LINEARLY IMPLICIT METHODS
FOR NONLINEAR EVOLUTION EQUATIONS

GEORGIOS AKRIVIS, OHANNES KARAKASHIAN, AND FOTEINI KARAKATSANI

ABSTRACT. We construct and analyze combinations of rational implicit and explicit
multistep methods for nonlinear evolution equations and extend thus recent results
concerning the discretization of nonlinear parabolic equations. The resulting schemes
are linearly implicit and include as particular cases implicit—explicit multistep schemes
as well as the combination of implicit Runge—Kutta schemes and extrapolation. We
establish optimal order error estimates. The abstract results are applied to a third—
order evolution equation arising in the modelling of flow in a fluidized bed. We
discretize this equation in space by a Petrov—Galerkin method. The resulting fully
discrete schemes require solving some linear systems to advance in time with coeffi-
cient matrices the same for all time levels.

1. INTRODUCTION

In [I], a wide class of linearly implicit methods were applied to the following initial
value problem

V(t) + Av(t) = Bt o(t)), 0<t<T,

(1.1) o(0) — o,

with A a positive definite, selfadjoint, linear operator on a Hilbert space (H, (-, -)) with
domain D(A) dense in H, and B(t,-) : D(A) — H, t € [0,T], a (possibly) nonlinear
operator and initial datum v° € H.

This paper is concerned with the construction and analysis of linearly implicit
schemes for more general equations. For 7' > 0 and u® € H, we consider the ini-

tial value problem of seeking u : [0, 7] — D(A) satisfying
Lu'(t) + Au(t) = B(t,u(t)), 0<t<T,
1.2
(1:2) u(0) = u®,

with L and A positive definite, selfadjoint, linear operators on H with domain D(A)
dense in H, D(A) C D(L), and B(t,-) : D(A) — H, t € [0,T], a (possibly) nonlinear
operator.

To discretize (L2]) by the general class of schemes analyzed in [1], we first rewrite it
in the form (). To this end we let

A=LY2 A= ATTAATY B(t, ) == A7IB(t, A7L),

(13) v(t) := Au(t) and v° ;= Au®.
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It is then easily seen that (IL2]) can be written in the form (LTI).

Following [1], we express the numerical schemes in terms of bounded rational func-
tions p;,0; : [0,00] = R, ¢ =0,...,q, with p, = 1 and 0, = 0; we assume that the
functions o; vanish at infinity, o;(c0) = 0.

Let N e N, k := % be the time step, and t" := nk,n = 0,..., N. We recursively
define a sequence of approximations V™ € V,V := D(AY?), to v™ := v(t™) by

q q—1
(1.4) > kAT =k oy(RA)BE"T V),
i=0 i=0
assuming that starting approximations V° ..., V9! are given. The approximations

U™ eV, V= D(AY?), to u™ := u(t™), i.e., to the value of the solution of (LZ) at the
time level ™, are then defined by U™ := A~'V™_ that is as solutions of the equations
AU™ = V™; alternatively, bypassing V™, we may directly define the approximations
U™ by

q q—1
> piRAAU™ = k> oy(RA)BE"T, AU,
=0 =0

i.e., by
q g—1
(1.5) > pikA)AU™ = k> oy(RA)AT B, UM).
i=0 i=0
Let | - | denote the norm of H, and introduce in ‘H,H := D(A), and V' the norms
| - || and || - ||, respectively, by [|w]| := |Aw| and ||Jw] := |AY?w]|; we assume that || - ||
dominates || - || in V, and || - || dominates | - |.

We identify H with its dual, and denote by V' the dual of V', and by || - ||, |Jw|lx :=
|A=/2w|, the dual norm on V. For stability purposes, we assume that B(t,-) can be
extended to an operator from V into V' —this is actually the condition needed in
the sequel; the hypothesis B(t,-) : D(A) — H, t € [0,T], has only been made for
simplicity— and an estimate of the form

(1.6) I1B(t, w) = B(t, w)|l < Alw — @] + pllw —o|  Vw,weT,

holds in a tube T,,7, := {w € V : min, |u(t) — w| < 1}, around the solution wu,
uniformly in ¢, with the stability constant A and a constant pu.

