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HIGHER-ORDER LINEARLY IMPLICIT FULL DISCRETIZATION
OF THE LANDAU-LIFSHITZ-GILBERT EQUATION

GEORGIOS AKRIVIS, MICHAEL FEISCHL, BALAZS KOVACS, AND CHRISTIAN LUBICH

ABSTRACT. For the Landau-Lifshitz—Gilbert (LLG) equation of micromag-
netics we study linearly implicit backward difference formula (BDF) time dis-
cretizations up to order 5 combined with higher-order non-conforming finite
element space discretizations, which are based on the weak formulation due to
Alouges but use approximate tangent spaces that are defined by L2-averaged
instead of nodal orthogonality constraints. We prove stability and optimal-
order error bounds in the situation of a sufficiently regular solution. For the
BDF methods of orders 3 to 5, this requires that the damping parameter in
the LLG equations be above a positive threshold; this condition is not needed
for the A-stable methods of orders 1 and 2, for which furthermore a discrete
energy inequality irrespective of solution regularity is proved.

1. INTRODUCTION

1.1. Scope. In this paper we study the convergence of higher-order time and space
discretizations of the Landau-Lifshitz—Gilbert (LLG) equation, which is the basic
model for phenomena in micromagnetism, such as in recording media [26], [36].

The main novelty of the paper lies in the construction and analysis of what is
apparently the first numerical method for the LLG equation that is second-order
convergent in both space and time to sufficiently regular solutions and that satisfies,
as an important robustness property irrespective of regularity, a discrete energy
inequality analogous to that of the continuous problem.

We study discretization in time by linearly implicit backward difference formu-
lae (BDF) up to order 5 and discretization in space by finite elements of arbitrary
polynomial degree. For the BDF methods up to order 2 we prove optimal-order
error bounds in the situation of a sufficiently regular solution and a discrete energy
inequality irrespective of solution regularity under very weak regularity assump-
tions on the data. For the BDF methods of orders 3 to 5, we prove optimal-order
error bounds in the situation of a sufficiently regular solution under the additional
condition that the damping parameter in the LLG equation be above a method-
dependent positive threshold. However, no discrete energy inequality irrespective
of solution regularity is obtained for the BDF methods of orders 3 to 5.

The discretization in space is done by a higher-order non-conforming finite ele-
ment method based on the approach of Alouges [4, [B], which uses a projection to

Received by the editor March 13, 2019, and, in revised form, March 14, 2020.

2010 Mathematics Subject Classification. Primary 656M12, 656M15; Secondary 65L06.

Key words and phrases. BDF methods, non-conforming finite element method, Landau-—
Lifshitz—Gilbert equation, energy technique, stability.

(©2020 American Mathematical Society



2 GEORGIOS AKRIVIS, MICHAEL FEISCHL, BALAZS KOVACS, AND CHRISTIAN LUBICH

an approximate tangent space to the normality constraint. Contrary to the point-
wise orthogonality constraints at the nodes, which define the approximate tangent
space in those papers and yield only first-order convergence also for finite elements
with higher-degree polynomials, we here enforce orthogonality averaged over the
finite element basis functions. With these modified approximate tangent spaces we
prove H'-convergence of optimal order in space and time under the assumption of
a sufficiently regular solution.

Key issues in the error analysis are the properties of the orthogonal projection
onto the approximate tangent space, the higher-order consistency error analysis,
and the proof of stable error propagation, which is based on non-standard energy
estimates and uses both L? and maximum norm finite element analysis.

1.2. The Landau-Lifshitz—Gilbert equation. The standard phenomenological
model for micromagnetism is provided by the Landau-Lifshitz (LL) equation

(1.1) om =-—m X Heg — am x (m x Heg)

where the unknown magnetization field m = m(x,t) takes values on the unit
sphere S?, a > 0 is a dimensionless damping parameter, and the effective magnetic
field H.g depends on the unknown m. The Landau-Lifshitz equation () can be
equivalently written in the Landau-Lifshitz—Gilbert form

(1.2) adym+m x Om = (1+o?)[Heg — (m - Heg)m)].

Indeed, in view of the vector identity a x (bx ¢) = (a-c)b— (a-b)c, for a, b, c € R?,
we have —m x (m X Heﬂ‘) = H.g — (m . Heff)m, and taking the vector product
of () with m and adding « times (II)) then yields (T2)).

Since m X a is orthogonal to m, for any a € R3, it is obvious from (L) that
Jym is orthogonal to m: m - 9ym = 0; we infer that the Euclidean norm satisfies
|m(x,t)| = 1 for all 2 and for all ¢, provided this is satisfied for the initial data.

The term in square brackets on the right-hand side in (I2)) can be rewritten as
P(m)H,.g, where (with I the 3 x 3 unit matrix)

P(m)=1-mm’
is the orthogonal projection onto the tangent plane to the unit sphere S? at m.
In this paper we consider the situation

1
where H = H(x,t) is a given external magnetic field. The factor 1/(1 + o?) is
chosen for convenience of presentation, but is inessential for the theory; it can be
replaced by any positive constant factor.
With this choice of Heg, we arrive at the Landau-Lifshitz—Gilbert (LLG) equa-
tion in the form

(1.4) adym +m x Oym =P(m)(Am + H).

We consider this equation as an initial-boundary value problem on a bounded do-
main 2 C R3 and a time interval 0 < t < £, with homogeneous Neumann boundary
conditions and initial data myg taking values on the unit sphere, i.e., the Euclidean
norm |mg(z)| equals 1 for all = € {2.

We counsider the following weak formulation, first proposed by Alouges [4, [5]:
Find the solution m : 2 x [0,#] — S? with m(-,0) = myg by determining, at
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m(t) € H*(£2)3, the time derivative 9ym (omitting here and in the following the
argument t) as that function in the tangent space

T(m):={peL*(2)’ :m- =0 ae.} ={peL*(N2)°: P(m)p =}
that satisfies, for all ¢ € T'(m) N H(£2)3,
(1.5) a(0ym, @) + (m x Oym, ) + (Vm, Vo) = (H,¢),

where the brackets (-,-) denote the L? inner product over the domain 2. The
numerical methods studied in this paper are based on this weak formulation.

1.3. Previous work. There is a rich literature on numerical methods for Landau—
Lifshitz(~Gilbert) equations; for the numerical literature up to 2007 see the review
by Cimrék [17].

Alouges & Jaisson [4 [5] propose linear finite element discretizations in space and
linearly implicit backward Euler in time for the LLG equation in the weak formula-
tion (LH) and prove convergence without rates towards nonsmooth weak solutions,
using a discrete energy inequality and compactness arguments. Convergence of this
type was previously shown by Bartels & Prohl [I1] for fully implicit methods that
are based on a different formulation of the Landau-Lifshitz equation (III). In [6],
convergence without rates towards weak solutions is shown for a method that is
(formally) of “almost” order 2 in time, based on the midpoint rule, for the LLG
equation with an effective magnetic field of a more general type than (L3).

In a complementary line of research, convergence with rates has been studied
under sufficiently strong regularity assumptions, which can, however, not be guar-
anteed over a given time interval, since solutions of the LLG equation may develop
singularities. A first-order error bound for a linearly implicit time discretization
of the Landau-Lifshitz equation (ILT) was proved by Cimrék [I6]. Optimal-order
error bounds for linearly implicit time discretizations based on the backward Euler
and Crank—Nicolson methods combined with finite element full discretizations for
a different version of the Landau-Lifshitz equation (II]) were obtained under suf-
ficient regularity assumptions by Gao [23] and An [7], respectively. In contrast to
[4 5 6 [11], these methods do not satisfy an energy inequality irrespective of the
solution regularity.

Numerical discretizations for the coupled system of the LLG equation (L) with
the eddy current approximation of the Maxwell equations are studied by Feischl &
Tran [21], with first-order error bounds in space and time under sufficient regular-
ity assumptions. This also yields the first result of first-order convergence of the
method of Alouges & Jaisson [4] [5].

There are several methods for the LLG equations that are of formal order 2 in
time (though only of order 1 in space), e.g., [35, B1], 9], but none of them comes
with an error analysis. Fully implicit BDF time discretizations for LLG equations
have been used successfully in the computational physics literature [37], though
without giving any error analysis.

To the authors’ knowledge, the second-order linearly implicit method proposed
and studied here is thus the first numerical method for the LLG (or LL) equa-
tion that has rigorous a priori error estimates of order 2 in both space and time
under high regularity assumptions and that satisfies a discrete energy inequality
irrespective of regularity.
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We conclude this brief survey of the literature with a remark: The existing con-
vergence results either give convergence of a subsequence without rates to a weak so-
lution (without imposing strong regularity assumptions), or they show convergence
with rates towards sufficiently regular solutions (as we do here). Both approaches
yield insight into the numerical methods and have their merits, and they comple-
ment each other. Clearly, neither approach is fully satisfactory, because convergence
without rates of some subsequence is nothing to observe in actual computations,
and on the other hand high regularity is at best provable for close to constant initial
conditions [22] or over short time intervals. We regard the situation as analogous
to the development of numerical methods and their analysis in other fields such as
nonlinear hyperbolic conservation laws: second-order methods are highly popular
in that field, even though they can only be shown to converge with very low order
(1/2 or less or only without rates) for available regularity properties; see, e.g., [32]
Chapter 3]. Nevertheless, second-order methods are favored over first-order meth-
ods in many applications, especially if they enjoy some qualitative properties that
give them robustness in non-regular situations. A similar situation occurs with the
LLG equation, where the most important qualitative property appears to be the
energy inequality.

1.4. Outline. In Section [2 we describe the numerical methods studied in this pa-
per. They use time discretization by linearly implicit BDF methods of orders up
to b and space discretization by finite elements of arbitrary polynomial degree in
a numerical scheme that is based on the weak formulation (LH]), with an approxi-
mate tangent space that enforces the orthogonality constraint approximately in an
L2-projected sense.

In Section Bl we state our main results:
e For the full discretization of (5] by linearly implicit BDF methods of orders 1
and 2 and finite element methods of arbitrary polynomial degree we give optimal-
order error bounds in the H' norm, under very mild mesh conditions, in the case
of sufficiently regular solutions (Theorem [BI]). For these methods we also show a
discrete energy inequality that requires only very weak regularity assumptions on
the data (Proposition B1]). This discrete energy inequality is of the same type as
the one used in [5] [I1] for proving convergence without rates to a weak solution.
e For the linearly implicit BDF methods of orders 3 to 5 and finite element methods
with polynomial degree at least 2, we have optimal-order error bounds in the H'!
norm only if the damping parameter « is larger than some positive threshold, which
depends on the order of the BDF method (TheoremB2)). Moreover, a stronger (but
still mild) CFL condition 7 < ch is required. A discrete energy inequality under
very weak regularity conditions is not available for the BDF methods of orders 3
to 5, in contrast to the A-stable BDF methods of orders 1 and 2.

In Section [ we prove a perturbation result for the continuous problem by energy
techniques, as a preparation for the proofs of our error bounds for the discretization.

In SectionBlwe study properties of the L?-orthogonal projection onto the discrete
tangent space, which are needed to ensure consistency of the full order and stability
of the space discretization with the higher-order discrete tangent space.

In Section [l we study consistency properties of the methods and present the
error equation.

In Sections [ and B we prove Theorems B.I] and B.2] respectively. The higher-
order convergence proofs are separated into consistency (Section [B]) and stability



HIGHER-ORDER DISCRETIZATION OF THE LLG EQUATION 5

estimates. The stability proofs use the technique of energy estimates, in an unusual
version where the error equation is tested with a projection of the discrete time
derivative of the error onto the discrete tangent space. These proofs are different
for the A-stable BDF methods of orders 1 and 2 and for the BDF methods of orders
3 to 5. For the control of nonlinearities, the stability proofs also require pointwise
error bounds, which are obtained with the help of finite element inverse inequalities
from the H' error bounds of previous time steps.

In Section [@ we illustrate our results by numerical experiments.

In an Appendix we collect basic results on energy techniques for BDF methods
that are needed for our stability proofs.

2. DISCRETIZATION OF THE LLG EQUATION

We now describe the time and space discretization that is proposed and studied
in this paper.

