 1.7987E-02 5.9414E-01
1/32 4.2704E-03 2.9663E-01
convergence rate O(h*"7) O(h'-oh)

Table 2. Errors of the numerical solutions with & =279,

T ||“2/*”(’N)HL2(_Q) |”2/*”(’N)|H'(Q)
1/8 5.0080E-02 2.2621E-01
1/16 2.4763E-02 1.1302E-01
1/32 1.2308E-02 5.8460E-02
convergence rate O(t!%) 0(709)

Appendix

A. Justification of assumptions (al)-(a3)

Assumption (al). We first assume that a;; = aj; are constants satisfying (2.1). In this case, if Q is a
convex polygon in R2, then (2.3) holds for some g > 2 (cf. [11, Theorem 4.4.3.7], in which the set of
m such that —% < Ajm <0 is empty for every j, provided g > 2 is sufficiently close to 2). If Q is a

polyhedron with all the interior angles of the edges less than %n, then [6, Corollary 3.9 and Section 4.c]
implies (2.3) for some ¢ > 3. For example, a rectangular parallelepiped in R? satisfies the condition
(cf. [6, Corollary 3.14]).

In general, if a;; € W14(Q) with ¢ > d, then the perturbation argument in [6, Section 5] can be
applied (details omitted), which reduces the case of variable coefficients to the case of constant coeffi-
cients.

Assumption (a2). Expression (1.3) for V,f(p) shows that assumption (a2) is valid for the minimal
surface flow problem. Similarly, it also holds for regularized total variation flows. For a general L?(Q)
gradient flow, we have V,f(p) = V%F (p) for p € RY, which is symmetric and positive definite due to
the convexity of the function F : RY — R. Thus, all examples mentioned in the introduction section
satisfy assumption (a2).

Assumption (a3). Suppose that uy € W>9(Q)N WO1 () satisfies the compatibility condition (2.5). Let
D= Wz*q(.Q) and X = L9(Q). Then, the conditions of [25, Theorem 8.1.1 (1)] are satisfied, which
implies the existence of a local solution u € C! ([0,T]; D) for (1.1). Differentiation of (1.1) with respect
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to ¢ yields
0;(du) =V -(Df(Vu)du) in Q x(0,T],

ot =0 on 90 x (0, T, (A1)
ou(-,0)=V-f(Vug) €D in Q.

Then, [25, Theorem 8.1.1 (2)] implies u, € C'([0,T];X) NC([0,T]; D). This shows that u has the regu-
larity (2.4).

B. Sketch of proof of Theorem 2.2

Proof of (2.16) and (2.17). Let k be fixed and define the operator A(z) : Wol’s(.Q) — W15(Q) by
A(ty)9" ==V - (A(-,1;)V™). Then, operator A(#;) has maximal LP-regularity (cf. [22, Lemma 2.1]),
i.e., the solution of the initial value problem

GYv—Al v =y, t>0,
{ W — Ay = B.1)
lI/|z:0 =0
with the coefficient frozen at t = 1, satisfies
0¥l o sw—1s@)) + 1Vl oy swis @) < Xl w15y Vp,s € (1,), (B.2)
||atl//HLl’(R+;LS(Q)) + HA(fk)‘I/Hu’(m;LS(Q < C||%||LP (R4 :15(Q)) Vp,s € (1,). (B.3)

Then, [15, Theorem 3.1] implies the discrete maximal LP-regularity in W~14(Q), i.e., the solution of
the autonomous equation

80" —A(n)9" =¢" (B.4)
with (7)0 0, satisfies (2.16) and (2.17). Now, we rewrite the nonautonomous equation (2.12) as
09" —A(1)9" = g" — (A1) —A(tn)) 9", (B.5)

and note that the coefficient on the left-hand side is frozen at t = #;. Let

n
Bp=0 and B,= H(¢ )m IHLp (W1s(Q)) = Z H(bm”vyls forl<n<N

. Then ||¢"||? = B, — B, and therefore, applying (2.16) yields (raised to power p)