We will assume in the sequel that (L2) possesses a solution which is sufficiently
regular for our results to hold. Local uniqueness of smooth solutions follows easily in

view of ([LG)).

Stability assumptions. For x € [0, 00], we introduce the polynomials p(z,-) and
O'(ZL‘, ) by

q q-1
p(x,¢) ==Y pi)C", o(x,¢) =) oix)".
i=0 i=0
We order the roots (j(x),7 = 1,...,q, of p(z,-) in such a way that the functions
¢; are continuous in [0, 00] and the roots &; = (;(0),7 = 1,...,s, satisfy |§;] = 1;
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these unimodular roots are the principal roots of p(0,:) and the complex numbers

. 01p(0)
Aj = €5 02p(0,€5)
the growth factors of £;. We assume that the method described by the rational functions

P, - - -y Pq 18 strongly A(0)—stable, cf. [1], i.e.,

(with 0, denoting differentiation with respect to the first variable) are

forall0 <z <ocandforall j=1,...,q,

(¢) there holds |((x)| < 1,

§ the principal roots of p(0,-) are simple and their growth

10
(#) factors have positive real parts, Re\; > 0,5 =1,...,s.
Depending on the particular scheme we will use for discretizing (IL1)) in time, it will be
essential for our analysis that A be appropriately small. More precisely, with

zo(z,¢)
= sup max |———==|,
>0 &S p(z, Q)
which, under our assumptions, is finite, we will assume for stability purposes that

1 .
K (pyo) ’

(1.7) K

;o)

(1.8) A<

here S; denotes the unit circle in the complex plane, S} := {z € C : |z| = 1}. The tube
T, is defined in terms of the norm of V' for concreteness. The analysis may be modified
to yield convergence under conditions analogous to (L6 for w and w belonging to
tubes defined in terms of other norms, not necessarily the same for both arguments.

Consistency assumptions. We first state the consistency hypotheses for the dis-
cretization in time. Let p > 1, and functions ¢, : [0,00) — R, ¢ = 0,...,p, be defined

and

() = Z [ pi(z) — piP~ oy ()]

=0
We assume that the order of the scheme is p, i.e.,

(Cp) wi(2) = 0P asz — 0+, £=0,...,p,
and its polynomial order p < p, i.e.,
(éﬁ) @5207 6207"'7ﬁ_17

see [1].
Next, we state the consistency assumptions for the discretization in space. For the
space discretization we use a family V},, 0 < h < 1, of finite dimensional subspaces
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of V. In the sequel the following discrete operators will play an essential role: Define

P, V/—)Vh, Lh,Ah V =V, and Bh( ) V-1V, by

(Pow, x) = (w, x) Vx € Vi
(Lng, x) = (Lp, x) Vx € Vi
(Ang, x) = (Ap, x) Vx € Vi
(Bnr(t, ), x) =(B(t,¢),x) VX € Vj.

Thus, we are led to a semidiscrete problem approximating (L2): we seek a function

Up, up(t) € V4, defined by

Ly}, (t) + Apup(t) = By(t,up(t)), 0<t<T,
(1.11) )
up(0) = uy;

here u2 € V, is a given approximation to u’. The semidiscrete approximation vy,
vp(t) € Vp, to v is then defined by

(1.12) v, (8) + Apvn(t) = Bu(t, vn(t)), 0<t<T,
' un(0) = vy
with v) = Ayu,

(1.9) A= L2 Ay = ATALNY, Byt ) == A Bi(t, A L),

and A;! is considered an operator from V}, onto itself.
In analogy to (IL4]), we recursively define a sequence of fully discrete approximations
Vit e Vy, tov™ by

—_

q q—
(1.10) S pilk ANV =k 0i(kAR)BL (£, Vi),

i

I
o

assuming that starting approximations V2, .. ., V,f_l € Vj, are given. The fully discrete
approximations U™ € Vj, to u™ are then defined by U™ := A, 'V;™, that is as solutions
of the equations A,U;" = V;™; alternatively, cf. (LH]), the approximations U} may be
directly defined by

q g—1
(1.11) > pik AR AU =k

=0 i=0

Let B(t,-) : V. — V' be differentiable, and assume that the linear operator M(t),