2.1. Time discretization by linearly implicit BDF methods. We shall dis-
cretize the LLG equation (L) in time by the linearly implicit k-step BDF methods,
1 < k <5, described by the polynomials § and +,

k

k k—1
50 =Y 1= =350, 20 =21=(1-0" = 3¢
(=1 j=0 i=0
We let t,, = n7, n=20,..., N, be a uniform partition of the interval [0,7] with
time step 7 = £/N. For the k-step method we require k starting values m’ for
t=20,...,k—1. For n > k, we determine the approximation m"” to m(t,) as
follows. We first extrapolate the known values m”™ %, ... . m"~! to a preliminary

normalized approximation m" at t,,

k—1 k-1
(2.1) m" = Z’yjm”*jfl/‘Zijm"*jfl‘.
=0 =0

To avoid potentially undefined quantities, we define m"™ to be an arbitrary fixed
unit vector if the denominator in the above formula is zero.

The derivative approximation m"™ and the solution approximation m”™ are re-
lated by the backward difference formula

k k
1 y .
(22) m" = = E :5jmnija Le., m" = (— E d;m"/ +rm")/50.
j=0 j=1

We determine m™ by requiring that for all ¢ € T(m"™) N H(02)3,
a(m”, @) + (m" x m", @) + (Vm", Vo) = (H(t,),¢)

2.3
(23) m" e T(m"), ie, m" " =0.

Here we note that on inserting the formula in ([22) for m™ in the third term of
([23), we obtain a linear constrained elliptic equation for ™ € T'(m") N H'(2)3
of the form

.
do
where f” consists of known terms. The bilinear form on the left-hand side is
H'(2)3-coercive on T(m™) N H'(£2)3, and hence the above linear equation has a

a(m™ ) + (m" xm", @) + —(Vi", Vo) = (f*,¢) Ve cT(m")NH (12)%
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unique solution " € T(m") N H'(2)? by the Lax-Milgram lemma. Once this
elliptic equation is solved for 7™, we obtain the approximation m” € H'(2)? to
m(t,) from the second formula in (2.2)).

2.2. Full discretization by BDF and higher-order finite elements. For a
family of regular and quasi-uniform finite element triangulations of {2 with maxi-
mum meshwidth & > 0 we form the Lagrange finite element spaces Vi, C H*(£2) with
piecewise polynomials of degree » > 1. We denote the L?-orthogonal projections
onto the finite element space by IIy,: L*(2) — V, and ITj, = I II},: L*(2)® — V2.
With a function m € H'(§2)? that vanishes nowhere on {2, we associate the discrete
tangent space

Th(m) = {goh S VhB : (m . (ph,’Uh) =0 Vo, € Vh}

This space is different from the discrete tangent space used in [4 [B], where the
orthogonality constraint m - ¢, = 0 is required to hold pointwise at the finite
element nodes. Here, the constraint is enforced weakly on the finite element space,
as is done in various saddle point problems for partial differential equations, for
example for the divergence-free constraint in the Stokes problem [14}[25]. In contrast
to that example, here the bilinear form associated with the linear constraint, i.e.,
b(m; op,vy) = (M-, vy), depends on the state m. This dependence substantially
affects both the implementation and the error analysis.

Following the general approach of [4] [5] with this modified discrete tangent space,
we discretize (L)) in space by determining the time derivative 9,my, (t) € Ty, (my,(t))
such that (omitting the argument t)

(2.4)

a(Oymn, en) + (my x demu, on) + (Vmy, V)
= (H,on) Yeon € Tn(mn),

where the brackets (-, ) denote again the L? inner product over the domain 2.
The full discretization with the linearly implicit BDF method is then readily
obtained from (Z3)): determine m] € T}, (m}') such that

(2.6) a(my, en)+(my xmy, on)+(Vmp, Ven) = (H(ta), pn) YeneTh(my),

where m}! and mj are related to mj 7 for j = 0,...,k in the same way as in ([2.1)

(2.5)

and ([Z2) above with m} 7 in place of m" 7, viz.,
1< , k-1 ‘ k-1 ‘
1) = 2D dmi = Ym0
3=0 7=0 =0

To avoid potentially undefined quantities, we define m} to be an arbitrary fixed
unit vector if the denominator in the above formula is zero. (We will, however,
show that this does not occur in the situation of sufficient regularity.)

To implement the discrete tangent space T, (m}!), there are at least two options:
using the constraints IT,(m - ¢op,) = 0 or constructing a local basis of Tj(m).

(a) Constraints: Let ¢; for i = 1,..., Np, := dimV}, denote the nodal basis of
V;, and denote the basis functions of V;3 by ¢; = ey ® ¢; for © = (i, k), where e,
for k = 1,2,3 are the standard unit vectors of R®. We denote by M and A the
usual mass and stiffness matrices, respectively, with entries m;; = (¢, ¢;) r2(0) and
aij = (Vi, Vdj)r2(0)3. We further introduce the sparse skew-symmetric matrix



HIGHER-ORDER DISCRETIZATION OF THE LLG EQUATION 7

S = (s};) € R3Nnx3Nn with entries si; = (M X ¢4, ¢5)12(0)s and the sparse
constraint matrix C" = (¢} ;) € R¥N»*Nu by ¢ - = (mj)} - ¢i, ¢;)12(2). Finally, we
denote the matrix of the unconstrained time-discrete problem as

T

K" zaI®M—|—5—I®A+S”.

0
Let m™ € R3"Mr denote the nodal vector of m} € T (m?). In this setting, (28]
yields a system of linear equations of saddle point type

K™n™ + (Cn)T/\n _ fn,
C™in™ =0,

where A" € RV is the unknown vector of Lagrange multipliers and f* € R3"V» is
a known right-hand side.

(b) Local basis: Tt is possible to compute a local basis of T}, (m) by solving small
local problems. To see that, let w C (2 denote a collection of elements of the mesh
and let @ D w denote the same set plus the layer of elements touching w (the patch
of w). A sufficient (and necessary) condition for ¢, € V;* with supp(¢p) C w to
belong to Tj(m) is

(2.8) (m -, p) =0 for all ¢y, € V), with supp(¢y,) C @.

If we denote by #w the number of generalized hat functions of V}, supported in w,
the space of functions in V;> with support in w is 3#w-dimensional. On the other
hand, the space of test functions in (Z8) is #w-dimensional. We may choose w
sufficiently large (depending only on shape regularity) such that 3#w > #w and
hence (2.8)) has at least one solution which is then a local basis function of Ty (m).
Choosing different w to cover 2 yields a full basis of T}, (m).

Let us denote the so obtained basis of Tj,(m]) by (¢}), given via p = Y. ¢;bl,,
and the sparse basis matrix by B™ = (b},). Then, the nodal vector m™ = B"z" is
obtained by solving the linear system

(Bn)TKan:En _ (Bn)Tfn
An advantage of this approach is that the dimension is roughly halved compared
to the formulation with constraints. However, the efficiency of one approach versus

the other depends heavily on the numerical linear algebra used. Such comparisons
are outside the scope of this paper.

Remark 2.1. The algorithm described above does not enforce the norm constraint
|m| = 1 at the nodes. The user might add a normalization step in the definition
of m™ in ([Z2)). However, here we do not consider this normalized variant of the
method, whose convergence properties are not obvious to derive.

Remark 2.2. Differently to [4], we do not use the pointwise discrete tangent space
TP (m) = {pn €V m-p, =0 at every node}
={pn €Vy} : In(m- ) =0} = L,P(m)V}},
where Ij, : C(.(_Z) — V}, denotes finite element interpolation and I, = I ® I, :
C(2)> — V3. Tt is already reported in [4, Section 4] that an improvement of
the order with higher-degree finite elements could not be observed in numerical

experiments when using the pointwise tangent spaces in the discretization (2.5]).
Our analysis shows a lack of consistency of optimal order in the discretization with
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TP%(m), which originates from the fact that I,P(m) is not self-adjoint. The order
reduction can, however, be cured by adding a correction term: in the nth time step,
determine mj € TP™ (m}) such that for all ¢, € T} (m]!),

a(my, en) + (my x my, en) + (Vmy, V)
— (Vmp, VI —P(m7))en) = (P(my)H(t,), ¢n),

with notation mj and m} as in ([277). With the techniques of the present paper, it
can be shown that like (Z0]), also this discretization converges with optimal order
in the H' norm under sufficient regularity conditions. Since this paper is already
rather long, we do not include the proof of this result. In contrast to ([2.6) for the
first- and second-order BDF methods, the method ([Z9) does not admit an h- and
7-independent bound of the energy that is irrespective of the smoothness of the
solution.

(2.9)

3. MAIN RESULTS

3.1. Error bound and energy inequality for BDF of orders 1 and 2. For
the full discretization with first- and second-order BDF methods and finite elements
of arbitrary polynomial degree r > 1 we will prove the following optimal-order error
bound in Sections [l to [T

Theorem 3.1 (Error bound for orders k = 1,2). Consider the full discretization
@8) of the LLG equation (L4 by the linearly implicit k-step BDF time discretiza-
tion for k < 2 and finite elements of polynomial degree r > 1 from a family of
regular and quasi-uniform triangulations of §2. Suppose that the solution m of the
LLG equation is sufficiently regular. Then, there exist 7 > 0 and h > 0 such that
for numerical solutions obtained with step sizes T < 7 and meshwidths h < h, which
are restricted by the very mild CFL-type condition

™ < ehl/?
with a sufficiently small constant ¢ (independent of h and T), the errors are bounded
by
(3.1) |myr — m(t,)| g (0p < C(7" +h")  for t, =nr <4,
where C' is independent of h,7 and n (but depends on o and exponentially on t),

provided that the errors of the starting values also satisfy such a bound.

The precise regularity requirements are as follows:
m € CM([0,], L=(£2)%) N C1([0, 2], W (2)%),

(32 Am + H € O([0,1], WrThoo(02)3).

Remark 3.1 (Discrepancy from normality). Since m(x,t,) are unit vectors, an
immediate consequence of the error estimate ([B.I)) is that

(3.3) 11— |mp|| 20 < C(TF + 17 for t, =nt <4,

with a constant C' independent of n, 7 and h. The proof of Theorem [B] also shows
that the denominator in the definition of the normalized extrapolated value m}!
satisfies

k—1
3.4 Hl — mr It H SCh 2" +h)y <L for ¢, =nr <4,
( ) }jgo'% h } Lo (02) ( ) 2
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which in particular ensures that mJ is unambiguously defined. We note, however,
that (B3) and ([B.4]) are not guaranteed to hold without sufficient regularity of the
solution.

Testing with ¢ = dym € T'(m) in ([[LH), we obtain (only formally, if J;m is not
in H'(£2)?)
a(Oym,0ym) + (Vm,0,Vm) = (H,0,m),
which, by integration in time and the Cauchy-Schwarz and Young inequalities,
implies the energy inequality

t 1 t
IVm(t)|2: + ba / 9m ()13 ds < [ m(0)[3 + 5 / | (s)|2. ds.

Similarly, we test with 5, = m} € Tj(m}) in (Z6). Then we can prove the
following discrete energy inequality, which holds under very weak regularity as-
sumptions on the data.

Proposition 3.1 (Energy inequality for orders k = 1,2). Consider the full dis-
cretization (20 of the LLG equation [LA) by the linearly implicit k-step BDF time
discretization for k < 2 and finite elements of polynomial degree r > 1. Then, the
numerical solution satisfies the following discrete energy inequality: for n > k with
nt < t,

n k—1 n

_ i i T

W IVmElEe + dar 3 i l3e < o S IVmilde + 5= S0 IH ()|,
j=k i=0 j=k

where v =1 and v = (34 2v/2) /4.

This energy inequality is an important robustness indicator of the numerical
method. In [5] [T], such energy inequalities are used to prove convergence without
rates for a subsequence 7, — 0 and hy; — 0 to a weak solution of the LLG equation
for the numerical schemes considered there. Those methods have v* = 1, which is
inessential in the proofs, and the numerical approximation from those methods is
of unit norm at the finite element nodes, which appears essential in the proofs of

[5, 1.

As the proof of Proposition [3.1]is short, we give it here.

