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ABSTRACT. We analyze semidiscrete and fully discrete finite element approximations
to the solution of an initial boundary value problem for a model ultraparabolic equa-
tion.

0. INTRODUCTION

In this paper we shall analyze semidiscrete as well as fully discrete finite element
approximations to the solution of the following initial boundary value problem for a
model ultraparabolic equation: Let S,T7 > 0, and 2 C R? be a bounded domain
with smooth boundary 0f2, and let A = A(z,s,t) be a positive smooth function on
2 x 10,8] x [0,T]. We seek a function u : 2 x [0, 5] x [0,T] — R satisfying

ur + Mg — Au =0, in 2 x [0,5] x [0,77,
(0.1) u=0, on 92 x [0, 5] x [0,T7,
u(-,0,-) =", on 2 x[0,T), u(--,0)=w", on 2 x10,9].

In the sequel we shall think of both variables s and ¢ as “time” variables, and v° and
wY as initial data. We shall always assume below that the data of (ILT)) are such that the
problem possesses a unique solution which is sufficiently smooth for the approximation
results that will be proved in the sequel. The operator —A is chosen for simplicity
only; it could be replaced in what follows by any elliptic second order operator, with
coefficients depending smoothly on z, s, and .

Taking inner products of both sides of the differential equation in (0.1I]) by u, and
using Green’s formula, we obtain, with k = V/)\,

0 0 .
llel + g llmsull” + I1Vull® = (su, w) < Cllull’, - with [ || = 1| 122,

whence
0, o 0
e ) + 2
Let I' be a piecewise smooth curve contained in [0,S] x [0,7] and connecting the
intervals [0, S] with [0, 7] on the s and ¢ axes, and such that its normal has nonnegative
components. Integrating in s and ¢ we obtain by Green’s formula, with C' independent

(e |lmul®) < 0.
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of I,
T S
Jull2 = / Jull?do < ©( / 10| de + / lw®(s)[12 ds),

which thus shows the stability and uniqueness of the solution of (0.1]) with respect to
initial data. (Here and often below we suppress the dependence on x in the notation.)

We remark that in the particular case that A is independent of x, the differential
equation reduces to a family of standard parabolic equations along the characteristics
of the equation u; + A\ug = 0. In this case we have

0 0
(5 + A%) ul|? + ||[Vu|? = 0.

In particular, ||u|| is nonincreasing along the characteristics, and the estimate
(0.2) sup  [Ju]| < max (sup [|[v°]], sup [|w]|)

[0,S]x1[0,T] [0,T] [0,9]
follows.

From the parabolic character of the equation along characteristics it follows in this
case that the solution is smooth in x and in the variable along characteristics for
s,t # 0, even without regularity assumptions on the initial data, but no regularity
could be expected in the transversal variable without such regularity assumptions.

The maximum-norm estimate

sup  Ju| <max( sup [0°], sup [uw’|)
2x[0,8]x[0,T] 2x[0,T] 2x10,5]
also holds, and can be shown in a similar way as in the proof of the maximum principle
for a standard parabolic equation, even in the case when A depends on z, s, and ¢, but
it is not clear that an estimate such as ((0.2]) holds if A\ depends on z.

Ultraparabolic equations have several applications, for instance in probability, in the
theory of Brownian motion, and in the theory of boundary layers, cf., e.g., Kolmogorov
[3], [4], Gencev [I] and references therein. For existence and uniqueness results, other
properties of ultraparabolic equations, and further references we refer the reader to
Gencev [I], I'in [2], Vladimirov and Drozzinov [7], and Tersenov [5].

The plan of the paper is as follows: In Section [Il we treat discretization with respect
to the spatial variables only, using standard finite elements of order r. We show an
optimal order estimate with respect to the norm | - || introduced above, and remark
that a corresponding maximum-norm error estimate holds when A is independent of
x. In Section [2] we consider a fully discrete implicit backward Euler method, using
backward difference quotients to approximate the derivatives with respect to both s
and t in (0.1), and show fully discrete analogues of the above error estimates in the
semidiscrete case. In Section [3] finally, we discuss a second order fully discrete scheme
based on a variant of the box scheme for the hyperbolic part of the equation and show
a corresponding optimal order error estimate.