M(t) := A— B'(t,u(t)) + kI, is uniformly positive definite, for an appropriate constant
k. We introduce the ‘elliptic’ projection operator Ry (t) : V — V3, t € [0,T], by

oi(kAR) A B (", U,

(1.12) P,M(t)Ry(t)w = P,M (t)w
We assume that Ry, (t) has the following approximation properties

(1.13) [u(t) = Ru(tyu(t)] + W2 Ju(t) = Ru(tyu(t)] < O,
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and

(1.14) IZ(u = Ryu)' ()]l < C'H",

with two integers r and d, 2 < d < r. We further assume that
(1.15) |||@[Rh() ull ¢ j=1,....p+1L

For consistency purposes, we assume for the nonlinear part the estimate

I1B(t,u(t)) — B(t, Ru(t)u(t)) — B'(t, u(t))(u(t) — Ru(t)u(t))[l.
< Ch".

Let us note here that condition (ILT4]) essentially means that, if A is a differential
operator of order d, then L is a differential operator of order at most d/2. Condition
(LI6) on the other hand may be satisfied even if B contains derivatives of order d.

If both operators A and B are dominated by L, then the differential equation in ([L.2l)
is nonstiff and problem (I.2]) may be integrated in a stable way by explicit schemes, cf.

(1.16)

[5]; therefore, in this case there is no need to resort to linearly implicit schemes.
Let the order and the polynomial order of the method be p and p — 1, respectively,

i.e., p = p — 1. For initial approximations U°,..., U7 € V to u(t®),...,u(t?"1) such
that
q—1
(1.17) S () = U7)) + K2 e = U71) < e,
§=0
we shall prove, for sufficiently small k, the error estimate
(1.18) 01<r185§v|]u(t )= U"|| < CEP.

Concerning the fully discrete approximations, letting W (t) := Ry, (t)u(t), for starting
approximations Up, ..., U, ,'f_l € Vj, such that

(1.19) S (W () = Uil + KR ) — ) < (k2 + 1),
j=0

we shall prove, for k71h?" and k sufficiently small, the error estimate

(1.20) s [W(7) = U < OO + 1),

which combined with (LI3) yields

(1.21) Jmax, lu(t™) —U"| < C(kP +h").

As already mentioned the implicit—explicit multistep schemes are particular cases of
the schemes considered in this paper. Indeed, if we let («, ) be a strongly A(0)—stable
g—step scheme and (a, ) be an explicit g—step scheme, characterized by three poly-
nomials «a, 8 and 7,

4q q q—1
i=0 i=0 i=0
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then the corresponding implicit—explicit (o, 8,7) scheme for (LI is

q q—1
(1.26) Z(aiLh + kﬂiAh)U;LH—i —k Z%Bh(tn—i—i’ U,?—H).
i=0 i=0
Letting now
a; + Bir Vi
i(r) ;= ——,1=0,...,q, and o;(x):=———,
pi(x) o0 T By q (x) ——

i=0,...,q—1, it is easily seen that the scheme (L1I]) reduces to (L.26]). For specific
examples of implicit—explicit multistep schemes we refer to [2] and [3].

An outline of the paper is as follows: In Section 2l'we show that the assumptions of []
for problem ([ILT) are satisfied under our hypotheses for (I2)) and this allows us to derive
optimal order estimates. In Section 3] we apply our abstract results to a periodic initial
value problem for a third—order evolution equation arising in the modelling of flow in
a fluidized bed; in space the equation is discretized by a Petrov—Galerkin method.

2. ERROR ESTIMATES

It is easily seen that the operator A given in (3] is selfadjoint and positive definite.
Further,
|AY20)? = (Aw,w) = (A2 A w, AV2A ),
and, thus,
(2.1) |AYV2w| = |AY2 A .

In particular, between V and V, the domains of A2 and A2, respectively, we have
the relation V = A(V'). Similarly, we have

(2.2) | A~ 2| = |A7Y2 Aw).