Proof. The proof relies on the A-stability of the first- and second-order BDF meth-
ods via Dahlquist’s G-stability theory as expressed in Lemma [A ] of the Appendix,
used with §(¢) = Z’g:l(l —¢)¥/¢ and pu(¢) = 1. The positive definite symmetric
matrices G = (gi;)F ;_; are known to be G =1 for k = 1 and (see [27, p. 309])

171 =2
G_Z<—2 5) for k—2,
which has the eigenvalues v+ = (3 + 21/2)/4.
We test with @5 = ) € T,(m}) in [Z8) and note (m} x i}, m}) = 0, so
that
almpl|7e + (Vmy, Ving) = (H(t,), 1)
The right-hand side is bounded by

N I, 1
(H (tn), 7)) < S llmpl7e + 5= | H (672
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Recalling the definition of m}, we have by Lemma [A]]

k 2
1 . . 1 . .
(Vmp,Vmyp) > - E gij(VmZ_ZH,VmZ JH) - E 9i;(Vm =" . Vm, 7).
i,j=1 4,j=1

We fix i with £ <7 < #/7 and sum from n = k to 71 to obtain

k n
Y 9i(Vmp L Vmp T 4 Jar Y g7
i,j=1 n=k

k 7
—i k—j T
<Y gi(Vmy T Vmy ) + % Y IH )12
n=~k

i,j=1

Noting that

k
YIVmEGe < ) i (Vm = Vmp ),

ij=1
k k—1
Y 9 (Vmy ! Vmy ™) <ot Y Vmg 7,
ij=1 i=0
we obtain the stated result. O

3.2. Error bound for BDF of orders 3 to 5. For the BDF methods of orders
3 to 5 we prove the following result in Section [l Here we require a stronger, but
still moderate stepsize restriction in terms of the meshwidth. More importantly, we
must impose a positive lower bound on the damping parameter o of ().

Theorem 3.2 (Error bound for orders k = 3,4,5). Consider the full discretization
@X) of the LLG equation [LA) by the linearly implicit k-step BDF time discretiza-
tion for 3 < k <5 and finite elements of polynomial degree v > 2 from a family of
reqular and quasi-uniform triangulations of 2. Suppose that the solution m of the
LLG equation has the regularity B2)), and that the damping parameter « satisfies

o> ap  with

(3.5) ar = 0.0913, 0.4041, 4.4348, for k= 3,4,5, respectively.

Then, for an arbitrary constant C' > 0, there exist 7 > 0 and h > 0 such that for
numerical solutions obtained with step sizes T < T and meshwidths h < h that are
restricted by

(3.6) T < COh,
the errors are bounded by
|myr — m(t,)|| g (0p < C(7" +h")  for t, =nr <4,
where C'is independent of h,T and n (but depends on o and exponentially on Ct),

provided that the errors of the starting values also satisfy such a bound.

Theorem [3.2limits the use of the BDF methods of orders higher than 2 (and more
severely for orders higher than 3) to applications with a large damping parameter a,
such as cases described in [24] [39]. We remark, however, that in many situations
a is of magnitude 1072 or even smaller [I0]. A very small damping parameter «
affects not only the methods considered here. To our knowledge, the error analysis
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of any numerical method proposed in the literature breaks down as o — 0, as does
the energy inequality.

It is not surprising that a positive lower bound on « arises for the methods of
orders k > 3, since they are not A-stable and a lower bound on « is required also for
the simplified linear problem (a+1)0;u = Au, which arises from (4] by freezing m
in the term m x dym and diagonalizing this skew-symmetric linear operator (with
eigenvalues +i and 0) and by omitting the projection P(m) on the right-hand side
of (T4).

The proof of Theorem uses a variant of the Nevanlinna—Odeh multiplier
technique [34], which is described in the Appendix for the convenience of the reader.
While for sufficiently large o we have an optimal-order error bound in the case of
a smooth solution, there is apparently no discrete energy inequality under weak
regularity assumptions similar to Proposition Bl for the BDF methods of orders 3
to d.

As in Remark 3] the error bounds also allow us to bound the discrepancy from
normality.

4. A CONTINUOUS PERTURBATION RESULT

In this section we present a perturbation result for the continuous problem,
because we will later transfer the arguments of its proof to the discretizations to
prove stability and convergence of the numerical methods.

Let m(t) be a solution of (L4 for 0 < ¢ < ¢, and let m,(t), also of unit length,
solve the same equation up to a defect d(t) for 0 < ¢ < &

adymy + my x Oymy = P(my)(Am, + H)+d
(41) =P(m)(Am, + H)+r,
with
r=—(P(m)—-P(m,))(Am, + H) +d.
Then, m, also solves the perturbed weak formulation
(O4my, @) + (M x Oymy, @)+ (Vm,, V) = (r+ H,p) Yo € T(m)NH'(12)%,
and the error e = m — m, satisfies the error equation
a(Ore, p) + (e x Oymy, @) + (m x de, @) + (Ve, V) = —(r,¢)
Vo € T(m) N H' (2)3.

Before we turn to the perturbation result, we need Lipschitz-type bounds for the

orthogonal projection P(m) = I — mm? applied to sufficiently regular functions.

(4.2)

Lemma 4.1. The projection P(-) satisfies the following estimates, for functions

m,m,,v : 2 — R3, where m and m, take values on the unit sphere and m, €
Wheo($2)3:

[(P(m) — P(m.))v|[L2(2)
[V ((P(m) — P(m.))v)

<2 ||'U||LOO(Q)3Hm — m*||L2(Q)3,
HL2(_Q)3XB < 2[[mudlwe @)z [[v][wree ()2 [m — M| p2(0)s

+ 6 [|v]| Lo (2 V(M — m) || L2 (2)sxs.

Proof. Setting e = m — m,, we start by rewriting

(P(m) — P(m,))v = —(mm” —m,mD)v = —(me” + em?)v.
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The first inequality then follows immediately by taking the L? norm of both
sides of the above equality, using the fact that m and m, are of unit length. The
second inequality is proved similarly, using the product rule

2i(P(m)—P(m,))v = —0;(ee” + m,e” + em!)v
=— (BieeT +edie’ + 9;m,e’ + m,ie’ + Biemf + e@imz)v
+ (me” + emD)ov,
the L bound of d;m,, and the fact that ||| L~ < |[m]||L~ + [[My]pe <2. O
We have the following perturbation result.

Lemma 4.2. Let m(t) and my(t) be solutions of unit length of (LX) and @I,
respectively, and suppose that, for 0 <t < t, we have

(4.3) [ () [lwr.oe (295 + [|0em(B)[lwroe (2)s < R
' and  ||[Am, (t) + H(t)|| o (2)s < K.
Then, the error e(t) = m(t) — m,(t) satisfies, for 0 <t <,

t
@) el < (IO + [ 1406) oy ds).
where the constant C' depends only on o, R, K, and t.

Proof. Let us first assume that 9;m(t) € H'(£2)? for all ¢t. Following [21], we test
in the error equation (£2) with ¢ = P(m)d,e € T(m). By the following argument,
this test function is then indeed in H'(§2)? and can be viewed as a perturbation
of Ose:

¢ =P(m)oe = P(m)oym — P(m)oym,
=P(m)oym — P(m,)0:m, — (P(m) — P(m,))0:m,
= 0ym — dym, — (P(m) — P(m,))0ym,,
and so we have
(4.5) p=P(m)oe=0e+q with q=—(P(m)—P(m,))om,.
By Lemma 1] and using (£3]) we have
(46) lallz> < 2Rlellzz and [Vl < CRlelm.
Testing the error equation ([@2) with ¢ = d;e + q, we obtain
a(Ore, Ore + q) + (e x ymy,, Ore + q) + (m X Oze, Ore + q)
+ (Ve,V(Oe + q)) = —(r,0re + q),
where, by (1)) and Lemma T with (£3]), 7 is bounded as
. Irll2 < 1(P(m) — P(m.))(Am. + H)| 12 + ] 12
< 2K|lellrz + ||d] 22

By collecting terms, and using the fact that (m x 9;e, 9;e) vanishes, we altogether
obtain

1d 9
5 g IVellze = — a(dre, q) — (e x Oim., Ore + q) — (m % Dre, q)

—(Ve,Vq) — (r,0ie + q).

OéHat(?”%z +
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For the right-hand side, the Cauchy—Schwarz inequality and ||m||p~ =1 yield
1d
2dt
+ 10cell 2 llgllL2 + I Vel L2(IVall L2 + [[7ll > (|19:e] 2 + [lgll2)-

Young’s inequality and absorptions, together with the bounds in (@8 and 7)),
yield

af|Ocel|7> + IVell7> < alldrellzllqllL> + Rllell2(|0ell Lz + [lqllL2)

1d

Sl Vele < cllel + el

1
a§|\8te||%2 +
Here, we note that

1d d
sglleliz = (e, e) < 5ldrellzz+3llelzz,  so that [|orel7z > llelza—lle]Za.

Combining these inequalities and integrating in time, we obtain

t t
le(®) 20 < cle()]2n +c / le(s)|2nds + ¢ / ld(s)22ds.

By Gronwall’s inequality, we then obtain the stated error bound.

Finally, if 9;m(t) is not in H'(£2)3 for some ¢, then a regularization and density
argument, which we do not present here, yields the result, since the error bound
does not depend on the H' norm of 9;m. O

5. ORTHOGONAL PROJECTION ONTO THE DISCRETE TANGENT SPACE

For consistency and stability of the full discretization, we need to study prop-
erties of the L2({2)-orthogonal projection onto the discrete tangent space T} (m),
which we denote by

P,(m): V2 = Ty(m).
We do not have an explicit expression for this projection, but the properties stated
in Lemmas [5.1] to will be used for proving consistency and stability. We recall
that we consider a quasi-uniform, shape-regular family 7; of triangulations with
Lagrange finite elements of polynomial degree r.

The first lemma states that the projection P, (m) approximates the orthogonal
projection P(m) = I — mm? onto the tangent space T'(m) with optimal order. It
will be used in the consistency error analysis of Section

Lemma 5.1. For m € W™1.2°(02)3 with |[m| = 1 almost everywhere we have
[(Pr(m) — P(m))vl|L2(0ys < Ch™ o] grar (s,
[(Pr(m) — P(m))v|l g1 (2)ps < Ch" [|v] gri ()3,

Jor allv e H™1(2)3, where C' depends on a bound of |[m||yr+1.(0)s.

The second lemma states that the projection Py, (m) has Lipschitz bounds of the
same type as those of the orthogonal projection P(m) given in Lemma [£1] Tt will
be used in the stability analysis of Sections [7] and Bl

Lemma 5.2. Let m € Wh°(02)3 and m € H*(2)3 with |/m| = |m| = 1 almost
everywhere and |m||y1. < R. There exist Cr > 0 and hr > 0 such that for
h < hg, for all vy, € th,

(i) [(Pr(m) — Ph(%))vhHL%QP < Cr|lm — %”LF’(QP ||'Uh||Lq(Q)3v
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for (p,q) € {(2,00),(0,2)}, and
(@) [|(Pr(m) — Pr(m))vrllar(2)s < Crllm — m| g (2)s||vnl|Le(2)
+ CRH’I’)’L — mHLz(Qp thHWl,oo(Q)a.

The next lemma shows the W#®P-stability of the projection. It is actually used
for p = 2 in the proof of Lemmas[(E.Iland (.21and will be used for p = 2 in Section [G]
and for p = oo in Sections [T and

Lemma 5.3. There exists a constant depending only on p € [1,00] and the shape
regularity of the mesh such that for all m € W1>°(02)? with |m| = 1 almost
everywhere,

||Ph(m)”h||Ws,P(n)3 < CHmHIQ/VLOO(Q)?’thHWS’P(Q)3
for all vy, € V2 and s € {—1,0,1}.

These three lemmas will be proved in the course of this section, in which we
formulate also three more lemmas that are of independent interest but will not be
used in the following sections.

In the following, we use the dual norms

(v, w)

[vllw-14 := sup for 1/p+1/q=1.

wewrr [[wllwir
The space W ~11(£2) is not the dual space of W°°(§2) but rather defined as the clo-
sure of L?({2) with respect to the norm || - ||y—1,1. We also recall that ITj,: W5 ()
— W*P({2) is uniformly bounded for s € {0,1} and p € [1,00] (see, e.g., [20]
for proofs in a much more general setting). By duality, we also obtain uniform

boundedness for s = —1 and p € [1,00]. A useful consequence is that for v, € V;,
_ (’Uhv th)
[onllw-10 = sup —=———
wewte 0|l
< sup Lo ilnw) ITwlwr (vn, wn)

wewre [Hnwllwre wewre llwlwre ™ w,evi lwallwrs

Lemma 5.4. There holds |[v||wsr(2) ~ SUPyew-«a(2) ﬁ with 1/p +
1/g=1 forpe[l,00] and s € {—1,0,1}.