The authors would like to thank Dr. A. S. Tersenov for stimulating discussions about
ultraparabolic equations.
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1. SEMIDISCRETIZATION IN SPACE

Let {S,} represent a family of finite-dimensional subspaces of H;({2). Such spaces
typically consist of piecewise polynomial functions of degree at most » — 1 defined on
suitable partitions of (2, where r > 2 is an integer. We assume that these spaces are
such that there is a constant C independent of & such that for each v € HY(2)NH}(£2),
2 < g < r, there exists y € S}, with

(1.1) o= X[+ A[[V(v =) < Ch[v]| o)

We define the spatially semidiscrete approximation u, = uy(-,s,t) € Sp, (s,t) €
[0, 5] x [0,T7], of the solution of (0.1l by

(uht> X) + ()\Uhsa X) + (Vuha VX) =0, VX € Sha (Sat) € [07 S] X [OaT]a

(1.2) o e
up(+,0,) =2y, in 2 x[0,T], wup(-,-,0) =w,, in 2 x[0,9],

where v}, w) are such that v})(0) = w}(0) and

(1.3) 10°(t) — v (1)]] + [|w’(s) — wh(s)|| < Ch", for (s,t) € [0,5] x [0,T].

In terms of a basis for S, the semidiscrete problem (L2)) can be formulated as an initial
boundary value problem for a first order symmetric hyperbolic system of Friedrichs’
type. Thus, in particular, the existence of the semidiscrete approximation wy follows
easily from standard theory for such systems.

For the purpose of error estimation we will use the elliptic (or Ritz) projection

Ry, : Hy(§2) — Sy, commonly used in the error analysis for parabolic equations, defined
by

(1.4) (VRyw,Vx) = (Vu,Vy) Vv € Hy(2) Vx €Sy

It is well known from the error analysis for elliptic problems that, under the assumption
(LI), we have

(1.5) | Ryv — || + h||V(Ryv —0)|| < CR |||y, Vv € H(£2) N Hy(£2),

with a constant C' independent of v and h.

Theorem 1. Let uy, and u be the solutions of (IL2) and (0.1)), respectively, and assume
that ([L3)) holds. Then, for any curve I' as in Section [0,

lun = ullr < Clu)n.

Proof. We set W = Rju and write the error up, — u = p + 6, where p = W — u and
0 = up, — W. By the elliptic error estimate (L5 we have at once

(1.6) (s, )l < Ch7, for (s, ) € [0,5] x 0,7
In order to estimate 6, we first note that for the initial-values

(1.7) 160, 1)]| + 116(s, 0)[| = [lvp(t) — Ruv® ()| + [lwp(s) — Rpw(s)]| < CA'.
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Further, by (L4]) and (Q.1),
(01, x) + (M5, x) + (VO, Vx) = (Wi, x) + (AW, x) + (VIV, V)
= (Wt7 X) =+ <)\Wsa X) - (Au7 X)? vX € Sh7

ie.,
(61, X) + (A, X) + (VO,VX) = =(pt, X) = (Aps; X), VX € Sh.
Since Ry, commutes with differentiation with respect to s and to t the estimate (L6

holds also for ps and p;. Therefore, choosing y = 6(-, s,t) and noting that 2(\d;, 0) =
(M, 0), — (A0, 0), we obtain by obvious estimates, with & = v/},

) P r
017 + - lIs01* < Cllo))* + Ch.
Multiplying by e~ integrating in s and ¢, and using Green’s formula, we obtain
o1 = | o1 do <

Since by (L), ||p|lr < Ch", this completes the proof. O

We note that as in Section [0, in the case when A is independent of z, (L2) represents
a family of semidiscrete approximations of parabolic equations along the character-
istics. In this case we may conclude from known results, by integrating along the
characteristics, that

sup |up —ul| < C(u)h".
[0,5]x1[0,T]

2. THE BACKWARD EULER METHOD

We shall now turn to discretization also in time and analyze a fully discrete scheme
based on using the backward Euler method for the hyperbolic part of (0.1]).