Obviously, V' = A7YV"). Let w € V. Then A~™'w € V and thus B(t, A 'w) € V.
Therefore, A1 B(t, A7'w) € A7}(V'") = V', and we conclude that the operator B(t,-),
t € [0, 7], given in (L3), maps V into V'. Next, we show a local Lipschitz condition for
B. First, we rewrite (L6) in the form

(1.6") |A7Y/2 (B(t,w) — B(t,w))| < MAY2(w — )| + p|A(w — @)

for all w,w € T,. Let T, := {w € V : A~'w € T,} . Now, using (Z2) and (L6), for
w,w € T,, we have

AT2(B(t,w) = B(t,w))| = [A72A(B(t, w) = B(t, w))|
— |AV2(B(t, A w) — B(t, A~'w))|
< AAYPA N (w — @)] + pl A4 (w — )],
i.e., in view of (2.1]),
(2.3) |ATY2(B(t,w) — B(t,@))] < AAY2(w — @)| + plw — ),

for all w,w € 7T,.
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Let the consistency error E" n =0,..., N — ¢, of the scheme (L4 for the solution
v of (ILT)) be given by

k(I +KkA)'E" =

(2.4) g , it A A

> piRA(™) =k oi(RA)BE o(t")).

=0 i=0
It is easily seen that E™",n =10,..., N — q, is also the consistency error of the scheme
(LH) for the solution u of (.2,

k(I +KkA)'E" =
2.5 ! ,
(25) Z pikA) Au(t™) — k> oi(RA)AT B, u(t")).
=0 =0

Theorem 4.2 of [I] yields the following result:

Theorem 2.1. Let the order and the polynomial order of the scheme be p and p — 1,
respectively. Assume that (IL6) —and hence also (2.3) — is satisfied with a constant A
satisfying (LR). Let starting approzrimations VO, V1 ... Vit e Vtov(t?),..., v(t7 ")
be given such that

i
|
_

(2.6) (o) — VI| + k2| AY2 (v(#) — VI)|) < CKP

<
Il
o

and V' €V, n = , N, be recursively defined by (L4)). Let 9" = v(t") — V™", n =
0,...,N. Then, there exist constants C' and c, independent of k and n, such that, for
k sufficiently small,

972+ kD 19 <
=0
(2.7) - -
Ce ™ {3 (1072 + k[97)2) + kD IAE2},
j=0 =0

n=q—1,...,N, ¢f. 22), and
(2.8) max_|v(t") —V"| < CkP.

0<n<N
For the approzimations U™ = A=YV given by (LX), to u(t") the condition ([Z.6), the
local stability estimate (21), with (" = u(t") — U™, and the error estimate (2.8)) read,
respectively,

i
L

(2.9) (lu(®) = U]l + K2 Ju(#) — U7]]) < Ck?

<.
Il
o
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ISP+ &> I? <
(2.10) o

1 n—q
Ce* L3 (I + KICIE) + kS AE12},
j=0 £=0

n=q—1,...,N, and
(2.11) max_||u(t") — U"|| < CkP. O

0<n<N

Let Ep(t) € V}, denote the consistency error of the semidiscrete equation (LIT]) for
W, the elliptic projection of the solution u of (L2,

(2.12) Eu(t) := LyW'(t) + A,W (t) — Bp(t, W(t)), 0<t<T.
From the definition of W we easily conclude
(2.13) (AnW (1), x) = (Au(t) — [B'(t,u(t) — 1] (u(t) = W (1)), x)
for all x € V},. Therefore, using (L2),
En(t) = LyW'(t) — P,Lu'(t) + [ Pou(t) — W (t)]
+ P, [B(t7 u(t)) - B(ta W(t)) - B/(ta u(t))(u(t) - W(t))}a
and, in view of ([LI4), (LI3]) and (LI6), we easily obtain the following optimal order

estimate for the consistency error Ej,

(2.14) max ||E,(t)]], < Ch'.