Proof. The interesting case is (s, p) = (1, 00) since all other cases follow by duality.

For v € Wh*°({2), there exists a sequence of functions g,, € C§°(£2)3 with ||gn |11 =

1 such that

) . . (v,div q)

IVu|pe = lim (Vv,q,) = lim —(v,divg,) < sup —.
n—00 n—00 qewrr ||l

Moreover, there holds

,V
|| divg|lw-11 < sup (g, Vw) < lgllz-
wewte [[Vw|ze
Combining the last two estimates shows
(v, w)

Vol < sup —l
wew 11 [[w][w-11
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Since
o] = sup (v, w) < su M,
weL! Hw”L1 weWw —1.1 Hw”W*L1
we conclude the proof. (I

Let the discrete normal space Nj(m) := V;> & T),(m) be given as the L*-
orthogonal complement of Tj,(m) in V;3. We note that

(51) Nh(m) = {Hh(m1/1h) t Yy € Vh}
by the definition of Ty, (m). The functions in the discrete normal space are bounded

from below as follows.

Lemma 5.5. For every R > 0, there exist hr > 0 and ¢ > 0 such that for all
m e Wh*°(2)% with |[m| =1 almost everywhere and ||m||y1.«(o) < R and for all
h < hrg,

ITT5 (mon) lws. (2)s = cllbnllwsr o)
for all ¥y, € Vi, and (s,p) € {—1,0,1} x [1, 00].

Proof. (a) We first prove the result for s € {—1,0}. Let I,: C(£2) — V;> denote
the nodal interpolation operator and define my, := Iym € V;3.
There holds

[TIn(mnton)|loe = [[mntbn e — [[(X = TIp) (mpton) || oo
Moreover, stability of ITj, in LP(£2)3, for 1 < p < oo, see [20], implies the estimate
1T = T (mentpn) e < (1 +C) inf[lmnspn — vallLe.
Up h

In turn, this implies
(X = T0p)(mptpn) [ e S (X = Tn) (mptdn) || o
1/
= (X a0 ) )

TeTh
For each element, the approximation properties of I, show

1@ = L) (matn)loerys S IV (man) | oo rys
< hr+1 Z ||vmin{i’r}mh||Loo(T)3 ”vmin{j,r}wh”Lp(T)S'
itj=r+1
Thus, multiple inverse estimates yield
(X = Ln)(mavn)llLeerye S Bllmenl[woe ¥l e rys-
Moreover, we have
lmnnllze = lmanlle — [[(m —mp)nllLe = 3lUn e
provided that ||m — my[[L~ < 3, which in view of
[m —mpu|Le = [[T=L)m| e S hl[Vm| L

is satisfied for h < hpr with a sufficiently small hr > 0 that depends only on R.
Altogether, this shows

[T, (mayn)lle Z 1on e
for h < hp. Similarly we estimate

[TI((m — mp)n) e S |l — mp || Lo |[¥nl| e S BIVM| Lo |[9n] Lo
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Altogether, we obtain
1T (mabn) || e 2 (ITTn(mpton)||Le — [|TIa((men — m)Yn)|[ze 2 [[9nl e

for h < hgr. This concludes the proof for s = 0. Finally, for s = —1 we note that
by using the result for s = 0 and an inverse inequality,

(X =T ) (mapn)[[w -1 S hll¢nl e
S AL (man)|[ e S [T (mapn) w10
Since ||[mn|lw-10 2 |54 [[¥n]lw-1.0, this concludes the proof for s € {—1,0}.

(b) It remains to prove the result for s = 1. Note that the result follows from
duality if we show

(5:2) [ Tn(m - wh) w10 2 [wnllw-1.0
for all wy, € Nj(m). To see this, note that (B.2)) implies

7H m - w
1L, (M) |wre > sup (%, I n)
wheNa(m)  wnllw-10

(Yn, p(m - wp,)) (Yn,wh)

2 sup = sup ———— = [[¢p[lwrr
~ wnenNy(m) [Hn(m-wp)lw-10 w,ev, lwnllw-1a ’

where we used in the second to last equality that part (a) for s = 0 already
shows that dim(Ny(m)) = dim V}, and since ([B.2) implies that the map Nj(m) —
Vi, wp, — ITp(m - wy) is injective, it is already bijective. It remains to prove (G.2)).
To that end, we first show for wy, = ITj (mwy) € Np(m) for some wy, € V3, using
the reverse triangle inequality, that

[m - whl[w-10 = wnllw-10 = [lm - (= TLy) (mwn) [w-1.0
2 Imlh < lwallw-1a = [[m - (T =TIy ) (mws) [w-1.0.
With my, :=I(m) € V;2, the last term satisfies

[[m - (= TIy) (mwn) [lw-1.0 S hllm|lwre |[(T = TL) (mwn) || o

S Plimllwres (lm = mn| poe [[wnll Lo + Bllmnfwres |wonl za),

where we used the same arguments as in the proof of part (a) to get the estimate
(T = Tp)(mpwn)|[a S Bllmen|lwrellwnllra. The fact [mafwie S [lmfwee,

the approximation property |[m —my ||~ < h|m| w1, and an inverse inequality
conclude

(5:3) [m - wpllw-1.0 2 [[wnllw-1.0

with (hidden) constants depending only on ||m||y1..- and shape regularity of the
mesh.

To prove (5.2)), it remains to bound the left-hand side above by || 11}, (m-wp,) ||w-1.q.
To that end, we note

hl||wp ||« = h sup (wn, v)
veLP HvHLP

17 :
<h sup 7(10;1,'0) = h sup —( n(m - wh), v)
veN,(m) |[V]lLe vevi,  |[[Tn(mo)||re

H(I - Hh)(m : wh)||W,1,q <

~

S P (me - wh)| 2o
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where we used part (a) for s = 0 for the last inequality. An inverse inequality
and the combination with (B3] imply (2] for h > 0 sufficiently small in terms of
HmH;Vll,,o This concludes the proof. O

Lemma 5.6. Define the matriz M € RNv>*Nn where Ny, denotes the dimension
of Vi, by M;; := h=3(IL(ma;), I (me;)). Under the assumptions of Lemma[53,
there exists C > 0 such that for h < hg,

[ M]lp + ”M_l”p <C  forl<p<oo,
where C' depends only on the shape reqularity.
Proof. Lemma shows for z € RV»

(5.4) Mz -z = h™%||TIx( mzwmﬁz Mze 2 h™l sz@llm ~ |zf?,
i=1

where | - | denotes the Euclidean norm on R+, Let d(i, 5) := dist(z;, z;)h =3 denote
the metric which (approximately) measures the number of elements between the
supports of ¢; and ¢;, corresponding to the nodes z; and z;, and let By(z) denote
the corresponding ball. In the following, we use a localization property of the
L2-projection, i.e., there exist a,b > 0 such that for all £ € N,

(5.5) ITLh (M)l 220\ B ()2 < ae™ " |lmail| .
The proof of this bound is essentially contained in the proof of [9 Lemma 3.1].
Since we use the very same arguments below, we briefly recall the strategy First,
one observes that the mass matrix M € RN#*Nn with entries Mu = h73(¢;, i) is
banded in the sense that d(i,j) 2 1 implies MZJ =0, and it satisfies Mz -2 > |z|2.
As shown below, this implies that the inverse matrix M ! satisfies |(M~ Dl <

e~t4(:7) for some b > 0 independent of A > 0. Note that each entry of the vector
field IT, (mg;) € V;? can be represented by Zjv:hl Zr, %5,k =1,2,3, and is computed
by solving M:Ek = gr € RV with m = (my,ma,m3)T and gi; = (mrds, ¢;).
Hence, the exponential decay of M1 directly implies (5.5).

From the decay property (5.5), we immediately obtain

|MZJ| < Ee_gd(i’j)
for all 1 <4, < N, and some @,b > 0. This already proves || M I, < C. We follow
the arguments frorn [28] to show that also M ~! decays exponentially. To that end,

note that (54]) implies the existence of ¢ > 0 such that ||[I — c¢M||2 =: ¢ < 1 and
hence

(5.6) MY =¢(I —(I—cM))~ —CZ — eM)F

Clearly, I — ¢M inherits the decay properties from M and therefore

|((I _ CM)k-i-l)ijl < Adk-i-l Z e—b(d(i,r1)+---+d(rk,j))

< ak+1( e efEd(s.,r>/2) F —bd(i,g)/2
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The value of max,—1,. n, Ei\;’ll etd(:1)/2 depends only on the shape regularity of
the triangulation and on E, but is independent of h (it just depends on the number
of elements contained in an annulus of thickness ~ h). This implies the existence
of ¢ > 1 such that

(1 — M), < min{qk—i-l,Ek-i—le—gd(i,j)/Q}'

Thus, for ¢! < eP¥03)/4 we have |((I — eM)*+1),| < e~bd(:0)/4 | whereas for
L > 0D/ e have |((I — eM)RT);| < g < P40/ (4108(0) - Altogether,

we find some b > 0 (we reuse the symbol), independent of h such that
|((I _ CM)k+1)ij| < q(k+1)/2|((1_ CM)k+1)ij|1/2 S q(k+1)/2673d(i,j).
Plugging this into (E.6), we obtain
(MY < Zq(ml)/zef%d(i,j) < o bd(ing)
k=0
This yields the stated result. 0

We are now in a position to prove Lemma [5.3

Proof of Lemma[i3 (a) We first consider the case s = 0. In view of (&), we
write (I — Pp(m))vy, € Nip(m) as

Nh
(I—Pu(m))vp, =h~Y " 2, T0,(me;)
i=1
for some coefficient vector z € RN and let b; := h—3/2 (vp,me;) fori=1,... Np.

Then, there holds Ma = b with the matrix M from Lemma This lemma and
the LP-stability of the L2-orthogonal projection IT;, [20] imply that for p € [1, o],

Nh, Nh,
1T = Pr(m))vp|rr = [[TTah~2 > " zimeil o S 232 wmey| 1o
=1 i=1

Np,
<2 (S W) = B2 al, = RN, S B2,
=1

With [b;| < 2732 {|vp| Lo supp(e:))2 B2 P = ||op| Lo (supp (o ))2 2>/ 73/P, this shows
[Pr(m)on|Le S [lonllze-
(b) We now turn to the cases s = +1. Define the operator
P (m)vy, = I, (mITy(m - vy))
and note that f’f; (m)vy, € Nj(m) as well as ker f’ﬁ(m) = Ty (m) (due to Lemmal[5.0]).
However, Pi-(m) is no projection. We observe for vy, = II,(may,) € Np(m) that
)X = B (m)on 1.0 = | Ty, — T (mITy (m - T () w10
S lImllws [[on — me- Ty (man) [l 10
= [mfyr. | (L= TLp) (megpn) w10

S llmlffys. hllnl e
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With Lemma [55] we conclude
1@ =Py (m))vonllw-1s < [mffyr.hllon] Lo
Since f’f{(m)Ph(m) = 0 by definition of T} (m), we obtain with part (a) and an
inverse inequality that for all v;, € Vh3,
1T = Pr(m) — Py (m))onllw -1 = [T~ Py (m)) (X~ Pu(m))vr w1
< [mfffy s Al (T = Py (m))vn | s
< Imlfysehllvn Lo
S Il llonllw -1
The W~1P(Q)-stability of IIj implies |P(m)vp|lw—10 < [[m|3 |onllw -1

and the triangle inequality concludes the proof for s = —1. The case s = 1 follows
by duality. O

Proof of Lemma[Z2 (a) (s = 0) The projection vy, := Pj(m)v is given by the
equation
(V. n) = (v,n) Ve € Th(m),
which in view of the definition of T} (m) is equivalent to the solution of the saddle
point problem (with the Lagrange multiplier A\;, € V},)
(vp, wp) + (M- wp, A\p) = (v, W) Ywy, € V2,
(m - vy, pn) =0 Yy € Vi
By the first equation, we also obtain the identity II,(mM,) = (I—P,(m))vy, which
will be used below. Furthermore, v;, := Pj,(m)v is given by the same system with
m in place of m, yielding a corresponding Lagrange multiplier A,. Hence, the
differences ey, := v;, — vy, and 0, := A, — A, satisfy
(eh,'wh)—i— (m-wh,éh) = —(wh,(m—ﬁ)xh) Ywy, € Vh37
(m - en, up) =—((m—m)- vy, un) Yup € V.
The classical results on saddle-point problems (see [I3] Proposition 2.1]) require

two inf-sup conditions to be satisfied. First,

inf su (m - vp, an)

p >0
Vi, cvs |Onllae lanl -

holds uniformly in & due to Lemma Second,

inf sup (n, wr)