Letting k be a time step and s™ = mk,t" = nk,m,n = 0,..., we shall denote
the values of our functions on the grid by V™" = V(-,s™,t"). We shall also use the
backward difference quotients

glvm,n — (Vm,n _ Vm—l,n)/k,’ gzvm,n — (Vm,n _ Vm,n—l)/k,.
We now define the fully discrete backward Euler method for (0.1)) by
(DU, X) + (A0 U™™, X) + (VU™", V) = 0, Vx € Sp, myn > 1,

2.1
B e, 0 =), mon 20,

where the initial approximations are chosen as in Section [Il It is readily seen that the
approximations U™" are well defined; indeed, (2.]) represents a N x N linear system
for U™" with symmetric and positive definite matrix, where N = dim S},.

In order to express our error estimate we shall need to define an analogue of the
norms || - || used in Section [ For this purpose, let X, C [0,S] x [0,7] be a union
of mesh-rectangles, which we take to mean a set of meshpoints in a rectangle of the
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form (0, s™] x (0,¢"]. Let I, be the discrete forward boundary of X}, consisting of the
meshpoints of Y such that not all four neighboring meshpoints belong to X, and set

Win = (k3 o)’
(smtn)ely

We then have the following.

Theorem 2. Let U™" and u be the solutions of 2.1)) and (OdI), respectively, and
assume that the initial approximations satisfy (L3). Then, for I} as above,

IU = ullr, < Clu)(h” + k).
Proof. We write again the error U —u = (U — W)+ (W —u) = 0 4+ p where W = Ryu,

and recall the estimate (LG) for p. In order to estimate 6, we first note that for the
initial-values, as in ([L7)), we have

(2.2) 62| + 6™ < C.

Further, arguing as in the proof of Theorem [I]

(2.3) (3877, X) + (X507, ) + (VI V) = (™", ),
where w™" = w{"" + wy"" + w3, with

Wi = —(Ry, — I)Oou™"™,

Wyt = =A™ (Ry, — I)Oju™",
Wyt = —(Oou™™ — uy (8™, 1)) — N Dpu™ " — ug(s™, 7).
Now since
1
wy"t = ——/ (R, — Duy(s™, 7) dr,
k tnfl

and similarly for wy"", we easily see that
laor™™ [ + flwg™™ || < OB
Together with the obvious O(k) estimate for wy""™ we conclude that
l™™ | < C(A" + K).
Choosing x = ™" in (23] and using
2(0,0™",0™") = Oo|0™" |17 + K[|026™|* = O |07,

and for the second term the analogous estimate together with the differentiability of
)\, we obtain, again with x = v/A and C independent of I,

Bo][0m 2 + By 562 < Cll0m AP 4 OO+ B2,
Using the fact that, with obvious one-dimensional notation,
(2.4) e V™) < e (VT — V™Y, for V™ >0,

we obtain

éz(e—Ct”HQm,nHZ) +51(6_Ctn||/{m’n9m’n||2) S C(hr + ]{3)2,
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from which the result now follows by summation over Y. O

We remark that, as in the semidiscrete case, when \ does not depend on x, we can
improve the estimate of Theorem 2l to the discrete maximum-norm in time estimate

max ||U™" — w™n| < Clu) (BT + k).
(s™,t™)€[0,5]% (0,7

Here this is not accomplished using the characteristics, but by the following energy
argument: Choosing x = ™" in (23)) and using the Cauchy-Schwarz inequality we get
easily

T+ Ny 67| < [l | < C + ).
Hence
107 < max([|0™ 1, 0™ H]) + Ch(R™ + k),
and, by induction,
mmn|| < m,0 0,n m n r )
o7 < max( a0, max. [6°]) + C(s™ + %) (0" + k)

Together with the usual estimates (LO) for p and (I.7)) for the initial-values of 6, this
completes the proof.