0<t<T

The main result in this paper is given in the following theorem:

Theorem 2.2. Let the order and the polynomial order of the scheme be p and p — 1,

respectively. Assume we are given initial approzimations UY, UL, ..., U,;’*l eV, to
w(t®), ..., u(ti) such that

g—1
(2.15) (IW(#) = Ul + KW () = UJll) < C(R? + h7).

5=0

Let U € Vi, n = q,...,N, be recursively defined by (LIIl). Then, there exists a
constant C, independent of k and h, such that, for k and h* k= sufficiently small,

(2.16) max |u(t") —U"| < C(kP +h").

0<n<N
Proof. Let p" :=u(t") — W (t"),n=0,...,N. In view of (I.I3)), we have
(2.17) max |p"| < Ch'.

0<n<N
Obviously, B(t,v) := B(t,v) + Ex(t), cf. (212), satisfies (L) with the same constants
A and p. Now let W7 := W(t/),57 = 0,...,q — 1, and define W",n = ¢,..., N, by
applying the time discretization scheme to the equation (2.12)), i.e. by

—_

q q—
(2.18) > ok A AT = 7 ik An) A7 By (e, W),
1=0

i

I
=)
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with By (t,v) = By(t,v) 4+ Ej(t). Then, according to 2II), and in view of (IIH),
(2.19) max ||[W" — W"| < CkP.

0<n<N

In view of (ZI7) and ([ZIJ), it remains to estimate (" := W™ — U Subtracting (1))
from (2.I8)), we obtain

q q—1
> pilkA) ST =k oy(kA) AL Ey (")
i=0 i=0
(2.20) -1
4 k Z O'Z<]€Ah)/1}:1 [Bh<tn+i’ WnJrl) - Bh(tn+i, U}TLL+Z)]

=0
Using now the boundedness of o; and (2.10), we get

IC™ 1P+ & NS <
=0

(2.21) q—1 !
Cer e [ S (1P + HIGT) + 65 B2
=0 /=0

From this estimate, in view of (2.14)) and our condition on the starting approximations,
we easily conclude

(2.22) max ||[W" — UP|| < C(kP 4 h").

0<n<N

Let us note that it is in the derivation of (Z21) and (2.22)) where we need the mesh-
condition “h?"k~! sufficiently small”; this is due to the fact that in the course of the

proof we use the estimates, cf. (4.9) and the proof of Theorem 5.1 in [,

max [¢)] < Cu(k712 + ETY?) <1/2,

0<j<n—

and for the last estimate to be satisfied we need to assume k and h?"k~! to be sufficiently

small; this ensures U’ € T,,,j = 0,...,n— 1. From (2I7), (219) and (2.22) the desired
estimate (2.I6]) follows and the proof is complete. O

Remark 2.1. Assuming that (L6) holds with A =0, i.e.,
(2.23) 1B(t,w) - Bt, @)l < pllw—a|  Vw,@eT,

and that po, ..., p,—1 vanish at infinity, one can derive the error estimate (ZI6]) under
the milder condition

q—1
(2.24) SIWE) -Ull <k +h7), Up,... .U €T,
j=0

on the starting approximations. This is due to the fact that in this case (ZI0) takes
the form, see Remark 7.2 in [1],

n q—1 n—q
(225) IR NI < O LY IR + kY 4B ).
t=q J=0 £=0
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Remark 2.2. Let 7 € R be such that A 4 71 is positive semidefinite. It is then easily
seen that the error estimate (2.16]) holds also for the scheme

q
> pikA)AUT =
=0

q—

(2.26)

1
Y oi(kA)AT BT U 47U
=0

with A := A~ (A4 71)A.

Remark 2.3. The mild meshcondition “,~*h?" small” is used only to show that [|¢"[ <
1/2 which combined with (LI3)) and (Z19]) implies U}* € T,,. If the estimate (I.6) holds
in tubes around u defined in terms of weaker norms, not necessarily the same for both
arguments w and w, one may get by with an even milder meshcondition. Assume, for
instance, that (L) holds for w,w € Ty := {w € V : min, ||u(t) — w|* < 1} —or for
w e T, cf. (LI3), and w € T}— and the norm || - ||* satisfies an inequality of the form

lwll* < wll + wl=fw]®, weV,

for some constant a,0 < a < 1. Then, a condition of the form “k and k~*h?*" sufficiently
small” suffices for (2.16) to hold.