>0
wn ETH (M) 4, €T}, (m) th”HS Hwh”H*S

holds uniformly in h due to the stability estimates from Lemma [53] (noting that
v, = Pp(m)v, and wy, = Pp(m)wy, for vy, w, € Tr(m)). For the above saddle-
point problems, these bounds for s = 0 give us an L? bound for e, = P (m)v —
Py (m)v: From [13] we obtain

[OnllLe + [Anllze < [[vllr
and
lenllzz + [[onllrz < [[(m = m)An|[z2 + [[(m —m) - Op[ 2.
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With the stability from Lemma 5.3 and Lemma [5.0] we also obtain
[Onllze + [Anl[Lee S IPr(m)v]Lee + [[(T=Pr(m))v|re S [lv)lLe.
Altogether, this implies

lenllzz + 10nllz2 < [lm — m| e [[v]| Lo

for (p,q) € {(2,), (x,2)}.
(b) (s = 1) For the H'(2)-estimate, we introduce the Riesz mapping J; between
Vi, € HY(2) and its dual V}, € H(£2)', i.e., the isometry defined by

(Vhs )1 = (vn, ¥n)  Yup € Vi, tn € Vi,
By J;, := I® J), we denote the corresponding vector-valued mapping on V;3. We
consider the bilinear form on V;> x V;? defined by
an(vn,wp) = (vp, I 'wp),  vp,wy € V2,

and reformulate the saddle-point problem for (v, \p) € V2 x V), € H'(2)3xH'(£2)’
as

ah(vh,wh) + (m . J,:l’wh, /\h> = a(v,wh) Ywy, € th,

(m - vp, I, ) =0 Yy € Vi.
As in the case s = 0 (algebraically it is the same system), we have v, = Pp(m)v
and IT,(mAp) = (I — Py(m))v. The system for e, = vy, — v, and 5, = A\, — \p
reads

an(en,wp) + (m- Iy bwy, 6) = —((m —m) - I wp, M) Vo, € V2,
(m-en, J; ) = —((m —m)-op, J, ') Vpn € Vi
The above inf-sup bounds for s = 1 and s = —1 are precisely the inf-sup condi-

tions that need to be satisfied for these generalized saddle-point problems (see [15]
Theorem 2.1]), whose right-hand sides are bounded by

lan(v,wn)| < o]l (135 wnll a1 = [ollae wn g
and
[{(m —m) - 33 wn, M) | S Ml (m = )M [|wn
[{(m =) - Bn, Ty pn) | < Nl (me—m0) - Op [ (| e
As in the case s = 0, we obtain from Lemma and Lemma that
[onllwr + [ Anllwree S (IPa(m)vllwre + [(T=Pu(m))vllwr
S vlwoe.

Hence, we obtain from [I5] Theorem 2.1], for (p, q) € {(2,00), (00,2)},

lenllzr S 11(m —m)Anllge + [[(m — m) - Op|

B

<37 (Il =l [Nl + 72 = Tl [l )

(=)

s’

=l

S 2 Im=mlyes [vllyi-oa.

’

)
o

This implies the H

i

(£2)3 estimate and hence concludes the proof. O



HIGHER-ORDER DISCRETIZATION OF THE LLG EQUATION 21

Proof of Lemma[5dl Since Pp(m)v is the Galerkin approximation of the saddle
point problem for P(m)v (as in the previous proof), the Céa lemma for saddle-
point problems (see [I3, Theorem 2.1]) shows in L2

[(Pr(m) —P(m))v] .-

< inf (va—w +lm-v— )
(wh,pun)EVE XV, 1P (m) allzz + ] fnll L2

< e ol s
and similarly in H!, using [I5, Theorem 2.1],
[(Pr(m) — P(m))v|

5 inf (va—wh 14 |m v — up 1)
(wh,un)EVEX Vi, [P (m) (% I wnll g
> herHW7‘+1v°°HUHHT+1.

This concludes the proof. 1

6. CONSISTENCY ERROR AND ERROR EQUATION

To study the consistency errors, we find it instructive to separate the issues of
consistency for the time and space discretizations. Therefore, we first show defect
estimates for the semidiscretization in time, and then turn to the full discretization.

6.1. Consistency error of the semi-discretization in time. The order of both
the fully implicit k-step BDF method, described by the coefficients g, . . ., 05 and 1,
and the explicit k-step BDF method, that is the method described by the coefficients
50, ey 5k and YO+ Vk—1, is k, i.e.,

k k—1
(6.1) Dk —i)oi =kt =0> (k—i—1)"1y, £=0,1,... k.
i=0 i=0
We first rewrite the linearly implicit k-step BDF method (23] in strong form,
(6.2) am™ +m" x m" = P(m")(Am" + H(t,)),

with Neumann boundary conditions.

The consistency error d™ of the linearly implicit k-step BDF method (62) for
the solution m is the defect by which the exact solution misses satisfying ([6.2), and
is given by
(6.3) d"=am] +m} xm] —P(m!)(Am] + H(t,))

for n =k,..., N, where we use the notation m7 = m(t,) and

k—1 k—1
ml =Y i | i,
2 2
(6.4) ! L !
ri = P2 ) dymi € Tm:).
J:

Note that the definition of 7" contains the projection P(m?), while m™ was
defined without a projection (see the first formula in ([22))), since " = P(m")m"
is automatically satisfied due to the constraint in (2.3]).

The consistency error is bounded as follows.
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Lemma 6.1. If the solution of the LLG equation ([(L4) has the regularity
m € C*1([0,2], L2(2)>)nCH([0,£], L®°(2)?) and Am+H € C([0,1], L>=(2)3),
then the consistency error ([G3) is bounded by
a2 () < CT"
form=Fk,....N.
Proof. We begin by rewriting the equation for the defect as
d" =am? +m} xm? —P(m?)(Am) + H(t,))
— (P(m]) — P(m]))(Am] + H(ty)).

In view of ([4]), we have

P(m})(Am} + H(t,)) = adm(t,) + m] x oym(ty,),
and can rewrite (G.3]) as

d" = a(m} — 0m(t,)) + (M} x m} —m] x oymi(ty,))

— (P(m}) — P(m]))(Am] + H(tn)),

(6.5)

ie.
d" = a(m} —9ym(t,)) + (M} —m7}) x m +m] x (m] —om(t,))
— (P(}) - P(m}))(Am] + H(t,).
Therefore,
(6.6) d" =oad" + d" x m +m? x d" — (P(m]}) — P(mf))(Amf + H(t,)),
with
(6.7) d* :=m" — om(t,), d":=m"—m?.
Now, in view of the first estimate in Lemma [l we have
|(P@@2) — P(mD)) (Am? + H(t))]12 < Clml —m?| 12,
ie.,
(6.8) I(P(m2) — P(mD)) (Am] + H(t,))| 2 < C||d"] 2.
Therefore, it suffices to estimate d" and d".

To estimate J", we shall proceed in two steps. First we shall estimate the
extrapolation error

k—1
(6.9) > ymi It —m
=0

and then d".
By Taylor expanding about ¢,,_, the leading terms of order up to k — 1 cancel,
due to the second equality in ([G1]), and we obtain

k—1 ] 1 k—1 tn—j—1
D yml T —ml = k-1 lzw/ (tn—j—1 — )" 'm®(s)ds
| =

i=0 tn—k

(6.10) t
—/n (tn — s)* " tm®) (s)ds|,

tn—k
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with m® := Z™ whence

ottt

k—1
(6.11) H S il m
1=0

Now, for a normalized vector a and a non-zero vector b, we have

b
a— 2 =(a-b)+ (bl - a)b.
0| (8]
whence
a— 2la — b|.
a5 ol <
Therefore, ([G.I1) yields
(6.12) 1d"|| 2 < CTF.

To bound d”, we use the fact that P(m(t,))dm(t,) = ;m(t,) € T(m(ty,)), so
that we have

k

d" = P Y Gmta ) — dmit)

§=0
k
) (2 2 Gmlta ) — Om(ta)) + (P ~ P(m(t,))dimitn).
§=0

By Lemma [ and ([6I2), we have for the last term
|(P(D) — P(m(t,) dum(ty)llze < Cr*.

By Taylor expanding the first term about t¢,,_x, we see that, due to the order
conditions of the implicit BDF method, i.e., the first equality in (61), the leading
terms of order up to k — 1 cancel, and we obtain

k

1 111
= dymlta—;) — Om ——,l;B?/M (tnj — )*m D (s)ds

6.13) 77°
tn
- k/ (tn — ) Im* D (5)ds |,
tn—k

whence
(6.14) |d™|| > < CT*,

provided the solution m is sufficiently regular. Now, (6.0), (638)), ([€I4]), and (612
yield

(6.15) |d"|| > < CT".

This is the desired consistency estimate, which is valid for BDF methods of arbitrary
order k. O



24 GEORGIOS AKRIVIS, MICHAEL FEISCHL, BALAZS KOVACS, AND CHRISTIAN LUBICH

6.2. Consistency error of the full discretization. We define the Ritz projec-
tion Ry : HY(£2) — V}, corresponding to the Poisson-Neumann problem via

(VEwp, V) + (Bup,1) (v,1) = (Ve, V) + (1) (41)

for all ¢ € Vj,, and we denote R, = I ® Ry,: H'(£2)? — V;2. We denote again
the L2-orthogonal projections onto the finite element space by IIj,: L?(2) — Vj,
and I, = I ® II),: L*(2)3 — V;3. As in the previous section, we write Pj,(m) for
the L2-orthogonal projection onto the discrete tangent space at m. We insert the
following quantities, which are related to the exact solution,

my , = Rym(t,),

k—1 k—1
—~n __ i1 o n—j—1
(616) m,n = Z’yjm*,h /‘ Z’yjm*,h
j=0 Jj=0

)

k
) —~n 1 n—j —n
my, = Ph(m*,h); Z‘Sjm*,hj € Th(my ),
j=0
into the linearly implicit k-step BDF method (Z6) and obtain a defect d}} €
T (ﬁf ,) from
a(ml, on) + (ML, xml,, en) = —(Vml,, Ven) + (H(tn), on)
+ (d27 CPh)
for all ), € Ty(my ;). By definition, there holds (Rup,1) = (p,1) (this can be
seen by testing with ¢ = 1) and hence
(Vm?,,, V) = (Vm(t,), V) = —(Am(ts), ¢).
Thus, we obtain the consistency error for the full discretization by

(6.18) dj; = Pr(m},)Dy with Dy = am}, +m} , xm} , —Am(t,)—H(t,)

(6.17)

for n =k,..., N. The consistency error is bounded as follows.
Lemma 6.2. If the solution of the LLG equation (LA4) has the regularity
m € C*TL([0,2], L2(2)3) N CH([0,£], W TH>2(02)%)  and
Am + H € O([0,1], WrThoo(02)3),
then the consistency error ([GI8) is bounded by
il L2(2)s < C(r* + 1)
for n with kT < nt < t.
Proof. We begin by defining
D" := adim(t,) + m(t,) x dem(t,) — Am(t,) — H (t,)

and note that P(m?)D™ = 0. Here we denote again m” = m(t,) and in the
following we use also the notations m? and m” as defined in ([@.4]). With this, we
rewrite the equation for the defect as

dy, = Py(m},)Dy — P(m})D"
=Py(m},) (D — D") + (Py(my ) — P(ml)) D"
+ (Pu(m}) — P(m})) D" + (P(m]) — P(m})) D"
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= I+0+ 1+ 1V.
For the term IV we have by Lemma [T
11V [z2 < 2|/mf — mf| L2 | D" Lo,

where the last term m” — m? has been bounded in the L? norm by C7* in the
proof of Lemma

The term III is estimated using the first bound from Lemma .1l under our
regularity assumptions, as

||| 12 < Ch".
For the bound on IT we use Lemma 52 (i) (with p = 2 and ¢ = 00), to obtain
111> < Crllm , —m| 2| D"|| Lo,

where, using ([L.IT), we obtain
& iy
2 >0z i (Re — Dmy"[| 2

7, — e < A= B ZDmi e oy
mm!Zi:l Yimm Z’
The denominator is bounded from below by 1 — C7¥, because |m?| = 1 and

| Zle ¥m?~" —m?| < O7F. For the first term we have
[]lz> <[[D" = Dy 2
< alom(tn) —m |z + [m(tn) x Om(tn) —my, x my |

The terms || 0ym(t,) —m”|| 2 and |m? x dym(t,) —m” x m?||12 can be handled
as in the proof of Lemma Standard error estimates for the Ritz projection Ry
(we do not exploit the Aubin—Nitsche duality here) imply

(T = Rp)mi|r2 < ch'[|ml| g
Together this yields, under the stated regularity assumption,
1]lz2 < C(r* +n7),
and the result follows. O

6.3. Error equation. We recall, from (2.0, the fully discrete problem with the
linearly implicit BDF method: find m} € T),(m}') such that for all ¢, € T}, (m}),

(6.19) a(my, en) + (Mg < my, en) + (Vmy, V) = (H(tn), ¢n).