Wls
||(6T¢ )Vl 1||L/’W ls +||(¢”)Ir{l:1”€p WI’S(Q))
<l (& nmt 17y 1) Tl (A(1) = A1)V o 1 150

<c”( )Vl 1||L"W ls ))+C‘

((tk—tn) )n IHLP (Wls(Q))

k
:C”( )n l”LpW Ls( ))+CZ tk_tn|pH¢ ||le (Q)

k
:C”( )n 1||LpW Ls(Q ))+CZ|tk_tn|p(Bn_Bn71)
n=1

k=1
=c||/(g")k_ 1||L,,W Ls(0 ))+CZ(|tk—tn|”—|tk—tn+1|”)B,, (summation by parts is used)
n=1
k=1
— el iy + € X k= l” = = POt [ i)

n=1
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gCH(gn)]};:l||ip(w—l.s(g))4>CZTH(¢ m= lHLp er(Q)) (B6)
With a discrete Gronwall inequality, we obtain from (B.6)
H(6T¢n>lr<l=1”ip(w—l,i<g)>+H(¢ )n 1||L[J Wls(Q)) ch(g )n 1||Lp w- Is(g)) (B7)

This proves (2.16) for the nonautonomous equation (2.12).
We have shown that the autonomous equation (B.4) satisfies (2.17). For the nonautonomous equation

(2.12), estimate (2.17) can be proved by the same perturbation argument as (B.5)—(B.6). O
Proof of (2.15) and (2.18). Let k be fixed, and define the operator A, (#) : S, — Sj, by
(An(t) o, on) = —(A(, 1) VR, Vo) VU, €S (B.8)

Then, [22, (2.13)] and [31, Lemma 4.c] imply the R-boundedness (uniformly with respect to &) of the
semigroup generated by the operator Ay (# ). Equivalently, the set of operators {z(z—A;(t)) "' : Re(z) >
0} is R-bounded (cf. [30, Theorem 4.2]). Since the L? projection operator P, is bounded with respect
to the W~ 14(Q)-norm, the R-boundedness of {z(z —A.(t))"'P, : Re(z) > 0} and [15, Theorem 6.1]
imply that the solution of the autonomous equation

(8:07,0n) + (A(,10)V P}, Vo) = (&",0) VU5 €S, (B.9)
with q),? = 0, with the coefficient frozen at t = #;, satisfies the discrete maximal L”-regularity
||(5r¢f)ﬁ=1||LP(Ls(Q)) + ||(Ah(tk>¢}rzl)ﬁ=1||LP(L5(!2)) < CH(gn)£:1||Ll’(L3(Q)) Vp,s€(l,0).  (B.10)
Estimates (2.16) and (B.10) imply (2.15) for the autonomous equation (B.9); see [23, Lemma 3.5].
Then, a perturbation argument like (B.5)—(B.6) yields (2.15) for the nonautonomous equation (2.13).

Estimate (2.18) is a consequence of (2.15) and (2.17) via a duality argument; see [23, pp. 539-541].
O

C. Discrete Sobolev interpolation inequality

In (4.36), (4.41) and (4.46), we have used the following version of temporal discrete Sobolev interpola-
tion inequality in the case 62 = 0° =

-1 1
H(elzé)lr;lHLw(x) < C|‘(61111-,Z)];=1HLP(§()H (616,’1174)’;71 Dy YI<p<es (C.1)

where X is a Banach space. This can be proved by applying the continuous version of the Sobolev
interpolation inequality to the piecewise linear interpolant 6(),t € [0,T], of 6),,...,6f .,

1, —t r—t
0(t) = ”T el + n- 16 for ¢ € [ty_1,t],
which satisfies 8(0) = 0. We have
max ||6( HWL‘I CHBHU? (0,1xs qu ”afe‘Lp (0,1 qu(Q)) (CZ)

t€[0,]
which furthermore implies (C.1) because

H9||LI’(O,tk;W'>‘1(Q)) < CH(G}’:,E)fz:l ||Lp(w1¢q(g))
and .
190811 o 0wy < €l (82030 oy [l o wraga))-
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