Similarly, when the relation (L) is satisfied in tubes around u defined in terms of
stronger norms, not necessarily the same for both arguments, the error estimate (210
may still be valid but under stronger meshconditions, cf. [1].

3. APPLICATION TO THE THIRD—ORDER FLUIDIZATION EQUATION

In this section we consider the following periodic initial value problem for a third—
order evolution equation: For T > 0, we seek a real-valued function u defined on
R x [0, 7], 1—periodic in the space variable and satisfying

(3.1) Uy + Ugge + KUy + V(U )gp + EUgy — Ouy =0, 0<t < T,
and
(3.2) u(-,0)=u’ in R,

with u’ a given, smooth 1—periodic function. Here, x,v,c and § are real constants,
and ¢, 0 are positive.

Equation (3.1]) arises in the modelling of flow in a fluidized bed, see [6] and [9]. The
unknown u represents the value of a small perturbation of the concentration of particles.
For numerical methods for problem (B.1])—(3.2]) we refer to [§] and the references therein.

The standard Galerkin finite element method for (B.I)—-(8.2) is unstable. A stable
semidiscrete Petrov—Galerkin method is proposed and analyzed in [§]. In this section we
shall combine the Petrov—Galerkin method of [8] with the time—stepping schemes con-
sidered in the previous sections to obtain efficient fully discrete schemes. We establish
optimal-order error estimates in the L?—norm for the fully discrete approximations.
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For s € Ny, let H,, denote the periodic Sobolev space of order s, consisting of the
1—periodic elements of Hj; (R), and let || - ||z be the norm over a period in H, . The
inner product in H := L2 = H) is denoted by (-,-), and the induced norm by | - |.

loc

per
For the space discretization, we let 0 = o < 1 < --- < x; = 1 be a partition of
0,1], and h := max;(xj41 — ;). Setting x5 :==j+xs, j€EZ, s=0,...,J—1, this
partition is periodically extended to a partition of R. For integer r > 4, let V}, denote a
space of at least once continuously differentiable, 1—periodic splines of degree r — 1, in
which approximations to the solution u(-, t) of (B))-(32) will be sought for 0 < ¢ < T.
The following approximation property of the family {V},}o<n<1 is well known, cf., e.g.,

[11]7

2
(3.3) inf R v — x|lmi < ch®||v]

2%,
XEVh =0

Hs, ve H?

per>’

2<s<r.

The standard Galerkin finite element method for ([BI)—(B3.2) is unstable, see [8].
The Petrov—Galerkin finite element method, based on the weak formulation of (B.1))
obtained by taking the inner product of ([B1]) with x —dx’, x € V4, and integrating by
parts, is as follows: Seek uy(t) € V3, t € [0, T, satisfying

(uhta X) + 52(uhxta X/) + 5(uhxx7 X”) - (]- + 55)(uh$$7 X,)+

(3'4) 2 N 2 ./ 2 " /
(v + 10) (ujp, X") = #(u, X') + v0((up)e, X") — (tna; X) = 0,

for all x € V}, and for all ¢ € [0, 7], and

(3.5) (- 0) = up
with u) € Vj, an approximation to the initial value u°,
(3.6) |u® —u)| < Ch".

Let H := L., and the operators A : H),, — H and L : V — H be defined
by Av = 0Uypes + Tv, with sufficiently large 7, and Lv := v — 6%v,,. Then V :=
D(AY?) = Hl, H = D(L'/?) = H],., and the norms in V and H are given by
vl = (0]vee|? + 7|v|?)V? and |Jv]| = (Jv]? + §2|v,|?)/?, respectively. Let B : V — V'
be given by B(v) = —(1 + 02)0ass — 00(0)sae — (v + 05) (0%) s — £(0%)g — Evpy + 0.
Differentiating equation (B.1]) with respect to x, multiplying the result by § and adding

to the original equation, we can rewrite (3.1]) in the form
(3.7) Lu; + Au= B(u), 0<t<T.