Then, similarly as we have done in Section H we first rewrite (GI7): for all
en € Th(my),

(6.20) a(m),, en) + (M, x M, @n) + (VM ,, V) = (ry + H(tn), ¢n)
with

(6.21) i = —(Pr(my) — Pa(my ) (Am.(tn) + H(tn)) + dj.

The error e = mj —my, satisfies the error equation that is obtained by
subtracting ([6.20) from (GI9). We use the notations
(6.22) & = my —mr,

k

) . . 1 n—j . m

(6.23) €, =my —m}, = ;Zéjeh T+ s,
7=0
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1k
. —~ n— y
with sy = (I— Ph(mfyh)); E gm0
=0

We have the following bound for sj}..

Lemma 6.3. Under the reqularity assumptions of Lemmal6.2, we have
(6.24) I3l (e < O+ 7).
Proof. We use Lemmas 5.1l and [£.3] and the bounds in the proof of Lemma
We start by subtracting (I — P(m} ,))0ym} = 0, and obtain (with 9"m}, :=

k n—j
% Zj:() 6jm*,hj)

sp = (I =Pu(m ;)0 my ), — (I-P(m],))0m}
— ("m, — dym?) — (Py (@l ,)m, — P(mL,)9m?).

The first term above is bounded as O(7* + h") via the techniques of the consistency
proofs, Lemma and For the second term we have

Ph(ﬁf,h)aTmf,h - P(ﬁf,h)atmf
=Py (m},)(0"m}, —om})+ (Pn(m},) — P(ﬁf,h))atmfa

where the first term is bounded as O(7* + h"), using Lemma [5.3 and the previous
estimate, while the second term is bounded as O(h") by the H! estimate from
Lemma[50] Altogether, we obtain the stated H' bound for s'. O

We then have the error equation
(6.25) €y, pn) + (€ x iy, en) + (My x €y, 0n) + (Vep, Von) = —(r), @n),
for all ¢, € Tj,(Mm]!), which is to be taken together with (E.21)—(G.23).

7. STABILITY OF THE FULL DISCRETIZATION FOR BDF OF ORDERS 1 AND 2

For the A-stable BDF methods (those of orders 1 and 2) we obtain the follow-
ing stability estimate, which is analogous to the continuous perturbation result in
Lemma

Lemma 7.1 (Stability for orders k = 1,2). Consider the linearly implicit k-step
BDF discretization [2.0) for k < 2 with finite elements of polynomial degree r > 1.
Let mj; and my, = Rym(t,) satisfy equations 2.6) and (6IT), respectively, and
suppose that the exact solution m(t) is bounded by {3) and |H(t)||L~ < M for
0 <t <t. Then, for sufficiently small h < h and T < 7, the error e} = mj — mfyh
satisfies the following bound, for kT < nt < ¢,

k—1 n n
(7.1) lerlFn s < C(Z €512 (298 + TZ 17,1172 (95 + TZ ||ng||i]1(ﬂ)3)7
i=0 j=k j=k

where the constant C' is independent of h,T and n, but depends on o, R, K, M,
and t. This estimate holds under the smallness condition that the right-hand side
is bounded by ¢h with a sufficiently small constant ¢ (note that the right-hand side
is of size O((T% + h")?) in the case of a sufficiently reqular solution).
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Combining Lemmas [7.T] and yields the proof of Theorem [Z1t These
lemmas imply the estimate

llenll a1 (o) < C(* +n")

in the case of a sufficiently regular solution. Since then [[Rpm(t,)—m(t,)| g1 (o) <
Ch" and because of m} —m(t,) = e}l + (Rym(t,) —m(t,)), this implies the error
bound B]).

The smallness condition imposed in Lemma [T.1] is satisfied under the very mild
CFL condition, for a sufficiently small ¢ > 0 (independent of h, T and n),

Tk < ch'/?.
Taken together, this proves Theorem B3]

Proof. (a) Preparations. The proof of this lemma transfers the arguments of the
proof of Lemma to the fully discrete situation, using energy estimates obtained
by testing with (essentially) the discrete time derivative of the error, as presented
in the Appendix, which is based on Dahlquist’s G-stability theory.

However, testing the error equation (6.25]) directly with €} is not possible, since
€} is not in the tangent space Tj,(m}'). Therefore, as in the proof of Lemma 2] we
again start by showing that the test function ¢y, = Py (mp)er € T,(mp)NH(2)3
is a perturbation of &} itself:

on =Pr(myp)ep = Pr(mp)rjy — Pr(mp)m],

= Py(mp)my, — Pr(m} ,)m}, + (Pn(m},) — Pn(my))m] .
Here we note that Py(m})m] = m} € Tp(m]) by construction of the method
&4), and Pp(m},)my}, = m}, € Tp(m],) by the definition of ], in (E4).
So we have

ph = 1) — m:h - (Ph(mZ) - P(mf,h))mf,hv
and hence
(7.2) pn =Pp(mp)é" =¢éj +q;  with gy = —(Pp(myp) —P(m,))m] .

The proof now transfers the proof of the continuous perturbation result Lemma
to the discrete situation with some notable differences, which are emphasized
here:

(i) Instead of using the continuous quantities it uses their spatially discrete coun-
terparts, in particular the discrete projections Pj(m]) and Ph(ﬁ%\ih), defined
and studied in Section In view of the definition 1)) and ([GI6) of m} and
mY ,, respectively, this requires that Zf;é vymy 7 z) and Zf;é ”yij;Lj “Hx)
are bounded away from zero uniformly for all x € (2.

(i) Instead of Lemma LTl we use Lemma [5.2] (with m} and mY , in the role of
m and m, respectively) to bound the quantity gj'. This requires that ﬁf 5 and
m; , are bounded in Wt independently of h.

Ad (i): In order to show that | Zf;é *yjmzfjfl(:cﬂ stays close to 1 for all z € {2,
we need to establish an L™ bound for the errors e 7' = m} 77" —m” 77!

We use an induction argument and assume that for some time step number 7
with nT < t we have

(7.3) llerlle < p for 0 < n<n,
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where we choose p sufficiently small independent of & and 7. (In this proof it suffices
to choose p < 1/(4C,), where C,, = Zf;é lv;| = 2F —1.)

Note that the smallness condition of the lemma implies that (T3] is satisfied
for n = k, because for the L*> errors of the starting values we have by an inverse
inequality, for 1 =0,...,k — 1,

lehlle < Ch™2|le} s < Ch™2 (eh)/2 = C&V2 <,

provided that ¢ is sufficiently small (independent of 7 and h), as is assumed.
We will show in part (b) of the proof that with the induction hypothesis (73
we obtain also |le]||z= < p so that finally we obtain (73)) for all 7 with nT < .
Using reverse and ordinary triangle inequalities, the error bound of [12, Corol-
lary 8.1.12] (noting that m(t) € W?2°°(£2) under our assumptions) and the L
boundedness of d;ym, and the bound (73], we estimate

-1
}Z my 0 -1 \Z% W =

=0 Lee
k—
n 1 n— 1
S < S .
(7.4) .
Z (Ryym7 771 mf_]_l) m} 7 —m])
=0 Leo
k—1 1
n—j-l Ch+Cr < |-p+Ch+Cr<=
| S, vens zu pronsers

provided that h and 7 are sufﬁciently small. The same argument also yields that
|||ZJ 0 Vim J - 1HLOO < 1, and so we have

\z% o)<

for all x € 2. In particular, it follows that m} and mf)h are unambiguously
defined.

Ad (ii): The required W' bound for m} , = Rpm(t,) follows from the W*->-
stability of the Ritz projection: by [12, Theorem 8.1.11] and by the assumed W1*°
bound [{@3)) for m(t),

N W

1 n— _] 1
(7.5) and 3 < }ZWJ ()] <

l\DlP—‘
N W

(7.6) [mepllwree < Cllm(tn)[wr~ < CR.
The bounds (Z3) and (Z6) for n < 7 imply that also
(1) 732 e < CR

for n < @ (with a different constant C). Using this bound in Lemma 3] and the
assumed W1 hound @3) for d;mi(t), we obtain with 6(¢)/(1 —¢) = Yoh_ (1 —
¢)f 1/ =: Y570 ¢ that

k

1 L
72 llwoe = [[Pa(ml )~ > aml T wre
j=0
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= [[Pn(my, Z#J m )

— P *hzuj / D (t) by

tn—j—1

1 [t
< Cr| Zu; [ ot
tn—j—1

< CRZ lnj| R.
=0

We can now establish a bound for g as defined in (Z.2), using Lemma 5.2 together
with the above W1>° bounds for m[ , and 1}, to obtain
(7.8) lanlle < cllegllre and  [[Vayllrz < clleg] m-

With the W bound of m} , we also obtain a bound of rj defined in (G2I)).
Using Lemma[5.2] (i) and recalhng the L bound of Am + H of ([@3]), we find that

T} is bounded by
(7.9) Irille> < [(Pa(mp) — Pu(my ) (Amy + H)|| 2 + ||df || 2
' < clléplize + lldy ] L.

(b) Energy estimates. For n < n with 7 of (T3], we test the error equation
(625) with ¢, = €} + gj and obtain
a(ey, € + qp) + (€ x 1}, € + q) + (mj x éj, € + qj;)
+(Vey, V(e +ap)) = = (7, € + q)-

By collecting the terms, and using the fact that (m} x &}, é}') = 0, we altogether
obtain

alléqllis + (Vep, Ver) = —aléy, ap) — (€ x ml . & +q;)
— (mj, x €5, qi) — (Vey, Vay) — (ri;, € + q;,)-

We now estimate the term (Vej,Vé}) on the left-hand side from below using
Dahlquist’s Lemma [A7] so that the ensuing relation (A.2) yields

(Vep. vep) > = (IVBIZ ~ [V 3) + (Vef, Vsp).

where E}} = (eZ‘kH, ...,ep) and the G-weighted semi-norm is given by
k
k
IVERIE = D gi(Ver "+, Vep ™).
7,j=1

This semi-norm satisfies the relation
n—k n—k
(7.10) v ZHVG 5. < |IVERIE < *ZHVG )32,

where 4~ and 4T are the smallest and largest eigenvalues of the positive definite
symmetric matrix G = (g;;) from Lemma [A]
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The remaining terms are estimated using the Cauchy-Schwarz inequality and
|mj|| L = 1; we altogether obtain

e 3 + - (IVERIE - IVE;12) < alleflusab .
+lenllzz(ll€nlize + llarllz2) + ll€pl 2 llan]l 2
+ IVerllL=(I1Vg™ |2 + [IVspliz2) + [Iril 2 (1€x] 2 + llakllz2)-
We now show an L? error bound for €} in terms of (e} 7~ 1)5 ~o. Using the fact
that for a,b € R3\ {0},

a b :’(|b|—|a|)a+|a|(a—b)

lal o] |al |b]

a — b
LI

(7.11) <2

and the lower bounds in (ZH) for both |ZJ o my 77 and |ZJ o mi 7,
we can estimate

Z'YJ n—j—1 Z’-Yj ngl

~0 n—
(712)  [é}llze = ||-= CZHE 7%

‘ZWJ n— j—l‘ ‘Z% n— ] 1‘

To show a similar bound for ||Ve}| .2 we need the following two observations: First,
the W1 bounds for m.' hJ ! from (Z.8) imply W' boundedness for 7 m}, by

b 9;b|  |b(9;b,b)
(2] < |90 12090,
aJ(|b|>‘\ ] *‘ e ’