3. THE BOX SCHEME

In this final section we shall consider a second order fully discrete scheme based on
the box scheme for the hyperbolic part of the equation (0.).
In addition to our earlier notation we shall use

1 1
Vm—%,n — 5(‘/m,n + Vm—l,n>’ Vm,n—% — 5(‘/m,n + Vm,n—1>’
f/mfé,nf% _ %(Vm,n + mel,nfl).
With A1 1 = A(-, s™ 2, t""2) (with lower index to distinguish from the corre-

sponding average), we define U™" by

m—=in

(BU™ 3" ) + (A1 10 U™"75, X) + (VU™ 2773, Vy) =0,
(3.1) Vx € Sp, m,n > 1,

U =) (t"), U™ =w(s™), m,n >0,

where the initial approximations are chosen as in Section [l

We shall prove the following error estimate where || - ||, is defined as in Section
2l Our analysis is based on [6]. We remark that a more standard way to define
the box scheme would have been to use instead of U™ 2"~ % the four point average
Um—zn=s = (Umn 4 gmotn 4o gme=l 4 gmeln=l) /4 The analysis could be pursued
also with this choice but would lead to error estimates at the midpoints of the edges
of the mesh-boxes. We shall not insist on the details.
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Theorem 3. Let U™" and u be the solutions of (B.1) and (O.dI), respectively, and
assume that the initial approximations satisfy (L3). Then, for I} as above,

1U —ullr, < Cu)(h" + k2.
Proof. Let as above p =W —wu,0 = U — W. Then 0 satisfies
(3.2) (@™ 2" X) + (A1 10072 ) + (VO 2772, Vy) = (0™, ),
where w™" = Z?Zl wj™", with
W = —(Ry — 1)Du™ ",
wy == —%,n—%(Rh — I)élum’"_%,

m

W =A@ — (s, 7)),
In view of (L3 we have
(3.3) wmn)| < O + ).
Choosing x = 6™ 2" 2 in (3.2) and using (33) we easily obtain
(B0 2" 2 R) (N, 1, 00T TR TR 4 VT2
< | IR O+ R < VTR P+ O+ K,
for e suitably chosen.
Using the identity
20a+b—c—d)(b+c)=((a+b)?*—(c+d)?) + ((b—d)?— (a—c)?),

with a,b, c,d the values of § at the four corners of the box [s™71 s™] x [t"~1 "], we
find,
B(0p0™ 2", 072" T2) = A0, |67 2" ||P + K201 0:0™" |,

and
8()\771—%771—18197”’”_%,ém_%’n_%)
4 o o
= 2y 0 = iy g 07
+ k(||Km—%7n—%519m’n||2 . ||/{m_%7n_%5lem,n—l||2)
= 451”/‘@7”_%7”_%9771771—%”2 + kQéZH"{m_%m_%élem’nHQ
+ O(Hemfl,n*%”? + k2||519m,n71||2).
Letting

pmn 4H9m7%,nH2 + k2”ﬁm7%,n7%519m,n|’2,

Q" = Ay g "R K00

m— bl sn—
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we have thus

52Pm,n _'_51Qm,n S C(hr 4 ]{Z2)2 _'_C(mel,n _i_Pm,nfl).

As in the proof of Theorem 2] we obtain using (2.4]) for both variables

gz(e—C(sm-i-tn)Pm,n) + 51(6—C(sm+t")Qm,n) < C(hr + kf2)2.

Multiplying by k% and summing over Xy,

EoY o max(P™QmM) <k Y P4k Y QU4+ C(h + K

(s™, tn)erly smel0,S] tnel0,T

Note that P™" and Q™™ are equivalent to [|0™"||?+ (6™ 2"||* and [|0™"]|*+ ||o™" 1|2,
respectively. In view of (22) we conclude that

lol7, < (" + k%),

Together with the estimate (L) for p this completes the proof of the theorem. O

1.

2.
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