It is easily seen that the standard Galerkin method for ([8.7]), with approximating space
Vi, coincides with (3.4]).
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Following the corresponding abstract setting in the Introduction, we define the op-

erators P, : V! — V},, Ly, Ay : V — Vj, and By(t,-) : V — V}, by
(FPow, x) = (w, X) Vx € Vi
Lip, x) = (9, X) + 0% (par Xa) VX € Vi
A, X) = 0(Paws Xax) +T(0,X) VX E Vi
(Bn(t, ), x) = (B(t,¢), X) VX € Vi

n(t,
Let N € N, k : Z be the time step, and t" := nk,n = 0,..., N. With the
notation of the Introductlon we define a sequence of approximations U}, U! € V}, to
u(t™) :=wu(-,t"), n=gq,...,N, by

(
(

q—1
(3.8) Z pi(kAL) AU = k Z i (kAR A By (17 U,
=0 i=0

Assume that the time—stepping scheme satisfies the stability assumptions of the Intro-
duction and that its order and polynomial order are p and p — 1, respectively. Then,
for starting approximations UY, ..., UP™" satisfying (BI5) (or ((8I6)) below, and for
sufficiently small k and h, the analysis of the previous sections can be used to establish
the optimal order error estimate

(3.9) max |u(t") — U] < (kP 4+ h").

0<n<N

Indeed, to prove (B9), we have only to verify the hypotheses on L, A and B of the
previous sections.
First, by periodicity, for w,w,w € V,
(B(w) = B(w),w) = =(1 +6)((w — )z, Wox)
— Sv((w? — 0%) 4, Wea) — (V4 0K) (W* — 0%, Wer)

+ k(w? — 0% wy) — (W — W, wee) + 7(w — W, W)

and, using the fact that the H'—norm dominates in one dimension the L —norm, we
easily see that

(3.10) | B(w) = B(w)|lx < pllw —wll,  Vw,weTy,
with 7% := {v € V : min, ||u(-,t) — v| < 1}.
Further,
B'(w)w = = (1 4 0&)Wype — 200(W0) 00 — 2(V + 0K ) (W) 1z
— 26(WW), — EWyy + TW,

and we easily see that M(t) :== A — B'(u(t)) 4+ 71 is uniformly positive definite in H7,,,
for appropriately large .

We define the elliptic projection operator Ry (t) : V — V}, t € [0,T], by
P,M(t)Ry(t)v = P,M(t)v.
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It is easily seen, cf. Theorem 3.1 in [§], that

BA)  ult) — BalOul )]+ Rl 1) — Bt )] < O,
(3.12) 15 u( 1)~ Bu(tyu(- D)l < O,

and

(3.13) |2 R <€ G=1.p+ L

thus, (LI3), (L14) and (I.I5) are satisfied with d = 4.
Further, with W (t) := Ry (t)u(-,t), for w € H?

per’

(B(u(-t)) = BW(t)) = B'(uf:,
= 20v((u(-, 1) = W(1))(us (-, 1) — Wa(t)), w")
+ (v +0r)((u(-,t) = W(H)*, w") = s((u(-, 1) = W(t)*, w)

and thus, in view of (B.11]),
I B(u(- 1)) = BW(t)) = B'(u(-, 1)) (u(-,t) = W(t))ll«

3.14
i.e., (II6) is satisfied.
Assume now that we are given starting approximations Uy, ..., U,ffl e Vi,NT) to
u, ..., u? ! such that
q—1
(3.15) (W @) = ULl + K2 W () = URll) < e(k” +h")
7=0

or, for the schemes mentioned in Remark 2.1]
(3.16) Z W () — Ul || < (kP + h").

Then, for the approximations U}, ..., U} defined by (B.8) we have the estimate (3.9),
in view of the results of Section 2, for k and h sufficiently small. Let us emphasize
that no meshcondition is needed, since 7% in (B.I0) is defined in terms of the norm
| - |l, cf. Remark 23] and also that the estimate (3.9) holds for all schemes of order
and polynomial order p and p — 1, respectively, considered in this paper, since A = 0

in (3.10).
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