L2

Second, similarly we have

8_<g_g>' da_0;b|  |ald,a. )b ~ b(@;b.b)lal’
[a] ol a] ~ ol PRIE
_|a 2| llal = (BP9 | |a(dsa.a) — b(0;b.b)
S |Tal ~ ol [l ) E
_ |%a_0ib| | la— bl + bllal + |af)[0b
S |Tal ~ ol [af? o
a"[9;a = 9,81 |allojblla—b] | |a— bl9;b)
E BE DR

Combining these two observations, again with m; and m, j in the role of a and
b, respectively, and the upper and lower bounds from (3] altogether yield

(7.13) IVerlze < CZII n T

We estimate further using Young’s inequality and absorptions into the term
[€™|%2, together with the bounds in (Z8) and (Z9), to obtain

k
oz IR + - (IVERIE ~ VB Z) < e lep I +eldgl3a + el VshI3
j=0



HIGHER-ORDER DISCRETIZATION OF THE LLG EQUATION 31

Multiplying both sides by 7, summing up from k to n < 7, and using an absorption
yield

1 =y . N
ayz e l1Z: + IVERIZ

i=k
n ) n ) ) k—1 )
SIVERME +er D ledllin +em > (1 l17: + Ishllin) +er > lehlln-
j=k ji=k =0

We then arrive, using (ZI0), at

1 < " , " ‘ ,
azT Y lIElL: +1VeRlize <er D lledllin +er > (Idhlis + s i)
j=k j=k j=k

(7.14)

k—1
+ey leqlin,
i=0

with ¢ depending on «.
Similarly as in the time continuous case in the proof of Lemma .2 we connect
lenll7> and 7377, [[€}]17.. We rewrite the identity

1 k
n—j _ -
;Zéjeh =éy —sy, n=k,
§=0
as
1 — »
i
;E :5n—jeh—eﬁ—32—gﬁa n =k,
j=k

with §, = 0 for £ > k and where

k—1
g == > G e}
h . n—1%h
=0

depends only on the starting errors and satisfies g;; = 0 for n > 2k. With the
inverse power series of §(¢),

K(C) = knC" 1= =,
2 50

we then have, for n > k,
n
n __ -7 J J
€, =T E tin—j(€, — S, — gp)-
Jj=k

By the zero-stability of the BDF method of order k£ < 6, the coefficients k,, are
uniformly bounded: |k,| < ¢ for all n > 0. Therefore we obtain via the Cauchy—
Schwarz inequality

2
L2

n ) 9 2k—1 )
legl3e < 272 S mnsted s, +272| 3 mussil
j=k j=k

n 2k—1
< @nr)r Y é] — shll2e + 272k Y ||ghlla
j=Fk J=k
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n n k
<CTY iz +CmY sl +C ) llehlze
Jj=k Jj=k =0

Inserting this bound into (ZI4]) then yields

n n k—1
allepllz + IVerllzz < er Y llenllzn +ery (1172 + IshliFn) + e lleqlzn,
=k j=k i=0

and a discrete Gronwall inequality implies the stated stability result for n < 7. It
then follows from this stability bound, the smallness condition of the lemma and
the inverse estimate from H' to L* that (T3) is satisfied also for # + 1. This
completes the induction step for ([L3)) and proves the stated error bound. O

8. STABILITY OF THE FULL DISCRETIZATION FOR BDF OF ORDERS 3 TO 5

Stability for full discretizations using the BDF methods of orders 3 to 5 can be
shown under additional conditions on the damping parameter o and the stepsize .

Lemma 8.1 (Stability for orders k = 3,4,5). Consider the linearly implicit k-step
BDF discretization (2.8) for 3 < k < 5 with finite elements of polynomial degree
r > 2. Let m} and m} ; satisfy @G) and @I7), respectively, and suppose that the
regularity assumptions of Lemma[71] hold. Furthermore, assume that the damping
parameter o satisfies

"k
8.1 a> g i=
(®.1) L=
with the multiplier n, of Lemma A3, and that T and h satisfy the mild CFL-type
condition, for some ¢ > 0,

(8.2) < ch.

T
Then, for sufficiently small h < h a_nd T < T, the error ey = my —mY , satisfies
the following bound, for kT < nt <t,

k—1 n n
(83) leRl3ngap < C( X ekl + 73 ldh oy +7 3 I8l s )
i=0 j=k j=k
where the constant C is independent of 7,h and n, but depends on o, R, K, M,
and exponentially on &. The bound holds under the smallness condition that the
right-hand side is bounded by ¢h® with a constant ¢ (note that the right-hand side
is of size O((7% +h"™)?) in the case of a sufficiently reqular solution and sufficiently
accurate starting values).

Together with the defect bounds of Section [6], this stability lemma proves Theo-
rem [3.21 We remark that the thresholds oy, > 0 defined here are the same as those
appearing in Theorem

Proof. The proof of this lemma combines the arguments of the proof of Lemma [7.]
with a nonstandard variant of the multiplier technique of Nevanlinna and Odeh,
as outlined in the Appendix. Since the size of the parameter o determines which
BDF methods satisfy the stability estimate, the dependence on « will be carefully
traced all along the proof.
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(a) Preparations. As in the previous proof, we make again the induction hypoth-
esis ([3) for some 7 with n7 < £, but this time with p = coh for some positive
constant cgp:

(8.4) lleplle < coh, n <.

By an inverse inequality, this implies that ||e}||yy1. has an h- and 7-independent
bound, and hence also |[m}!||y1. for n < n. Together with (Z3]), this implies

(8.5) 7 e < C
and further
(8.6) lenllz~ < Ch.

As in the Appendix, we aim to subtract 7, times the error equation for time
step n — 1 from the error equation for time step n, and then to test with ¢ =
Py (m})é) € Tn(m]) (similarly as in the proof of Lemma [ZT]). However, this is
not possible directly due to the different test spaces at different time steps:

a(€n, en) + (€ X iy, n)

+ (mj; x €, 0n) + (Vei, Ven) = —(ry, ¢n),

for all ¢y, € T,(m}), and

o€y~ hn) + (€71 x il )

+ (e ) + (Ve Vapn) = (7 ),

for all 4y, € Tp,(m) ).
As in ([T2), we have

(8.8) @n=Pu(mp)ey =€ +qy, with gy = —(Pu(mp) —Pu(m )i,

where g} is bounded by (Z8).
In turn, the test function ¥, = Pp(m) ")ér € Ty(m} ") is a perturbation of
pn = €} + qj, since using (8.8) we obtain

Pn =P (my ey
=Py (m})e; — (Pr(my) — Pu(my~"))en

=€ +qp +pp with pp=—(Py(my)—Py(m; "))ép.

(8.7a)

(8.7b)

The perturbation p} is estimated using the second bound in Lemma (7) with
p = 00, ¢ = 2, and noting ([B3). We obtain
Ip7llzz < [|(Pr (M) — Pr(my~"))éq ]2
—~n—1

~
< cllégllzz llmy —my | e

< cllépliee (18Rl + I, = mig e~ + e o)

k—1 tn_i_1
< clleglza (18l + 3 bl [RaGm(0) |1 dt + 1251 ).
j:0 tnfj72

We have [Rp0im(t)|[r~ < cl|0ym(t)||wr.~ by [12, Theorem 8.1.11]. In view of
(B0 we obtain, for 7 < Ch,

(8.9) Iphllr2 < Chlléq]| L,
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and by an inverse estimate,
(8.10) IVPLllze < Cllégllre.

We also recall the bound (T9) for ||| 2.
(b) Energy estimates. By subtracting n (8.7D) from (8.7a) with the above choice
of test functions, we obtain

a(én —neép ' én+qp) + (@n x ml, —mer ! x iyt én + qp)
"xepl e+ qi) + (Ver —mVep ' V(er +qp))
(8.11) —nifa(e) ™" pp) + (€)' x W3 pf)

+ (my "t x et ) + (Ve Vpp)]

o om e
+ (my, x &), —memy,

= —(riy —mry =€l + aiy) — (T P
We estimate the terms of the error equation ([BIT]) separately and track carefully
the dependence on 7 and a.
The term a(é}} — nkéz_l, é7) is bounded from below, using Young’s inequality
and absorptions, by

a(ely —mep ' en) = a(l— sm)llenlz: — mller " Ze,

while the term (Vel! —n;, Ve, Vér) is bounded from below, via the relation (A.2)
and (E23), by
(Vep — Ve, V) > = (IVERIZ — IVE}12) + (Vef — mVey ™, Vsf),
with E} = (ez_]”'l, ...,ep), and where the G-weighted semi-norm is generated by
the matrix G = (gi;) from Lemma [AT] for the rational function §(¢)/(1 — nx().
The remaining terms outside the rectangular bracket are estimated using the
Cauchy—Schwarz and Young inequalities (the latter often with a sufficiently small
but fixed h- and 7-independent weighting factor g > 0) and |[[m}| L~ = 1 and
orthogonality. We obtain, with varying constants ¢ (which depend on « and are
inversely proportional to 1)

aléy —mept gp) + (e x mly, —neept x mlt e + qp)
+ (my x ép —memy ' x ép 7l en + qi) + (Ve —miVer ', Vay)
< (ap+p+ gne)ll€pllis + (cune + 3ne)ll€y 1|7

+e(lanlle: +1eplZ + 1857 172) + s (1VeRllZs +nilVer s + Ve 2)

k
. en— —i—1
< (ap+ i+ Fmw)€nll7e + (e + Sme)llep 7z + ¢ llen ™ iin,
j=0

where in the last inequality we used (12)) and (7TI3)) to estimate e}.
The terms inside the rectangular bracket are bounded similarly, using (8.9) and
(BI0) and the condition 7 < Ch, by

alep "t pp) + (€t x w5 ph) + (my < e pR) + (Ve !, Vph)

< pll€rllis + chll e e + c(l€; I + 1 Ver " l172)

k
. —j—1
<ulléplza+ e llen™ i
j=0
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Here p is an arbitrarily small positive constant (independent of 7 and h), and ¢
depends on the choice of p.
In view of ([Z9), the terms with the defects 7} are bounded by
= (ri —mery T €R +ag) = (T o))
< plleplizs + C(Hﬁ?lliz’ +lrp e + llagllze)

1
) »
ul\ehlle+CZII6” e e Ny N

Jj=0 j=0

Combination of these inequalities yields
(a(l = 3M) = 3 — U)HéZ”QN - (%Wk + 37k + uomk) ért32

1 n n—
+~(IVERIZ - IVE;12)
1

1
<ed len ™ Hin +ed ] Idy M7 + el Vsill7a-

7=0 7=0
Under condition ([BJ]) we have

B

w:=a(l —ng) —nx > 0.

Multiplying both sides by 7 and summing up from k + 1 to n with n < n yields,
for sufficiently small g,

W7 Z Nz + IVER|Z
J=k+1

<erllénlz: + I VER +CTZ (Al +CTZ I, 17 +CTZ NEAS
=k

Moreover, testing the error equation [87a) for n = k with é¥ + gF, we obtain by
more straightforward estimates

rllef e + lleflizn < cT(ZnehHHl+|\dh||Lz+||vShHL2)

which we insert in the above error bound. The proof is then completed using
exactly the same arguments as in the last part of the proof of Lemma [Z1] by
establishing an estimate between |e}!||?, and 7 Dk |€7,]132 and using a discrete
Gronwall inequality, and completing the induction step for (84). O

9. NUMERICAL EXPERIMENTS

To obtain significant numerical results, we prescribe the exact solution m on
given three-dimensional domains 2 := [0, 1] x [0, 1] x [0, L] with L € {1/100,1/4}.
The discretizations of these domains will consist of a few layers of elements in z-
direction (one layer for L = 1/100 and ten layers for L = 1/4) and a later specified
number of elements in z and y directions. This mimics the common case of thin film
alloys as for example in the standard problems of the Micromagnetic Modeling Ac-
tivity Group at NIST Center for Theoretical and Computational Materials Science
(ctcms.nist.gov). Moreover, this mesh structure helps to keep the computational



36 GEORGIOS AKRIVIS, MICHAEL FEISCHL, BALAZS KOVACS, AND CHRISTIAN LUBICH

requirements reasonable and allow us to compute the experiments on a desktop
PC. We are aware that these experiments are only of preliminary nature and are
just supposed to confirm the theoretical results. A more thorough investigation
of the numerical properties of the developed method is needed. This will require
us to incorporate preconditioning, parallelization of the computations, as well as
lower order energy contributions in the effective field (3] to be able to compare to
benchmark results from computational physics. This, however, is beyond the scope
of this paper, and will be the topic of a subsequent work.

We consider the time interval [0,] with ¢ = 0.2 and define two different exact
solutions. Since within our computational budget either the time discretization
error or the space discretization error dominates, we construct the solutions such
that the first one is harder to approximate in space, while the second one is harder to
approximate in time. Both solutions are constant in z-direction as is often observed
in thin-film applications.

9.1. Implementation. The numerical experiments were conducted using the fi-
nite element package FEniCS (www.fenicsproject.org) on a desktop computer.
As already discussed in Section 222 there are several ways to implement the tan-
gent space restriction. We decided to solve a saddle point problem (variant (a)
in Section 22) for simplicity of implementation. For preconditioning, we used
the black-box AMG preconditioner that comes with FEniCS. Although this might
not be the optimal solution, it keeps the number of necessary iterative solver steps
within reasonable bounds. Assuming perfect preconditioning, the cost per time-step
is then proportional to the number of mesh-elements. We observed this behavior
approximately, although further research beyond the scope of this work is required
to give a definite conclusion.

9.2. Exact solutions. We choose the damping parameter o = 0.2 and define
g(t) == (t+0.1)/(t+ 0.1 —t) as well as d(x) := (x1 — 1/2)? + (22 — 1/2)?, which is
the squared distance of the projection of x to [0, 1] x [0, 1] and the point (1/2,1/2).
For some constant C' = 400 (a choice made to have pronounced effects), define

Ce™ 744w (x1 —1/2)
(9.1) m(z,t) = | Co 7w (2 —1/2) | if d(z) <
V1 - 0o 27w d(a)

0
, m(z,t):= (0] else.
1

| =

It is easy to check that [m(x,t)| = 1 for all (z,t) € 2x][0,¢]. Moreover, d,,m(z,t) =
0 for all z € 0f2. We may calculate the time derivative of m in a straightforward
fashion, i.e., Oym(z,t) = 0 for d(x) > 1/4 and

. g
Tl Ce™ T (21 — 1/2)

Oim(w,t) = %Ce’%(xrum if d(z) <
G 220 d(=
A C2e P )

FNg.
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FIGURE 9.1. The first row shows the exact solution m(z,t)
from (@) for = € [0,1] x [0,1] x {0} and ¢ € {0,0.05,¢} (from left
to right), whereas the second row shows the exact solution m(z, t)
from ([@2) for x € [0,1] x[0,1] x {0} and ¢ € {0,0.2/6,0.2/3} (from
left to right). While the problems are three-dimensional, the solu-
tions are constant in z-direction and we only show one slice of the
solution.

Here, m3 denotes the third component of m as defined above.

The second exact solution is defined via
—(2% — 32%/2 + 1/4) sin(3nt /1)
(9.2) m(z,t) = V1= (z3 —322/2 +1/4)2
— (2% — 32%/2 + 1/4) cos(3nt /1)
Due to the polynomial nature in the first and the third component, and the well-

behaved square-root, the space approximation error does not dominate the time
approximation.

9.3. The experiments. We now may compute the corresponding forcings H resp.
H to obtain the prescribed solutions by inserting into (4, i.e.,

H = adym +m x Oym — Am.

(Note that we may disregard the projection P(m) from (L4) since we solve in
the tangent space anyway.) We compute H numerically by first interpolating m
and Jym and then computing the derivatives. This introduces an additional error
which is not accounted for in the theoretical analysis. However, the examples below
confirm the expected convergence rates and hence we conclude that this additional
perturbation is negligible. Figure [0.1] shows slices of the exact solution at different
time steps. Figure [0.2] shows the convergence with respect to the time step size 7,
while Figure [0.3] shows convergence with respect to the spatial mesh size h. All
experiments confirm the expected rates for smooth solutions.
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FIGURE 9.2. The plots show the error between computed solutions
and exact solution m for a given time stepsize with a spatial poly-
nomial degree of r = 2 and a spatial mesh size 1/40 which results
in ~ 6-10* degrees of freedom per time step in the left plot. In the
right plot we use a thicker domain D = [0, 1]x[0, 1]x [0, 1/4] with 10
elements in z-direction. This results in ~ 4-10° degrees of freedom
per timestep. We use the k-step methods of order k € {1,2,3,4}
and observe the expected rates O(7%) indicated by the dashed lines.
The coarse levels of the higher order methods are missing because
the kth step is already beyond the final time ¢.

Finally, we consider an example with nonsmooth initial data and constant right-
hand side. The initial data are given by

71— 1/2 . 0
(9.3) mo(z) := | 22—1/2 | ifd(z) < - and mg(z) := | 0 | else.
4
1—d(x) 1

With the constant forcing field H := (0,1,1)7 we compute a numerical approxima-
tion to the unknown exact solution. Note that we do not expect any smoothness
of the solution (even the initial data is not smooth). Figure nevertheless shows
a physically consistent decay of the energy |[Vm(t)||z2(o)s over time as well as a
good agreement between different orders of approximation. Moreover, the com-
puted approximation shows little deviation from unit length as would be expected
for smooth solutions.

APPENDIX: ENERGY ESTIMATES FOR BACKWARD DIFFERENCE FORMULAE

The stability proofs of this paper rely on energy estimates, that is, on the use of
positive definite bilinear forms to bound the error e in terms of the defect d. This is,
of course, a basic technique for studying the time-continuous problem and also for
backward Euler and Crank—Nicolson time discretizations (see, e.g., Thomée [3§]),
but energy estimates still appear to be not well known for backward difference
formula (BDF) time discretizations of order up to 5, which are widely used for
solving stiff ordinary differential equations. To illustrate the basic mechanism, we
here just consider the prototypical linear parabolic evolution equation in its weak
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10(]

1071

meshsize h

FIGURE 9.3. The plot shows convergence in meshsize h with re-
spect to the exact solution m from (@) on the domain D =
[0,1] x [0,1] x [0,1/100] with one layer of elements in z-direction.
We used the second order BDF method with 7 = 10~2 and spa-
tial polynomial degrees r € {1,2,3,4}. The mesh sizes range from
1/2 to 1/32. We observe the expected rates O(h") indicated by the
dashed lines. The finest mesh-size for » = 4 does reach the expected
error level. This is due to the fact that the time-discretization er-
rors start to dominate in that region.
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FIGURE 9.4. Left plot: Decay of energies ||[Vm(t)||2(g)s for the
approximations to the unknown solution with my and H given in
[@3) and one line after ([@3]). We plot four approximations of the
k-step method with polynomial degree r for r = k € {1,2,3,4}.
The spatial mesh-size is 1/40 and the size of the timesteps is 1073
(blue) and 1072 (red). Right plot: Deviation from unit length
[ 1—|m(t)|?|| .= (q) plotted over time for step sizes 7 = 1072 (blue),
7 = 1073 (red), and 7 = 10~* (green). The solid lines indicate
k = 1, whereas the dashed lines indicate k = 2. The spatial mesh-
size is 1/40 with r = 1.
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formulation, given by two positive definite symmetric bilinear forms (-, -) and af(-, -)
on Hilbert spaces H and V' with induced norms |- | and || - ||, respectively, and with
V' densely and continuously embedded in H. The problem then is to find u(t) € V
such that

(A1) (Oru,v) + a(u,v) = (f,v) Yo eV,

with initial condition u(0) = ug. If u* is a function that satisfies the equation up
to a defect d, that is,

(O™, v) + a(u*,v) = (f,v) + (d,v) Yv eV,
then the error e = u — u* satisfies, in this linear case, an equation of the same form,
(Ore,v) +ale,v) = (d,v) Yv eV,

with initial value ey = ug — ufy. Testing with v = e yields

1d

sqlel + el = (d.e).
Estimating the right-hand side by (d,e) < ||d||. [[e]| < 3[|d[|? + 1 [|e]|?, with the dual
norm || - ||+, and integrating from time 0 to ¢ results in the error bound

(B < [e(O) + / ld(s) 2 ds.

On the other hand, testing with v = J,e yields

1d
Ouel? + 5 llel* = (d, Dee),

which leads similarly to the error bound

le()|1? < |le(0)]? + / 1d(s)|? ds.

This procedure is all-familiar, but it is not obvious how to extend it to time dis-
cretizations beyond the backward Fuler and Crank—Nicolson methods. The use of
energy estimates for BDF methods relies on the following remarkable results.

Lemma A.1. (Dahlquist [I8]; see also [8] and [27, Section V.6]) Let §(¢) = 6,¢* +
o0 and u(¢) = prCF 4+ po be polynomials of degree at most k (and at least
one of them of degree k) that have no common divisor. Let (-,-) be an inner product
with associated norm |- |. If

0
Reﬁ >0 for |C] <1,
1(¢)
then there exists a positive definite symmetric matriv G = (g;j) € R*** such that
for vy, ..., vk in the real inner product space,
k k k k
(Zisikaivz,ujkaj) > Z ij (vi,v5) — Z ij(Vi-1,vj-1).
i=0 j=0 ij=1 i,j=1

In combination with the preceding result for the multiplier p(¢) = 1 — nx(, the
following property of BDF methods up to order 5 becomes important.
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Lemma A.2. (Nevanlinna & Odeh [34]) For k < 5, there exists 0 < n < 1 such
that for §() = Xy 1(1- Q)"

8(¢)
1 — ¢

The smallest possible values of ny are

Re

>0 for [C] <1.

m =n2 =0, n3 = 0.0836, 1y = 0.2878, s = 0.8160.

Precise expressions for the optimal multipliers for the BDF methods of orders
3,4 and 5 are given by Akrivis & Katsoprinakis [1].
An immediate consequence of Lemma and Lemma [AT]is the relation

k k k
(A.2) (Z(?ivk,i,vk - nkkal) > Z gij(vi,vj) — Z ij(Vi—1,v-1)
i=0 i

1,j=1 i,j=1

with a positive definite symmetric matrix G = (g;;) € R¥**; it is this inequality
that plays a crucial role in our energy estimates, and the same inequality for the
inner product a(-, -).

The error equation for the BDF time discretization of the linear parabolic prob-

lem (A.J) reads
(€",v) +ale",v)=(d",v) YveV, where ¢é"= Zdje"*j,

with starting errors €°, ..., e*~'. When we test with v = e™ —n,e” !, the first term

can be estimated from below by ([AZ2), the second term is bounded from below by
(1= Lne)lle™]|* = inklle"|?, and the right-hand term is estimated from above
by the Cauchy—Schwarz inequality. Summing up from k to n then yields the error
bound

n k—1 n
(A3) e YNl < G (Do (e + Tllel ) + 7Y ),
=k i=0 j=k

where C}, depends only on the order k£ of the method. This kind of estimate for the
BDF error has recently been used for a variety of linear and nonlinear parabolic

problems [33] 3] 2] 30].

On the other hand, when we first subtract 7 times the error equation for n — 1
from the error equation with n and then test with é", we obtain

(én _ nkénfl,én) 4 a(en _ 77kerLfl’én) — (dn _ nkdnfl,én).

Here, the second term is bounded from below by (A:2]) with the a(-, -) inner product,
the first term is bounded from below by (1 — 2m;)[é"[* — 2, |é" 1|2, and the right-
hand term is estimated from above by the Cauchy—Schwarz inequality. Summing
up from k£ + 1 to n then yields the error bound

n

k n
(Ad) [P 3 1P < (e merlet? 7 Y ).
i=0 j=k

j=k+1



42 GEORGIOS AKRIVIS, MICHAEL FEISCHL, BALAZS KOVACS, AND CHRISTIAN LUBICH

Moreover, testing the error equation for n = k with ¢* and once again using the
Cauchy—-Schwarz and Young inequalities yields

k—1
ek 12 4+ 71t 2 <@ (3 el + 7l ).
1=0

When we insert this bound in (A4]), we finally arrive at the bound, valid for n > k,

n k—1 n
(A.5) e+ 7> 1 < Cu(Do e 12 + 7 ).
j=k i=0 j=k

It is this type of estimate that we use in the present paper for the nonlinear problem
considered here. This technique has previously been used in [29].
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